COMPACT FACTORS IN FINALLY COMPACT
PRODUCTS OF TOPOLOGICAL SPACES

PAOLO LIPPARINI

We present instances of the following phenomenon: if a
product of topological spaces satisfies some given compact-
ness property then the factors satisfy a stronger compactness
property, except possibly for a small number of factors.

The first known result of this kind, a consequence of a
theorem by A. H. Stone, asserts that if a product is regu-
lar and Lindel6f then all but at most countably many factors
are compact. We generalize this result to various forms of fi-
nal compactness, and extend it to two-cardinal compactness.
In addition, our results need no separation axiom.

1. Introduction

By Tychonoff Theorem, any product of compact topological spaces is com-
pact. The converse is trivial: if a product of topological spaces is compact
then all factors are compact.

The situation changes when weaker forms of compactness are taken into
account. In order to present an example, recall that a topological space is
said to be Lindeldf if and only if every open cover has a countable subcover.
A product of Lindeldf spaces is not necessarily Lindelof; actually, the square
of a Lindel6f space need not be Lindelof (see [Go]).

For the converse, it is trivial that if a product of topological spaces is
Lindelof then each factor is Lindel6f. What is relevant to the present paper
is that if a product is Lindel6f then we can say much more about the factors:
the following theorem is an immediate consequence of a classical result by
A. H. Stone (see Subsection 1.1 for some history).

Theorem 1.1. If a product of topological spaces is Lindeldf then all but at
most a countable number of factors are compact.

The classical argument seems to require some separation axiom: a mi-
nor contribution of the present paper is to provide a proof which uses no
separation axiom.
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2 COMPACT FACTORS IN PRODUCTS

More importantly, we extend Theorem 1.1 to final x-compactness. If
K is an infinite cardinal, then a topological space is said to be finally -
compact if and only if every open cover has a subcover by < x sets. Thus,
Lindeldf is the same as finally X{-compact. When expressed in terms of final
K-compactness, our main result reads:

Theorem 1.2. If a product of topological spaces is finally N, 1-compact,
then all but at most X,, factors are compact.

Moreover, we generalize Theorem 1.1 to linearly Lindelof spaces: a topo-
logical space is linearly Lindeldf if and only if every open cover which is
linearly ordered by inclusion has a countable subcover (some authors use
the term chain-Lindeldf). See [AB], [K] and [KL] for further information
and references about linearly Lindelof spaces. It is well-known that a space
is linearly Lindelof if and only if every uncountable subset of regular cardi-
nality has a complete accumulation point.

There are examples of linearly Lindel6f not Lindel6f topological spaces,
thus the next theorem is a proper generalization of Theorem 1.1.

Theorem 1.3. If a product of topological spaces is linearly Lindelof, then
all but at most countably many factors are compact.

In fact, a simultaneous generalization of Theorems 1.2 and 1.3 holds: see
Theorem 7.4.
Theorems 1.2 and 1.3 have immediate consequences for powers.

Corollary 1.4. If the W, 1-th power of the topological space X is finally
Ny 1-compact then X is compact.

If the Ri-th power of the topological space X is linearly Lindelof then X
18 compact.

We have also a version of Theorem 1.2 for larger cardinals. A topological
space is countably compact if and only if every countable open cover has a
finite subcover.

Theorem 1.5. If a product of topological spaces is finally X, -compact, then
either

(a) all factors are countably compact, or

(b) all factors are compact, except possibly for a set having cardinality less
than N, .

Actually, our results are even stronger, when expressed in terms of finer
notions of compactness. A topological space is said to be initially x-compact
if and only if every open cover by at most x sets has a finite subcover.

If k, A are infinite cardinals, a topological space is said to be [k, \|-compact
if and only if every open cover by at most A sets has a subcover by less than
K sets.

With the above terminology, we have:
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Theorem 1.6. If a product of topological spaces is [Nyiy1, Rpt1]-compact,
then all but at most X, factors are initially N, 1-compact.

Theorem 1.7. If a product of topological spaces is [N, N, |-compact, then
either

(a) all factors are countably compact, or

(b) all factors are initially R,,-compact, except possibly for a set of cardi-
nality less than N,.

Notice that the notion of [k, A]-compactness encompasses both the notion
of final k-compactness and the notion of initial xk-compactness. Indeed, final
k-compactness is the same as [k, A]-compactness for all A\, and initial k-
compactness is the same as [w, k]-compactness. Moreover, it appears that
[k, A]-compactness is a particularly nice way of “splitting compactness into
pieces”: see Section 3.

The results we have stated in this section will be proved in Section 7.
Actually, some more general versions will be given there.

In detail, the paper is divided as follows. After Section 2, devoted to pre-
liminaries, in Section 3 we recall some basic properties of [k, A]-compactness.
Section 4 contains the construction of a matrix very similar to the classical
Ulam matrix, as well as a further construction we shall need. In Section 5
we deal with [\, AT]-compact products in the case when ) is a regular car-
dinal, while in Section 6 we treat [\, A]-compact products in the case when
A is singular. We sum up our results in Section 7. In Section 8 we add some
further remarks, and state some problems.

The results and proofs in the first part of Section 6 do not depend on
Sections 4 and 5, while the proofs of Theorems 1.2 and 1.3 do not rely on
Section 6.

1.1. A short historical note. A. H. Stone [Sto] showed that the product
of uncountably many copies of N (the space of the natural numbers with
the discrete topology) is not normal. As a corollary, Stone obtained that if
a product of T} spaces is normal then all but a countable number of factors
are countably compact.

Since T3 Lindelof spaces are normal, and since countably compact Lindelof
spaces are compact (see [Go]), one immediately gets that if a product of T3
spaces is Lindelof, then all but a countable number of factors are compact
(see [V1]).

