The problem of completeness for

Gromov-Hausdorff metrics on C*-algebras*

Daniele Guido, Tommaso Isola

Dipartimento di Matematica, Universita di Roma “Tor Vergata”, I-00133 Roma,
Ttaly.

Abstract

It is proved that the family of equivalence classes of Lip-normed C*-algebras in-
troduced by M. Rieffel, up to complete order isomorphisms preserving the Lip-
seminorm, is not complete w.r.t. the matricial quantum Gromov-Hausdorfl distance
introduced by D. Kerr. This is shown by exhibiting a Cauchy sequence whose limit,
which always exists as an operator system, is not completely order isomorphic to
any C*-algebra.

Conditions ensuring the existence of a C*-structure on the limit are considered,
making use of the notion of ultraproduct. More precisely, a necessary and sufficient
condition is given for the existence, on the limiting operator system, of a C*-product
structure inherited from the approximating C*-algebras. Such condition can be con-
sidered as a generalisation of the f-Leibniz conditions introduced by Kerr and Li.
Furthermore, it is shown that our condition is not necessary for the existence of a
C*-structure tout court, namely there are cases in which the limit is a C*-algebra,
but the C*-structure is not inherited.
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1 Introduction

In this paper we study the problem of completeness of some spaces w.r.t the
matricial quantum Gromov-Hausdorff metrics introduced by Kerr [8], showing
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that the space of equivalence classes of C*-algebras with Lipschitz seminorms
is not complete.

As is known, Rieffel introduced and studied, in a series of papers [13-18],
the notion of compact quantum metric space, and generalised the Gromov-
Hausdorff distance to the quantum case. The main tool is a seminorm L on
the “quantum” functions, which plays the role of the Lipschitz seminorm for
functions on a compact metric space. The requirements can be formalised
as follows: L should vanish exactly on the multiples of the identity element,
and should induce on the states (positive normalised functionals) the weak*
topology. It is not restrictive to assume that L is also lower-semicontinuous
in norm, and we shall always assume it in this paper. A space endowed with
such a seminorm is called Lip-normed.

Roughly speaking, the quantum Gromov-Hausdorff distance between two C*-
algebras corresponds to the Gromov-Hausdorff distance between the corre-
sponding state spaces, endowed with the Monge-Kantorovitch metric induced
by the Lipschitz seminorms (for the precise definition see eq. (2.11)). However
one easily realises that while two abelian Lip-normed C*-algebras having zero
quantum Gromov-Hausdorff distance are isomorphic, the same is not true for
noncommutative C*-algebras. The structure which is preserved by the quan-
tum Gromov-Hausdorff distance is indeed that of order-unit space.

In fact Rieffel proved that the quantum Gromov-Hausdorff distance is indeed
a distance on equivalence classes of order-unit spaces, showed that the space
of equivalence classes is complete, and gave also conditions for compactness.

As mentioned above, when C*-algebras are concerned, there are non isomor-
phic Lip-normed C*-algebras which have zero quantum Gromov-Hausdorff
distance. In order to cope with this problem, Kerr [8] introduced matricial
quantum Gromov-Hausdorft distances dist,. When p is finite, dist, measures
the distance between p X p-valued state spaces, and dist., corresponds to the
supremum over all p.

He showed that, when p > 2, dist, vanishes if and only if the Lip-normed
C*-algebras are *-isomorphic. The question of completeness for the space of
equivalence classes remained open. However Kerr and Li introduced a family of
conditions [8,11], depending on a function f, related with the Leibniz property
for the Lipschitz norms, showing that if all the Lip-normed C*-algebras of
a Cauchy sequence satisfy the same f-Leibniz condition they converge to a
C*-algebra (which satisfies the same f-Leibniz condition).

The main purpose of this paper is then to solve the completeness problem,
indeed we exhibit a Cauchy sequence of Lip-normed C*-algebras which does
not converge to a C*-algebra.



Following Kerr, a natural setting for matricial quantum Gromov-Hausdorff
distance is that of Lip-normed operator systems. He showed that the distance
dist,, between two Lip-normed operator systems vanishes if and only if they
are completely order isomorphic and the Lipschitz norm is preserved by the
isomorphism.

It is possible to show that the space of equivalence classes of operator systems
with Lipschitz seminorms, endowed with dist, is complete (we do so in Theo-
rem 3.7, by making use of ultraproducts, and it was also proved independently
by Kerr and Li [9] with different techniques). Therefore the problem of com-
pleteness for Lip-normed C*-algebras w.r.t. the dist., metric can be rephrased
as the problem of the closure of the Lip-normed C*-algebras inside the family
of equivalence classes of Lip-normed operator systems.

Given a dist,-Cauchy sequence of Lip-normed C*-algebras, the limit always
exists as an operator system .S, and the question becomes to determine whether
such S admits a C*-structure (is completely order isomorphic to a C*-algebra).
This property can be reformulated with the aid of the notion of injective
envelope J(S) of an operator system S due to Hamana [6]. The operator system
S embeds canonically in J(.5), and the latter admits a unique C*-product. The
existence of a C*-structure on S is equivalent to the fact that S is a subalgebra
of J(S). We use this technique in subsection 4.2.1 to show that the limit of a
suitable sequence of C*-algebras with Lipschitz seminorms is not a C*-algebra.

