
Chapter 6

Qualitative statistical properties:

general facts

rom the previous chapter we learned that long time predic-
tions may be impossible even for seemingly simple Dynamicl Systems.
Yet, surprisingly, it is exactly such an unpredictability that makes sta-
tistical predictions possible. In this chapter we expalin how to make
sense of sentences like: such and such will happen with probability p.

For simplicity we will maily consider dicrete Dynamcial Systems,
eventhough we will briefly comment on flows.

6.1 Basic Definitions and examples

Definition 6.1.1 By Dynamical System with discrete time we mean a
triplet (X, T, µ) where X is a measurable space,1 µ is a measure and T

is a measurable map from X to itself that preserves the measure (i.e.,
µ(T�1

A) = µ(A) for each measurable set A ⇢ X).

An equivalent characterization of invariant measure is µ(f � T ) =
µ(f) for each f 2 L

1(X, µ) since, for each measurable set A, µ(�A �

T ) = µ(�T�1A) = µ(T�1
A), where �A is the characteristic function of

the set A.

Remark 6.1.2 In the following we will always assume µ(X) < 1

1By measurable space we simply mean a set X together with a �-algebra that
defines the measurable sets.
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124 CHAPTER 6. QUALITATIVE STATISTICAL PROPERTIES

(and quite often µ(X) = 1, i.e. µ is a probability measure). Never-
theless, the reader should be aware that there exists a very rich theory
pertaining to the case µ(X) = 1, see [Aar97].

Definition 6.1.3 By Dynamical System with continuous time we mean
a triplet (X, �

t
, µ) where X is a measurable space, µ is a measure and

�
t is a measurable group (�t(x) is a measurable function for each t,

�
t(x) is a measurable function of t for almost all x 2 X; �0 =identity

and �
t
� �

s = �
t+s for each t, s 2 R) or semigroup (t 2 R+) from X

to itself that preserves the measure (i.e., µ((�t)�1
A) = µ(A) for each

measurable set A ⇢ X).

The above definitions are very general, this reflects the wideness
of the field of Dynamical Systems. In the present book we will be
interested in much more specialized situations.

In particular, X will always be a topological compact space. The
measures will alway belong to the class M

1(X) of Borel probability
measures on X.2 For future use, given a topological space X and a
map T let us define MT as the collection of all Borel measures that
are T invariant.3

OftenX will consist of finite unions of smooth manifolds (eventually
with boundaries). Analogously, the dynamics (the map or the flow) will
be smooth in the interior of X.

Let us see few examples to get a feeling of how a Dynamical System
can look like.

6.1.1 Examples

Rotations

Let T be R mod 1. By this we mean R quotiented with respect to the
equivalence relations x ⇠ y if and only if x � y 2 Z. T can be though
as the interval [0, 1] with the points 0 and 1 identified. We put on it the
topology induced by the topology of R via the defined equivalence relation.
Such a topology is the usual one on [0, 1], apart from the fact that each
open set containing 0 must contain 1 as well. Clearly, from the topological

2Remember that a Borel measure is a measure defined on the Borel �-algebra,
that is the �-algebra generated by the open sets.

3Obviously, for each µ 2 MT , (X,T, µ) is a Dynamical System.
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point of view, T is a circle. We choose the Borel �-algebra. By µ we
choose the Lebesgue measure m, while T : T ! T is defined by

Tx = x+ ! mod 1,

for some ! 2 R. In essence, T translates, or rotates, each point by the
same quantity !. It is easy to see that the measure µ is invariant (Problem
6.4).

Bernoulli shift

A Dynamical System needs not live on some di↵erentiable manifold, more
abstract possibilities are available.

Let Zn = {1, 2, ..., n}, then define the set of two sided (or one sided)

sequences ⌃n = ZZ
n (⌃+

n = ZZ+
n ). This means that the elements of ⌃n

are sequences � = {..., ��1, �0, �1, ......} (� = {�0, �1, ......} in the one
sided case) where �i 2 Zn. To define the measure and the �-algebra a bit
of care is necessary. To start with, consider the cylinder sets, that is the
sets of the form

A
j

i
= {� 2 ⌃n | �i = j}.

Such sets will be our basic objects and can be used to generate the
algebraA of the cylinder sets via unions and complements (or, equivalently,
intersections and complements). We can then define a topology on ⌃n

(the product topology, if {1, . . . , n} is endowed by the discrete topology)
by declaring the above algebra made of open sets and a basis for the
topology. To define the �-algebra we could take the minimal �-algebra
containing A, yet this it is not a very constructive definition, neither a
particular useful one, it is better to invoke the Carathèodory construction.

Let us start by defining a measure on Zn, that is n numbers pi > 0
such that

P
n

i=1 pi = 1. Then, for each i 2 Z and j 2 Zn,

µ(Aj

i
) = pj .

Next, for each collection of sets {Ajl
il
}
s

l=1, with il 6= ik for each l 6= k, we
define

µ(Aj1
i1
\A

j2
i2
\ ... \A

js
is
) =

sY

l=1

pjl .
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We now know the measure of all finite intersection of the sets Aj

i
. Obvi-

ously µ(Ac) := 1� µ(A) and the measure of the union of two sets A, B
obviously must satisfy µ(A [ B) = µ(A) + µ(B) � µ(A \ B). We have
so defined µ on A. It is easy to check that such a µ is �-additive on A;
namely: if {Ai} ⇢ A are pairwise disjoint sets and [

1
i=1Ai 2 A, then

µ([1

i=1Ai) =
P

1

i=1 µ(Ai). The next step is to define an outer measure4

µ
⇤(A) := inf

B2A

B�A

µ(B) 8A ⇢ ⌃n.

Finally, we can define the �-algebra as the collection of all the sets
that satisfy the Carathèodory’s criterion, namely A is measurable (that
is belongs to the �-algebra) i↵

µ
⇤(E) = µ

⇤(E \A) + µ
⇤(E \A

c) 8E ⇢ ⌃n.

The reader can check that the sets in A are indeed measurable.
The Carathèodory Theorem then asserts that the measurable sets form

a �-algebra and that on such a �-algebra µ
⇤ is numerably additive, thus

we have our measure µ (simply the restriction of µ⇤ to the �-algebra).5

The �-algebra so obtained is nothing else than the completion with respect
to µ of the minimal �-algebra containing A (all the sets with zero outer
measure are measurable).

The map T : ⌃n ! ⌃n (usually called shift) is defined by

(T�)i = �i+1.

We leave to the reader the task to show that the measure is invariant (see
Problem 6.12).

To understand what’s going on, let us consider the function f : ⌃ !

Zn defined by f(�) = �0. If we consider T t, t 2 N, as the time evolution
and f as an observation, then f(T t

�) = �t. This can be interpreted as
the observation of some phenomenon at various times. If we do not know
anything concerning the state of the system, then the probability to see

4An outer measure has the following properties: i) µ⇤(;) = 0; ii) µ⇤(A)  µ
⇤(B)

if A ⇢ B; iii)µ⇤([1
i=1Ai) 

P1
i=1 µ

⇤(Ai). Note that µ
⇤ need not be additive on all

sets.
5See [LL01] if you want a quick look at the details of the above Theorem or

consult [Roy88] if you want a more in depth immersion in measure theory. If you
think that the above construction is too cumbersome see Problem 6.14.
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the value j at the time t is simply pj . If n = 2 and p1 = p2 =
1
2 , it could

very well be that we are observing the successive outcomes of tossing a
fair coin where 1 means head and 2 tail (or vice versa); if n = 6 it could
be the outcome of throwing a dice and so on.

Dilation

Again X = T and the measure is Lebesgue. T is defined by

Tx = 2x mod 1.

This map it is not invertible (similarly to the one sided shift). Note that,
in general, µ(TA) 6= µ(A) (e.g., A = [0, 12 ]).

Toral automorphism (Arnold cat)

This is an automorphism of the torus and gets its name by a picture draw
by Arnold [AA68]. The space X is the two dimensional torus T2. The
measure is again Lebesgue measure and the map is

T

✓
x

y

◆
=

✓
1 1
1 2

◆✓
x

y

◆
mod 1 := L

✓
x

y

◆
mod 1.

Since the entries of L are integers numbers it is clear that T is well defined
on the torus; in fact, it is a linear toral automorphism. The invariance of
the measure follows from detL = 1.

Hamiltonian Systems

Up to now we have seen only examples with discrete time. Typical ex-
amples of Dynamical Systems with continuous time are the solutions of
an ODE or a PDE. Let us consider the case of an Hamiltonian system.
The simplest case is when X = R2n, the �-algebra is the Borel one and
the measure µ is the Lebesgue measure m. The dynamics is defined by a
smooth function H : X ! R via the equations

dx

dt
= JgradH(x)

where grad(H)i = (rH)i =
@H

@xi
and J is the block matrix

J =

✓
0 1

�1 0

◆
.
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The fact that m is invariant with respect to the Hamiltonian flow is due
to the Liouville Theorem (see [Arn99] or Problem 5.7).

Such a dynamical system has a natural decomposition. Since H is
an integral of the motion, for each h 2 R we can consider Xh = {x 2

X | H(x) = h}. If Xh 6= ;, then it will typically consist of a smooth
manifold,6 let us restrict ourselves to this case. Let � be the surface
measure on Xh, then µh = �

kgradHk
is an invariant measure on Xh and

(Xh, �t, µh) is a Dynamical System (see Problem 6.6).

Geodesic flow

Along the same lines any geodesic flow on a compact Riemannian manifold
naturally defines a dynamical system.

6.2 Return maps and Poincaré sections

Normally in Dynamical Systems there is a lot of emphasis on the dis-
crete case. One reason is that there is a general device that allows to
reduce the study of many properties of a continuous time Dynamical
System to the study of an appropriate discrete time Dynamical Sys-
tem: Poincaré sections (we have already seen an instance of this in the
introduction). Here we want to make few comments on this precious
tool that we will largely employ in the study of billiards.

Let us consider a smooth Dynamical System (X,�
t
, µ) (that is a

Dynamical Systems in continuous time where X is a smooth manifold
and �

t is a smooth flow). Then we can define the vector field V (x) :=
d�

t(x)
dt

|t=0.7

Consider a smooth compact submanifold (possibly with boundaries)
⌃ of codimension one such that Tx⌃ (the tangent space of ⌃ at the
point x) is transversal to V (x).8 We can then define the return time
⌧⌃ : ⌃! R+

[ {1} by

⌧⌃ = inf{t 2 R+
\{0} | �

t(x) 2 ⌃},

6By the implicit function theorem this is locally the case if rH 6= 0.
7Very often it is the other way around: the vector field is given first and then

the flow–as we saw in the introduction.
8That is Tx⌃� V (x) form the full tangent space at x.
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where the inf is taken to be 1 if the set is empty. Next we define the
return map T⌃ : D(T ) ⇢ ⌃ ! ⌃, where D(T ) = {x 2 ⌃|⌧⌃(x) < 1},
by

T⌃(x) = �
⌧⌃(x)(x).

It is easy to check that there exists c > 0 such that ⌧⌃ � c (Problem
6.9).

To define the measure, the natural idea is to project the invariant
measure along the flow direction: for all measurable sets A ⇢ ⌃, define9

⌫⌃(A) := lim
�!0

1

�
µ(�[0, �](A)). (6.2.1)

See Problem 6.8 for the existence of the above limit; see Problem 6.9 for
the proof that ⌧⌃ is finite almost everywhere and Problem 6.10 for the
proof that (⌃, T⌃, ⌫⌃) is a dynamical system. The reader is invited
to meditate on the relation between this Dynamical System and the
original one.

6.3 Suspension flows

A natural question is if it is possible to construct a flow with a given
Poincaré section, the answer is that there are infinitely many flows with
a given section. Let us construct some of them. Given a dynamical
system (⌃, T, ⌫) consider X̃ := ⌃ ⇥ R

+. Define the flow �t((x, s)) =
(x, s + t). We then define in X̃ the equivalence relation (x, t) ⇠ (y, s)
i↵ s = t + n and y = T

n
x or t = s + n and x = T

n
y for some n 2 N.

A moment of reflection shows that the set X of equivalence classes is
nothing else than the set ⌃ ⇥ [0, 1] with the points (x, 1) and (Tx, 0)
identified. Clearly the flow is naturally quotiented over the equivalence
classes and yields a quotient flow onX, such a flow is called a suspension
flow.

A more general construction can by obtained by applying a time
change to the above example. Alternatively, one can can choose any
smooth function ⌧ : ⌃ ! R+, that will be called a ceiling function
and consider the set X⌧ = {(x, t) 2 ⌃ ⇥ R+

| t 2 [0, ⌧(x)]} with the
points (x, ⌧(x)) and (Tx, 0) identified. A moment of reflection should

9We use the notation: �I(A) := [t2I�
t(A) for each I ⇢ R.
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show that the topology of X⌧ does not depend on ⌧ and is then the
same than the suspension defined above. The flow is again defined by
�t(x, s) = (x, s+ t) for t  ⌧(x)� s. Such flows are called special flows.

6.4 Invariant measures

A very natural question is: given a space X and a map T does there
always exists an invariant measure µ? A non exhaustive, but quite
general, answer exists: Krylov-Bogoluvov Theorem.

First of all we need a useful characterization of invariance.

Lemma 6.4.1 Given a compact metric space X and map T continuous
apart from a compact set K,10 a Borel measure µ, such that µ(K) = 0,
is invariant if and only if µ(f � T ) = µ(f) for each f 2 C

0(X).

Proof. To prove that the invariance of the measure implies the
invariance for continuous functions is obvious since each such func-
tion can be approximate uniformly by simple functions–that is, sum of
characteristic functions of measurable sets–for which the invariance it
is immediate.11 The converse implication is not so obvious.

The first thing to remember is that the Borel measures, on a com-
pact metric space, are regular [RS80]. This means that for each mea-
surable set A the following holds12

µ(A) = inf
G�A

G=
�
G

µ(G) = sup
C⇢A

C=C

µ(C). (6.4.2)

Next, remember that for each closed set A and open set G � A, there
exists f 2 C

0(X) such that f(X) ⇢ [0, 1], f |Gc = 0 and f |A = 1
(this is Urysohn Lemma for Normal spaces [Roy88]). Hence, setting
BA := {f 2 C

(0)(X) | f � �A},

µ(A)  inf
f2BA

µ(f)  inf
G�A

G=
�
G

µ(G) = µ(A). (6.4.3)

10This means that, if C ⇢ X is closed, then T
�1

C [K is closed as well.
11This is essentially the definition of integral.
12This is rather clear if one thinks of the Carathéodory construction starting from

the open sets.
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Accordingly, for each A closed, we have

µ(T�1
A)  inf

f2BA

µ(f � T ) = inf
f2BA

µ(f) = µ(A).

In addition, using again the regularity of the measure, for each A Borel
holds13

µ(T�1
A) = inf

U�K

U=
�
U

µ(T�1
A\U)  inf

U�K

U=
�
U

sup
C⇢T

�1
A\U

C=C

µ(T�1(TC))

 inf
U�K

U=
�
U

sup
C⇢A

C=C

µ(T�1
C)  sup

C⇢A

C=C

µ(C) = µ(A).

Applying the same argument to the complement Ac of A it follow that
it must be µ(T�1

A) = µ(A) for each Borel set. ⇤

Proposition 6.4.2 (Krylov–Bogoluvov) If X is a metric compact
space and T : X ! X is continuous, then there exists at least one
invariant (Borel) measure.

Proof. Consider any Borel probability measure ⌫ and define the
following sequence of measures {⌫n}n2N:14 for each Borel set A

⌫n(A) = ⌫(T�n
A).

The reader can easily see that ⌫n 2 M
1(X), the sets of the proba-

bility measures. Indeed, since T
�1

X = X, ⌫n(X) = 1 for each n 2 N.
Next, define

µn =
1

n

n�1X

i=0

⌫i.

Again µn(X) = 1, so the sequence {µi}
1

i=1 is contained in a weakly
compact set (the unit ball) and therefore admits a weakly convergent

13Note that, by hypothesis, if C is compact and C \K = ;, then TC is compact.
14Intuitively, if we chose a point x 2 X at random, according to the measure ⌫

and we ask what is the probability that T
n
x 2 A, this is exactly ⌫(T�n

A). Hence,
our procedure to produce the point Tn

x is equivalent to picking a point at random
according to the evolved measure ⌫n.
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subsequence {µni}
1
i=1; let µ be the weak limit.15 We claim that µ is

T invariant. Since µ is a Borel measure it su�ces to verify that for
each f 2 C

0(X) holds µ(f � T ) = µ(f) (see Lemma 6.4.1). Let f be a
continuous function, then by the weak convergence we have16

µ(f � T ) = lim
j!1

1

nj

nj�1X

i=0

⌫i(f � T ) = lim
j!1

1

nj

nj�1X

i=0

⌫(f � T
i+1)

= lim
j!1

1

nj

8
<

:

nj�1X

i=0

⌫i(f) + ⌫(f � T
nj )� ⌫(f)

9
=

; = µ(f).

⇤

The reason why the above theorem is not completely satisfactory
is that it is not constructive and, in particular, does not provide any
information on the nature of the invariant measure. On the contrary, in
many instances the interest is focused not just on any Borel measure but
on special classes of measures, for example measures connected to the
Lebesgue measure which, in some sense, can be thought as reasonably
physical measures (if such measures exists).

In the following examples we will see two main techniques to study
such problems: on the one hand it is possible to try to construct ex-
plicitly the measure and study its properties in the given situations
(expanding maps, strange attractors, solenoid, horseshoe); on the other
hand one can try to conjugate17 the given problem with another, better

15This depends on the Riesz-Markov Representation Theorem [RS80] that states
that M(X) is exactly the dual of the Banach space C0(X). Since the weak conver-
gence of measures in this case correspond exactly to the weak-* topology [RS80],
the result follows from the Banach-Alaoglu theorem stating that the unit ball of the
dual of a Banach space is compact in the weak-* topology. But see 1.6.17 if you
want a more elementary proof.

16Note that it is essential that we can check invariance only on continuous func-
tions: if we would have to check it with respect to all bounded measurable functions
we would need that µn converges in a stronger sense (strong convergence) and this
may not be true. Note as well that this is the only point where the continuity of T
is used: to insure that f � T is continuous and hence that µnj (f � T ) ! µ(f � T ).

17See Definition 6.8.2 for a precise definition and Problem 6.37 and 6.38 for some
insight.
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understood, one (logistic map, circle maps). In view of the second pos-
sibility the last example is very important (Markov measures). Such
an example gives just a hint to the possibility to construct a multitude
of invariant measures for the shift which, as we will see briefly, is a
standard system to which many other can be conjugated.