Apparently, the above arguments need separation axioms in an essential
way.

Apparently, Theorem 1.3 cannot be obtained by the above arguments,
since there are examples of linearly Lindelof T3 spaces which are not Lin-
delof (see Section 4 of [AB]). In passing, let us mention that it is not
known whether there exists a normal linearly Lindel6f not Lindeldf topolog-
ical space.
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Recently, X. Caicedo, using deep logical and set theoretical methods,
proved results similar to Theorem 1.1 with no need of separation axioms,
but only for products with arbitrarily large numbers of factors. For example,
Caicedo proved that if all powers of a space X are Lindelof then X is com-
pact. More generally, he proved that if all powers of X are [\, AT]-compact
then X is [\, A]-compact (cf. Theorem 5.2), and similar results are obtained
for families of topological spaces. The above results are explicitly stated in
[C1], and follow easily from the results proved in [C2].

In [L1] we showed that the use of technical set-theoretical tools (in par-
ticular, regularity properties of ultrafilters) is essential in [C1] and [C2],
and that the methods of [C1] and [C2] lead to set-theoretical assumptions
which go beyond the commonly accepted axioms for set theory.

The methods of the present paper not only provide generalizations and
strengthenings of the above mentioned results, but have the advantage of
elementary proofs which need no special set-theoretical tool. We only rely
on some combinatorial properties of certain matrices of sets introduced by
S. Ulam already in the 30’s [U]. In Lemma 4.2 we construct a new matrix
from a version of Ulam’s one.

2. Preliminaries

Our notation is fairly standard.

Space is always used as an abbreviation for topological space. No separa-
tion axiom is needed to prove the results of the present paper. In particular,
Lindeldf means exactly that every open cover has a countable subcover (some
authors incorporate some separation axiom directly in the definition of Lin-
del6fness).

A product of topological spaces is always endowed with the Tychonoff
topology, the smallest topology under which the canonical projections are
continue maps. The A-th power of a topological space X is the product
[loer Xa, where X, = X for all @ € A

«, 3,7 ...denote ordinals. We assume throughout the Axiom of Choice,
hence any set X is equinumerous with some ordinal. The smallest such
ordinal is the cardinality of X, and is denoted by |X|. A cardinal is identified
with the set of smaller ordinals (hence, for example, & € A and « < A have
exactly the same meaning).

Infinite cardinals are denoted by A, i, v, k ... The smallest infinite cardinal
is denoted by w . When convenient, we denote infinite cardinals using the X
notation: Ny = w is the smallest infinite cardinal, Ny is the smallest cardinal
larger than Rg, and so on. ¥, is the smallest cardinal larger than all R,,’s (n
a natural number). Countable means finite or denumerable, that is, having
cardinality < Ny.
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The smallest cardinal larger than A is called the successor of A\, and is
denoted A*. Thus, if A\ = N,, then AT = N 1. N,., is the smallest
cardinal larger than all R,4,’s (n a natural number).

A cardinal X is singular if and only if A can be obtained as a union
A = Ujer Ai for some set I with [I| < X\ and where \; < A, for all i € 1.
The smallest cardinality of an I as above is called the cofinality of A\, and is
denoted cfA. Thus, if A is a singular cardinal, then A = sup,c.t) Ao, for an
appropriate choice of the A\,’s, with A\, < A, for a € cfA.

A cardinal X is regular if and only if it is not singular. The cofinality of
a singular cardinal is always a regular cardinal. All finite cardinals and all
successor cardinals are regular.

C denotes inclusion, and C denotes strict inclusion. The minus operation
between sets is denoted by \: X \Y ={z € X|z &€ Y }.

3. Properties of [k, \]-compactness

In this section we list the properties of [k, A]-compactness needed in the
present paper. Most of the results in this section are due, in some form or
another, to [AU]. We present proofs for sake of completeness.

[k, A]-compactness has been studied (in various forms and with varying
terminology and notations) by many authors. See, e.g., [Sm]|, [Ga], [V1],
[V2], [Ste], [C2], [L1] for further results, further references, and historical
notes.

The next proposition shows that [k, A]-compactness could have been de-
fined in terms of [u, u]-compactness alone, that is, we can split [k, A\]-compactness
into instances of [u, u]-compactness. If we want to show that a space is [k, A]-
compact, it is enough to show that it is [u, u]-compact for every cardinal u
with K < p < A

Proposition 3.1. For every pair of infinite cardinals k, A, and every topo-
logical space X, the following are equivalent:

(i) X is [k, A]-compact;

(ii) X is [p, p]-compact for every cardinal p with k < p < .

Proof. (i) = (ii) is trivial.

Suppose that (ii) holds. We show by transfinite induction on v, with
k < v <\ that X is [k, v]-compact.

By taking p = k in (ii) we get that X is [k, k]-compact, that is, the
induction basis v = k.

For the induction step, suppose that v < A, and that X is [, V/]-compact,
for all v/ < v : we have to show that X is [k, v]-compact. Let O be an open
covering of X with |O| < v. By taking p = v in (ii), X is [v, v]-compact,
hence O has a subcover O’ with |O'| < v. If |O'| < k, then there is nothing
to prove. If |O'| > k, let v/ = |O'|: by [k, V']-compactness O’ has a subcover
O" with |0"| < k.
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Thus every open covering of X of cardinality at most v has a subcover of
cardinality < k, that is X is [k, v]-compact. This completes the induction
step, and the proposition is proved. O

We shall make good use of Proposition 3.1 at several points in the present
paper. For example, though the statement of Theorem 1.2 mentions final
N, 1-compactness only, we know just one reasonable way to prove it, that
is, by splitting finally ®,,;1-compactness into pieces of [\, A\]-compactness,
as given by Proposition 3.1: see Corollary 3.3(i). Cf. also the proofs of
Theorems 7.1 and 7.5.