As mentioned above, an important tool in our analysis is the notion of ul-
traproduct of Banach spaces, and in particular a tailored version for Ba-
nach spaces with lower semicontinuous Lipschitz norm, which we call Lip-
ultraproduct.

We show that under a condition of uniform compactness on sequences of
spaces, the Lip-ultraproduct is a Banach space with lower semicontinuous
Lipschitz norm, and inherits some of the structures from the approximat-
ing spaces, in particular those of order-unit space and of operator system.
Furthermore we show that Cauchy sequences are uniformly compact and the
Lip-ultraproduct is indeed the limit.

Let us mention here that the representative of a quantum Gromov-Hausdorff
limit constructed via ultraproducts is directly endowed with a lower semicon-
tinuous Lip-seminorm.

The C*-structure is not inherited in general by the Lip-ultraproduct, however
for any given free ultrafilter the Lip-ultraproduct is always a closed linear
subspace of the ultraproduct, and the latter is a C*-algebra. Therefore there
are cases in which the limit inherits a C*-structure, namely when the Lip-
ultraproduct is a subalgebra of the ultraproduct (for a suitable free ultrafilter
U). This is a sufficient condition for the limit to be a C*-algebra, but is not



necessary, namely there are cases in which the limit is a C*-algebra but the
C*-structure is not inherited, cf. subsection 4.2.2.

Moreover we can completely characterize the Cauchy sequences for which the
limit inherits a C*-structure in terms of a function &(r), r € [0, 4+00), associ-
ated with any Lip-normed C*-algebra, measuring how far is the set of Lipschitz
elements from being an algebra. If we have a Cauchy sequence with functions
en(r), the limit inherits the C*-structure if and only if, for a suitable subse-
quence ny, limsupy, &,, (1) — 0 for r — oo (cf. Corollary 4.8). Therefore such
condition is a maximal generalisation of the f-Leibniz condition of Kerr and
Li. The fact that it is indeed more general is illustrated in subsection 4.2.3.

Let us also mention that, with the aid of the function £(r) and of the results on
inherited C*-structure, we can easily manufacture a new distance on the fam-
ily of equivalence classes of Lip-normed C*-algebras, for which completeness
holds, cf. Corollary 4.10. The convergence condition under this new distance
is clearly stronger than the convergence condition w.r.t. dist,,, as shown by
Example 2 in subsection 4.2.2. However this stronger convergence condition
seems to be more natural when C*-algebras are concerned, because in this
case the C*-structure is always inherited, namely the product on the limit is
the limit of the approximating products, cf. equation (4.1).

As mentioned above, subsection 4.2.1 is devoted to the construction of exam-
ples of non converging Cauchy sequences w.r.t. the matricial quantum Gromov
Hausdorff distance. When the limit (as an operator system) does not inherit a
C*-structure, as a Lip-ultraproduct it is described by a subspace, which is not
closed w.r.t. the product, of a C*-algebra (the ultraproduct). For the examples
considered in subsection 4.2.1 we show that the product structure given by
the immersion in the ultraproduct is the same as the product structure given
by the immersion in the injective envelope, thus showing that the limit is not
a C*-algebra.

Indeed the examples considered in subsection 4.2.1 depend on a C*-algebra
B, and we show that for any B we get a sequence A,, which is Cauchy w.r.t.
dist,, p € NU {oo}. In the particular case in which B = CI, the sequence
A, consists of the constant algebra My(C) of 2 x 2 matrices, and it is easy
to show that the limit is not even positively isomorphic to a C*-algebra (cf.
Remark 1). This shows that the family of equivalence classes of Lip-normed
C*-algebras is not complete w.r.t. dist,, p > 2. However, if we confine our
attention to the case A,, = M5(C), one may argue that we have simply chosen
the wrong distance.

Let us recall that when Rieffel introduced the quantum Gromov-Hausdorff
distance, he had to generalise to the quantum setting a distance involving
spaces of points, or extremal states. Since for C*-algebras extremal states may



be not closed, and even dense, as in the UHF case, he decided to consider a
distance involving all states. However, when A,, = M5(C), the replacement of
the quantum Gromov-Hausdorff distance with a distance involving only ex-
tremal states, like the distance dist; considered by Rieffel in [15] after Propo-
sition 4.9, would destroy the counterexample, since the sequence is no longer
Cauchy w.r.t. such distance.

This is the reason why we consider also non-trivial B: when the C*-algebra
B is UHF, we get a sequence made of a constant UHF algebra (with different
Lip-norms), for which pure states are dense, hence matricial quantum Gromov-
Hausdorff distances are the only reasonable choices. Of course in this case the
proof that the limit is not completely order isomorphic to a C*-algebra is more
difficult, requiring the notion of injective envelope of Hamana [6].

We conclude by mentioning a result for ultraproducts which may have an
interest of its own. The dual of an ultraproduct is larger in general than
the ultraproduct of the duals, the equality being attained only under a strong
uniform convexity property of the sequence, which is never satisfied for infinite-
dimensional C*-algebras. For the Lip-ultraproduct however, if the sequence is
uniformly compact, any element in the dual can be realised as an element in
the ultraproduct of the dual spaces, namely the compactness condition of the
Lipschitz seminorms allows one to construct a more manageable ultraproduct,
whose dual is made of equivalence classes of sequences of functionals.