6.4.1 Examples

Contracting maps

Let X ⇢ Rn be compact and connected, T : X ! X di↵erentiable with
kDTk  �

�1
< 1 and T0 = 0 2 X. In this case 0 is the unique fixed

point and the delta function at zero is the only invariant measure.18

Expanding maps

The simplest possible case is X = T, T 2 C
2(T) with |DT | � � > 1, (see

Figure 6.1 for a pictorial example).19

1

1

Figure 6.1: Graph of an expanding map on T
18The reader will hopefully excuse this physicist language, naturally we mean that

the invariant measure is defined by �0(f) = f(0). The property that there exists
only one invariant measure is called unique ergodicity, we will see more of it in the
sequel, e.g. see example 6.5.1.

19Note that this generalizes Examples 6.1.1.
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We would like to have an invariant measure absolutely continuous with
respect to Lebesgue. Any such measure µ has, by definition, the Radon-
Nikodym derivative h = dµ

dm
2 L

1(T, m), [Roy88]. In Proposition 6.4.2
we saw how a measure evolves by defining the operator

T⇤µ(f) = µ(f � T ) (6.4.4)

for each f 2 C
0 and µ 2 M(X) (see also footnote 15 at page 132). If

we want to study a smaller class of measures we must first check that T⇤

leaves such a class invariant. Indeed, if µ is absolutely continuous with
respect to Lebesgue then T⇤µ has the same property. Moreover, if h = dµ

dm

and h1 =
dT⇤µ
dm

then (Problem 6.15)

h1(x) =: Lh(x) =
X

y2T�1(x)

|DyT |
�1

h(y).

The operator L : L1(T, m) ! L
1(T, m) is called Transfer operator or

Ruelle-Perron-Frobenius operator, and has an extremely important rôle in
the study of the statistical properties of the system. Notice that kLhk1 
khk1.20 The key property of L, in this context, is given by the following
inequality (this type of inequality is commonly called of Lasota-York type)
(Problem 6.16)

����
d

dx
Lh(x)

����  �
�1

|Lh
0(x)|+ C|Lh(x)| (6.4.5)

where C = kD
2
Tk1

kDTk21
.

The above inequality implies k(Lh)0k1  �
�1

kh
0
k1+Ckhk1. Iterating

such a relation yields

k(Ln
h)0k1  �

�n
kh

0
k1 +

C

1� ��1
khk1,

for all n 2 N. This, in turn, implies that the supn2N kL
n
hk1 < 1.

Consequently, the sequence hn := 1
n

P
n�1
i=0 L

i
h is compact in L

1 (this is
a consequence of standard embedding theorems21 [LL01] but see Problem

20Here kfk1 :=
R
|h(x)|dx is the standard norm in L

1.
21Indeed the space C1 closed with respect to the norm kfk = kfk1 + kf 0k1 is a

well known Banach space: the Sobolev space W
1,1.
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6.17 for an elementary proof). In analogy with Lemma 6.4.2, we have
that there exists h⇤ 2 L

1 such that Lh⇤ = h⇤. Thus dµ := h⇤dm is an
invariant measure of the type we are looking for.

In fact, it is possible to obtain some more information on such measure.
Equation 6.4.5 implies that L is a well defined operator also when restricted
to C

0 or C1. Moreover, for each h 2 C
0 and n 2 N,

|L
n
h|1  |L

n1|1|h|1  |h|1(kLn1k1 + k(Ln1)0k1)  |h|1
C + 1

1� ��1

=: C1|h|1.

Using the above equation and iterating (6.4.5) yields, for each h 2 C
1 and

n 2 N,
|(Ln

h)0|1  �
�n

C1|h
0
|1 + C

2
1 |h|1.

In other words we have a Lasota-Yorke type inequality for L acting on
C
0
, C

1 instead of L
1
,W

1,1. In particular note that one can apply the
above inequalities to the average hn := 1

n

P
n�1
i=0 L

i
h, when h 2 C

1. Then
the compactness follows by Ascoli-Arzelá Theorem and it follows that the
invariant density is continuous (in fact, Lipschitz as already argued in the
Perron-Frobenius Theorem).

Logistic maps

Consider X = [0, 1] and

T (x) = 4x(1� x).

This map is not an everywhere expanding map (D 1
2
T = 0), yet it can be

conjugate with one, [UvN47].
To see this consider the continuous change of variables  : [0, 1] !

[0, 1] defined by

 (x) =
2

⇡
arcsin

p
x,

thus  �1(x) =
�
sin ⇡

2x
�2
. Accordingly,

T̃ (x) :=  � T � �1(x) =  (4 sin2 ⇡

2x cos
2 ⇡

2x)

=  ([sin⇡x]2) = 2
⇡
arcsin[sin⇡x]
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which yields22

T̃ (x) =

(
2x for x 2 [0, 12 ]

2� 2x for x 2 [12 , 1].

The map T̃ is called tent map for its characteristic shape, see figure

�
�
�
�
�
�
�
�
�
�
�
�
�
��

A
A
A

A
A
A

A
A
A

A
A
A

A
AA

Figure 6.2: Graph of tent map

6.2. What is more interesting is that the Lebesgue measure is invariant
for T̃ , as the reader can easily check. This means that, if we define
µ(f) := m(f � �1), it holds true

µ(f � T ) = m(f � T � �1) = m(f � �1
� T̃ ) = m(f � �1) = µ(f).

Hence, ([0, 1], T, µ) is a Dynamical System. In addition, a trivial compu-
tation shows

µ(dx) =
1

⇡

p
x(1� x)

dx,

thus µ is absolutely continuous with respect to Lebesgue.

Circle maps

A circle map is an order preserving continuous map of the circle. A simple
way to describe it is to start by considering its lift. Let T̂ : R ! R, such

22Remember that the range of arcsin is [�⇡
2 ,

⇡
2 ] and sin⇡x = sin⇡(1� x).
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that T̂ (0) 2 [0, 1], T̂ (x+1) = T̂ (x)+1 ad it is monotone increasing. The
circle map is then defined as T (x) = T̂ (x) mod 1. Circle maps have a
very rich theory that we do not intend to develop here, we confine ourselves
to some facts (see [HK95] for a detailed discussion of the properties below).
The first fact is that the rotation number

⇢(T ) = lim
n!1

1

n
T̂
n(x).

is well defined and does not depend on x.
We have already seen a concrete example of circle maps: the rotation

R! by !. Clearly ⇢(R!) = !. It is fairly easy to see that if ⇢(T ) 2 Q then
the map has a periodic orbit. We are more interested in the case in which
the rotation number is irrational. In this case, with the extra assumption
that T is twice di↵erentiable (actually a bit less is needed) the Denjoy
theorem holds stating that there exists a continuous invertible function h

such that R⇢(T ) � h = h � T , that is T is topologically conjugated to a
rigid rotation. Since we know that the Lebesgue measure is invariant for
the rotations, we can obtain an invariant measure for T by pushing the
Lebesgue measure by h, namely define

µ(f) = m(f � h
�1).

The natural question if the measure µ is absolutely continuous with respect
to Lebesgue is rather subtle and depends, once again, on KAM theory. In
essence the answer is positive only if T has more regularity and the rotation
number is not very well approximated by rational numbers (in some sense
it is ‘very irrational’).

Strange Attractors

We have seen the case in which all the trajectories are attracted by a point.
The reader can probably imagine a case in which the attractor is a curve
or some other simple set. Yet, it has been a fairly recent discovery that
an attractor may have a very complex (strange) structure. The following
is probably the simplest example. Let X = Q = [0, 1]2 and

T (x, y) =

(
(2x, 1

8y +
1
4) if x 2 [0, 1/2]

(2x� 1, 1
8y +

3
4) if x 2]1/2, 1].
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We have a map of the square that stretches in one direction by a factor
2 and contract in the other by a factor 8.

Note that T it is not continuous with respect to the normal topology,
so Proposition 6.4.2 cannot be applied directly. This problem can be solved
in at least two ways: one is to code the system and we will discuss it later
(see Examples 6.8.1), the other is to study more precisely what happens
iterating a measure in special cases.

In our situation, since T
n
Q consists of a multitude of thinner and

thinner strips, it is clear that there can be no invariant measure absolutely
continuous with respect to Lebesgue.23 Yet, it is very natural to ask what
happens if we iterate the Lebesgue measure by the operator T⇤. It is easy
to see that T⇤m is still absolutely continuous with respect to Lebesgue. In
fact, T⇤ maps absolutely continuous measures into absolutely continuous
measures. Once we note this, it is very tempting to define the transfer
operator. An easy computation yields

Lh(x) = �TQ(x)
X

y2T�1(x)

| det(DyT )|
�1

h(y) = 4�TQ(x)h(T
�1(x)).

Since the map expands in the unstable direction, it is quite natural to
investigate, in analogy with the expanding case, the unstable derivative
D

u, that is the derivative in the x direction, of the iterate of the density.

kD
u
Lhk1 

1

2
kD

u
hk1 8h 2 C

1(Q) (6.4.6)

To see the consequences of the above estimate, consider f 2 C
(1)(Q) with

f(0, y) = f(1, y) = 0 for each y 2 [0, 1], then if µ is a measure obtained
by the measure hdm (h 2 C

1) with the procedure of Proposition 6.4.2,24

23In fact, if µ is an invariant measure, T⇤µ = µ, it follows

µ(�TnQ) = T
n
⇤ µ(�TnQ) = µ(�Q) = 1,

so µ must be supported on ⇤ = \1
n=0T

n
Q.

24As we noted in the proof of Proposition 6.4.2, the only part that uses the
continuity of T is the proof of the invariance. Thus, in general we can construct a
measure by the averaging procedure but its invariance is not automatic.
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we have

µ(Du
f) = lim

j!1

1

nj

nj�1X

i=0

(T⇤)
i
m(hDu

f) = lim
j!1

1

nj

nj�1X

i=0

m(Li
hD

u
f)

= � lim
j!1

1

nj

nj�1X

i=0

m(fDu
L
i
h)

where we have integrated by part. Remembering (6.4.6) we have

µ(Du
f) = 0,

for all f 2 C
(1)
per(Q) = {f 2 C

(1)(Q) | f(0, y) = f(1, y)}. The enlargement

of the class of functions is due to the obvious fact that, if f 2 C
(1)
per(Q),

then f̃(x, y) = f(x, y)� f(0, y) is zero on the vertical (stable) boundary
and D

u
f̃ = D

u
f .

This means that the measure µ, when restricted to the horizontal
direction, is µ-a.e. constant (see Problem 6.32). Such a strong result is
clearly a consequence of the fact that the map is essentially linear, one can
easily imagine a non linear case (think of dilations and expanding maps)
and in that case the same argument would lead to conclude that the
measure, when restricted to unstable manifolds, is absolutely continuous
with respect to the restriction of Lebesgue (these type of measures are
commonly called SRB from Sinai, Ruelle and Bowen).

We can now prove that indeed the measure µ is invariant. The discon-
tinuity line of T is {x = 1

2}. Points close to {x = 1
2} are mapped close to

the boundary of Q, so if f(0, y) = f(1, y) = 0, then f � T is continuous.
Hence, the argument of Proposition 6.4.2 proves that µ(f � T ) = µ(f)
for all f that vanish at the stable boundary. Yet, the characterization of
µ proves that µ({(x, y) 2 Q | x 2 {0, 1}}) = 0, thus we can obtain
µ(f � T ) = µ(f) for all continuous functions via the Lebesgue dominated
convergence theorem and the invariance follows by Lemma 6.4.1.

Horseshoe

This very famous example consists of a map of the square Q = [0, 1]2,
the map is obtained by stretching the square in the horizontal direction,
bending it in the shape of an horseshoe and then superimposing it to the
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original square in such a way that the intersection consists of two horizontal
strips.25 Such a description is just topological, to make things clearer let
us consider a very special case:

T (x, y) =

(
(5x mod 1, 1

4y) if x 2 [1/5, 2/5]

(5x mod 1, 1
4y +

3
4) if x 2 [3/5, 4/5].

Note that T is not explicitly defined for x 2 [0, 1/5[[[23 ,
3
5 [[]4/5, 1] since

for this values the horseshoe falls outsideQ, so its actual shape is irrelevant.
Since the map from Q to Q is not defined on the full square, we can have
a Dynamical System only with respect to a measure for which the domain
of definition of T , and all of its powers, has measure one. We will start by
constructing such a measure.

The first step is to notice that the set

⇤ = \n2ZT
n
Q (6.4.7)

of the points which trajectories are always in Q is 6= ;. Second, note that
⇤ = T⇤ = T

�1⇤, such an invariant set is called hyperbolic set as we will
see in ???. We would like to construct an invariant measure on ⇤. Since
⇤ is a compact set and T is continuous on it we know that there exist
invariant measures; yet, in analogy with the previous examples, we would
like to construct one coming from Lebesgue.

As already mentioned we must start by constructing a measure on
⇤� = \n2N[{0}T

�n
Q since T

k⇤� ⇢ ⇤�. To do so it is quite natural to
construct a measure by subtracting the mass that leaks out of Q. namely,
define the operator T̃ : M(X) ! M(X) by

T̃ µ(A) := µ(TA \Q).

Again we consider the evolution of measures of the type dµ = hdm. For
each continuous f with supp(f) ⇢ Q holds

T̃ µ(f) = µ(f � T
�1

�Q) =

Z

T�1Q

fh � T | detDT |dm.

We can thus define the operator L that evolves the densities:

Lh(x) =
5

4
�T�1Q\Q(x)h(Tx).

25We have already seen something very similar in the introduction.
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Clearly T̃ µ(f) = m(fLh).
Note that T̃m(1) = 1

2 , thus T̃ does not map probability measures
into probability measures; this is clearly due to the mass leaking out of
Q. Calling D

s (stable derivative) the derivative in the y direction, follows
easily

kD
s
Lhk1 

1

4
kD

s
hk1

for each h di↵erentiable in the stable direction.
On the other hand, if kDs

hk1  c and � = [0, 1/4] [ [3/4, 1],

|T̃ µ(1)| =

Z

Q\TQ

h =

Z

�
dy

Z 1

0
dxh(x, y)

=

Z

�
dy

Z 1

0
dx

Z 1

0
d⇠h(x, ⇠) +O(kDs

hk1)

=|�|khk1 +O(kDs
hk1) =

1

2
µ(1) +O(kDs

hk1).

It is then natural to define L̂h := 2Lh and T̂ = 2T̃ . Thus kDs
L̂hk1 

1
2kD

s
hk1. This means that { 1

n

P
n�1
i=0 T̂

i
µ} are probability measures. Ac-

cordingly, there exists an accumulation point µ⇤ and µ⇤(Ds
f) = 0 for each

f periodic in the y direction. By the same type of arguments used in the
previous examples, this means that µ⇤ is constant in the y direction, it is
supported on ⇤� by construction and T̃ µ⇤ =

1
2µ⇤ (conformal invariance)

: just the measure we where looking for.
We can now conclude the argument by evolving the measure as usual:

T⇤µ⇤(f) = µ⇤(f � T )

for all continuous f with the support in Q. Now the standard argument
applies. In such a way we have obtained the invariant measure supported
on ⇤.

Markov Measures

Let us consider the shift (⌃+
n , T ). We would like to construct other invari-

ant measures bedside Bernoulli. As we have seen it su�ces to specify the
measure on the algebra of the cylinders. Let us define

A(m; k1, . . . , kl) = {� 2 ⌃+
n | �i+m = ki 8 i 2 {1, . . . , l}};
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this are a basis for the algebra of the cylinders.
For each n⇥n matrix P , Pij � 0,

P
j
Pij = 1 by the Perron-Frobenius

theorem (see Secion (A.2.2)) there exists {pi} such that pP = p. Let us
define

µ(A(m; k1, . . . , kl)) = pk1Pk1k2Pk2k3 . . . Pkl�1kl
.

The reader can easily verify that µ is invariant over the algebra A and
thus extends to an invariant measure. This is called Markov because it is
nothing else than a Markov chain together with its stationary measure.26

These last examples (strange attractor, solenoid, horseshoe) show
only a very dim glimpse of a much more general and extremely rich
theory (the study of SRB measures) while the last (Markov measures)
points toward another extremely rich theory: Gibbs (or equilibrium)
measures. Although this it is not the focus here, we will see a bit more
of this in the future.

One of the main objectives in dynamical systems is the study of
the long time behavior (that is the study of the trajectories T

n
x for

large n). There are two main cases in which it is possible to study, in
some detail, such a long time behavior. The case in which the motion
is rather regular27 or close to it (the main examples of this possibility
are given by the so called KAM [Arn92] theory and by situations in
which the motions is attracted by a simple set); and the case in which
the motion is very irregular.28 This last case may seem surprising since
the irregularity of the motion should make its study very di�cult. The
reason why such systems can be studied is, as usual, because we ask
the right questions,29 that is we ask questions not concerning the fine
details of the motion but only concerning its statistical or qualitative
properties.

The first example of such properties is the study of the invariant
sets.

26The probabilistic interpretation is that the probability of seeing the state k

at time one, given that we saw the state l at time zero, is given by Plk. So the
process has a bit of memory: it remembers its state one time step before. Of course
it is possible to consider processes that have a longer–possibly infinite–memory.
Proceeding in this direction one would define the so called Gibbs measures.

27Typically, quasi periodic motion, remember the small oscillation in the pendu-
lum.

28Remember the example in the introduction.
29Of course, the “right questions” are the ones that can be answered.
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6.5 Ergodicity

Definition 6.5.1 A measurable set A is invariant for T if T�1
A ⇢ A.

A dynamical system (X, T, µ) is ergodic if each invariant set has
measure zero or one.

The definition for continuous dynamical systems being exactly the
same.

Note that if A is invariant then µ(A\T
�1

A) = µ(A)�µ(T�1
A) = 0,

moreover ⇤ = \
1
n=0T

�n
A ⇢ A is invariant as well. In addition, by

definition, ⇤ = T⇤, which implies ⇤ = T
�1⇤ and µ(A\⇤) = 0. This

means that, if A is invariant, then it always contains a set ⇤ invariant
in the stronger (maybe more natural) sense that T⇤ = T

�1⇤ = ⇤.
Moreover, ⇤ is of full measure in A. Our definition of invariance is
motivated by its greater flexibility and the fact that, from a measure
theoretical point of view, zero measure sets can be discarded.

In essence, if a system is ergodic then most trajectories explore
all the available space. In fact, for any A of positive measure, define
Ab = [n2N[{0}T

�n
A (this are the points that eventually end up in A),

since Ab � A, µ(Ab) > 0. Since T
�1

Ab ⇢ Ab, by ergodicity follows
µ(Ab) = 1. Thus, the points that never enter in A (that is, the points
in A

c

b
) have zero measure. Actually, if the system has more structure

(topology) more is true (see Problem 6.21).
The reader should be aware that there are many equivalent defini-

tions of ergodicity, see Problems 6.25, 6.27, 6.28 and Theorem 6.6.6 for
some possibilities.