Proposition 3.2. If k is a singular cardinal, and a topological space X is
[cfk, cfk]-compact then X is [k, k]-compact.

Proof. Let (Ua)ack be an open cover of X. Let (k3)gectx be a sequence such
that supge.gy, kg = K, and kg < k for 8 € cfk.

For 8 € cfk, define V3 = Ua<,{ﬁ Ua. (V3)gectr is an open cover of X by
cfk-many sets, hence there is I C cfx such that |I| < cfk, and (V});es is a
cover of X.

Since cfx is a regular cardinal, there is v < cfx such that supl < 7.
Hence, (V)< is a cover of X. By the definition of the Vj3’s then (Ua)a<s,,
is a cover of X by less than k sets. ([l

Corollary 3.3. (i) A topological space is finally k-compact if and only if it
is [p, p]-compact for all p > k.

(ii) A topological space is initially k-compact if and only if it is [, p]-
compact for all infinite p < k, if and only if it is [u, p|-compact for all
infinite reqular p < k.

(iii) A topological space is compact if and only if it is [, p]-compact for
all infinite p, if and only if it is [u, p]-compact for all regular infinite .

Proof. Immediate from Propositions 3.1 and 3.2. O

In the particular case when k is a regular cardinal, there are many in-
teresting and useful characterizations of [k, k]-compactness. We list below
some of them.

Recall that if Y is an infinite subset of the topological space X and z € X
then x is said to be a complete accumulation point of Y (in X) if and only
if [UNY|=1Y], for every neighbourhood U (in X) of z.

Proposition 3.4. For every infinite reqular cardinal k and every topological
space X, the following are equivalent.

(i) X is [k, k]-compact.

(i) Whenever (Uy)a<y is a sequence of open sets of X, such that U, C U,y
for every o < o, and such that |J ., Ua = X, then there is an o < k such
that U, = X.
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(iii) Whenever (Cy)a<x is a sequence of closed sets of X, such that Cq D
Cyr for every a < o, and such that (., Ca = 0, then there is an a < K
such that C,, = 0.

(iv) For every sequence (Xo)a<w of elements of X, there exists v € X
such that [{a < k|zo € U}| = Kk for every neighbourhood U of x.

(v) (CAP,;) Every subset Y C X with |Y| = k has a complete accumula-
tion point.

Proof. (i) = (ii) follows from the assumption that  is regular.

(ii) = (i) is similar to the proof of Proposition 3.2. If (U,)aex is an open
cover of X, and 3 €  define V3 = Ua<ﬂ Uy. Since (Uy)aek is a cover of X,
then (V)gex is a cover of X and, moreover, V3 C Vg for g < §'. By (i),
there is 8 €  such that Vg = X. Since V3 = Uq, we get that (Uy)a<p
is a subcover of (Uy)qex of cardinality < k.

The equivalence of (ii) and (iii) is immediate, by taking complements.

(iii) = (iv). Let (zq)a<kx be a sequence of elements of X.

For 8 < Kk, define Cg to be the closure of the set {zq|a > }. Cg 2 Cy
for every g < [/, and Cg # () for every § < k, since zg41 € Cj.

Hence, by (iii), Nz, Cp # 0, say = € N, Cp.

We claim that x satisfies the property stated in (iv). If not, there is
an open set U containing = and such that |[{a < k|z, € U}| < k. Let
A ={a < k|zq € U}. Since k is regular, sup A < k; hence z,, & U, for every
a > sup A.

But this contradicts z € Cgyp 4, since Cqup 4 is the closure of {zq|a >
sup A}.

(iv) = (iii). Suppose that (iv) holds, and suppose by contradiction that
(Ca)a<r is a sequence of closed sets of X, such that C, O C, for every
a < d, Nper Ca =0, but Cy # 0, for every a < k.

For every o < K, choose z, € C,. By (iv), there exists z € X such
that [{a < k|ze € U}| = k for every neighbourhood U of z. Thus, for
every neighbourhood U of x and for every @ < k there is @’ > « such that
xy €U.

Since C, 2 C, for every a < o, every neighbourhood U of x intersects
every Cy, that is, x belongs to every C, since they are closed sets. Thus,
r € (a<r Ca, a contradiction.

(iv) = (v) is trivial: just arrange the elements of Y into a sequence of
length &.

Conversely, suppose that (v) holds, and that (z4)a<x is a sequence of
elements of X.

If there exists § < k such that [{a < K|z, = 2g}| = K, then z = a4
satisfies the conclusion of (iv) (with no use of (v)).

Otherwise, for every f < k, |[{a < K|zo = 23}| < k. Hence, the set
Y = {zq|a < £} has cardinality s, since x is a regular cardinal.

a<fB
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By applying (v) to Y, one easily gets (iv). O

Of course, there is a more general version of Proposition 3.4 which deals
with [k, A\]-compactness: just combine Proposition 3.4 and Proposition 3.1;
however, here we shall not need the more general version.

The assumption that x is regular is necessary in Proposition 3.4: see [V2]
for various counterexamples.

Using the methods in the proofs of Propositions 3.4 and 3.2 one can easily
show that a space X is linearly Lindel6f if and only if X is [k, k]-compact
for every regular infinite cardinal x > w, if and only if every subset of X of
regular uncountable cardinality has a complete accumulation point.

The following is trivial (but useful!).

Proposition 3.5. If f : X — Y is surjective and continuous, and X is
[k, A]-compact, then Y is [k, A]-compact, too.