This suggests the interpretation of the Lip-ultraproduct as the quantum (du-
alised) analogue of the ultralimit of compact metric spaces. As in the classical
case, an ultralimit is a limit only if a uniform compactness condition is satis-

fied.

2 Order-unit spaces

This section is mainly devoted to the introduction of the Lip-ultraproduct and
the study of its properties.

In order to clarify some features of the construction, we introduce the notion
of Lip-space.

Let us recall (see [13], Thm. 1.9) that a lower semicontinuous Lipschitz semi-
norm L on a complete order-unit space can be characterised, besides the van-
ishing exactly on the multiples of the identity, by the fact that the elements
whose norm and Lipschitz seminorm are bounded by a constant, form a com-
pact set in norm. Indeed by introducing the norm ||z||, = max{L(z), £z},
where R may be taken as half of the diameter of the state space w.r.t. the



Lipschitz distance, the compactness property may be reformulated as the fact
that the || - ||z-balls are norm compact, and the Lipschitz seminorm can be
recovered as L(x) = inf) ||x — AI||. Therefore, in contrast with the standard
terminology, we shall reserve the term Lip-norm for || - ||z, and shall call L a
Lip-seminorm.

The observations above suggest the definition of a Lip-space as a Banach space

with an extra norm || - ||, (finite on a dense subspace) such that the || - || -balls
are compact.

2.1 Lip-spaces

Definition 2.1 We call Lip-space a triple (X, || - ||, || - ||[z) where
(2) (X, || -1 is a Banach space,

(i) || - |z : X — [0, 400] is finite on a dense vector subspace Xy where it is a
norm,

(73) the unit ball w.r.t. || - ||z, {x € X : ||z||L < 1}, is compact in (X, | -||).

We call radius of the Lip-space (X, - ||,|| - ||z), and denote it by R, the
maximum of || - || on the unit ball w.r.t. || - ||z, hence
el < Rl|le]l, =€ X (2.1)

As we shall see it is the analogue of the radius of a Lip-normed order unit
space introduced by Rieffel at the end of Section 2 in [15].

Proposition 2.2 Let (X, || -||,]| - |l) be a Lip-space, e € Xy \ {0}, and set
L(z) := infyeg ||x — Xe||p. Then L is a lower semicontinuous densely defined
seminorm and L(x) =0 <= x = Xe for some X € R.

Proof.  Indeed, it is easy to prove that L is a seminorm, and that L(\e) =
0,A € R. Moreover, as || - || is lower semicontinuous, because of Definition
2.1 (iii), and ||z — Xe||lL > |M||lellr — ||z||z — oo, || — oo, we obtain L(x) =
minyeg ||z —Ae||r. Therefore, if L(x) = 0, then there is \g € R s.t. [[x—Xpel|r =
0, so that x = Age.

Finally, if z,z, € X, |z, — x| — 0, then, L(z) < liminf, . L(z,). Indeed,
passing possibly to a subsequence, we may assume {L(x,)} converges. Let, for
alln € N, \,, € Rbes.t. [|[z,—Ane| L = L(x,). Then {||z,—A,e||r} is bounded;
so by Definition 2.1 (4i7), there are {n;} C N, a € X s.t. ||z, — Ay, e—al — 0.



Therefore there is A\g € R s.t. \,,, — Ao, and a = x — \gpe. Hence

L(2) < ||z — Aoellz < liminf 2, — A el

= klim L(z,,) = lim L(zy,),

where the second inequality follows from Definition 2.1 (). U
Proposition 2.3 Let (X, |- || -[|z) be a Lip-space. Then the dual norm
(€, =)

"= max
||£HL TEX ||x||L

induces the weak® topology on the bounded subsets of X', the Banach space
dual of (X, -]).

The constant R is equal to the radius, in the || - ||, norm, of the unit ball of
(X011
Proof.  First observe that || - ||, which is obviously a seminorm, is indeed a

norm. In fact, if ||£||, = 0, then £ vanishes on X, which is dense, i.e. £ = 0.

Now we consider the identity map ¢ from the closed unit ball B} of X’ endowed
with the weak* topology to the same set endowed with the distance induced
by || - ||%- Given r > 0, we consider a r/2-net {z; :i=1,...,n}in {xr € X :
2]z <1} Then, if [[§]" <1,

&)l < max [{,2)] +r/2
Therefore, the weak* open set in Bj
U =gl <1: max [{,2)] <r/2),

is contained in the || - ||}, open set in Bj

V=Allel <1 0igll <

showing that ¢ is continuous. Since the domain is compact and the range is
Hausdorff, ¢ is indeed a homeomorphism.

Finally, the radius of the unit ball of X’ in the || - ||, norm is

(€, 7)) ]| (€ @)
sup [€||, = sup —— =sup sup = R.
lerst o eroazo Il €N a0 llzlln eso €]




Definition 2.4 A family F of Lip-spaces is called uniform if for all ¢ > 0
there is n. € N such that, for any (X, || |l,||-1lz) in F, {z € X : ||z||, < 1}
can be covered by n. || - ||-balls of radius ¢.

Lemma 2.5 If F is a uniform family of Lip-spaces, there is R > 0 such that
2]l < Rllz|lz for any (X, [ |,[[-|l2) in F, z € X.