6.5.1 Examples

Rotations

The ergodicity of a rotation depends on !. If ! 2 Q then the system is not
ergodic. In fact, let ! = p

q
(p, q 2 N), then, for each x 2 T T

q
x = x+ p

mod 1 = x, so T
q is just the identity. An alternative way of saying this

is to notice that all the points have a periodic trajectory of period q. It
is then easy to exhibit an invariant set with measure strictly larger than
0 but strictly less than 1. Consider [0, "], then A = [

q�1
i=1T

�i[0, "] is an
invariant set; clearly "  µ(A)  q", so it su�ces to choose " < q

�1.
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The case ! 62 Q is much more interesting. First of all, for each point
x 2 T we have that the closure of the set {Tn

x}
1
i=0 is equal to T, which is

to say that the orbits are dense.30 The proof is based on the fact that there
cannot be any periodic orbit. To see this suppose that x 2 T has a periodic
orbit, that is there exists q 2 N such that T

q
x = x. As a consequence

there must exist p 2 Z such that x+ p = x+ q! or ! 2 Q contrary to the
hypothesis. Hence, the set {T k0}1

k=0 must contain infinitely many points
and, by compactness, must contain a convergent subsequence ki. Hence,
for each " > 0, there exists m > n 2 N:

|T
m0� T

n0| < ".

Since T preserves the distances, calling q = m� n, holds

|T
q0| < ".

Accordingly, the trajectory of T jq0 is a translation by a quantity less than
", therefore it will get closer than " to each point in T (i.e., the orbit is
dense). Again by the conservation of the distance, since zero has a dense
orbit the same will hold for every other point.

Intuitively, the fact that the orbits are dense implies that there cannot
be a non trivial invariant set, henceforth the system is ergodic. Yet, the
proof it is not trivial since it is based on the existence of Lebesgue density
points [Roy88] (see Problem 6.40). It is a fact from general measure theory
that each measurable set A ⇢ R of positive Lebesgue measure contains,
at least, one point x̄ such that for each " 2 (0, 1) there exists � > 0:

m(A \ [x̄� �, x̄+ �])

2�
> 1� ".

Hence, given an invariant set A of positive measure and " > 0, first
choose � such that the interval I := [x̄ � �, x̄ + �] has the property
m(I \ A) > (1 � ")m(I). Second, we know already that there exists
q,M 2 N such that {T

�kq
x}

M

k=1 divides [0, 1] into intervals of length
less that "

2�. Hence, given any point x 2 T choose k 2 N such that
m(T�kq

I \ [x� �, x+ �]) > m(I)(1� ") so,

m(A \ [x� �, x+ �]) � m(A \ T
�kq

I)�m(I)"

� m(A \ I)�m(I)" � (1� 2")2�.

30A system with a dense orbit called Topologically Transitive.
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Thus, A has density everywhere larger than 1�2", which implies µ(A) = 1
since " is arbitrary.

The above proof of ergodicity it is not so trivial but it has a definite
dynamical flavor (in the sense that it is obtained by studying the evolution
of the system). Its structure allows generalizations to contexts whit a
less rich algebraic structure. Nevertheless, we must notice that, by taking
advantage of the algebraic structure (or rather the group structure) of T,
a much simpler and powerful proof is available.

Let ⌫ 2 M
1
T
, then define

Fn =

Z

T
e
2⇡inx

⌫(dx), n 2 N.

A simple computation, using the invariance of ⌫, yields

Fn = e
2⇡in!

Fn

and, if ! is irrational, this implies Fn = 0 for all n 6= 0, while F0 = 1.
Next, consider f 2 C

(2)(T1) (so that we are sure that the Fourier series
converges uniformly, see Problem 6.31), then

⌫(f) =
1X

n=0

⌫(fne
2⇡in·) =

1X

n=0

fnFn = f0 =

Z

T
f(x)dx.

Hence m is the unique invariant measure (unique ergodicity). This is
clearly much stronger than ergodicity (see Problem 6.25)

Expanding maps

Next, we prove that any smooth invariant map has a unique invariant mea-
sure absolutely continuos with respect to Lebesgue and hence it is ergodic
with respect to such a measure. Let h 2 L

1 be the density of an invariant
measure and A, of positive measure, an invariant set. For each " > 0 there
exists f" 2 C

1 such that kf" � 1Ak1  ". Calling f",n = 1
n

P
n�1
i=0 L

i
f"

and noting that, by invariance, 'n := 1
n

P
n�1
i=0 L

i1A = 1A
1
n

P
n�1
i=0 L

i1,
we have, by taking subsequeces, that fn converges in C

0 to some invariant
density f̄" while 'n converges to 1Ah, where h is the invariant density
to which converges 1

n

P
n�1
i=0 L

i1 (or rather the chosen subsequence). On
the other hand kf̄" � 1Ahk1  ". Since the f̄" are all uniformly Lipschitz,
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hence equicontinuous, (see the end of Example 6.4.1, Expanding maps)
by Ascoli-Arzelá we can extract a converging subquence. This means that
1A is the uniform limit of continuos functions, hence it is continuos hence
A is either empty of everything, thus the map is ergodic. The uniqueness
of the invariant measure follows by similar arguments.

Baker

This transformation gets its name from the activity of bread making, it
bears some resemblance with the horseshoe. The space X is the square
[0, 1]2, µ is again Lebesgue, and T is a transformation obtained by squash-
ing down the square into the rectangle [0, 2]⇥ [0, 1

2 ] and then cutting the
piece [1, 2]⇥ [0, 1

2 ] and putting it on top of the other one. In formulas

T (x, y) =

8
><

>:

(2x,
1

2
y) mod 1 if x 2 [0,

1

2
)

(2x,
1

2
(y + 1)) mod 1 if x 2 [

1

2
, 1].

This transformation is ergodic as well, in fact much more. We will discuss
it later.

Translations (T1
)

Let us consider the flow (T1
,�t,m) where �t(x) = x + !t mod 1, for

some ! 2 R \ {0}. This is just a translation on the unit circle. The proof
of ergodicity is trivial and it is left to the reader.

We conclude the chapter with a theorem very helpful to establish
the ergodicity of a flow.

Theorem 6.5.2 Consider a flow (X,�t, µ) and a Poincarè section ⌃
such that the set {x 2 X | [t2R �t(x)\⌃ = ;} has zero measure. Then
the ergodicity of the flow (X,�t, µ) is equivalent to the ergodicity of the
section (⌃, T⌃, µ⌃).

The proof, being straightforward, is left to the reader.
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6.5.2 Examples

Translations (T2
)

Let us consider the flow (T2
,�t,m) where �t(x) = x + !t mod 1, for

some ! 2 R2
\ {0}. This is a translation on the two dimensional torus.

To investigate we will use Theorem 6.5.2. Consider the set ⌃ := {(x, y) 2
T2

| x = 0}, this is clearly a Poincaré section, unless !1 = 0 (in which
case one can choose the section y = 0). Obviously ⌃ is a circle and the
Poincaré map is given by

T (y) = y +
!2

!1
mod 1.

The ergodicity of the flow is then reduced to the ergodicity of a circle
rotation, thus the flow is ergodic only if !1 and !2 have an irrational ratio.

The properties of the invariant sets of a dynamical systems have
very important reflections on the statistics of the system, in particular
on its time averages. Before making this precise (see Theorem 6.6.6)
we state few very general and far reaching results.

6.6 Some basic Theorems

Theorem 6.6.1 (Birkho↵) Let (X, T, µ) be a dynamical system, then
for each f 2 L

1(X, µ)

lim
n!1

1

n

n�1X

j=0

f(T j
x)

exists for almost every point x 2 X. In addition, setting

f
+(x) = lim

n!1

1

n

n�1X

j=0

f(T j
x),

holds Z

X

f
+
dµ =

Z

X

fdµ.

Proof
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Since the task at hand is mainly didactic, we will consider explicitly
only the case of positive bounded functions, the completion of the proof
is left to the reader.

Let f 2 L
1(X, dµ), f � 0, and

Sn(x) ⌘
1

n

n�1X

i=0

f(T i
x).

For each x 2 X, there exists

f
+
(x) = lim sup

n!1

Sn(x)

f
+(x) = lim inf

n!1
Sn(x).

The first remark is that both f
+
and f

+ are invariant functions. In
fact,

Sn(Tx) = Sn(x) +
1

n
f(Tn

x)�
1

n
f(x)

so, tacking the limit the result follows.31

Next, for each n 2 N and k, j 2 Z we define

Dn,l,j =

⇢
x 2 X

���� f
+
(x) 2


l

n
,
l + 1

n

◆
; f+(x) 2


j

n
,
j + 1

n

◆�
,

by the invariance of the functions follows the invariance of the sets
Dn,l,j . Also, by the boundedness, follows that for each n exists n0 such
as [

j,l2{�n0, ..., n0}

Dn,l,j = X.

The key observation is the following.

Lemma 6.6.2 For each n 2 N and l, j 2 Z, setting A = Dn,l,j, holds

l + 1

n
µ(A) <

Z

A

fdµ+
3

n
µ(A)

j

n
µ(A) >

Z

A

fdµ�
3

n
µ(A)

31Here we have used the boundedness, this is not necessary. If f 2 L
1(X, dµ)

and positive, then Sn(Tx) � Sn(x) � f(x), so f
+
(Tx) � f

+
(x) and it is and easy

exercise to check that any such function must be invariant.



6.6. SOME BASIC THEOREMS 149

From the Lemma follows

0 

Z

X

(f
+
� f

+)dµ =
n0X

l, j=�n0

Z

Dn,l,j

(f
+
� f

+)dµ



n0X

l, j=�n0


l + 1

n
�

j

n

�
µ(Dn,l,j) <

6

n

n0X

l, j=�n0

µ(Dn,l,j) =
6

n
.

Since n is arbitrary we have

Z

X

(f
+
� f

+)dµ = 0

which implies f
+

= f
+ almost everywhere (since f

+
� f

+ by defini-
tion) proving that the limit exists. Analogously, we can prove

Z

X

(f � f
+)dµ = 0.

Proof of the Lemma 6.6.2 We will prove only the first inequality,
the second being proven in exactly the same way.

For each x 2 A we will call k(x) the first m 2 N such that

Sm(x) >
l � 1

n
,

by construction k(x) must be finite for each x 2 A. Hence, setting
Xk = {x 2 A | k(x) = k}, [kXk = A, and for each " > 0 there exists
N 2 N such that

µ

 
N[

k=1

Xk

!
� µ(A)(1� ").

Let us call

Y = A\

N[

k=1

Xk.

Then µ(Y )  µ(A)", also set L = supx2A |f(x)|. The basic idea is to
follow, for each point x 2 A, the trajectory {T

i
x}

M

i=0, where M > N

will be chosen su�ciently large. If the point would never visit the set
Y , we could group the sum SM (x) in pieces all, in average, larger than
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l�1
n
, so the same would hold for SM (x). The di�culties come from the

visits to the set Y .
For each n 2 {0, ..., M} define

efn(x) =

8
<

:

f(Tn
x) if Tn

x 62 Y

l

n
if Tn

x 2 Y

and

eSM (x) =
1

M

M�1X

n=0

efn(x).

By definition y 2 Y implies y 62 X1, i.e. f(y) 
l�1
n
. Accordingly,

ef(x) � f(Tn
x) for each x 2 A. Note that for each n we change the

function f � T
n only at some points belonging to the set Y and l

n
can

be taken less or equal than L ( otherwise µ(A) = 0), consequently
Z

A

fdµ =

Z

A

SMdµ �

Z

A

eSMdµ� Lµ(Y ) �

Z

A

eSMdµ� Lµ(A)".

We are left with the problem of computing the sum. As already men-
tioned the strategy consists in dividing the points according to their
trajectory with respect to the sets Xn. To be more precise, let x 2 A,
then by definition it must belong to some Xn or to Y . We set k1(x)
equal to j is x 2 Xj and k1(x) = 1 if x 2 Y . Next, k2(x) will have value
j if T k1(x)x 2 Xj or value 1 if T k1(x) 2 Y . If k1(x) + k2(x) < M , then
we go on and define similarly k3(x). In this way, to each x 2 A we can

associate a number m(x) 2 {1, ..., M} and indices {ki(x)}
m(x)
i=1 , ki(x) 2

{1, ..., N}, such that M�N 
Pm(x)�1

i=1 ki(x) < M ,
Pm(x)

i=1 ki(x) � M .
Let us call Kp(x) =

P
p

j=1 kj(x). Using such a division of the orbit in
segments of length ki(x) we can easily estimate

eSM (x) =
1

M

8
<

:

m(x)�1X

i=1

ki(x)

2

4 1

ki(x)

Ki(x)�1X

j=Ki�1(x)

efj(x)

3

5+
M�1X

i=Km(x)�1(x)

ef(T i
x)

9
=

;

�
1

M

m(x)�1X

i=1

ki(x)
l � 1

n
�

M �N

M

l � 1

n
.

Putting together the above inequalities we get
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Z

A

fdµ �

⇢
(M �N)(l � 1)

Mn
� L"

�
µ(A)

�
l + 1

n
µ(A)�

⇢
2

n
+

N(l � 1)

Mn
+ L"

�
µ(A).

which, by choosing first " su�ciently small and, after, M su�ciently
large, concludes the proof. ⇤

To prove the result for all function in L
1(X, µ) it is convenient

to deal at first only with positive functions (which su�ce since any
function is the di↵erence of two positive functions) and then use the
usual trick to cut o↵ a function (that is, given f define fL by fL(x) =
f(x) if f(x)  L, and fL(x) = L otherwise) and then remove the cut
o↵. The reader can try it as an exercise. ⇤

Birkho↵ theorem has some interesting consequences.

Corollary 6.6.3 For each f 2 L
1(X, µ) the following holds

1. f
+
2 L

1(X, µ);

2. f
+(Tx) = f+(x) almost surely.

The proof is left to the reader as an easy exercise (see Problem
6.18).

Another interesting fact, that starts to show some connections be-
tween averages and invariant sets, emerges by considering a measurable
set A and its characteristic function �A. A little thought shows that
the ergodic average �

+
A
(x) is simply the average frequency of visit of

the set A by the trajectory {T
n
x} (Problem 6.28).

Birkho↵ theorem implies also convergence in L
1 and L

2 (see also
Problem 6.26). Yet, it is interesting to note that convergence in L

2 can
be proven in a much more direct way.

Theorem 6.6.4 (Von Neumann) Let (X,T, µ) be a Dynamical Sys-
tem, then for each f 2 L

2(X, µ) the ergodic average converges in
L
2(X, µ).

Proof. We have already seen that it can be useful to lift the dy-
namics at the level of the algebra of function or at the level of measures.
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This game assumes di↵erent guises according to how one plays it, here
is another very interesting version.

Let us define U : L2(X,µ) ! L
2(X,µ) as

Uf := f � T.

Then, by the invariance of the measure, it follows kUfk2 = kfk2, so U

is an L
2 contraction (actually, and L

2-isometry). If T is invertible, the
same argument applied to the inverse shows that U is indeed unitary,
otherwise we must content ourselves with

kU
⇤
fk

2
2 = hUU

⇤
f, fi  kUU

⇤
fk2kfk2 = kU

⇤
fk2kfk2,

that is kU⇤
k2  1 (also U

⇤ is and L
2 contraction).

Next, consider V1 = {f 2 L
2
| Uf = f} and V2 = Rank(1 � U).

First of all, note that if f 2 V1, then

kU
⇤
f � fk

2
2 = kU

⇤
fk

2
2 � hf, U

⇤
fi � hU

⇤
f, fi+ kfk

2
2  0.

Thus, f 2 V
⇤
1 := {f 2 L

2
| U

⇤
f = f}. The same argument applied to

f 2 V
⇤
1 shows that V1 = V

⇤
1 . To continue, consider f 2 V1 and h 2 L

2,
then

hf, h� Uhi = hf � U
⇤
f, hi = 0.

This implies that V
?
1 = V2, hence V1 � V2 = L

2. Finally, if g 2 V2,
then there exists h 2 L

2 such that g = h� Uh and

lim
n!1

1

n

n�1X

i=0

U
i
g = lim

n!1

1

n
(h� U

n
h) = 0.

On the other hand if f 2 V1 then limn!1
1
n

P
n�1
i=0 U

i
f = f . The only

function on which we do not still have control are the g belonging to
the closure of V2 but not in V2. In such a case there exists {gk} ⇢ V2

with limk!1 gk = g. Thus,

k
1

n

n�1X

i=0

U
i
gk2  k

1

n

n�1X

i=0

U
i
gkk2 + kg � gkk2  k

1

n

n�1X

i=0

U
i
gkk2 +

"

2
,

provided we choose k large enough. Then, by choosing n su�ciently
large we obtain

k
1

n

n�1X

i=0

U
i
gk2  ".
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We have just proven that

lim
n!1

1

n

n�1X

i=0

U
i = P

where P is the orthogonal projection on V1. ⇤

Another very general result, of a somewhat disturbing nature, is
Poincaré return theorem.

Theorem 6.6.5 (Poincaré) Given a dynamical systems (X, T, µ) and
a measurable set A, with µ(A) > 0, there exists infinitely many n 2 N
such that

µ(T�n
A \A) 6= 0.

The proof is rather simple (by contradiction) and the reader can cer-
tainly find it out by herself (see Problem 6.19).32

Let us go back to the relation between ergodicity and averages.
From an intuitive point of view a function from X to R can be thought
as an “observable,” since to each configuration it associates a value that
can represent some relevant property of the configuration (the property
that we observe). So, if we observe the system for a long time via the
function f , what we see should be well represented by the function f

+.
Furthermore, notice that there is a simple relations between invariant
functions and invariant sets. More precisely, if a measurable set A is
invariant, then its characteristic function �A is a measurable invariant
function; if f is an invariant function then for each measurable set
I 2 R the set f�1(I) is a measurable invariant set (if the implications
of the above discussions are not clear to you, see Problem 6.27).

As a byproduct of the previous discussion it follows that if a sys-
tem is ergodic then for each function f 2 L

1(X, µ) the function f+ is

32An unsettling aspect of the theorem is due to the following possibility. Consider
a room full of air, the motion of the molecules can be thought to happen accordingly
to Newton equations, i.e. it is an Hamiltonian systems, hence a dynamical system
to which Poincaré theorem applies. Let A be the set of configurations in which all
the air is in the left side of the room. Since we ignore, in general, the past history
of the room, it could very well be that at some point in the past the systems was
in a configuration belonging to A–maybe some silly experiment was performed. So
there is a positive probability for the system to return in the same state. Therefore
the disturbing possibility of sudden death by decompression.
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almost everywhere constant and equal to
R
X
f . We have just proven

an interesting characterization of the ergodic systems:

Theorem 6.6.6 A Dynamical System (X, T, µ) is ergodic if and only
if for each f 2 L

1(X, µ) the ergodic average f
+ is constant; in fact,

f
+ = µ(f) a.e..