In particular, if [[;c; Xi is [k, \]-compact, and J C I, then []
[k, \]-compact.

In particular, all factors of a [k, \]-compact product are themselves [k, \|-
compact.

icg Xi 18

4. Two Ulam-like matrices

The next Lemma is a variation on a classical result by S. Ulam, as employed
by K. Prikri, and G.V. Chudnovskii and D. V. Chudnovskii: see Lemmata
8.33 and 8.34 of [CN]. We give the proof for the reader’s convenience. See
[EU] and [CN] for historical notes.

Lemma 4.1. For every infinite cardinal X there is a family (Aq,g)a<x g<rt
of subsets of \T such that:

(i) For every B < AT, AT\ Uycr Aa,gl < A;

(ii) For every B < AT and a < o' <\, Ay g C Ay g;

(iii) Whenever o < A and C' C ™ is such that |C| > || then e Aap =
0.

Proof. For every v < A1, |7] < A, hence we can choose an injective function
Oy 1y — A

Define A, 5 = {y < AT|8 < v and ¢,(8) < a}.

(i) is easy, since AT\ U, Aa,s € BU {5}

(ii) is trivial.

Let a, C be as in the hypothesis of (iii). Suppose by contradiction that
there is 7 € (e Aa gt then, by the definition of A, g, ¢ (8) < «, for every
B € C, thus ¢,, restricted to C, would be injective from C' to «, and this
contradicts |C| > |a. O

It is convenient to visualize (A4 g)q<) g<r+ as an infinite matrix with A
rows and AT columns: each column is an increasing sequence of subsets of A"
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whose union is the whole of AT, except perhaps for a subset of cardinality \;
Condition (iii) in Lemma 4.1 asserts that if we take more than || elements
from the o' row, then their intersection is empty. Actually, in what follows,
we shall need only the particular case |C| = A of Condition (iii) in Lemma
4.1.

From the matrix given by 4.1 we shall construct another matrix, the
one which shall be used in order to obtain our results on compact factors in
products. This matrix, too, has X rows and A" columns; it satisfies property
(ii) of Lemma 4.1, and a property stronger than (i), but the main point is
that property (iii) is changed to: for every possible choice of one element
from each column, there is a pair of the chosen elements whose intersection
has cardinality < A\. We know no reference for this consequence of Ulam’s
construction.

Lemma 4.2. If )\ is an infinite regqular cardinal, there is a set H with
|H| = AT, and there is a family (Bap)a<rnen of subsets of XT such that:

(i) For every h € H, J,cy Bah = AT

(ii) For every h € H and o < o < X\, Ba, € By s

(iii) For every function f : H — X there exists a subset F' C H with
|F'| = 2 and such that |(,cp Brnynl < A

Proof. Let H = AT U{(7,8)|y < A\, 8 < AT, |8] = A}. Clearly, |H| = A\T.
For every 8 < A" with |8] = A, fix a bijection ¢35 : A — .

Suppose that we have a family of matrices (Aqa,5)a<r g<r+ as given by
Lemma 4.1.

Let o < X\. We now define B, j, for h € H. We need to consider the two
cases h € A\t and h & AT,

Suppose that h € H, and h € A\*, thus h = 3, for some 3 < A*; then let

Boz,h = Aa,ﬁ U ()\+ \ U,y<)\ A%g) .

Suppose that h € H and h ¢ AT, that is h = (v, 3), for some v < A\, 8 <
AT, with |3] = A. In this case, put Bah = A"\ Uncear Ay ps(0)-

Condltlon (i) trivially holds when h € AT. Hence suppose h ¢ AT, say
h = (v, ). We want to show that [, Ba,n = AT, so let d be any element of
AT. We have to show that there is v < A such that § € B, . Consider the set
C={e<Ad €Ay} Thus, 0 € Noco Aypse)s hence Neec Avpse) #
(). Since g is injective, Condition (iii) in Lemma 4.1 implies that |C| < ||,
thus |C| < |y| < A. Choose a such that A\ > « > sup C (this is possible,
since A is supposed to be a regular cardinal, and since |C| < A). By the very
definition of C, for every € > «, § ¢ A o), that is, 6 € Uyceacn A ybs(E)s
that is, 0 € Bap = AT\ U We have showed that Condition
(i) holds.

In the case h ¢ AT, Condition (ii) is trivial. In the case h € A", Condition
(ii) follows immediately from Condition (ii) in Lemma 4.1.

v,
a<e<r Ay, Yp(e)
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Let us now show that Condition (iii) holds, so let f : H — A. There is
v < Asuch that [{3 < AT|f(8) =~} = AT, since otherwise AT would be the
union of \ sets each of cardinality < A. Choose such a v, and choose 3 < A"
in such a way that [{8’ < B|f(8’) = v}| = A. Notice that necessarily |G| = .
Consider h = (v, ), and choose some 3’ < (3 such that f(8') = v and
B & {s(e)le < f(h)}. Such a 3 exists, since the latter set has cardinality
< A (since f(h) < A, hence |f(h)| < A), while [{3' < B|f(8) = v}| has been
chosen to have cardinality A. Since g is surjective, 5/ = 13(¢), for some
e > f(h).