Proof.  Let (X, ||-,]|-]lz) be a Lip-space such that {z € X : ||z|, < 1} can
be covered by n balls of radius 1, and let 2y € X, ||zo||z = 1. Since the set
{txo : t € [0,1]} is contained in {z € X : ||z||, < 1}, it is covered by at most
n balls of radius 1, hence its length is majorised by 2n, i.e. R < 2n. 0

Lemma 2.6 Let (V)| -||) be an n-dimensional normed space. Then the ball
of radius R can be covered by (2R/e)™ balls of radius €.

Proof.  Let us recall that, denoting by n.(€2) the minimum number of balls
of radius ¢ covering 2, and by v.(€2) the maximum number of disjoint balls
of radius € contained in €, one gets n.(€2) < v,/2(€2) (cf. e.g. [7], Lemma 1.3).
Then, denoting by vol the Lebesgue measure and by B, the ball of radius
r w.r.t. the given norm, we get vol(Bg) > v.(Bg)vol(B:), and vol(Bg) =
(R/e)"vol(B.), hence n.(Br) < (2R/e)". O

Proposition 2.7 A family F of Lip-spaces is uniform < there exists a con-
stant R as in Lemma 2.5, and Ve > 0, there is N. € N such that any Lip-
space X in F has a subspace V' of dimension not greater than N. such that
{r eV ||zl <1} ise-dense in {x € X : ||z|| < 1}.

Proof. (=) The constant R exists by Lemma 2.5; choose a covering of {z €
X ¢ ||zl < 1} by n. || - |-balls of radius ¢ and consider the vector space V'
generated by their centres. Its dimension is clearly majorised by n..

(<) Take ¢ < 1. The elements in {z € V : ||z|, < 1} are contained in
{z € V : ||z|| £ R}, hence any covering of the R-normic ball of V' with balls
of radius € gives a covering of the Lip-norm unit ball in X with balls of radius
2¢. By Lemma 2.6, one can realise the former covering with (2R/e)™= balls,
hence the implication is proved. 0

2.2 Ultraproducts

Given a sequence (X, || - ||, || - |lz) of Lip-spaces, we may consider the Banach
space (*°(X,,) of norm-bounded sequences x, € X,, with the sup-norm. As
is known [19], if U is a free ultrafilter on N, the ultraproduct ¢>°(X,,U) is
defined as the quotient of ¢*°(X,,) w.r.t. the subspace of sequences such that



limy ||| = 0. We denote by my the projection from ¢>°(X,,) onto £>°(X,,,U).

Definition 2.8 Given a sequence (X, |||, - |lz) of Lip-spaces, we call Lip-
ultraproduct, and denote it by £5°(X,, W), or simply by Xy, the image under
mu of £°(X,), the norm closure of the space of bounded sequences for which
[{n} |z = supy [lza | < +oo.

The quotient norm || - || of the equivalence class xy of a sequence x,, is defined
as

fewlhe = inf - sup [y.].

Yn|=TU

hence ||zy||u = limy ||z, || ([1], Chap. 2 Prop. 2.3).
Analogously, the quotient norm || - ||y of xq is defined as

|zullzu=inf sup|ly.|z. (2.2)
[ynl=2U n

This implies that [|zy||pu < limy |||, in fact for any € > 0 there ex-
ists an element U of the free ultrafilter such that, for any n € U, ||z,||; <
limy || ||z + €. Then we may define y,, = x, forn € U and y,, = 0 for n ¢ U.
Since [y,] = [z,], the result follows.

Lemma 2.9 The infimum in (2.2) is indeed a minimum.

Proof.  Given zy € Xy, we may choose sequences x* realising it and such
that ||%||, < [lzu/lzu(l 4 £). It is also not restrictive to ask that all the
vectors ¥ have norm bounded by 2||zy||. Then we set

Vi={n2=k: o, —a| < -1 <j <k},
7
Vo =N,

and observe that Vi, € U, Vi1 C Vi, and U Vi \ Vike1 = N. Then we define

k>0

. k
xn:k_i_lxiv nevk\v;ﬁ-l;

implying ||Z, ||z < ||zullru. Now we show that Zy = xq. Indeed, if n € V,
dk >ist.n € Vi \ Viyr, hence

. i 1 1
|Zn — 23 || < N En — 2|l + [l — Izl + = < Claulhe+ 17

7l < k: +1
Since n is eventually in V; w.r.t. U, we get

- o 1
12w = 2ull = lm |2, — 2| < @flzadlu+1) -



By the arbitrariness of i we get the result. 0

Choosing z,, as in the proof above, we get
[zl e = T (|2 = sup || 2| ..
u n

In particular we obtain that, for any element = € ¢5°(X,,, U),

Jellac= min Typ s 23)
Proposition 2.10 Given a uniform sequence (X, | - ||, - ||z) of Lip-spaces,

the Lip-ultraproduct (3°(X,,, W), endowed with the quotient norms |||, |||z,
is a Lip-space. Moreover, the radius R for (5°(X,,, W) is equal to limy R,,, where
R, is the radius of X,,.