In other words, if we observe the time average of some observable for
a su�ciently long time then we obtain a value close to its space average.
The previous observation is very important especially because the space
average of a function does not depend on the dynamics. This is exactly
what we where mentioning previously: the fact that the dynamics is
su�ciently ‘complex’ allows us to ignore it completely, provided we are
interested only in knowing some average behavior. The relevance of
ergodic theory for physical systems is largely connected to this fact.

6.7 Mixing

We have argued the importance of ergodicity, yet from a physical point
of view ergodicity may be relevant only if it takes places at a su�ciently
fast rate (i.e., if the time average converges to the space average on a
physically meaningful time scale). This has prompted the study of
stronger statistical properties of which we will give a brief, and by no
mean complete, account in the following.

Definition 6.7.1 A Dynamical System (X, T, µ) is called mixing if
for every pairs of measurable sets A, B we have

lim
n!1

µ(T�n(A) \B) = µ(A)µ(B).

Obviously, if a system is mixing, then it is ergodic. In fact, if A is
an invariant set for T , then T

�n
A ⇢ A, so, calling A

c the complement
of A, we have

µ(A)µ(Ac) = lim
n!1

µ(T�n
A \A

c) = 0,

and the measure of A is either one or zero.
An equivalent characterization of mixing is the following:
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Proposition 6.7.2 A Dynamical System (X, T, µ) is mixing if and
only if

lim
n!1

Z

X

f � T
n
gdµ =

Z

X

fdµ

Z

X

gdµ

for every f, g 2 L
2(X, µ) or for every f 2 L

1(X,µ) and g 2 L
1(X,µ).33

The proof is rather straightforward and it is left as an exercise
to the reader (see Problem 6.29) together with the proof of the next
statement.

Proposition 6.7.3 A Dynamical System (X, T, µ), with X a compact
metric space, T continuous and µ Borel, is mixing if and only if for
each probability measure � absolutely continuous with respect to µ

lim
n!1

�(f � T
n) = µ(f)

for each f 2 C
0(T2).

This last characterization is interesting from a mathematical point
of view. Define, as usual, the evolution of a measure via the equation

(T⇤�)(f) ⌘ �(f � T )

for each continuous function f . If for each measure, absolutely contin-
uous with respect to the invariant one, the evolved measure converges
weakly to the invariant measure, then the system is mixing (and thus
the evolved measures converge strongly). This has also a very impor-
tant physical meaning: if the initial configuration is known only in
probability, the probability distribution is absolutely continuous with
respect to the invariant measure, and the system is mixing, then, after
some time, the configurations are distributed according to the invari-
ant measure. Again the details of the evolution are not important to
describe relevant properties of the system.

6.7.1 Examples

Rotations

We have seen that the translations by an irrational angle are ergodic. They
are not mixing. The reader can easily see why.

33The quantity
R
X
f � Tg �

R
X
f
R
X
g is called “correlation,” and its tending to

zero–which takes places always in mixing systems–it is called “decay of correlation.”
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Bernoulli shift

The key observation is that, given a measurable set A, for each " > 0 there
exists a set A" 2 A, thus depending only on a finite subset of indices,34

with the property35

µ(A"\A)  ".

Then, given A, B measurable, and for each " > 0, let A", B" be such an
approximation, and IA, IB the defining sets of indices, then
��µ(T�m

A \B)� µ(A)µ(B)
��  4"+

��µ(T�m
A" \B")� µ(A")µ(B")

��.

If we choose m so large that (IA +m)\ IB = ;, then by the definition of
Bernoulli measure we have

µ(T�m
A" \B") = µ(T�m

A")µ(B") = µ(A")µ(B"),

which proves
lim

m!1
µ(T�m

A \B) = µ(A)µ(B).

Dilation

This system is mixing. In fact, let f, g 2 C
1(T), then we can represent

them via their Fourier series f(x) =
P

k2Z e
2⇡ikx

fk, f�k = fk. It is well
known that

P
k2Z |fk| < 1 and |fk| 

c

|k|
, for some constant c depending

on f . Therefore,
f(Tn

x) =
X

k2Z
e
2⇡i2nkx

fk,

which implies that the only Fourier coe�cients of f � T
n di↵erent from

zero are the {2nk}k2Z. Hence,

����
Z

T
f � T

n
g �

Z

T
f

Z

T
g

���� =

�����
X

k2Z
fkg2nk � f0g0

�����  c2�n
X

k2Z
|fk|.

The previous inequalities imply the exponential decay of correlations for
each smooth function. The proof is concluded by a standard approximation

34Remember, this means that there exists a finite set I ⇢ Z such that it is possible
to decide if � 2 ⌃n belongs or not to A" only by looking at {�i}i2I .

35This follows from our construction of the �-algebra and by the definition of
outer measure, see Examples 6.1.1–Bernoulli shift.
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argument: given f, g 2 L
2(X, dµ), for each " > 0 exists f", g" 2 C

1(X):
kf � f"k2 < " and kg � g"k2 < ". Thus,

����
Z

T
f � T

n
g �

Z

T
f

Z

T
g

���� 
����
Z

T
f" � T

n
g" �

Z

T
f"

Z

T
g"

����+2(kfk2+kgk2)",

which yields the result by choosing first " small and then n su�ciently
large.

6.8 Stronger statistical properties

One very fruitful idea in the realm of measurable dynamical systems is
the idea of entropy . In some sense the entropy measure the complexity
of the motions from a measure theoretical point of view.

To define it one starts by considering a partition of the space into
measurable sets ⇠ := {A1, . . . An} and defines36

Hµ(⇠) = �

X

i

µ(Ai) logµ(Ai).

Given two partitions ⇠ = {Ai}, ⌘ = {Bj} we define ⇠ _ ⌘ := {Ai \Bj}.
Let then be

⇠
T

�n := ⇠ _ T
�1(⇠) _ · · · _ T

�n+1(⇠).

It is then possible to prove that the sequence Hµ(⇠T�n) is sub-additive,
hence the limit

hµ(T, ⇠) := lim
n!1

1

n
Hµ(⇠

T

�n

exists.

Definition 6.8.1 The entropy of T with respect to µ is defined as

hµ(T ) := sup{hµ(T, ⇠) | H(⇠) < 1}

If a system has positive metric entropy this means that the motion
has a high complexity and it is very far from being regular. One of
the main property of entropy is that it is a metric invariant, that is

36The case of a countable partition, or even an uncountable partition, can be
handled and it is very relevant, but outside the aims of this book, see [Roh67] for a
complete treatment of the subject.
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if two systems are metrically conjugate (see the following), then they
have the same metric entropy.

Even more extreme form statistical behaviors are possible, to present
them we need to introduce the idea of equivalent systems. This is done
via the concept of conjugation that we have already seen informally in
Example 6.4.1 (logistic map, circle map).

Definition 6.8.2 Two Dynamical Systems (X1, T1, µ1), (X2, T2, µ2)
are (measurably) conjugate if there exists a measurable map � : X1 !

X2 almost everywhere invertible37 such that µ1(A) = µ(�(A)) and
T2 � � = � � T1.

Clearly, the conjugation is an equivalence relation. Its relevance for
the present discussion is that conjugate systems have the same ergodic
properties (Problem 6.38).38

We can now introduce the most extreme form of stochasticity.

Definition 6.8.3 A dynamical system (X, T, µ) is called Bernoulli if
there exists a Bernoulli shift (M, ⌫, �) and a measurable isomorphism
� : X ! M (i.e., a measurable map one one and onto apart from a
set of zero measure and with measurable inverse) such that, for each
A 2 X,

⌫(�(A)) = µ(A)

and

T = �
�1

� � � �.

That is a system is Bernoulli if it is isomorphic to a Bernoulli shift.
Since we have seen that Bernoulli systems are very stochastic (remind
that they can be seen as describing a random event like coin tossing)
this is certainly a very strong condition on the systems. In particular it
is immediate to see that Bernoulli systems are mixing (Problem 6.38).

37This means that there exists a measurable function �
�1 : X2 ! X1 such that

� � ��1 = id µ2-a.e. and �
�1 � � = id µ1-a.e..

38Of course the reader can easily imagine other forms of conjugacy, e.g. topological
or di↵erential conjugation.
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6.8.1 Examples

Dilation

We will show that such a system is indeed Bernoulli. The map � is obtained
by dividing [0, 1) in [0, 1

2) and [12 , 1). Then, given x 2 T, we define
� : T ! ⌃+

2 by

�(x)i =

8
><

>:

1 if T i
x 2 [0,

1

2
)

2 if T i
x 2 [

1

2
, 1)

the reader can check that the map is measurable and that it satisfy the
required properties. Note that the above shows that the Bernoulli measure
with p1 = p2 = 1

2 is nothing else than Lebesgue measure viewed on the
numbers written in basis two. This may explain why we had to be so
careful in the construction of the Bernoulli measure.

Baker

Let us define �
�1; for each � 2 ⌃2

x =
1X

i=0

��i

2i+1
,

y =
1X

i=1

�i

2i
.

Again the rest is left to the reader.

Forced Pendulum

In the introduction we have seen that there exists a square Q with stable
and unstable sides such that, calling T the map introduced by the flow at
a proper time, TQ\Q � Q

u

0 [Q
u

1 . Where Qu

i
are rectangles that go from

one stable side of Q to the other and, in analogy, T�1
Q \Q � Q

s

0 [Q
s

1.
We can use this fact to code the dynamics similarly to what we have

done for the Backer map. Namely, given the set ⇤ =
T

n2Z T
n
Q (this set

it is non empty–see Example 6.4.1–Horseshoe) and � : ⇤! ⌃2 define by

[�(x)]k =

⇢
i 2 {0, 1} if k � 0 and T

k
x 2 Q

u

i

i 2 {0, 1} if k < 0 and T
k
x 2 Q

s

i
.
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It is easy to verify that � is onto and that it is a.e. invertible. It remains to
specify the measure on the Horseshoe, we can just pull back any invariant
measure on the shift and we will get an invariant measure on the set ⇤.

Let us conclude with a final remark on the physical relevance of the
concept just introduced. As we mentioned, if f is an observable, then
its ergodic average represents the result of an observation over a very
long time (the time scale being determined by the mixing properties of
the system). Yet, in reality, it may happen that we look for too short
a time or, after studying a certain quantity, we can get a grant to buy
the needed apparatus to perform more precise measurements. What
would we see in such a case? Clearly, we would not see a constant, even
for an ergodic system, and we would interpret the non constant part as
fluctuations. In many cases it may happen that this fluctuations have
a very special nature: they are Gaussian. In such a case we say that
the system satisfies the Central Limit Theorem (CLT). Let us be more
precise: define Snf := 1

p
n

P
n�1
i=0 f � T

i.

Definition 6.8.4 Given a Dynamical System (X,T, µ) and a class of
observables A ⇢ L

2(X,µ) we say that the class A satisfies the CLT if
8f 2 A, µ(f) = 0,

lim
n!1

µ({x | Snf � t}) =
1

p
2⇡

Z
t

�1

e
�

x2

2�2 dx,

where (the variance) � is defined by �
2 = µ(f) + 2

P
1

i=1 µ(f � T
i
f).39

The relevance of the above theorem is the following: if the system
is ergodic and satisfies the CLT, then 1

n

P
n�1
i=0 f � T

i
� µ(f) = O( 1

p
n
),

we have thus the precise scale on which the fluctuations should appear.
In this book we will be mainly interested in the question of how to

establish if a given system is ergodic or not.
Unfortunately, neither ergodicity is a typical property of dynamical

systems, nor is regular motion. It is a frustrating fact of life that
generically dynamical systems present some kind of mixed behavior.
Nevertheless, there are some class of systems that are known to be

39This definition is a bit stricter than usual because, in general, there may be
cases in which the fluctuations are Gaussian but the formula for the variance does
not hold as written.
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ergodic and among them the hyperbolic systems are probably the most
relevant. We will discuss them in the next chapters.

Problems

6.1. Given a measurable Dynamical Systems (X,T, µ) verify that, for
each measurable set A, if T (A) is measurable, then µ(TA) �

µ(A).

6.2. Set M
1(X) = {µ 2 M | µ(X) = 1} and M

1
T
(X) = M

1(X) \
MT (X). Prove that M

1
T
(X) and M

1(X) are convex sets in
M(x).

6.3. Call Me(X) ⇢ M
1(X) the set of ergodic probability measures.

Show that Me(X) consists of the extremal points of MT (X).

6.4. Prove that the Lebesgue measure is invariant for the rotations on
T.

6.5. Consider a rotation by ! 2 Q, find invariant measures di↵erent
from Lebesgue.

6.6. Prove that the measure µh defined in Examples 6.1.1 (Hamilto-
nian systems) is invariant for the Hamiltonian flow.

6.7. Given a Poincaré section prove that there exists c > 0 such that
inf ⌧⌃ � c > 0.

6.8. Show that ⌫⌃, defined in (6.2.1) is well defined.

6.9. Show that the return time ⌧⌃ is finite ⌫⌃-a.e. .

6.10. Show that ⌫⌃ is T⌃ invariant. Verify that, collecting the results
of the last exercises, (⌃, T⌃, ⌫⌃) is a Dynamical System.

6.11. something about holomorphic dynamics?

6.12. Prove that the Bernoulli measure is invariant with respect to the
shift.

6.13. Let ⌃p be the set of periodic configurations of ⌃. If µ is the
Bernoulli measure prove that µ(⌃p) = 0
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6.14. Consider the Bernoulli shift on Z and define the following equiv-
alence relation: � ⇠ �

0 i↵ there exists n 2 Z such that Tn
� = �

0

(this means that two sequences are equivalent if they belong to
the same orbit). Consider now the equivalence classes (the space
of orbits) and choose40 a representative from each class, call the
set so obtained K. Show that K cannot be a measurable set.

6.15. Compute the transfer operator for maps of T. Prove that kLhk1 
khk1.

6.16. Prove the Lasota-York inequality (6.4.5).

6.17. Prove that for each sequence {hn} ⇢ C
(1)(T), with the property

supn2N kh
0
nk1+khnk1 < 1, it is possible to extract a subsequence

converging in L
1.

6.18. Prove Corollary 6.6.3.

6.19. Prove Theorem 6.6.5

6.20. Let U ⇢ X of positive measure, consider

fU (x) = lim
1

n

n�1X

i=0

�U (T
i
x).

Show that the limit exists and that the setA0 := {x 2 U | fU (x) =
0} has zero measure.

6.21. A topological Dynamical System (X,T ) is called Topologically
transitive, if it has a dense orbit. Show that if (Td

, T,m) is ergodic
and T is continuous, then the system is topologically transitive.

6.22. Give an example of a system with a dense orbit which it is not
ergodic.

6.23. Give an example of an ergodic system with no dense orbit.

6.24. Give an example of a Dynamical Systems which does not have
any invariant probability measure.

40Attention !!!: here we are using the Axiom of choice.
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6.25. Show that a Dynamical Systems (X,T, µ) is ergodic if and only if
there does not exists any invariant probability measure absolutely
continuous with respect to µ, beside µ itself.

6.26. Prove that Birkho↵ theorem implies Von Neumann theorem.

6.27. Prove that if (X,T, µ) is ergodic, then all f 2 L
1(X,µ) such that

f � T = f are a.e. constant. Prove also the converse.

6.28. For each measurable set A, let

FA,n(x) =
1

n

n�1X

i=0

�A(T
i
x).

be the average number of times x visits A in the time n. Show
that there exists FA = limn!1 FA,n a.e. and prove that, if the
system is ergodic, FA = µ(A).

6.29. Prove Proposition 6.7.2 and Proposition 6.7.3.

6.30. Show that the irrational rotations are not mixing.

6.31. Prove that if f 2 C
2(T), then its Fourier series converges uni-

formly.41

6.32. Let ⌫ be a Borel measure on Q = [0, 1]2 such that ⌫(@xf) = 0
for all f 2 C

1
per(Q) = {f 2 C

1(Q) | f(0, y) = f(1, y) 8 y 2 [0, 1]}.
Prove that there exists a Borel measure ⌫1 on [0, 1] such that
⌫ = m⇥ ⌫1.

6.33. Prove that is a flow is ergodic (mixing) so is each Poincarè section.
Prove that is a map is ergodic so is any suspension on the map.
Give an example of a mixing map with a non-mixing suspension
(constant ceiling).

6.34. Consider ([0, 1], T ) where

T (x) =
1

x
�


1

x

�

41This result is far from optimal, see [?] if you want to get deeper in the theory
of Fourier series.
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([a] is the integer part of a), and

µ(f) =
1

ln 2

Z 1

0
f(x)

1

1 + x
dx.

Prove that ([0, 1], T, µ) is a Dynamical System.42

6.35. In view of the two previous exercises explain why it is problem-
atic to study the statistical properties of the Gauss map on a
computer.

6.36. Choose a number in [0, 1] at random according to Lebesgue dis-
tribution. Assuming that the Gauss map is mixing (which it is,
see ???) compute the average percentage of numbers larger than
n in the associated continuous fraction.

6.37. Let (X0, T0, µ0) be a Dynamical System and � : X0 ! X1 an
homeomorphism. Define T1 := � � T0 � �

�1 and µ1(f) = µ0(f �

�
�1). Prove that (X1, T1, µ1) is a Dynamical System.

6.38. Let (X0, T0, µ0) be measurably conjugate to (X1, T1, µ1), then
show that one of the two is ergodic if and only if the other is
ergodic. Prove the same for mixing.

6.39. Show that the systems described in Examples ??–strange attrac-
tor and horseshoe, are Bernoulli.

6.40. Prove Lebesgue density theorem: for each measurable set A,
m(A) > 0, there exists x 2 A such that for each " > 0 exists
� > 0 such that m(A \ [x� �, x+ �]) > (1� ")2�.

Hints to solving the Problems

6.3 Use Krein-Milman Theorem [DS88].

6.6 Use the properties ofH to deduce hr�txH, dx�
t
rxHi = krxHk

2,

and thus dx�t
rxH = krxHk

2

kr�txHk2
r�txH + v where hr�txH, vi = 0.

42The above map is often called Gauss map since to him is due the discovery of
the above invariant measure.
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Then study the evolution of an arbitrarily small parallelepiped
with one side parallel to rxH–or look at the volume form if you
are more mathematically incline–remembering the invariance of
the volume with respect to the flow.

6.8 Use the invariance of µ and the fact that, by Problem 6.7, if
A ⇢ ⌃ then µ(�[0,�](A)\�

[n�, (n+1)�]
A) = 0 provided (n+1)�  c.

6.9 Let � < c and ⌃� := �
[0,�]⌃, apply Poincaré return theorem to

⌃�.