We claim that F = {#’, h} is a subset of H which satisfies the conclusion
of Condition (iii). Indeed,

Bimn =2\ U Ao = [ OT\A e
f(h)<e<A f(h)<e<A

Since 3" = 1g(e), for some e > f(h), we get By N A,z = 0.
Since By g = Ay g U (AT \ Upcy Aa,p), we get

Bf(h),h N B'y,ﬁ’ = Bf(h),h N <A%ﬁ/ U <>\+\ U Aa,ﬁ’)) =

a<A

(Brnyn N Aqp) U (Bf(h),h N <)\+\ U Aaﬂ,)) —

a<<\

(Bf(h)»h N </\+\ U Aa,ﬂ’)) c <)\+\ U Aaﬁ/>
a<A a<

By Condition (i) in Lemma 4.1, the last set in the above chain of inclusions
has cardinality < A, hence we have |Byp,) NB, g| < A, which is the desired
conclusion, since v = f(5). O

5. [\, A]-compact factors in [\, A\T]-compact products

Proposition 5.1. Suppose that A is an infinite regular cardinal. If X =
[LiesXj, [J| = A*, and no X; is [\, A]-compact, then X is not [\*,\*]-
compact.

Proof. Let X, (Xj)jecs be as in the statement of the proposition. Suppose
that (Ba,h)a<ihen is a set of matrices as given by Lemma 4.2. Since |H| =
|.7], by fixing a bijection from I onto H, we can rearrange the indices in such
a way that X = [[,cpy Xn-

Since no Xp, is [\, AJ-compact, and since A is regular, by Condition (iv) in
Proposition 3.4, for every h € H there is a sequence {z,|a < A} such that
every © € X}, has a neighbourhood U in X}, such that |[{a < A|zap € U} <
A
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We shall define a sequence (y5)3<+ of elements of X such that for every
y € X there is a neighbourhood U in X of y such that [{# < At|ys € U}| <
AT, thus X is not [A*, AT]-compact, again by Condition (iv) in Proposition
3.4, and since successor cardinals are always regular.

For § < At, let y3 = ((yg)n)her € [1pey Xn be defined by: (yg)n = Tan,
where « is the first ordinal such that § € B, (such an ordinal exists by
Condition (i) in Lemma 4.2).

Suppose by contradiction that there is y € X such that for every neigh-
bourhood U in X of y {8 < AT|ys € U} = AT.

Consider the components (yp)ner of y € X =[], ey Xn. Because of the
way we have chosen the x, s, for each h € H, y;, has a neighbourhood Uy,
in X}, such that [{a|za,, € Up}| < A. For every h € H, fix some U}, as above.
For each h € H, choose f(h) in such a way that A > f(h) > sup{a|z,p €
Up} (this is possible since A is regular, and |[{a|zqp € Up}| < A).

By Condition (iii) in Lemma 4.2, there is F' C H such that |F| = 2 and
|Mher Braypl < A Let Vo= [[cg Vi, where Vj, = Xj if h € F, and
Vi =Up if h € F. V is a neighbourhood of y in X, since F' is finite.

For every < At and h € H, by definition, (y3)n = %q,p, for some « such
that 3 € B, . By the definition of f, if (y3)n, = xq,n € Uy, then f(h) > a,
thus 8 € Ban € By, by Condition (ii) in Lemma 4.2. We have proved
that, for every h € H, {8 < A[(yg)n € Un} € By(n) -

Thus, by the definition of V', we have {3 < AT|yg € V} = ,ep{B <
A*1(y3)n € Un} € Maer Brag- Hence [{6 < Ay € VH < | Nep Braoal <
A. This is a contradiction, since we have supposed that [{# < AT |y € V}| =
A*, for every neighbourhood V' of y. O

Notice that, in the proof of Proposition 5.1, we only used the fact that F,
as given by Lemma 4.2, is finite: we made no particular use of the stronger
conclusion |F| = 2.

Theorem 5.2. Suppose that A is an infinite regular cardinal. If a product
of topological spaces is [\, X\T|-compact then all but at most \ factors are
[A, \]-compact.

Proof. Suppose by contradiction that some product [[,c; X; is [AT, AT]-
compact, but there are AT factors which are not [\, A\]-compact. Say, there
is J C I with |J| = AT and such that for all i € J X; is not [\, \]-compact.
Then Proposition 5.1 implies that [],.; X; is not [AT, A*]-compact.
[[,c; Xi is [A*, AT]-compact by hypothesis, hence, by Proposition 3.5,
[I,e; Xiis [AT, AT]-compact, a contradiction. O

We can iterate a finite number of times the arguments in the proof of
Proposition 5.1.



12 COMPACT FACTORS IN PRODUCTS

Proposition 5.3. Suppose that X, is a reqular cardinal, and n is a natural
number. If X = HjeJXj; |J| = Raqn, and no Xj is [Rqa, Na|-compact, then
X is not Noin, Natn]-compact.

Proof. By induction on n. The case n = 0 is trivial (Proposition 3.5).

Suppose n > 0, and that the proposition is true for n—1, for all topological
spaces. Let X be as in the statement. Since Ngip - Nogn—1 = Nggpn, by
standard cardinal arithmetic, and since |J| = R,4,, we can partition J into
Noin-many subsets, each of cardinality Noyn—1. Say, J = Upcx Jr, Where
|K| = Roqpn and | Jg| = Ryqn—1, for every k € K, and, moreover, JyNJp = 0,
for k # K.

Thus, X = [[,c; X is (omeomorphic to) [[cx [1;c;, X;- By the induc-
tive hypothesis, for each k € K, HjeJk
since |Jg| = Naqn—1, and no X; is [Nq, Ry]-compact. Then, by Proposition
5.1, with Ryyn—1 in place of A, K in place of J, and the HjeJk Xj’s in
place of the X;’s, we get that X = [[,cx(I];cs, Xj) is not [Rajn, Ratn]-
compact. ]

X is not [Naypn—1, Ratn—1]-compact,

Thus, we can generalize Theorem 5.2.