Proof.  Let us show that the closed Lip-norm unit ball in Xy is totally
bounded in norm. Indeed, since given € > 0, the closed Lip-norm unit ball in
X, is covered by n. balls of radius €, we may choose points z,,1,..., %, in
X, such that the closed Lip-norm ball of radius 2 in X, is covered by

Lj B(xp, 2¢).
i=1

Now, given any sequence {x,}nen, Tn € Xy, ||zn]lL < 2, we get

cmin ||y — 2yljlu = min lim |z, — 2, =lim min |z, —2,,]] < 2e.
=1,...,n¢ =1,..,ne U U =1,...,n¢

Since any zy s.t ||zyl|pu < 1 can be realized with a sequence x,, such that
|lznllz < 2, we get that the closed Lip-norm unit ball in Xy is covered by n.
balls of radius 3e.

Then we show that the closed Lip-norm unit ball in Xy is norm complete,
hence compact. In fact let {2*},cn be a Cauchy sequence of elements of Xy,
|2*||pa < 1, and, according to the argument above, realize them via sequences
x¥ such that ||2¥||, < 1. Let us choose a diagonal sequence as follows.

Set e = sup, ;> |#* — 27||, and observe that e — 0. Then we consider the
sets Vi, C N defined as

Vi={n>k: | —ay| <20 <j <k}
Vo =N,
and observe that Viy1 C Vi, [J Vi \ Vigr = N, and since limy ||2, — || =
k>0

|27 — 2| < &, then V}, € U. Now we define the diagonal sequence as

ZINTn:l'k nEVk\VkH.

10



Then, when n € V;, and k > i satisfies n € Vi, \Vii1, we have ||z, —2% || = ||2F —
z! || < 2g;. Since n is eventually in V; w.r.t. U, ||Zy—='|| = limy || 2, —2% || < 2e;,
namely Zy is the limit of the sequence z*. Therefore ||Zy(||zu < limy ||Z, || <
1, i.e. the result.

Finally we compute the constant R. Let z,, € X, be s.t. ||z,]L = 1, ||z.]] =
R,, and consider the element xy € Xy As observed above, ||zyl/, < 1 and
|zy|| = limy R, implying R > limy R,,. Now, given yy € Xy with |lyyllz < 1,
realise it via a sequence vy, s.t. ||y, ||z < 1. By definition, ||y,| < R,, therefore

. .
[yull = lim f[yn[| < lim R,

implying R < limy R,,. The thesis follows. U

The rest of this subsection is devoted to the study of the relation between
(°(X,, W) and £°(X],U).

Proposition 2.11 Let{o, € X} be uniformly bounded, and denote by oy(xy) :=
limy o, (x,), [T,] = 2y € 5°(X,, W). Then oy is well-defined, oy € (3°(X,,, U,
and

lowllz a0 = Tim flon[7.

Proof.  Let M > 0 be s.t. ||o,||" < M, n € N. We first prove that oy is well
defined and bounded. Indeed, if [2]] = [z,] € (7°(X,,, U), then limy|o,(x]) —
on(xn)| < Mlimy ||z, — z,|| = 0. Moreover |oy(zy)| < Mlimy||z,| =
M||zy|, so that |joyl[y < M. Finally

lim o], = lim sup 122 _ gy Lnl@l
b Woapex, [[Tnlle foperren W 2l
= limy |on(2a)| _ low(z)]
= sup —_— Y = sup sup 2o
{wn}el(X,) LMy Znllz o €63 (X W) )=y 1A |l enllL
lou(zu)]

= sup

= lloullzw
Ty €45° (X, W) HiUuHL,u

where in the last but one equality we used (2.3). Note also that, in that
equality, the set of allowed elements in the supremum on the right is tacitly
assumed not to contain xy = 0, while the set of allowed elements in the
supremum on the left might also contain zy = 0, since in some examples one
may find sequences {x,} such that [z,] = 0 but limy||z,|z > 0. However for
such sequences the numerator |oy(xy)| is zero, therefore the supremum does
not change. 0

Theorem 2.12 Given a uniform sequence (X, || - ||.|l - ||lz) of Lip-spaces,
the ultraproduct (>°(X], W) of the dual spaces projects on the dual (5°(X,,, W)’

11



of the Lip-ultraproduct. Moreover, given a uniformly bounded sequence o, of
elements in X, the element oy in (X, U) gives the null functional on
(5°( X, W) if and only if limy ||y ||, = 0.

Proof.  We already observed that an element in ¢>°(X/ U) gives rise to a
functional on Xy, and since || - ||z is a norm on (Xy)', the last statement
follows from Proposition 2.11.

It is known ([19], Lemma 1, p. 77), and easy to show, that the pairing between
0>°(X!) and £>°(X,,) given by ({¢n}, {zn}) = limy ¢, (x,,) gives rise to a pairing
between ¢>°(X/,U) and ¢*°(X,,,U), hence to an isometric map ¢>*°(X/,U) —
(>(X,,U)". We are interested in the contraction 7 : = (X/, U) — (5°(X,, U)’
obtained by composing the previous isometric map with the quotient map
from £>°(X,,, W) to £5°(X,,U)". We have to show that 7 is surjective.

Given € > 0, let us choose the subspaces V,, C X,, as in Proposition 2.7; we
may also assume that all vectors in V,, have finite Lip-norm, hence the V,, form
a uniform sequence of Lip-spaces with dimension bounded by N.. Clearly the
Lip-ultraproduct Vi can be seen as a subspace of Xy of dimension at most
N, and the Lip-norm unit ball of Vy( is e-dense in the Lip-norm unit ball of
Xu.