6.12 Check it on the algebra A first.

6.13 ⌃p is the countable union of zero measure sets.

6.14 Show that K\T
n
K ⇢ ⌃p, then by using Problem 6.13 show that

if K is measurable
P

1

i=�1
µ(Tn

K) = 1 which, by the invariance
of µ, is impossible.

6.15 Use the equivalent definition
R
gLfdm =

R
fg � Tdm.

6.17 Consider partitions Pn of T in intervals of size 1
n
. Define the

conditional expectation E(h|Pn)(x) = 1
m(I(x)

R
I(x) hdm, where

x 2 I(x) 2 Pn. Prove that kE(h|Pn) � hk1 
1
n
kh

0
k1. Notice

that the functions E(hn|Pm) have only m distinct values and,
by using the standard diagonal trick, construct an subsequence
hnj such that all the E(hnj |Pm) are converging. Prove that hnj

converges in L
1.

6.19 Note that µ(T�n
A \ T

�m
A) 6= 0 then, supposing without loss of

generality n < m, µ(A\ T
�m+n

A) 6= 0. Then prove the theorem
by absurd remembering that µ(X) < 1.

6.20 The existence follows from Birkho↵ theorem, it also follows that
A0 is an invariant set, then

0 =

Z

A0

fU =

Z

A0

�U = µ(A0).

6.21 For each n 2 N, x 2 Td consider B 1
m
(x)–the ball of radius

1
m

centered at x. By compactness, there are {xi} such that
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[iB 1
m
(xi) = Td. Let

Am,i = {y 2 Td
| T

k
y \B 1

M
(XI) = ; 8k 2 N},

clearly Am,i = \k2NT
�k

B 1
m
(xi)c has the property T

�1
Am,i �

Am,i. It follows that Ãm,i = [n2NT
�n

Am,i � Am,i is an invariant
set and it holds µ(Ãm,i\Am,i) = 0. Since Am,i it is not of full
measure, Ãm,i, and thus Am,i, must have zero measure. Hence,
Ām = \iAm,i has zero measure. This means that [m2NĀm has
zero measure. Prove now that, for each y 2 Td, the trajectories
that never get closer than 2

m
to y are contained in Ām, and thus

have measure zero. Hence, almost every point has a dense orbit.)
Extend the result to the case in which X is a compact metric
space and µ charges the open sets (that is: if U ⇢ X is open,
then µ(U) > 0.

6.22 A system with two periodic orbits, and the measure supported
on them. Along such lines more complex examples can be readily
constructed.

6.23 A non transitive system with a measure supported on a periodic
orbit.

6.24 X = Rd, Tx = x+ v, v 6= 0.

6.26 Note that the ergodic average is a contraction in L
1, an isom-

etry in L
2 and that L

1
⇢ L

2 (since the measure is finite). Use
Lebesgue dominate convergence theorem to prove convergence in
L
2 for bounded functions. Use Fatou to show that if f 2 L

2 then
f
+
2 L

2 and a 3-" argument to conclude.

6.28 Birkho↵ theorem and Theorem 6.6.6.

6.29 Note that for each measurable set A and " > 0 there exists
f 2 C

0(X) such that µ(|f � �A|) < " –by Uryshon Lemma and
by the regularity of Borel measures. To prove that µ(T�n

A \

B) ! µ(A)µ(B) choose d� = µ(B)�1
�Bdµ and use the invari-

ance of µ to obtain the uniform estimate �(|f � T
n
��A � T

n
|) 

µ(B)�1
µ(|f � �A|).
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6.31 Remember that fn = 1
2⇡

R
T e

2⇡inx
f(x)dx. Thus

fn =
1

(2⇡in)22⇡

Z

T
e
2⇡inx

f
(2)(x)dx.

6.32 The measure ⌫1 is nothing else then the marginal with respect
to x, that is: for each continuous function f : [0, 1] ! R define
f̃ : Q ! R by f̃(x, y) = f(y), then ⌫1(f) = ⌫(f̃). To prove the
statement use Fourier series. If f is smooth enough f(x, y) =P

k2Z f̂k(y)e
2⇡ikx where the Fourier series for f and @xf converge

uniformly. Then notice that 0 = ⌫(@xe2⇡ik·) = 2⇡ik⌫(e2⇡ik·) im-
plies ⌫(f) = ⌫(f̂0) = m⇥ ⌫1(f).

6.34 Write µ(f � T ) =
P

1

i=1

R 1
i
1

i+1

f � T (x)µ(dx), change variable and

use the identity 1
a2+a

= 1
a
�

1
a+1 to obtain a series with alternating

signs.

6.35 The computer uses only rational numbers. It is quite amazing
that these type of pathologies arises rather rarely in the numerical
studies carried out by so many theoretical physicist.

6.36 Define f(x) = [x�1], then the entries of the continuous frac-
tion of x are {f � T

i
}. The quantity one must compute is then

m(limk!1
i

k

P
k�1
i=0 �[n,1) � f � T

i) = µ([n,1)).

6.40 We have seen in Examples 6.8.1-Dilations that Lebesgue measure
is equivalent to Bernoulli measure and that the cylinder corre-
spond to intervals. It then su�ces to prove the theorem for the
latter. Let A ⇢ ⌃+ such that µ(A) > 0, then, for each " > 0,there
exists A" 2 A such that A" � A and µ(A") � µ(A) < "µ(A).
Since A" 2 A, it exists n" 2 N such that it is possible to decide if
� 2 A" only by looking at {�1, . . . ,�n"}. Consider all the cylin-
ders I{A(0; k1, . . . , kn")}, clearly if I 2 I then I\A" is either I or
;. Let I+ = {I 2 I | I \A" = I} and I+ = {I 2 I | I \A" = ;}.
Now suppose that for each I 2 I+ holds µ(I \ A)  (1 � ")µ(I)
then

µ(A) =
X

I2I+

µ(A \ I)  (1� ")µ(A") < µ(A),

which is absurd. Thus there must exists I 2 I+: µ(A \ I) >

(1� ")µ(I).
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Notes

Give references for SRB and Gibbs, mention entropy, K-systems. di↵eo
with holes, strange attractors, history of the field

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



Chapter 7

Quantitative Statistical Properties,

a class of 1-d examples

iven a Dynamical System it is in general very hard to study its
ergodic properties, especially if the goal is to have a quantitative under-
standing. To make clear what is meant by a quantitative understanding
and which type of obstacles may prevent it, I devote this chapter to
the study of a simple, but highly non-trivial, class of examples: one
dimensional smooth expanding maps.

7.1 The problem

Recall from Examples 6.4.1 that a one dimensional smooth expanding
map is a map T 2 C

2(T1
,T1) such that |DT | � � > 1.

We know already that such maps have a unique absolutely contin-
uous invariant measure (see sections 6.4.1, 6.5.1 Expanding maps).

We would like first to understand other invariant measures in order
to have a clearer picture of which measurable Dynamical Systems can
be associated to the topological Dynamical System (T1

, T ). This is
still at the qualitative level. In addition, we would like to have tools to
actually compute such invariant measures with a given precision, and
this is a first quantitative issue.

Next, we would like to study statistical properties more in depth.
To this end we will restrict to the case (T1

, T, µ), where µ is the measure
absolutely continuous with respect to Lebesgue. The type of questions
we would like to address are

169
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If we make repeated finite time and precision measurements, what
do we observe?

Remember that a measurement is represented by the evaluation
of a function. The fact that the measurement has a finite precision
correspond to the fact that the function has some uniform regularity
(otherwise we could identify the point with an arbitrary precision).
The fact that the measure is made for finite time means that we are
able only to measure finite times averages. In other words we would
like to understand the behavior of

N�1X

k=0

f � T
k

for large, but finite, N .

7.2 Invariant measures

Let M be the set of probability (Borel) measures on T1. We can then
consider the new Dynamical System (M, T

0), where T 0
µ(f) = µ�T for

all f 2 C
0(T1

,R). The invariant measures are the fixed points of T 0,
let us call them Fix(T 0). If µ 2 Fix(T 0) then for each h 2 L

1(T1
, µ),

h � 0, µ(h) = 1, we can consider the new probability measure defined
by µh(f) = µ(hf), for all f 2 C

0(T1
,R). Note that

|T
0
µh(f)| = |µ(hf � T )|  |h|L1(µ)µ(|f | � T ) = |h|L1(µ)µ(|f |).

Hence T
0
µh is absolutely continuous with respect to µ and dT

0
µh

dµ
2

L
1(µ). We can then define the operator Lµ : L1(T1

, µ) ! L
1(T1

, µ)

by Lµh := dT
0
µh

dµ
.

Let {Ii} be a partition in interval of T1 such that T |Ii is invertible,
T (Ii) = T1 and [iIi = T1. Call Si the inverse of the i-th branch of T .

Then, setting ⇢i :=
dT

0
µ1Ii
dµ

T
0
µh(f) =

X

i

µ(h1Iif � T ) =
X

i

µ(1Ii(h � Sif) � T )

= µ

 "
X

i

⇢ih � Si

#
f

!
.



7.3. ABSOLUTELY CONTINUOUS INVARIANTMEASURE: REVISITED171

Thus, setting ⇢ =
P

i
⇢i � T1Ii we have

dT
0
µh

dµ
=
X

i

(⇢h) � Si =: L⇢(h).

It follows that L⇢(1) = 1 and, for each h 2 L
1(µ), µ(L⇢(h)) =

T
0
µh(1) = µ(h).

Problem 7.1 Compute ⇢ and L⇢, in the case in which µ is the unique
invariant measure absolutely continuous with respect to Lebesgue.

The relevant fact is that one has the following (partial) converse.

Lemma 7.2.1 For ⇢ 2 C
0, ⇢ � 0, let L⇢(h)(x) :=

P
y2T�1x

⇢(y)h(y).

If there exists � 2 R, h 2 C
0, h > 0, such that L⇢h = �h, then there

exists a measure µ 2 M such that µ(L⇢f) = �µ(f) for all f 2 C
0 and

there exists an invariant measure absolutely continuous with respect to
µ.

Proof. By continuity there exists � > 0 such that h � � > 0.
Thus

|L
n

⇢f |  �
�1

|f |1L
n

⇢h = �
n
�
�1

|f |1.

Hence, calling m the Lebesgue measure 1
n

P
n�1
k=0 �

�k(L0
⇢)

k
m is a weakly

compact sequence. Accordingly the same arguments used in Krylov-
Bogoliubov Theorem 6.4.2 imply that there exists a measure µ such
that ��1

L
0
⇢µ = µ.

Next, define ⌫(f) := µ(hf). Clearly ⌫ is a measure absolutely
continuous with respect to µ, in addition

⌫(f � T ) = �
�1(L0

⇢µ)(hf � T ) = �
�1

µ(fL⇢h) = µ(fh) = ⌫(f).

⇤

7.3 Absolutely continuous invariant measure:

revisited

We have already seen that there exists a unique invariant measure with
respect to Lebesgue. Here we study this issue by a slightly di↵erent
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technique. Although the main idea is always to study the spectrum of
the transfer operator, it is interesting to see how this can be achieved
in many di↵erent ways, each way having its own advantages and dis-
advantages. Consider the transfer operator

Lh(x) :=
X

y2T�1x

|DyT |
�1

h(y) (7.3.1)

Problem 7.2 Show that if dµ = hdm, where m is the Lebesgue mea-
sure, then µ(f � T ) = m(fLh).

Problem 7.3 Show that, for each n 2 N,

L
n
h(x) :=

X

y2T�nx

|DyT
n
|
�1

h(y)

Notice that, since DT cannot be zero, then its sign is constant. We
limit ourselves, for simplicity, to the case DT � �.

Problem 7.4 Show that

d

dx
L
n
h(x) =

X

y2T�1x

(DyT )
�2

h
0(y)�D

2
yT (DyT )

�3
h(y)

= L((DT )�1
h
0)� L(D2

T (DT )�2
h)

7.3.1 A functional analytic setting

Let us consider first the Sobolev space W
1,1 and the space L

1.1 Then,
for each h 2 L

1(T1
,m),

Z

T1
|Lh|dm 

Z

T1
1 · L|h|dm =

Z

T1
1 � T |h|dm =

Z

T1
|h|dm (7.3.2)

that is L is a bounded operator on L
1 and its norm is bounded by one.

1For an open set U ⇢ R, the spaces W
p,q(U) are the completion of C1(U,C)

with respect to the norms
h
|f |qLq + |f 0|qLq + · · ·+ |f (p)|qLq

i 1
q
. Note that they are

all Banach spaces by construction but the W
p,2 are also Hilbert spaces (Exercise:

write the scalar product).
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In addition, remembering Exercise 7.2,
Z

T1
|
d

dx
Lh|dm  �

�1
|h

0
|L1 +D|h|L1 , (7.3.3)

where D := supD2
T (DT )�2.

Problem 7.5 Iterate the (7.3.2), (7.3.3) and prove, for all n 2 N,

|L
n
h|L1  |h|L1

|L
n
h|W 1,1  �

�n
|h|W 1,1 +B|h|L1

where B = 1 + (1� �
�1)�1

D.

SinceW1,1 controls the L1 norm,2 then we have that there exists C > 0
such that |Ln1|1 < C for each n 2 N.

Using such a fact we can obtain similar inequalities in the Hilbert
spaces L2 and W

1,2. Indeed

kL
n
hk

2
L2 =

Z

T1
h(Ln

h) � Tn
 khkL2

Z

T1
(Ln

h)2 � Tn

� 1
2

= khkL2

Z

T1
(Ln

h)2Ln1

� 1
2

 C
1
2 khkL2kL

n
hkL2

Which implies kLn
hkL2  C

1
2 khkL2 for each n 2 N. Hence,

k
d

dx
L
n
hkL2  �

�n
C

1
2 kh

0
kL2 +DnkhkL2 .

Iterating as before we have, for all n 2 N,

|L
n
h|L2  C|h|L2

|L
n
h|W 1,2  A�

�n
|h|W 1,2 +B|h|L2 ,

(7.3.4)

for some appropriate constants A,B,C depending only on the map T .
To prove the existence of an invariant measure absolutely continu-

ous with respect to Lebesgue we can try to mimic the Krylov-Bogolubov
approach, but to do so we need a compactness result to substitute the
weak compactness of the unit ball of the dual of a Banach space. This
takes us in a very interesting detour in some fact of functional analysis.

2If f 2 C1, then the mean value theorem asserts
R
h = h(⇠) for some ⇠. Then

h(x) = h(⇠) +
R x

⇠
h
0(z)dz. Thus |h|1  |h|L1 + |h0|L1 = |h|W1,1 . The result extends

then to all elements of W 1,1 by a standard approximation argument.
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7.3.2 Deeper in Functional analysis

Since we are on a circle it is a good idea to use Fourier series. For each
function h 2 C

1(T,C) let hk be its Fourier coe�cients and define

(Anh)(x) =
X

|k|m

hke
2⇡ikx (7.3.5)

Clearly, for all m > 0,

|h� Am|
2
L2 =

X

|k|>m

|hk|
2 =

X

|k|>m

|hk|
2
|k|

�2
|k|

2
 m

�2
X

|k|>m

|(h0)k|
2

 m
�2

|h
0
|
2
L2  m

�2
|h|

2
W 1,2 .

(7.3.6)

Using the above fact we can prove.

Lemma 7.3.1 The unit ball of W 1,2 is (sequentially) compact in L
2.

Proof. Consider a sequence {hm} ⇢ W
1,2, |hm|W 1,2  1. Since

Al are all finite rank operators, {Alhm} for l fixed are contained in
a bounded finite dimensional (hence compact) set, thus there exists a
converging subsequence for all l while (7.3.6) shows that the sequences
for fixed m are all convergent. Using the usual diagonalization trick we
can then extract a converging subsequence. ⇤

Consider now hn := 1
n

P
n�1
k=0 L

k1. By the above lemma {hn} is
relatively compact and thus we can extract a subsequence {hnj} con-
verging in L

2. Let h⇤ be the limit. Note that
R
hn = 1 for all n 2 N,

thus h⇤ 6⌘ 0 and
R
h⇤ = 1.

Problem 7.6 Show that Lh⇤ = h⇤, that is dµ := h⇤dm is an invariant
measure absolutely continuous with respect to Lebesgue and with L

2

density.

Of course, at this point it is natural to ask if µ is the only measure
with such a property or there exist others. To answer such a question
we need some more facts.



7.3. ABSOLUTELY CONTINUOUS INVARIANTMEASURE: REVISITED175

7.3.3 Even deeper in Functional analysis

Since we have to do it, let us do in the following general setting.
Consider two Banach space (B, k · k) and (B0, | · |) such that B ⇢ B0

and

i. |h|  khk for all h 2 B,

ii. if h 2 B and |h| = 0, then h = 0.

iii. There exists C > 0 : for each " > 0 there exists a finite rank
operator A" 2 L(B,B) such that kA"k  C and |h�A"h|  "khk

for all h 2 B.3

In addition consider a bounded operator L : B0 ! B0, constants
A,B,C 2 R+, and � > 1, such that

a. |L
n
|  C for all n 2 N,

b. L(B) ⇢ B

c. kL
n
hk  A�

�n
khk+B|h| for all h 2 B and n 2 N.

In particular L can be seen as a bounded operator on B.

Theorem 7.3.2 The spectral radius of the operator L 2 L(B,B) is
bounded by 1 while the essential spectral radius is bounded by �

�1.4

We can now prove our main result.

3In fact, this last property can be weakened to: The unit ball {h 2 B : khk  1}
is relatively compact in B0. We use the present stronger condition since, on the one
hand, it is true in all the applications we will be interested in and, on the other
hand, drastically simplifies the argument. Note also that, if one uses the Fredholm
alternative for compact operators rather than finite rank ones (Theorem D.0.1),
then one can ask the A" to be compact instead than finite rank making easier their
construction in concrete cases.

4The definition of essential spectrum varies a bit from book to book. Here we
call essential spectrum the complement, in the spectrum, of the isolated eigenvalues
with associated finite dimensional eigenspaces (which is also called the Fredholm
spectrum).
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Proof of Theorem 7.3.2. The first assertion is a trivial conse-
quence of (c), (a) and (i).

The second part is much deeper. Let Ln," := L
nA", clearly such an

operator is finite rank, in addition

kL
n
h�Ln,"hk  A�

�n
k(1�A")hk+B|(1�A")h|  A(1+C)��n

khk+B"khk.

By choosing " = �
�n we have that there exists C1 > 0 such that

kL
n
� Ln,"k  C1�

�n
.

For each z 2 C we can now write

1� zL = (1� z(L� Ln,"))� zLn,".

Since

kz(L� Ln,")k  |z|C1�
�n

<
1

2
,

provided that |z|  1
2C1

�
n. Thus, given any z in the disk Dn := {|z| <

1
2C1

�
n
} the operator B(z) := 1� z(L� Ln,") is invertible.5 Hence

1� zL =
�
1� zLn,"B(z)�1

�
B(z) =: (1� F (z))B(z).