Theorem 5.4. Suppose that R, is a reqular cardinal, and n is a natural
number. If a product of topological spaces is [Notn+1, Natn+1]-compact, then
all but at most Noyn, factors are [R,, Ny ]-compact.

Proof. Same as the proof of Theorem 5.2, by using Proposition 5.3 in place
of Proposition 5.1. ([l

6. Compact factors in [\, \]-compact products (A singular)

We have a version of our results for singular cardinals.
The proofs of Proposition 6.1 and of Theorem 6.2 below do not rely on
Sections 4 and 5.

Proposition 6.1. Suppose that A is a singular cardinal, and A = sup{\,|a €
cfA}, where Ao < A for all v € cfX. If X =Y X[ cepr Yo @5 [N, A]-compact,
then either Y is [cf\, cfA]-compact, or there is some o € cfA such that Yy, is
[Aas A]-compact.

Proof. Suppose by contradiction that A, (Ay)aeccty and X give a a coun-
terexample. Thus there is a family (U,)yecrx which is a counterexample
to the [cf, cfA]-compactness of Y, and, by Condition (ii) in Proposition
3.4, we can suppose that U, C Ug, for a < 8 € cfA. Moreover, for every
a € cf) there is a family V, = (Vo3)ser which is a counterexample to the
[Aas AJ-compactness of Y.

Since the order in which the product is taken is not relevant, we can
rearrange the indices in such a way that A\, < A/, for a < o'.
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Consider the family F = {Wss, |6 € A\,v < 6 € cfA}, where Wsgy is
defined as follows: Wsgy = Uy X [ [ copr Za, Where Z, = V5 if o = 6, and
Zo =Y, if a # 6. Notice that all the Wsg,’s are open sets of X.

We claim that F is an open cover of X by A sets. Indeed, let x € X =
Y X [Tocetr Yo, say & = (Y, (Ya)aectr). Since (Uy)yectr is a cover of Y,
there is v € cf\ such that y € U,. Choose any § € cf\ with § > ~. Since
Vs = (Vsg)pen is a cover of Y5, there is a 3 € A such that ys € Vsz. With
this choice of v, 6, 8 we have that © = (¥, (Ya)acctr) € Wspy (since if o # 6
then y, € Zo = Y,).

If we show that no subfamily 7' of F with < A sets covers X, then we
contradict the [A, A\]-compactness of X, hence the theorem is proved.

So, let F' be a subfamily of F with < X sets. Thus, there is some
e < cf) such that F' has < \. sets. Without loss of generality, we can
choose ¢ in such a way that A\. > cfA. For every ¢ > ¢ let V§ = {Vs3 €
V5|3 is such that there is v < ¢ such that Wsg, belongs to F'}. For every
d > &, V5 contains at most |§| - |[F'| < cfX - |F'| < A sets, hence is not
a cover of Yj, since A\s > A;, and V5 = (Vsg)ger was supposed to be a
counterexample to the [As, \]-compactness of Y;.

By taking « in place of § in the above argument, we get that for every
a > ¢ there is y, € Y, such that for no V,g € V), it happens that y, € Vygs.
Choose such an y, for every o > ¢, and choose y,, arbitrarily if a < e.

Choose y € Y such that y ¢ U.. This is possible since U, C Y (strict
inclusion), because (U,)yectn Was supposed to be a counterexample to the
[cf A, cfA]-compactness of Y.

We show that 2 = (y, (Ya)accrr) belongs to no element of F/, where y and
the y,’s are chosen as above. Suppose, to the contrary, that x € Wsg, for
some d, 3, v such that Wsg, € F', and recall that Wz, = Uy X [[,cofr Za-
We consider the two cases § > ¢ and § < ¢, and derive a contradiction in
each case.

If 6 > € then 2 ¢ Wsg, since ys ¢ Zs = Vg, because of the way we have
chosen ys.

If § < e, and x € Wsg, then y € U,, and this implies v > ¢, since we
have assumed that U, C Ug, for a < (3, and since, by the construction of y,
y € U.. But this implies v > € > ¢, a contradiction, since Wsg, is defined
only for v < 4.

Thus, F' is not a cover of X, and this contradicts our hypothesis that X
is [\, \]-compact. O

Theorem 6.2. Suppose that A is a singular cardinal. If a product X =
[Licr Xi of topological spaces is [\, \|-compact then either:

(i) all factors are [ct\, cfA]-compact, or

(i) there is X' < X\ such that |{i € I|X; is not [N, A]-compact }| < cf.
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Proof. Suppose to the contrary that there is 7 € I such that X; is not
[cf A, cfA\]-compact, and that for every A < A there are at least cfA\-many
factors which are not [\, \]-compact.

Fix any sequence of cardinals (Aq)a<cta such that A = sup{A,|a < cfA},
and A\, < A for a € c¢fA. Construct a sequence (iq)a<cfy Of distinct elements
of I as follows.

Choose ig € I, ip # i in such a way that X;, is not [\, A\]-compact.

Suppose that a < cf), and suppose that we have already chosen ig for
all 5 < a. Then choose i, € I in such a way that X,  is not [Aq, A]-
compact, iq # ¢ and, for every 3 < a, i, # ig. This is possible, since
there are at least c¢fA many 4’s such that X; is not [Ay, A]-compact, while
{iglB < a}] = Ja| < cfA.

Now, set ¥ = X;, and Y, = X;_, for a < cfA. By Proposition 6.1,
Y X [ cepr Ya is not [A, A]-compact.

If X = J[,c; Xiis [A, A]-compact, then Poposition 3.5 implies that ¥ x
[Tocerr Ya is [A, A]-compact (since ¢ and the i,’s are all distinct elements of
I). Thus, we have reached a contradiction. ]

We can put together the methods of proof of Theorem 6.2 and of Propo-
sition 5.3.