Since the V,, have uniformly bounded dimension, ¢>(V,,,U)" = ¢>(V!,U) (cf.
[19], Theorem 2, p. 78). Now take any norm-one element ¢ € (Xy)’, restrict
it to V3 and then extend it by Hahn-Banach theorem to an element ¢ acting
on (*(V,,U). ¢ can then be identified with an element of ¢>°(V,!, U), namely
we may find elements @, € V! such that ¢ = [,], ||¢]] = limy ||@,]|’. Extend
then ¢, to an element ¢/ € X/, and set ¢’ = [¢)] € £>°(X],U). Clearly
||l < 1, hence w(¢’') = ¢7, has norm less than 1, and observe that, by
construction, ¢ and 7(¢’) coincide on V.

For any element x in Xy with [|z]; < 1 we may find z. € Vj( such that
|z — x| < e, therefore

o(z) = (@) (@)] < lp(x) — @(ze)| + () (zc) — 7()(2)] < 2e,

As a consequence,

Im(") = @l = sup [e(x) —7(¢)(2)] < 2.

lzllo<1

Choosing € = 1/2k, we may then construct sequences pf € X! such that
ok |l < 1 and, setting o = [¢k], [[7(¥*) — @[/ < 1/k. Then we construct a
diagonal sequence as in the proof of Proposition 2.10.
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Consider the sets V. C N defined as
j i || 3 . .
Vis{nzk:len—enlp < 2 i<j <k},

and observe that the V}’s are non-increasing and belong to U. Now we define
the diagonal sequence as

Gn ="  neVi\ Vi

Then, when n € Vj, and k' > k satisfies n € Vi \ Vivy1, we have ||, —
OFNL = 1l — ¢F|l%, < 3/k hence, denoting by ¢ the element in (X', U)
corresponding to the sequence @,, we get ||7(p) — m(¢*)||7 4 = limy [|@n —
ol < 3/k, hence [|m(@) =l y < |7(@) —m ("7t o —m (") 10 < 4/
By the arbitrariness of k we get 7(@) = ¢. O

2.8  Order-unit spaces

In this subsection the results obtained thus far are used to prove that a Cauchy
sequence of Lip-normed order-unit spaces converges to the Lip-ultraproduct
for any free ultrafilter, thereby providing a different proof of a result already
established by Rieffel [15], namely the completeness of the space of equivalence
classes of Lip-normed order-unit spaces w.r.t. the quantum Gromov Hausdorff
distance. In section 3 the same approach, suitably modified, will prove the
completeness of the space of equivalence classes of Lip-normed operator sys-
tems w.r.t. dy, a result recently proved by Kerr and Li (though with different
methods).

We recall now the definition of order-unit space, referring to [2] for more
details.

An order-unit space is a real partially ordered vector space, X, with a distin-
guished element e (the order unit) satisfying:

1) (Order unit property) For each a € X there is an r € R such that a < re;
2) (Archimedean property) For a € X, a <reforallr >0=a <0.

On an order-unit space (X, e), we can define a norm as

|la|| = inf{r e R: —re < a < re}.

Then X becomes a normed vector space and we can consider its dual, X',
consisting of the bounded linear functionals, equipped with the dual norm

-1
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By a state of an order-unit space (X,e), we mean a w € X’ such that
w(e) = ||w||" = 1. States are automatically positive. Denote the set of all states
of X by S(X). It is a compact convex subset of X’ under the weak*—topology.
Kadison’s basic representation theorem [2] says that the natural pairing be-
tween X and S(X) induces an isometric order isomorphism of X onto a dense
subspace of the space Afg(S(X)) of all affine R—valued continuous functions
on S(X), equipped with the supremum norm and the usual order on functions.
We denote by a(w) := w(a), w € S(X), the affine function corresponding to
ac X.

For an order-unit space (X, e), we say that a densely defined seminorm L is a
Lip-seminorm (cf. [15, Definition 2.1], where it is called Lip-norm) if:

1) For a € X, we have L(a) = 0 if and only if a € Re.

2) The topology on S(X) induced by the metric py,

pr(wi,wz) = sup |wi(a) —ws(a)| (2.4)
L(a)<1

is the weak* —topology.

We shall call Lip-normed order-unit space a complete order-unit space en-
dowed with a lower semicontinuous Lip-seminorm.

Let us recall that the radius R of a Lip normed order-unit space is defined as
half of the diameter of (S(X), pr). We now endow X with the norm

llal|z, == maX{W]‘%”,L(a)}.

In the following Proposition we prove, for the sake of completeness, some
results which are needed in the sequel, even though some of them are already
known.

Proposition 2.13 Let (X, e, L) be a Lip-normed order-unit space. Then
(1) llallo := infrer ||[@ — Ae|| = 3(maxa — mina),
(1) ||al|Lo := infrer ||a — Ae||L = L(a) = minyer ||a — Ae||L,

lallo

(#ii) R = SuP(a)£0 o)

el

(iv) R= sup |jw||y = sup |l¢lL =sup
wES(A) peA [lp]=1 a0 |lallz
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Proof. (i)

lallo = inf fla = Aef = igﬂf{wgg&) |a(w) — Al

maxa — mina

2

= irellgmax{]maxa — Al |mina — A} =

- A
lallro: = /i\Ielﬂf%Ha —Xellp = igﬂgmax{w,L(a — )\e)}

= max{inf ”“‘RMH, L@)} — max { ||C]Li|)|0,L(a)} = L(a).