By applying Fredholm analytic alternative (see Theorem D.0.1 for the
statement and proof in a special case su�cient for the present purposes)
to F (z) we have that the operator is either never invertible or not
invertible only in finitely many points in the disk Dn. Since for |z| < 1
we have (1 � zL)�1 =

P
1

n=0 z
n
L
n, the first alternative cannot hold

hence the Theorem follows. ⇤

7.3.4 The harvest

We are finally in the position to use all the above result to gain a
deep understanding of the properties of the Dynamical Systems under
consideration.

Problem 7.7 Show that Theorem 7.3.2 implies that there exists � 2

(0, 1), {✓k}
p

k=1 and L > 0 such that

L =
pX

k=1

e
i✓k⇧✓k

+R

5Clearly B(z)�1 =
P1

n=0 [z(L� Ln,")]
n.
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where ⇧✓k
and R are operators on W

1,2 such that ⇧✓k
⇧✓j = �jk⇧✓k

and
R⇧✓k

= ⇧✓k
R = 0. Moreover |R

n
|  L�

n.(Hint: Read section 6 of the
Third Chapter of [Kat66] and recall that the operator is power bounded
to exclude Jordan blocks.)

The above implies that

⇧✓ := lim
n!1

1

n

n�1X

k=0

e
�i✓k

L
k =

(
⇧✓i i↵ ✓ = ✓j

0 otherwise.
(7.3.7)

Problem 7.8 Using equations (7.3.4) show that, for each h 2 L
2

k⇧✓hkW 1,2  CkhkL2 .

(Hint: prove it first for h 2 W
1,2 and then do a density argument).

Next, note that Exercise 7.6 implies that h⇤ = ⇧01 6= 0, that is one
is in the spectrum on L, this means that the spectral radius of L is
one.

Accordingly, if ⇧✓h = h we have h 2 W
1,2

⇢ C
0 and6

|h| = |⇧✓h|  lim
j!1

1

nj

nj�1X

k=0

L
k
|h| = ⇧0|h|  |h|1h⇤.

This means that all the eigenvectors of the peripheral spectrum are of
the form h = gh⇤ with g 2 C

0. Thus, if hi is anW
1,2 orthonormal a base

of the eigenspace associated to an eigenvalue ✓, then the eigenprojector
must have the form

⇧✓h =
X

i

hi

Z
`i · h,

with `i 2 L
2 and

R
`ihj = �ij . Hence ⇧✓L = e

i✓⇧✓ implies

e
i✓
X

k

hk

Z
`k · h =

X

k

hk

Z
`k · Lh =

X

k

hk

Z
`k � T · h.

6Remember that exercise 7.8 implies that the sequence in (7.3.7) converges in
L

2, accordingly there exists a subsequence that converges almost everywhere with
respect to Lebesgue.
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That is ei✓`k = `k � T . But then if we set fk := ¯̀
kh⇤ 2 L

2, we have

Lfk = e
i✓
L(¯̀k � Th⇤) = e

i✓ ¯̀
kLh⇤ = e

i✓ ¯̀
kh⇤ = e

i✓
fk

By the above facts, this implies ⇧✓fk = fk 2 W
1,2, that is `k 2 C

0.
But then for each p 2 N we can set hp := ¯̀p

k
h⇤ obtaining

Lhp = e
ip✓

hp.

Since the the peripheral spectrum consists of finitely many eigenvalues
it follows that there must exist p 2 N such that p ✓ = ✓ mod 2⇡, that
is the spectrum on the unit circle must be the union of finitely many
cyclic groups. In turn this implies that there exists p̄ 2 N such that
p̄ ✓ = 0 mod 2⇡, hence `

p̄

k
= `

p̄

k
� T . But this implies that if we define

the sets AL := {x 2 T : |`
p̄

k
|  L}, L 2 R, they are all invariant. So

if �L is the characteristic function of the set AL, then �L � T = �L

and L(�Lh⇤) = �Lh⇤. We can thus produce a lot of eigenvalues of
L, but we know that such eigenvalues form a finite dimensional space.
The only possibility is that only finitely many of the AL are di↵erent.
This is like saying that `k takes only finitely many values. But `p̄

k
is a

continuous function, so it must be constant. Hence `k can assume only
p̄ di↵erent values, thus, again by continuity, must be constant. Finally
this implies ✓ = 0.

The conclusion is that one is the only eigenvalue on the unit circle
and that the associated eigenprojector has rank one. So one is a simple
eigenvalue and h⇤ is the only invariant density for the map.

7.3.5 conclusions

If we have any probability measure ⌫ absolutely continuous with respect
to Lebesgue and with density h 2 W

1,2, then setting dµ = h⇤dm, for
each ' 2 W

1,2 we have

|µ(' � T
n)� ⌫(' � T

n)| =

����
Z

'L
n(h� h⇤)

����  k'k1,2C�
n
kh� h⇤k1,2

where � is the largest eigenvalue of modulus smaller than one (or ��1

is no such eigenvalue exist).
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Remark 7.3.3 The above means that the evolution of the present chaotic
system, if seen at the level of the absolutely continuous measures, be-
comes simply a dynamics with an uniformly attracting fixed point, the
simplest dynamics of all!

7.4 General transfer operators

In the previous sections we have been very successful in studying the
measure absolutely continuous with respect to Lebesgue. We have seen
in §7.2 (crf. Lemma 7.2.1) that to study other invariant measures one
has to analyze more general transfer operators. Here we will restrict
ourselves to studying

Lgh := L(egh)

where L is the usual transfer operator. This are called transfer op-
erators with weight and g is sometime called the potential. We will
consider first the case of g : T1

! C and specialize to real potential
later on.

For convenience, and also for didactical purposes, we will use the
Banach spaces C

1 and C
0. Hence, form now on, we will assume T 2

C
2(T1

,T1) and g 2 C
1(T1

,C).
The first step is to compute the powers of Lg and study how they

behave with respect to derivation.

Problem 7.9 Show that, for each n 2 N, holds true

L
n

gh = L
n [egnh] ,

where gn =
P

n�1
k=0 g � T

k.

Problem 7.10 Show that for each n 2 N and h 2 C
1 holds true

d

dx
L
n

gh = L
n

g


h
0

(Tn)0
�

(Tn)00

[(Tn)0]2
h+

(gn)0

(Tn)0
h

�
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Note that |Ln
gh|1  |h|1L

n

<(g)1. In addition,7

����
(Tn)00(y)

[(Tn)0(y)]2

���� =

�����

d

dy

Q
n�1
k=0 T

0(T k
y)

[(Tn)0(y)]2

�����



n�1X

k=0

����
T
00(T k

y)

(Tn�k)0(T ky)

���� 
n�1X

k=0

|T
00
|1�

�n+k+1


|T
00
|1

1� ��1
.

Analogously, ����
(gn)0

(Tn)0

���� 
|g

0
|1

1� ��1
.

The above inequalities imply
����
d

dx
L
n

gh

����  �
�n

L
n

<(g)|h
0
|+BL

n

<(g)|h|. (7.4.8)

Which, taking the sup over x, yields
����
d

dx
L
n

gh

����
1

 �
�n

|h
0
|1L

n

<(g)1 +B⇤|h|1L
n

<(g)1,

Note that the above inequality implies that the spectral radius is bounded

by ⇢ = limn!1 kL
n

<(g)1k
1
n
C0 while the essential spectral radius is bounded

by �
�1

⇢. The reader should notice that for positive potentials the above
bounds are essentially sharp while for non positive, or complex, poten-
tial typically there will be cancellations that induce a smaller spectral
radius. To control exactly such cancellations is, in general, a very hard
problem.

7.4.1 Real potential

In this section we will restrict to the case of g 2 C
1(T1

,R), i.e. real
potentials.

If we define the cone Ca := {h 2 C
1 : h > 0 |h

0(x)|  ah(x)},
then equation (7.4.8), for h > 0, implies that, for each � 2 (0,��1),
LgCa ⇢ C�a provided a � B(���

�1)�1.8 We can then apply the theory
of Appendix A to conclude the following.

7The quantity estimated here is usually called distortion. In fact, it measure how
much the maps distorts intervals.

8Note that this cone is almost the same than the one in Example 6.5.1, more
precisely is its infinitesimal version.
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Lemma 7.4.1 For each real potential g 2 C
1(T1

,R), the transfer oper-
ator Lg has the Perron-Frobenius property, i.e. it has a simple strictly
positive maximal eigenvalue and all the other eigenvalues are strictly
smaller in modulus. In particular, the maximal eigenvalue of L⌧g,
⌧ 2 R, is analytic in ⌧ .9

7.5 Limit Theorems

Given f 2 C
1, n 2 N and a 2 R+ let

Aa,n(f) :=

(
x 2 T1 :

�����
1

n

n�1X

k=0

f � T
k(x)� µ(f)

����� � a

)
. (7.5.9)

By the ergodic theorem limn!1 µ(Aa,n(f)) = 0. A natural question is:

Question 3 How large is m(Aa,n)?

Note that we can write 1
n

P
n�1
k=0 f � T

k(x) � µ(f) = 1
n

P
n�1
k=0 f̂ � T

k(x)

where f̂ := f � µ(f). So we can reduce the question to the study of
zero average function. A more refined question could be.

Question 4 Does it exists a sequence {cn} such that

1

cn

n�1X

k=0

f̂ � T
k(x)

converges in some sense to a non zero finite object?

7.5.1 Large deviations. Upper bound

Note that it su�ces to study the set

A
+
a,n(f) :=

(
x 2 T1 :

1

n

n�1X

k=0

f � T
k(x)� µ(f + a) � 0

)
.

9This follows from the fact that the maximal eigenvalue must always be simple
and the results in Appendix C.4.
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since Aa,n(f) = A
+
a,n(f) \ A

+
a,n(�f). On the other hand, setting f̂ :=

f � µ(f), for each � � 0 we have

m(A+
a,n(f)) = m({x : e

�
Pn�1

k=0 (f̂�T
k(x)�a)

� 1})  e
�n�a

m(e�
Pn�1

k=0 f̂�T
k
)

= e
�n�a

m(e�
Pn�1

k=0 f̂�T
k
).

Accordingly,
m(A+

a,n(f))  e
�n�a

m(Ln

�
1) (7.5.10)

where we have defined the operator L�g := L(e�f̂g), L being the Trans-
fer operator of the map T .

By Lemma 7.4.1 L� has a maximal eigenvalue ↵� depending ana-
lytically on �. Hence by the same argument used in Lemma 7.2.1 there
exists c 2 R such that

m(A+
a,n(f))  e

�n(�a�ln↵�)+c
.

Since � has been chosen arbitrarily we have obtained

m(A+
a,n(f))  e

�nĨ(a)+c (7.5.11)

where Ĩ(a) := sup�2R+{�a � ln↵�}. The problem is then reduced
to studying the function I(a) which is commonly called rate function.
Note that Ĩ is not necessarily finite. Indeed if a > kf̂k1, then clearly
m(A+

a,n(f)) = 0.
To better understand the rate function it is helpful to make a little

digression into convex analysis.
Recall that a function f : Rd

! Rd is convex if for each x, y 2 Rd

and t 2 [0, 1] we have f(ty + (1 � t)x)  tf(y) + (1 � t)f(x) (if the
inequality is everywhere strict, then the function is stricly convex.

Problem 7.11 Show that if f 2 C
2(Rd

,R), then f is convex i↵ @
2
f

@x2 is
a positive matrix.10 Give a condition for strict convexity.

Problem 7.12 If a function f : D ⇢ Rd
! R, D convex,11 is convex

and bounded, then it is continuous.

10A matrix A 2 GL(R, d) is called positive if AT = A and hv,Avi � 0 for each
v 2 Rd.

11 A set D is convex if, for all x, y 2 D and t 2 [0, 1], olds true ty + (1� t)x 2 D.
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Given a function f : Rd
! R let us define its Legendre transform as

f
⇤(x) = sup

y2Rd

{hx, yi � f(y)} (7.5.12)

Remark that f⇤ can take the value +1.

Problem 7.13 Prove that f⇤ is convex.

Problem 7.14 Prove that f⇤⇤
 f .

Problem 7.15 Prove that is f 2 C
2(Rd

,R) is strictly convex, then the
function h(y) := @f

@y
(y) is invertible and f

⇤ is strictly convex. Moreover,
calling g the inverse function of h, we have

f
⇤(x) = hx, g(x)i � f � g(x).

Problem 7.16 Show that if f 2 C
2 is strictly convex, then f

⇤⇤ = f .

Problem 7.17 Show that, for each x, y 2 Rd, hx, yi  f
⇤(x) + f(y),

(Young inequality).

From the above discussion it follows that the rate function is defined
very similarly to the Legendre transform of the logarithm of the maxi-
mal eigenvalue, which is commonly called pressure of f̂ . In fact, setting
I(a) = max�2R(�a� ln↵�) we will se that, for a � 0, I(a) = Ĩ(a). Un-
fortunately, to see that the rate function is exactly a Legendre trans-
form takes some work. Let us start by studying the function ↵�.

Lemma 7.5.1 There exists continuous functions C� > 0 and ⇢� 2

(0, 1) such that, for �  0, L� = ↵�⇧� + Q�, ⇧�Q� = Q�⇧� = 0,
kQ

n

�
kC1  C�⇢

n

�
↵
n

�
. Also ⇧�(g) = h�`�(g), `�(h�) = 1, `�(h0�) =

0. In addition, µ�(·) := `�(h� ·) is an invariant probability measure.
Moreover everything is analytic in �.

Proof. As we have seen, there exists h� 2 C
1 and a measure `�,

both analytic in �, such that the projection on the maximal eigenvalue
of L� reads ⇧�(h) = h�`�(h). Obviously

L�h� = ↵�h�, (7.5.13)

and ↵0 = 1, h0 = h and `0 = m. Notice that h� and `� are not uniquely
defined: by ⇧2

�
= ⇧� follows `�(h�) = 1 but one normalization can be

chosen freely.
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Problem 7.18 Show that the normalization of `�, h� can be chosen so
that `�(h0�) = 0.

⇤

Lemma 7.5.2 The functions ↵� and ln↵� are convex. Moreover,
����
d

d�
ln↵�

����  |f̂ |1.

Proof. Note that

d
2

d�2
ln↵� =

↵
00

�
↵� � (↵0

�
)2

↵
2
�

, (7.5.14)

thus the convexity of ln↵� implies the convexity of ↵�.
In view of the above fact we can di↵erentiate (7.5.13) obtaining

L
0

�
h� + L�h

0

�
= ↵

0

�
h� + ↵�h

0

�
. (7.5.15)

Applying `� yields

d↵�

d�
= ↵�`�(f̂h�)) = ↵�µ�(f̂). (7.5.16)

Thus ↵0
0 = 0. Note that, as claimed,

����
d

d�
ln↵�

����  |µ�(f̂)|  |f̂ |1.

Di↵erentiating again yields

d
2
↵�

d�2
= ↵�µ�(f̂)

2 + ↵�`
0

�
(f̂ gh�) + ↵�`�(f̂h

0

�
). (7.5.17)

On the other hand, from (7.5.15) we have

(1↵� � L�)h
0

�
= L�(f�h�),

where f� = f̂ � µ�(f̂). Since, by construction, ⇧�h
0

�
= ⇧�(f�h�) = 0,

the above equation can be studied in the space V� = (1 � ⇧�)C1 in
which 1↵� � L� is invertible.
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Setting L̂� := ↵
�1
�

L�, we have

h
0

�
= (1� L̂�)

�1
L̂�(f�h�). (7.5.18)

Doing similar considerations on the equation `�(L�) = ↵�`�(g), we
obtain

↵
00

�
= ↵�µ�(f̂)

2 + ↵�`�(f�(1� L̂�)
�1(1+ L̂�)(f�h�))

= ↵�µ�(f̂)
2 + ↵�

1X

n=1

`�(f�L̂
n

�
(1+ L̂�)(f�h�))

=
(↵0

�
)2

↵�

+

"
µ�(f

2
�
) + 2

1X

n=1

`�(f�L̂
n

�
(f�h�))

#
↵�.

(7.5.19)

Finally, notice that

`�(f�L̂
n

�
(f�h�)) = `�(L̂

n

�
(f� � T

n
f�h�)) = µ�(f� � T

n
f�)

and

lim
n!1

1

n
µ�

0

@
"
n�1X

k=0

f� � T
k

#21

A = lim
n!1

1

n

n�1X

k,j=0

µ�(f� � T
k
f� � T

j)

= µ�(f
2
�
) + lim

n!1

2

n

n�1X

k=1

(n� k)µ�(f� � T
k
f�)

= µ�(f
2
�
) + 2

1X

k=1

µ�(f� � T
k
f�).

(7.5.20)

The above two facts and equations (7.5.14), (7.5.19) yield

d
2

d�2
ln↵� = lim

n!1

1

n
µ�

0

@
"
n�1X

k=0

f� � T
k

#21

A � 0. (7.5.21)

⇤

Note that equation (7.5.16) implies ↵
0
0 = 0, hence ↵

0

�
� 0 for � � 0.

Since the maximum of �a � ln↵� is taken either at ↵�a = ↵
0

�
or at

infinity (if a > sup�>0
↵
0
�

↵�
), it follows that

Ĩ(a) = sup
��0

(�a� ln↵�) = sup
�

(�a� ln↵�) = I(a)
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as announced. In fact, more can be said.

Lemma 7.5.3 Either the rate function I is strictly convex, or there
exists � 2 R,� 2 C

0 such that f � � = �� � � T .

Proof. By Problem 7.15 it su�ces to prove that ln↵� is strictly
convex. On the other hand equations (7.5.14) and (7.5.21) imply that
if the second derivative of ln↵� is zero for some �, then

µ�

0

@
"
n�1X

k=0

f� � T
k

#21

A = n

"
µ�(f̂

2) + 2
n�1X

k=1

n� k

n
µ�(f� � T

k
f�)

#

= �2n
1X

k=n

`�(f�L̂
k

�
(f� h�))� 2

n�1X

k=1

k`�(f�L̂
k

�
(f� h�))� ↵�µ�(f̂)

2

 C(�)

"
n⇢

n

�
+

1X

k=0

k⇢
k

�

#

Accordingly, the sequence
P

n�1
k=0 f� � T

k is bounded in L
2(T1

, µ�) and

hence weakly compact. Let
Pnj�1

k=0 f� � T
k a weakly convergent sub-

sequence,12 that is there exists �� 2 L
2 such that for each ' 2 L

2

holds

lim
j!1

µ�('

nj�1X

k=0

f� � T
k) = µ�('��).