Proposition 6.3. Suppose that Ng is a regular cardinal. If X =Y X
[lics X, |J| = Rgtw, Y is not countably compact, and no X; is [Ng, Ng]-
compact, then X is not [Ny, Ngqo|-compact.

Proof. The proof is somewhat similar to (and relies on) the proof of Propo-
sition 5.3.

Since |J| = Rgyy,, we can write J = {J, ¢, Jn, where J,, N Jp, = 0, for all
n #m, and |J,| = Vg4 for all natural numbers n.

Hence, X =Y x [];c; X, is (omeomorphic to) Y x [[,c, [L;cs, X;- If
we put Y, = [[;c; Xj, then X =Y X [[, ., Y.

For every n, by Proposition 5.3, Y, is not [Ng{n41, Rg4n1]-compact, since
|Jn| = Rgint1, Yo = [[ e, Xj, and no X is [Ng, Rg]-compact.

By Proposition 3.1, for every n, Y;, is not [Ngipn41, Rg4e]-compact.

By Proposition 6.1, X = Y <[], o, Yn is not [Rg.,, N, ]-compact (notice
that cfRgy, = w). O
Theorem 6.4. Suppose that Vg is a reqular cardinal. If X = [[,.; X; is
Ng4w, Rayo]-compact, then either

(i) all factors are countably compact, or

(i) |{i € I|X; is not [Ng, Ng|-compact }| < Rgy,,.

i€l

Proof. Similar to the proof of Theorem 5.2, using Proposition 6.3 in place
of Proposition 5.1. O
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7. Proofs of the results stated in the introduction (and more)

By applying Proposition 3.1, we can improve Theorem 5.4 to [Nq, Ngtn+1]-
compactness.

Theorem 7.1. Suppose that N, is a reqular cardinal, and n is a natural
number. If a product of topological spaces is [Notn+1, Natn+1]-compact, then
all but at most Noyy, factors are [Ny, Roqnt1]-compact.

Proof. For every ¢ with 0 < ¢ < n, let us apply Theorem 5.4 with N,4; in
place of R, and n — i in place of n, noticing that R4 qi)4(n—i)+1 = Ratn+1-
We get that, for each i (0 < i < n ), all but at most Notitn—i = Natn
factors are [Nq44, Noyi]-compact. Discard all such factors: since a finite
union of sets having cardinality < N,4, has cardinality < N,,, we have
discarded at most X, factors. In conclusion, all but at most X, factors
are simultaneously [Nq4;, No4i]-compact for all 4, 0 <i < n.
Trivially, all factors are [No4pn+1, Natn+1]-compact, e.g. by Proposition
3.5.
By Proposition 3.1, all but at most R, factors are [Ny, Rq4p41]-compact.
O

Theorem 1.6 is the particular case & = 0 of Theorem 7.1 (since Ny is a
regular cardinal).

Corollary 7.2. If the N,,1-th power of the topological space X is [Np41, Npt1]-
compact, then X 1s initially N, 41-compact.

More generally, if R, is a reqular cardinal, n is a natural number, and
the Ry 4nt1-th power of the topological space X is [Natn+1, Natni+1]|-compact,
then X is [Ny, Roqnt1]-compact.

Theorem 7.3. Suppose that R, is a regular cardinal. If a product of topo-
logical spaces is finally Vo ini1-compact, then all but at most Ry factors
are finally N, -compact.

Proof. Let X be a product which is finally N,,11-compact. By the trivial
direction in Corollary 3.3(i), X is [Ra4n+1, Natn+1]-compact. By Theorem
7.1, all but at most R, factors are [Ny, Ny4p+1]-compact.

Since the product is finally R, ,41-compact, all factors are finally No4p,41-
compact by Proposition 3.5.

In conclusion, all but at most X4, factors are finally N,-compact, since it
is trivial that, for every A > pu, final A-compactness and [u, A]-compactness
imply final p-compactness (here, A = Nyy,41 and p = N,). Otherwise,
apply Proposition 3.1 and Corollary 3.3(i). O

Theorem 1.2 is the particular case o = 0 of Theorem 7.3.
In the introduction we promised a common generalization of Theorems
1.2 and 1.3. Let us say that a topological space is finally k-linearly Lindelof
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if and only if every open cover which is linearly ordered by inclusion has a
subcover of cardinality less than x. Thus, linear Lindel6fness is the same as
final Ni-linear Lindel6fness.

The methods in the proofs of Propositions 3.4 and 3.2 show that a space X
is finally x-linearly Lindel6f if and only if X is [\, A]-compact for all regular
cardinals A > & (if and only if every subset of X of regular cardinality > &
has a complete accumulation point). In particular, if x is singular, final
k-linear Lindel6fness coincides with final xT-linear Lindelofness

By Corollary 3.3(i), every finally k-compact space is finally s-linearly Lin-
delo6f, hence the next theorem encompasses both Theorem 1.2 and Theorem
1.3.

Theorem 7.4. If a product of topological spaces is finally Noyni1-linearly
Lindeldf (that is, [k, k]-compact for all reqular cardinals k > Noyn+1), then
all but at most R4y factors are finally N, -linearly Lindeldf.

If a product of topological spaces is finally N, y1-linearly Lindelof, then all
but at most N, factors are compact.

Proof. First, suppose that R, is regular. Since the product is [Ro4n+1, Ratn+1]-
compact, then by Theorem 7.1, all but at most R4, factors are [Ny, Royni1]-
compact, that is, by the trivial direction in Proposition 3.1, [R,ti, Rayi]-
compact for all ¢ with 0 <i <n + 1.