AER

Because || - || is lower semicontinuous, the last equality follows.
(i)

|wi(a) — wa(a)l

diam S(X):= sup pr(wi,ws)= sup  sup
w1,w2ES(X) w1,w2€8(X) L(a)£0 L(a)
sup |wi(a) — wa(a)l max a(w)— min a(w)
— sup w1,w2ES(X) — sup weS(X) weS(X)
L(a)£0 L(a) L(a)#0 L(a)
_ oy 2l
L(@zo L(a)
(iv) Let us observe that ||e||, = R™', therefore
R= sup wie) sup [lw|7.
weS(X) lellz wes(X)
Conversely,
sup ||w||, = sup sup w(a) < sup supr(a) =R,
weS(X) wes(x)aex |lalln T wes(xyaex gl

proving the first equality.

As for the second, let ¢ € X', [|¢|| = 1. Then, from [2] I1.1.14, there are
p,0€S(X), \,pe€[0,1], \+u=1,st. o = Ap— uo. Therefore

lellz, = sup |e(a)l < sup (Alp(a)] + plo(a)l)

allL<1 llallr<1
< Ml + ulloll]

= sup |lwll,
weS(X)

giving the result.
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Finally,

() wla) _ ]

sup ||w||;, = sup sup = sup sup = :
weS(X) wes(xyaex llallr  aeXwesx) llallc  aex [lallz

OJ

Theorem 2.14 Let (X, e, L) be a Lip-normed order-unit space of radius R,
and define ||a||, := max{%, L(a)},a € X. Then (X, |||, ||-]lz) becomes a Lip-
space whose radius as a Lip-space coincides with its radius as a Lip-normed
order unit space.

Proof. As{a e X :|allp <1} ={a € X :|a| <R,L(a) <1} is compact
([13], Thm. 1.9), we get a Lip-space. The equality between the radii follows
from Proposition 2.13 (iv). O

Proposition 2.15 Let {(X,,e,)} be complete order-unit spaces, U a free ul-
trafilter. Then the ultraproduct (¢*°(X,,, W), ey) is a complete order-unit space.

Proof.  Let us recall that £°(X,,,U) := £*°(X,,) /Iy, where (*(X,,) := {{a,} :
an € Xy, [{an}|| := sup, ||as|| < oo}, and Iy := {{a,} € €°(X,,) : limy ||a,|| =
0}.

Observe that Jy is a positively generated order ideal, because for any {a,} €
Ju, there are a,4,a,— € X, 4+ s.t. a4 = apg — Ay and ||aps || < |la,||, see [2]
I1.1.2.

Therefore, by [2] I1.1.6, we only have to check the Archimedean property for
0°°(X,,, U). Assume ay < ey, for all € > 0. Then eey — ay > 0, for all € > 0,
that is there is U, € U s.t. ee, — a, > —¢ce,, for all n € U., which implies
that, for all ¢ > 0, {n € N : a, < ece,} € U. Hence, because U is free,
U ={n>k:a, < %en} € U. Clearly Uy C U, k € N, and NgenUy = 0.
Set Go = N\Ul, G = U, \ Uk+1, k e N7 and

. {||an||en n € Gy

ken n e Gk
This implies limy ||b,]| = 0, and a, — b, < 0, n € N, that is ay = limya, =
limy(a, — b,) < 0, which is the thesis. O

Proposition 2.16 Let {(X,,e,, L,)} be a uniform sequence of Lip-normed
order-unit spaces, U a free ultrafilter. Then the Lip-ultraproduct (£5°(X,U), ey)
18 a Lip-normed order-unit space.

Proof. 1t follows from Theorem 2.14 and Proposition 2.10 that (X, ey)
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is a Lip-space, with |lay||zu = inffy,1=(an} SUP, [|¥nllz- Then (X, ey) is an
order-unit space. Indeed, ¢7°(X,,) is a closed subspace of *°(X,,), containing
e :={e, € Xp}nen. So £9°(X,) Ny is a positively generated order-ideal of
(5°(X,), and arguing as in the previous Proposition, Xy = m({P(X,)) =
05°(X,) /032 (X,,) NIy is Archimedean, therefore an order-unit space.

Let us set L(ay) := infyer ||ay — Aea| L,u- Then it follows from Proposition 2.2
that L is a lower semicontinuous Lipschitz seminorm. Finally we prove that
pr induces on S(Xy) the weak*-topology. Indeed, for wy,ws € S(Xy), we have

wi(a) — wa(a)] |wi(a) — wa(a)]
prlwrwa) = sup T = S el
B lwi(a — Aey) —wa(a — Aey)| lwi(a) —wa(a)l
aX lay — Aew||zu e a2
= Jlwr — wa|7- (2.5)

Therefore py, induces on S(Xy) the weak*-topology by Proposition 2.3, and L
is a Lip-seminorm. 0

The seminorm L in the previous Proposition can be obtained more directly in
terms of the seminorms L, as the following Proposition shows.