It follows that, for each ' 2 C
1,

µ�('[f� � �� + �� � T ]) = µ�('f�) + lim
j!1

nj�1X

k=0

µ�('f� � T
k+1

� 'f� � T
k)

= lim
j!1

µ�('f� � T
nj ) = lim

j!1

`�(f�L̂
nj

�
('h�))

= µ�(')µ�(f�) = 0.

thus, since C
1 is dense in L

2, it follows

f� = �� � �� � T , µ� � a.s. (7.5.22)

12Such a subsequence always exists [LL01].
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A function with the above property is called a coboundary, in this case
an L

2 coboundary since we know only that �� 2 L
2(T, µ�). In fact,

this it is not not enough to conclude the Lemma: we need to show, at
least, that �� 2 C

0.
First of all notice that, since for each � 2 R we have f� = �� + ��

(��+�)�T , we can assume without loss of generality µ�(��) = 0. But
then

L̂�(f� h�) = L̂�(�� h�)� �� h� = �(1� L̂�)�� h�.

Hence
�� = h

�1
�

(1� L̂�)
�1

L̂�(f� h�) 2 C
1
.

⇤

Remark 7.5.4 The above result is quite sharp. Indeed, it shows that
if I is not strictly convex, then for each invariant measure ⌫ holds
⌫(f) = � = µ(f). So it su�ces to find two invariant measures for
which the average of f di↵ers (for example the average on two periodic
orbits) to infer that I is strictly convex.

Problem 7.19 Set � := ↵
00(0). Show that, for a small, I(a) = a

2

2� +
O(a3). Show that if a > |f |1, then I(a) = +1.

The above discussion allows to conclude

m(A+
a,n(f))  m(Ln

��h)  Ce
�

a2

2�2 n+O(a3n)
.

Since similar arguments hold for the set A
+
a,n(�f), it follows that we

have an exponentially small probability to observe a deviation from the
average. Moreover, the expected size of a deviation is of order n�

1
2 , to

see if this is really the case we a lower bound.

7.5.2 Large deviations. Lower bound

Let I = (↵,�), fix c 2 (0, ��↵

2 ) and let us consider a � 2 R such that

µ�(f̂) 2 (↵ + c,� � c) = Ic. Let Sn =
P

n�1
k=0 f̂ � T

k, then µ�(Sn) =

nµ�(f̂) and, by (7.5.20)

µ�

0

@
"
n�1X

k=0

f̂ � T
k
� nµ�(f̂)

#21

A  C�n,
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where C� depends continuously by �. Thus, setting An,I = {x 2 T1 :
1
n
Sn(x) 2 I},

µ�(A
c

n,I)  µ�

 (�����

n�1X

k=0

f� � T
k

����� � cn

)!

 c
�2

n
�2

µ�

0

@
�����

n�1X

k=0

f� � T
k

�����

2
1

A  C�c
�2

n
�1

.

It follows that there exists n� 2 N such that, for all n � n�, µ�(An,I) �
1
2 . We can then write

1

2
 `�(An,Ih�)  C#e

�(n+m) ln↵�`�

�
L
n+m

�
(1An,I )

�
. (7.5.23)

To conclude we must analyse a bit the characteristic function of An,I .
First of all, notice that if |T k

x� T
k
y|  " for each k  n, then |T

k
x�

T
k
y|  �

�n+k
" for all k  n. Accordingly, for each z 2 [x, y]

|DxT
n
�DzT

n
|  |DxT

n
| · (e

Pn�1
k=0 | lnDTkxT�lnDTkzT |

� 1)

 |DxT
n
|(eC#

Pn�1
k=0 �

�k
"
� 1)  C#|DxT

n
|.

By a similar estimate follows |DxT
n
� DzT

n
| � C#|DxT

n
| as well.

Moreover,

|Sn(x)� Sn(y)| 
n�1X

k=0

|f |C1C#�
�k

"  C#".

We can then write An,I � [lJl � An,Ic where Jl are disjoint intervals
such that |T

n
Jl|  ". Choosing " small enough it follow that the

oscillation of Sn on each Jl is smaller than c. Moreover

kL
n1JlkBV = sup

|'|11

Z

Jl

'
0
� T

n
 sup

|'|11

Z

Jl

d

dx

⇥
(DT

n)�1
' � T

n
⇤
+B|Jl|

 2 sup
x2Jl

|DxT
n
|
�1 +B|Jl|  C#|Jl|.
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We can then continue our estimate started in (7.5.23),

1

2
 C#e

�(n+m) ln↵�+n��+mC#
X

l

`�

�
L
n+m(1Jl)

�

= C#e
�(n+m) ln↵�+n��+mC#

X

l

`� (m(Jl)(1 +O(⇢m))))

 C#e
�n(ln↵����)

m(An,I),

where we have chosen m large but fixed. The above computations
imply that, for each L > 0,

m(An,I) � CLe
�JL(I)n

where JL(I) = max{�L : µ�(f)2Ic} �a � ln↵�. Note that, if f is not a
coboundary and hence ln↵� is strictly convex, the maximum of �� �

ln↵� is attained at some finite value, hence, for L large enough, JL(I) =
sup{�2R : µ�(f)2Ic} �� � ln↵�. This implies that

m(A+
a,n) � C#e

�J(a)n

where J(a) = sup{� : µ�(f)>a} �a� ln↵�.
The surprising fact is that the upper and lower bound are essentially

the same. To see this a little argument is needed.

7.5.3 Large deviations. Conclusions

In fact, it is possible to give a variational characterization of the rate
function in the spirit of general Large deviation theory [Var84, Str84,
DZ98].

Lemma 7.5.5 Let MT be the set of invariant probability measures
invariant with respect to T . Then

I(a) = � sup
{⌫2MT : ⌫(f)�a}

h⌫(T ) = J(a).

Proof. By section 7.4.2 we have that, for each ⌫ 2 MT , ln↵� =
sup⌫2MT

{h⌫(T ) + �⌫(f)} = hµ�(T ) + �µ�(f). Thus for each ⌫ 2 MT

such that ⌫(f) � a, we can write

I(a)  max
��0

{�(a� ⌫(f))� h⌫(T )} = �h⌫(T ).
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On the other and

I(a) = sup
��0

{�(a� µ�(f))� hµ�(T )}.

If a > supµ�(f), then I(a) = +1, otherwise let �⇤ be such that
µ�⇤(f) = a,13 then

I(a) � �hµ�⇤ (T ) � � sup
{⌫2MT : ⌫(f)�a}

h⌫(T ).

Finally, since µ� and hµ� depend smoothly from �,

J(a) = sup
{� : µ�(f)>a}

�a� �µ�(f)� hµ�(T ) = I(a).

⇤

7.5.4 The Central Limit Theorem

We can now address the second question we have posed. From the
above discussion is clear that we must chose cn =

p
n.

Let f 2 BV and set f̂ := f � µ(f), then

lim
n!1

1

n

n�1X

k=0

f̂ � T
k(x) = 0 m� a.e.

Let us set  n := 1
p
n

P
n�1
k=0 f̂ � T

k. We can consider  n a random

variable with distribution Fn(t) := µ({x :  n(x)  t}). It is well
known that, for each continuous function g holds14

µ(g( n)) =

Z

R
g(t)dFn(t)

13Actually one must show that the sup is a max.
14If g 2 C1

0 , then
Z

R
gdFn = �

Z

R
Fn(t)g

0(t)dt = �
Z

R
dt

Z

T1
dx�{z :  n(z)t}(x)g

0(t).

Applying Fubini yields
Z

R
gdFn = �

Z

T1
dx

Z

R
dt�{z :  n(z)t}(x)g

0(t) = �
Z

T1
dx

Z 1

 n(x)

g
0(t)dt =

Z

T1
dxg( n(x)).
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where the integral is a Riemann-Stieltjes integral. It is thus clear that if
we can control the distribution Fn, we have a very sharp understanding
of the probability to have small deviations (of order

p
n) from the limit.

From the work in the previous section it follows that there exists � > 0
such that, for each |�|  �

p
n,

'n(�) := µ(ei� n) = µ(Ln

i�/
p
n
h) = (1�

�
2
�
2

2n
+O(�3

n
�

3
2 + ⇢

n)kfkBV )
n

= e
�

�2�2

2 (1 +O(�3
n
�

1
2 + n⇢

n)kfkBV ).

(7.5.24)

The above quantity is called characteristic function of the random vari-
able and determines the distribution (at continuity points) via the for-
mula

Fn(b)� Fn(a) = lim
⇤!1

1

2⇡

Z ⇤

�⇤

e
�ia�

� e
�ib�

i�
'n(�)d�,

as can be seen in any basic book of probability theory.15

Formula (7.5.24) means in particular that

lim
n!1

m(e� n) = e
�

�2�2

2 =: '(�).

What can we infer from the above facts? First of all a simple compu-
tation shows that

g(t) =
1

2⇡

Z

R
e
�it�

'(�)d� =
1

p
⇡�

e
�

t2

2�2

a random variable with such a density is called a Gaussian random vari-
able with zero average and variance �. Accordingly, formula (7.5.24)
can be interpreted by saying that there exists a Gaussian random vari-
able G such that

1

n

n�1X

k=0

f̂ � T
k
⇠

1
p
n
G(1 +O(n�

1
2 ))

15In the case when there exists a density, that is an L
1 function fn such that

Fn(b)� Fn(a) =
R b

a
fn(t)dt, then the formula above becomes simply

fn(t) =
1
2⇡

Z

R
e
�it�

'n(�)d�,

and follows trivially by the inversion of the Fourier transform.
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in distribution. But what does this means concretely. Actual estimates
are made di�cult by the fact that the distribution under study not
necessarily have a density, thus we are Fourier transforming function
that behave quite badly at infinity. To overcome such a problem we
can smoothen the quantities involved.

Let j 2 C
1(R,R+) such that

R
R j(t)dt = 1, j(t) = j(�t), and

j(t) = 0 for all |t| > 1, for each " > 0 defined then j"(t) := "
�1

j("�1
t)

and

Fn,"(t) :=

Z

R
j"(t� s)Fn(s)ds. (7.5.25)

A simple computation shows that, for each a, b 2 R, holds

Fn(b+ ")� Fn(a� ") � Fn,"(b)� Fn,"(a) � Fn(b� ")� Fn(a+ ")

that is: if the measurements have a precision worst than 2", then Fn,"

is as good as Fn to describe the resulting statistics. On the other
hand calling 'n," the characteristic function associated to Fn,", holds
'n,"(�) = 'n(�)ĵ("�), where ĵ is the Fourier transform of j. Since now
Fn," is the law of a smooth random variable it has a density fn," and

fn,"(t) =
1

2⇡

Z

R
e
�i�t

'n(�)ĵ("�)d�

since j is smooth it follows that there exists C > 0 such that |ĵ(�)| 
C(1 + �

2)�2. We can finally use formula (7.5.24) to obtain a quantita-
tive estimate

fn,"(t) =
1

2⇡

Z
"
p
n

�"
p
n

e
�i�t

'n(�)ĵ("�)d�+O("�5
n
�

3
2 )

=
1

2⇡

Z
"
p
n

�"
p
n

e
�i�t

'(�)ĵ("�)d�+O("�5
n
�

3
2 + n

�
1
2 )

= g(t) +O("+ "
�5

n
�

3
2 + n

�
1
2 ) = g(t) +O(n�

1
2 )

provided we choose n�
1
2 � " � n

�5. Which, as announced, means that,
if the precision of the instrument is compatible with the statistics, the
typical fluctuations in measurements are of order 1

p
n

and Gaussian.

This is well known by sperimentalists who routinely assume that the
result of a measurement is distributed according to a Gaussian.16

16Note however that our proof holds in a very special case that has little to do
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7.6 Perturbation theory

To answer the questions posed at the beginning we need some per-
turbation theorems. Few such results are available (e.g., see [Kif88],
[BY93] or [Bal00] for a review), here we will follow mainly the theory
developed in [KL99, GL06] adapted to the special cases at hand.

For simplicity let us work directly with the densities and in the
case d = 1. Then L is the transfer operator for the densities. We will
start by considering an abstract family of operators L" satisfying the
following properties.

Condition 1 Consider a family of operators L" with the following
properties

1. A uniform Lasota-Yorke inequality:

kL
n

"hkBV  A�
�n

khkBV +B|h|L1 , |L
n

"h|L1  C|h|L1 ;

2.
R
Lh(x)dx =

R
h(x)dx ;

3. For L : BV ! BV define the norm

|||L||| := sup
khkBV 1

|Lf |L1 ,

that is the norm of L as an operator from BV ! L
1. Then we

require that there exists D > 0 such that

|||L� L"|||  D".

Condition 1-(3) specifies in which sense the family L" can be con-
sidered an approximation of the unperturbed operator L. Notice that
the condition is rather weak, in particular the distance between L" and
L as operators on BV can be always larger than 1. Such a notion of
closeness is completely inadequate to apply standard perturbation the-
ory, to get some perturbations results it is then necessary to drastically

with a real experimental setting. To prove the analogous statement for a realistic
experiment is a completely di↵erent ball game.
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restrict the type of perturbations allowed, this is done by Conditions 1-
(1,2) which state that all the approximating operators enjoys properties
very similar to the limiting one.17

To state a precise result consider, for each operator L, the set

V�,r(L) := {z 2 C | |z|  r or dist(z,�(L))  �}.

Since the complement of V�,r(L) belongs to the resolvent of L it follows
that

H�,r(L) := sup
�
k(z � L)�1

kBV | z 2 C \V�,r(L)
 
< 1.

By R(z) and R"(z) we will mean respectively (z�L)�1 and (z�L")�1.

Theorem 7.6.1 ([KL99]) Consider a family of operators L" : BV !

BV satisfying Conditions 1. Let H�,r := H�,r(L); V�,r := V�,r(L),
r > �

�1, � > 0, then, if "  "1(L, r, �), �(L") ⇢ V�,r(L). In addition,
if "  "0(L, r, �), there exists a > 0 such that, for each z 62 V�,r, holds
true

|||R(z)�R"(z)|||  C"
a
.

Proof.18 To start with we collect some trivial, but very useful
algebraic identities.

For each operator L : BV ! BV and n 2 Z holds

1

z

n�1X

i=0

(z�1
L)i(z � L) + (z�1

L)n = 1 (7.6.26)

R(z)(z � L") +
1

z

n�1X

i=0

(z�1
L)i(L" � L) +R(z)(z�1

L)n(L" � L) = 1

(7.6.27)

(z � L")
⇥
Gn," + (z�1

L")
n
R(z)

⇤
= 1� (z�1

L")
n(L" � L)R(z)

(7.6.28)
⇥
Gn," + (z�1

L")
n
R(z)

⇤
(z � L") = 1� (z�1

L")
n
R(z)(L" � L),

(7.6.29)

17Actually only Condition 1-(1) is needed in the following. Condition 1-(2) simply
implies that the eigenvalue one is common to all the operators. If 1-(2) is not
assumed, then the operator L" will always have one eigenvalue close to one, but the
spectral radius could vary slightly, see [LMD03] for such a situation.

18This proof is simpler than the one in [KL99], yet it gives worst bounds, although
su�cient for the present purposes.
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where we have set Gn," :=
1
z

P
n�1
i=0 (z

�1
L")i.

Let us start applying the above formulae. For each h 2 BV and
z 62 Vr,� holds

k(z�1
L")

n(L" � L)R(z)hkBV  (r�)�n
Ak(L" � L)R(z)hkBV +

B

rn
|(L" � L)R(z)h|L1

 [(r�)�n
A2C1 +Br

�n
D"]Hr,�khkBV < khkBV

Thus k(z�1
L")n(L" � L)R(z)kBV < 1 and the operator on the right

hand side of (7.6.28) can be inverted by the usual Neumann series.
Accordingly, (z � L") has a well defined right inverse. Analogously,

k(z�1
L")

n
R(z)(L"�L)hkBV  (r�)�n

AkR(z)(L"�L)hkBV +Br
�n

|R(z)(L"�L)h|L1 .

This time to continue we need some informations on the L
1 norm of

the resolvent. Let g 2 BV , then equation (7.6.26) yields

|R(z)g|L1 
1

r

n�1X

i=0

|(z�1
L)ig|L1 + kR(z)(z�1

L)ngkBV


1

rn(1� r)
|g|L1 +H�,rA(r�)�n

kgkBV +H�,rBr
�n

|g|L1

 r
�n(H�,rB + (1� r)�1)|g|L1 +H�,rA(r�)

�n
kgkBV

Substituting, we have

k(z�1
L")

n
R(z)(L" � L)hkBV  {(r�)�n

AH�,r2C1[1 +Br
�n]

+Br
�2n[H�,rB + (1� r)�1]D"}khkBV < 1,

again, provided " is small enough and choosing n appropriately. Hence
the operator on the right hand side of (7.6.29) can be inverted, thereby
providing a left inverse for (z�L"). This implies that z does not belong
to the spectrum of L".

To investigate the second statement note that (7.6.27) implies

R(z)�R"(z) =
1

z

n�1X

i=0

(z�1
L)i(L"�L)R"(z)�R(z)(z�1

L)n(L"�L)R"(z).

Accordingly, for each ' 2 BV holds

|R(z)'�R"(z)'|L1  {r
�n(1�r)�1

"+H�,r(�r)
�n2AC1+H�,rB"}kR"(z)'kBV .

⇤
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7.6.1 Deterministic stability

The L" are Perron-Frobenius (Transfer) operators of maps T" which are
C
1–close to T , that is dC1(T", T ) = " and such that dC2(T", T )  M , for

some fixed M > 0. In this case the uniform Lasota-Yorke inequality is
trivial. On the other hand, for all ' 2 C

1 holds

Z
(L"f � Lf)' =

Z
f(' � T" � ' � T ).

Now let �(x) := (DxT )�1
R
T"x

Tx
'(z)dz, since

�0(x) = �(DxT )
�1

D
2
xT�(x) +DxT"(DxT )

�1
'(T"x)� '(Tx)

follows
Z
(L"f�Lf)' =

Z
f�0+

Z
f(x)[(DxT )

�1
D

2
xT�(x)+(1�DxT"(DxT )

�1)'(T"x)].

Given that |�|1  �
�1

"|'|1 and |1 � DxT"(DxT )�1
|1  �

�1
", we

have
Z
(L"f�Lf)'  kfkBV �

�1
|'|1"+|f |L1�

�1(B+1)"|'|1  DkfkBV "|'|1.

By Lebesgue dominate convergence theorem we obtain the above in-
equality for each ' 2 L

1, and taking the sup on such ' yields the
wanted inequality.

|L"f � Lf |L1  DkfkBV ".

We have thus seen that all the requirements in Condition 1 are satisfied.
See [Kel82] for a more general setting including piecewise smooth maps.