We have proved that all but at most R, factors are [k, k]-compact for all
cardinals k with X, < kK < N,1,4+1. Moreover, all factors are [k, k]-compact
for all regular cardinals Kk > N,4n41, by hypothesis and Proposition 3.5.

In conclusion, all but at most R, factors are [k, k]-compact for all reg-
ular cardinals k > N, that is, finally X,-linearly Lindelof.

If N, is singular, the above arguments show that the product is finally
No41-linearly Lindelof. But, since R, is singular, final R, i-linear Lin-
del6fness is the same as final R, -linear Lindel6fness, as we remarked before
the statement of the theorem.

The second statement is the particular case o = 0 of the first statement,

since final Np-linear Lindel6fness is the same as compactness, by Corollary
3.3(iii). O

Theorem 1.3 is the particular case n = 0 of the second statement in
Theorem 7.4.

Notice that, so far, in the present section we have not used the results
proved in Section 6.

Theorem 7.5. IfR, is a reqular cardinal, and a product of topological spaces
is Natw, Natw]-compact, then either

(a) all factors are countably compact, or

(b) all factors are [Ny, Rotw]-compact except possibly for a set having car-
dinality less than N4 .
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Proof. Let A = N4, and suppose that (a) fails. By Theorem 6.2, and since
cfRptw = w, there is X < X such that [{i € I|X; is not [\, A]-compact
H < cfd = w.

If N < N,, the theorem is proved; otherwise, N’ = X, ,, for some natural
number n, since X, < M < A, and A = N,.,. Hence we have that all factors
are [Nqo4n, A]-compact, except perhaps for a finite set of factors.

Now we proceed as in the proof of Theorem 7.1, by applying Theorem
6.4: for each i < n, we can apply Theorem 6.4, with N, ; in place of Ng,
in order to get that all factors are [Ny.yi, No4i]-compact, except for a set of
cardinality < N,41, = Ratw, since we are supposing that (a) fails.

Since the union of a finite number of sets of cardinality < R, has still
cardinality < R,4., we get that all factors are simultaneously [Nq4i, Na-ti]-
compact for all i < n, except possibly for a set of factors having cardinality

< Notow-
Applying Proposition 3.1, we get that all factors are [R,, Ny4,|-compact,
except for a set of cardinality < Nq4q. O

Theorem 1.7 is the particular case & = 0 of Theorem 7.5.

Corollary 7.6. If N, is a regular cardinal, and a product of topological
spaces is finally No1,-compact, then either

(a) all factors are countably compact, or

(b) all factors are finally Ny-compact, except possibly for a set having
cardinality less than Ny .

Proof. Same as the proof of Theorem 7.3, by using Theorem 7.5 in place of
Theorem 7.1. (]

Theorem 1.5 is the particular case a = 0 of Corollary 7.6.

Corollary 7.7. If the X, -th power of the topological space X is [N, N,]-
compact, then X is countably compact.

More generally, if R, is a reqular cardinal and the Ny ,,-th power of the
topological space X is [Rotw, Natw|-compact, then X is either countably com-
pact, or [Ny, Rotw|-compact.

Corollary 7.7 is an immediate consequence of Theorem 7.5.

8. Additional remarks

The proof of Lemma 4.2, and hence the proofs of most results in Sections 5
and 7, make an essential use of the assumption that A (R, g, respectively)
is a regular cardinal. It is an open problem whether the assumption that A
(Na, Ng, respectively) is regular can be removed from Proposition 5.1 (hence,
say, from Theorems 5.2, 5.4, 6.4, 7.1, 7.3 and 7.5 ).
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However, we have partial results. The proofs of the next two theorems
make use of variations both on the methods of [L2], [C2] and on the con-
structions performed in Section 4. We shall present proofs elsewhere.

Theorem 8.1. Suppose that X is a singular cardinal. If a product of topo-
logical spaces is [\T, A\t]-compact then all factors are [\, \]-compact, except
possibly for a set of cardinality less than 2*.

We say that a topological space X is almost [k, A]-compact if it satisfies
the following property: whenever |I| = A, and (U;);er is an open cover of
X such that (U;);e is still a cover of X whenever J C I and |J| = A, then
(U;)icr has a subcover by less than  sets.

Theorem 8.2. Suppose that X is a singular cardinal. If a product of topo-
logical spaces is [\T, A\T|-compact then all but at most X factors are almost
[A, \]-compact.

Clearly, [k, A]-compactness implies almost [k, A\]-compactness.

If k is a regular cardinal, then [k, k]-compactness and almost [x, k]-compactness
are equivalent, since almost [k, k]-compactness implies Condition (ii) in
Proposition 3.4. We do not know what happens when & is a singular cardi-
nal.

Problem 8.3. Is it true that if [],.; X; is [AT,AT]-compact then there
exists J C I such that I\ J| <X and [[;c; X; is [A, A]-compact?
A version of Problem 8.3 has an affirmative answer.

Corollary 8.4. If [[,.; X; is finally N, y1-compact, then there is J C I such
that [T\ J| < Ry, and [[,c; X; is compact.

Proof. By Theorem 1.2, all but at most R, factors are compact. Let J be
the set of compact factors. Then |I \ J| <R, and, by Tychonoff Theorem,
[Lic; X is compact. O

A sequence (x4)acy of elements of a topological space X converges to
x € X if and only if for every neighbourhood U of x in X there is § € A
such that z, € U for every a > (3.

A topological space X is sequentially A-compact (or A-chain compact) if
and only if every sequence (z4)acx has a converging subsequence.

Problem 8.5. Is it true that, if A is regular and a product is sequentially
AT-compact then all but at most A factors are sequentially A-compact?
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