7.6.2 Stochastic stability

Next consider a set of maps {T!} depending on a parameter ! 2 ⌦. In
addition assume that ⌦ is a probability space and consider a measure
P on ⌦. Consider the process xn = T!n � · · · � T!1x0 where the !

are i.i.d. random variables distributed accordingly to P and let Eµ be
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the expectation of such process when x0 is distributed according to µ.
Then, calling L! the transfer operator associated to T!, we have

E(f(xn+1) | xn) = LP f(xn) :=

Z

⌦
L!f(xn)P (d!).

Then if

|L!h|BV  �
�1
! |h|BV +B!|h|L1

integrating yields

|LPh|BV  E(��1
! )|h|BV + E(B!)|h|L1

And the operator LP satisfy a Lasota-Yorke inequality provided that
E(��1) < 1 and E(B) < 1.

In addition, if for some map T and associated transfer operator L,

E(|L!h� Lh|)  "|h|BV

then we can apply perturbation theory and obtain stochastic stability.

7.6.3 Computability

If we want to compute the invariant measure and the rate of decay of
correlations, we can use the operator Pt defined in (7.3.6) and define
Lt,m = PtL

m. By the estimates in Lemma ?? it follows

|Lt,mh|BV  4d�m
|h|BV +B|h|L1 .

We can then chose the smallest m so that 4d�m = �1 < 1. Moreover,
we also saw that

|Lt,mh� Lh|  t
�1

|h|BV .

So we are again in the realm of our perturbation theory and we have
that the finite dimensional operator Lt,m has spectrum close to the one
of the transfer operator. We can then obtain all the info we want by
diagonalizing a matrix.
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7.6.4 Linear response

Linear response is a theory widely used by physicists. In essence it
says the follow: consider a one parameter family of systems Ts and the
associated (e.g.) invariant measures µs, then, for a given observable f

one want to study the response of the system to a small change in s,
and, not surprisingly, one expects µs(f) = µ0(f)+s⌫(f)+o(s). That is
one expects di↵erentiability in s. Yet di↵erentiability is is not ensured
by Theorem 7.6.1. Is it possible to ensure conditions under which linear
response holds? The answer is yes (for example if holds if the maps
are su�ciently smooth and the dependence on the parameter is also
smooth in an appropriate sense). To prove it one need a sophistication
of Theorem 7.6.1 that can be found in [GL06].

7.6.5 The hyperbolic case

One can wonder is the previous approach can be applied to uniformly
hyperbolic systems and partially hyperbolic system. The answer is yes
although the work in this direction is still in progress and the price to
pay is the need to consider rather unusual functional spaces (space of
anysotropic distributions). Just to give a vague idea let us look at a
totally trivial example: toral automorphisms.

Then one can consider the norms:

kfkp,q :=
X

k2Z2d\{0}

|fk|
|k|

p

1 + |hvs, ki|p+q
+ |f0|,

where fk are the Fourier coe�cients of f and v
s is the unit vector in

the stable direction. Then

k[Lfkp,q  C1kfkp,q,

k[Ln
fkp,q  C3µ

n
kfkp,q +Bkfkp�1,q+1.

(7.6.30)

we have thus the Lasota-Yorke inequality. Moreover on can easily check
the relative compactness of {kfkp,q  1} with respect to the topology
induced by the norm k · kp�1,q+1, hence our previous theory applies
almost verbatim.

To have a more precise idea of what can be done, see [GL06, BT07].
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Hints to solving the Problems

7.18 Let `�, h� be analytic. Let us define z� = e
�

R �
0 `⇠(h0

⇠)d⇠, define
ĥ� = z�h� and ˆ̀

� = z
�1
�

`� and check that they are normalized as
required.

Notes

Large deviations are taken from Lai-Sang article and Keller book.
The stochastic stability is reasonably well understood (Cowienson)

but what about the smooth dependence from a parameter (linear re-
sponse)? Counterexamples in d = 1 but unknown in higher dimensions.
The uniformly hyperbolic case is well understood but not much is know
on how to apply the present ideas to the partially hyperbolic case and
to the case of systems with discontinuities, although a concentrated
e↵ort is taking place to extend the theory in such directions.



Appendix A

Fixed Points Theorems

(an idiosincratic selection)

In this appendinx I provide some standard and less standard Fixed
poins theorems. These constitute a very partial introduction to the
subject. The choice of the topics if motivated by the needs of the
previous chapters.

A.1 Banach Fixed Point Theorem

Theorem A.1.1 (Fixed point contraction) Given a Banach space
B, a bounded closed set A ⇢ B and a map K : A ! B if

i) K(A) ⇢ A,

ii) there exists � 2 (0, 1) such that kK(v) � K(w)k  �kv � wk for
each v, w 2 A,

then there exists a unique v⇤ 2 A such that Kv⇤ = v⇤.

Proof. Since A is bounded supx,y2A kx � yk = L < 1, i.e. it
has a finite diameter. Let a0 2 A and consider the sequence of points
defined recursively by an+1 = K(an) and the sequence of sets A0 = A

and An+1 = K(An) ⇢ A. Let dn := supx,y2An
kx� yk be the diameter

of An. Then if x, y 2 An, we have

kK(y)�K(x)k  �kx� yk  �dn.

That is dn+1  �dn  �
n
L. This means that, for each n,m 2 N,

an, a0 2 A and am, an+m 2 Am, hence kan+m � amk  �
m
L. That is

224
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{an} ⇢ A is a Cauchy sequence and, being B a Banach space, it must
have an accumulation point v⇤ 2 B. Moreover since A is closed it must
be v⇤ 2 A. Clearly

kKv⇤ � v⇤k = lim
n!1

kKv⇤ � ank = lim
n!1

kKv⇤ �Kan�1k

 lim
n!1

�kv⇤ � an�1k = 0.

Hence, v⇤ is a fixed point. Next, suppose there exist u 2 A, such that
Ku = u. Then

ku� v⇤k = kK(u� v⇤)k  �ku� v ⇤ k

implies u = v⇤. ⇤

Corollary A.1.2 Given a Banach space B and a map K : B ! B with
the property that there exists � 2 (0, 1) such that kK(v) � K(w)k 

�kv�wk for each v, w 2 B, then there exists a unique v⇤ 2 B such that
Kv⇤ = v⇤.

Proof. To prove the theorem, for each L 2 R+ consider the sets
BL := {v 2 B : kvk  L}. Then kK(v)k  kK(v)�K(0)k+ kK(0)k 

�kvk+kK(0)k  �L+kK(0)k. Thus, for each L � (1��)�1
kK(0)k we

have that K(BL) ⇢ BL. The existence follows by applying Theorem
A.1.1. The uniqueness follows by the same argument used at end of
the proof of Theorem A.1.1. ⇤

A.2 Hilbert metric and Birkho↵ theorem

In this section we will see that the Banach fixed point theorem can pro-
duce unexpected results if used with respect to an appropriate metric:
projective metric.

Projective metrics are widely used in geometry, not to mention the
importance of their generalizations (e.g. Kobayashi metrics) for the
study of complex manifolds [IK00]. It is quite surprising that they
play a major rôle also in our situation, [Liv95].

Here we limit ourselves to a few word on the Hilbert metric, a quite
important tool in hyperbolic geometry.
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A.2.1 Projective metrics

Let C 2 Rn be a strictly convex compact set. For each two point
x, y 2 C consider the line ` = {�x+ (1� �y) | � 2 R} passing through
x and y. Let {u, v} = @C \ ` and define1

⇥(x, y) =

����ln
kx� ukky � vk

kx� vkky � vk

����

(the logarithm of the cross ratio). By remembering that the cross ratio
is a projective invariant and looking at Figure A.1 it is easy to check
that ⇥ is indeed a metric. Moreover the distance of an inner point from
the boundary is always infinite. One can also check that if the convex
set is a disc then the disc with the Hilbert metric is nothing else than
the Poincaré disc.
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⇥
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⇥
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⇥
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Figure A.1: Hilbert metric

The object that we will use in our subsequent discussion are not

1Remark that u, v can also be 1.
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convex sets but rather convex cones, yet their projectivization is a con-
vex set and one can define the Hilbert metric on it (whereby obtaining
a semi-metric for the original cone). It turns out that there exists a
more algebraic way of defining such a metric, which is easier to use
in our context. Moreover, there exists a simple connection between
vector spaces with a convex cone and vector lattices (in a vector lat-
tice one can always consider the positive cone). This justifies the next
digression in lattice theory.2

Consider a topological vector space V with a partial ordering “�,”
that is a vector lattice.3 We require the partial order to be “continu-
ous,” i.e. given {fn} 2 V lim

n!1
fn = f , if fn ⌫ g for each n, then f ⌫ g.

We call such vector lattices “integrally closed.” 4

We define the closed convex cone 5
C = {f 2 V | f 6= 0, f ⌫ 0}

(hereafter, the term “closed cone” C will mean that C [ {0} is closed),
and the equivalence relation “⇠”: f ⇠ g i↵ there exists � 2 R+

\{0}
such that f = �g. If we call eC the quotient of C with respect to ⇠, then
eC is a closed convex set. Conversely, given a closed convex cone C ⇢ V,
enjoying the property C \ �C = ;, we can define an order relation by

f � g () g � f 2 C [ {0}.

Henceforth, each time that we specify a convex cone we will assume the
corresponding order relation and vice versa. The reader must therefore
be advised that “�” will mean di↵erent things in di↵erent contexts.

It is then possible to define a projective metric ⇥ (Hilbert metric),6

2For more details see [Bir57], and [Nus88] for an overview of the field.
3We are assuming the partial order to be well behaved with respect to the alge-

braic structure: for each f, g 2 V f ⌫ g () f � g ⌫ 0; for each f 2 V, � 2 R+\{0}
f ⌫ 0 =) �f ⌫ 0; for each f 2 V f ⌫ 0 and f � 0 imply f = 0 (antisymmetry of
the order relation).

4To be precise, in the literature “integrally closed” is used in a weaker sense.
First, V does not need a topology. Second, it su�ces that for {↵n} 2 R, ↵n ! ↵;
f, g 2 V, if ↵nf ⌫ g, then ↵f ⌫ g. Here we will ignore these and other subtleties:
our task is limited to a brief account of the results relevant to the present context.

5Here, by “cone,” we mean any set such that, if f belongs to the set, then �f

belongs to it as well, for each � > 0.
6In fact, we define a semi–metric, since f ⇠ g ) ⇥(f, g) = 0. The metric that

we describe corresponds to the conventional Hilbert metric on eC.
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in C, by the construction:

↵(f, g) = sup{� 2 R+
| �f � g}

�(f, g) = inf{µ 2 R+
| g � µf}

⇥(f, g) = log


�(f, g)

↵(f, g)

�

where we take ↵ = 0 and � = 1 if the corresponding sets are empty.
The relevance of the above metric in our coontex is due to the

following Theorem by Garrett Birkho↵.

Theorem A.2.1 Let V1, and V2 be two integrally closed vector lat-
tices; L : V1 ! V2 a linear map such that L(C1) ⇢ C2, for two
closed convex cones C1 ⇢ V1 and C2 ⇢ V2 with Ci \ �Ci = ;. Let
⇥i be the Hilbert metric corresponding to the cone Ci. Setting � =

sup
f, g2T (C1)

⇥2(f, g) we have

⇥2(Lf, Lg)  tanh

✓
�

4

◆
⇥1(f, g) 8f, g 2 C1

(tanh(1) ⌘ 1).

Proof. The proof is provided for the reader convenience.
Let f, g 2 C1, on the one hand if ↵ = 0 or � = 1, then the

inequality is obviously satisfied. On the other hand, if ↵ 6= 0 and
� 6= 1, then

⇥1(f, g) = ln
�

↵

where ↵f � g and �f ⌫ g, since V1 is integrally closed. Notice that
↵ � 0, and � � 0 since f ⌫ 0, g ⌫ 0. If � = 1, then the result follows
from ↵Lf � Lg and �Lf ⌫ Lg. If � < 1, then, by hypothesis,

⇥2 (L(g � ↵f), L(�f � g))  �

which means that there exist �, µ � 0 such that

�L(g � ↵f) � L(�f � g)

µL(g � ↵f) ⌫ L(�f � g)
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with ln µ

�
 �. The previous inequalities imply

� + �↵

1 + �
Lf ⌫ Lg

µ↵+ �

1 + µ
Lf � Lg.

Accordingly,

⇥2(Lf, Lg)  ln
(� + �↵)(1 + µ)

(1 + �)(µ↵+ �)
= ln

e
⇥1(f, g) + �

e⇥1(f, g) + µ
� ln

1 + �

1 + µ

=

Z ⇥1(f, g)

0

(µ� �)e⇠

(e⇠ + �)(e⇠ + µ)
d⇠  ⇥1(f, g)

1� �

µ⇣
1 +

q
�

µ

⌘2

 tanh

✓
�

4

◆
⇥1(f, g).

⇤

Remark A.2.2 If L(C1) ⇢ C2, then it follows that ⇥2(Lf, Lg) 

⇥1(f, g). However, a uniform rate of contraction depends on the di-
ameter of the image being finite.

In particular, if an operator maps a convex cone strictly inside
itself (in the sense that the diameter of the image is finite), then it
is a contraction in the Hilbert metric. This implies the existence of a
“positive” eigenfunction (provided the cone is complete with respect
to the Hilbert metric), and, with some additional work, the existence
of a gap in the spectrum of L (see [Bir79] for details). The relevance
of this theorem for the study of invariant measures and their ergodic
properties is obvious.

It is natural to wonder about the strength of the Hilbert metric
compared to other, more usual, metrics. While, in general, the answer
depends on the cone, it is nevertheless possible to state an interesting
result.

Lemma A.2.3 Let k ·k be a norm on the vector lattice V, and suppose
that, for each f, g 2 V,

�f � g � f =) kfk � kgk.
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Then, given f, g 2 C ⇢ V for which kfk = kgk,

kf � gk 

⇣
e
⇥(f, g)

� 1
⌘
kfk.

Proof. We know that ⇥(f, g) = ln �

↵
, where ↵f � g, �f ⌫ g.

This implies that �g � 0 � ↵f � g, i.e. kgk � ↵kfk, or ↵  1. In the
same manner it follows that � � 1. Hence,

g � f �(� � 1)f � (� � ↵)f

g � f ⌫(↵� 1)f ⌫ �(� � ↵)f

which implies

kg � fk  (� � ↵)kfk 
� � ↵

↵
kfk =

⇣
e
⇥(f, g)

� 1
⌘
kfk.

⇤

Many normed vector lattices satisfy the hypothesis of Lemma 1.3
(e.g. Banach lattices7); nevertheless, we will see that some important
examples treated in this paper do not.

A.2.2 An application: Perron-Frobenius

Consider a matrix L : Rn
! Rn of all strictly positive elements:

Lij � � > 0. The Perron-Frobenius theorem states that there exists a
unique eigenvector v+ such that v+

i
> 0, in addition the corresponding

eigenvalue � is simple, maximal and positive. There quite a few proofs
of this theorem a possible one is based on Birkho↵ theorem. Consider
the cone C

+ = {v 2 R2
| vi � 0}, then obviously LC

+
⇢ C

+. Moreover
an explicit computation (see

Problem A.1 shows that

⇥(v, w) = ln sup
ij

viwj

vjwi

. (A.2.1)

7A Banach lattice V is a vector lattice equipped with a norm satisfying the
property k |f | k = kfk for each f 2 V, where |f | is the least upper bound of f and
�f . For this definition to make sense it is necessary to require that V is “directed,”
i.e. any two elements have an upper bound.
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Then, setting M = maxij Lij , it follows that

⇥(Lv, Lw)  2 ln
M

�
:= � < 1.

We have then a contraction in the Hilbert metric and the result follows
from usual fixed points theorems. Note that, since ⇥(v,�v) = 0, for all
� 2 R+, the fixed point v+ 2 Rn is only projective, that is Lv+ = �v+

for some � 2 R; in other words, we have an eigenvalue.
Remark that L

⇤ satisfies the same conditions as L, thus there
exists w

+
2 C

+, µ 2 R+, such that L
⇤
w

+ = µw
+. Next, define

⇢1(v) = |hw
+
, vi| and ⇢2(v) = kvk. It is easy to check that they are

two homogeneous forms of degree one adapted to the cone.
In addition, if ⇢1(v) = ⇢2(v), then ⇢1(Ln

v) = ⇢1(Ln
w). Hence, by

Lemma A.2.3

kL
n
v � L

n
wk 

⇣
e
⇥(Ln

v,L
n
w)

� 1
⌘
min{kLn

vk, kL
n
wk}

 K⇤nmin{kLn
vk, kL

n
wk},

(A.2.2)

for some constantK depending only on v, w. The estimate A.2.2 means
that all the vectors in the cone grow at the same rate. In fact, for all
v 2 intC,

k�
�n

L
n
v � �

�n
L
n
wk  K⇤n

.

Hence, limn!1 �
�n

L
n
v = v+.

Finally, consider V1 = {v 2 V | hw
+
, vi = 0}. Clearly LV1 ⇢ V1

and V1 � span{v+} = V. Let w 2 V1, clearly there exists ↵ 2 R+ such
that ↵v+ + w 2 C,8 thus

kL
n
wk  kL

n(↵v+ + w)� ↵L
n
v+k  L⇤n

�
n
.

This immediately implies that L restricted to the subspace V1 has spec-
tral radius less that �⇤. In other words, � is the maximal eigenvalue, it
is simple and any other eigenvalue must be smaller than �⇤. We have
thus obtained an estimate of the spectral gap between the first and the
second eigenvalue.

8this is a special case of the general fat that any vector can be written as the
linear combination of two vectors belonging to the cone.
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Notes

For more details on Hilbert metrics see [Bir79], and [Nus88] for an
overview of the field.
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edited by Mark Levi.

[Arn99] V. I. Arnold. Mathematical methods of classical mechan-
ics, volume 60 of Graduate Texts in Mathematics. Springer-
Verlag, New York, 199? Translated from the 1974 Russian
original by K. Vogtmann and A. Weinstein, Corrected reprint
of the second (1989) edition.

[Arn92] Vladimir I. Arnold. Ordinary di↵erential equations. Springer
Textbook. Springer-Verlag, Berlin, 1992. Translated from the
third Russian edition by Roger Cooke.

[Bal00] Viviane Baladi. Positive transfer operators and decay of cor-
relations, volume 16 of Advanced Series in Nonlinear Dy-
namics. World Scientific Publishing Co. Inc., River Edge,
NJ, 2000.

[Bir57] Garrett Birkho↵. Extensions of Jentzsch’s theorem. Trans.
Amer. Math. Soc., 85:219–227, 1957.

252



BIBLIOGRAPHY 253

[Bir79] Garrett Birkho↵. Lattice theory, volume 25 of American
Mathematical Society Colloquium Publications. American
Mathematical Society, Providence, R.I., third edition, 1979.

[BT07] Viviane Baladi and Masato Tsujii. Anisotropic Hölder and
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