Proposition 2.17 Let {(X,, en, L)} and U be as in the previous Proposition.
Then

(1) The Lip-seminorm on the Lip-ultraproduct of order-unit spaces gives back
the Lip-norm on the Lip-ultraproduct of Lip-spaces, namely, for any xy in the
ultraproduct,

Bl 2o (2:6)

|zl ,u = max{

(12) The Lip-seminorm on the Lip-ultraproduct is the quotient seminorm, namely

L(xy) = inf sup L,(z,). (2.7)

[zn]=2u n

Proof.  Let us first observe that

|zl

[zl

hlrin R, = Ry =sup

where we used Propositions 2.13(vi) and 2.10.

Let us now set Ly(zy) = infy, 1=z, SUp,, Ln(2,). We want to prove that, Vay €
Xu, H{@n} € (P(X,) s.t. [T,] = 2y and

h{(n |Znllz = lzull o lilan L, (%) = Ly(zy). (2.8)
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Let 7y € Xy, and, for any k € N, choose sequences x¥ realising it and such
that

Lo(e) < 1L+ Diu(e), neN (2.9)

As limu”;—m = ”;LLLH, there is U, € U s.t. ”;ﬁ” < (1+ %)%, n € Uy. Setting,
if necessary,

"o néU,
we obtain .
[l LI EI
(14 -)—— N 2.10

and {%EL} = {zF}, for all k € N. Therefore we can assume that {#*} have been
chosen in such a way that (2.9), (2.10) are satisfied.

Using (2.2) and Ly, () < ||yn]|z, We obtain Ly(zy) < |||z

Set, forall k e N, Vi = {n >k : ||z}, — 2i|| < 1,i <j <k}, Vo :=N\ Vi, and
then 7, = kiﬂxfl, n € Vi \ Vikxe1. Then, [z,] = xy. Moreover, for k,n € N, we
have, using (2.9), (2.10),

k
|2} ||, = max {LNWZ), HJJ;ZH }

1 T 1
< (v pmax{ (e, 120 < 14 D,

so that, for k € N, £ € N, £ >k, n € V; \ Vigq, we get ||Z,]L = 75llzblle <
|zl L, which implies ||Z,||. < ||zullz, for n € Vi, and limy ||Z,|| < [|zullz-
As the opposite inequality is always true, we obtain

lim [z, = flzulle.

Finally, from (2.9), for k e N, € N, £ > k, n € V; \ Viy1, we get L,(Z,) =

g%Ln(ﬂUﬁ) < Ly(zy), which implies L, (Z,) < Ly(zu), n € Vi, and limy L, (Z,,)

< Ly(zy). As the opposite inequality is always true, we obtain
lim L (Zn) = Lu(zw),

and we have proved (2.8).

As a consequence, we get equation (2.6):

[

L (T) }

|zl = lim |ZnllL = hﬁnmax{ -

||}${:L|| : han L, (Z,)} = max{ ||21;” s La(2) }-

= max{lilrin
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Let us now denote by A, the constant for which ||Z,|lo = ||Z — Anen||. Since
{Z,} is norm bounded, {\,} is bounded, hence limy A\, = Ay € R. Then

[zallo = nf lzw = Aew| < [low = Adveul] = lim ||z, — Anea|

= h’LILn ||§fn||0 S hlrln RnLn(En) = RuLu($u).

Therefore, using (2.6) for the vector xqy — Aey and the inequality above,

inf)\ Hl’u — )\euHu

L(xy) = inf |2y — Aey|pu = max{ , Ly(zu)}
x
= maX{HRu”O, Ly(zw)} = Lu(zw),
u
concluding the proof. O

Now we can prove the analogue of Theorem 2.12.

Theorem 2.18 Given a uniform sequence {(X,, e,, L,)} of Lip-normed order-
unit spaces, the ultraproduct (X!, W) of the dual spaces projects on the dual
((P(Xn, W) of the Lip-ultraproduct. Moreover, any state on (°(X,,U) can
be represented by an element of £°(X] W) given by sequences of states.

Proof.  Only the last part needs a proof, which is similar to that of Theorem
2.12, so that we only indicate the small difference.

Given € > 0, let us choose the subspaces V,, C X,, as in the proof of the cited
Theorem, but with the further request that e, € V,,, for any n € N.

Now take any ¢ € S(Xy), follow the proof of the cited Theorem until you
get elements ¢/, € X/ and set ¢ = [¢)] € £>°(X],U). In this case, since
Vi 3 en, ||€5,|l = 1, and recall that, by construction, ¢ and m(¢’) coincide on
V. Therefore limy ¢!, (e,) = 7(¢')(en) = 1. Now we may decompose ¢!, =
ant — B2 where oy, + 3, = 1, a,, > 0, 5, > 0, and !, are states ([2],
[1.1.14). Therefore we obtain «,, — 1 and 3, — 0, implying that [)}] = ¢/,
namely can be realised via sequences of states. The proof continues as in the

cited Theorem. O

Let us recall that [5], given a sequence (X, d,,) of metric spaces with uniformly
bounded radius, and U a free ultrafilter on N, the ultralimit ( Xy, dy) is defined
as the space of equivalence classes [z,], , € X,,, with distance dy([x,], [2},]) =
limy d(z,, 2!)), and it follows that [z,] = [2]] when they have zero distance.
According to Proposition 2.11, we have pr, (ou, Yu) = limy pr(@n, ¥n), there-
fore we get the following.

Corollary 2.19 Let {(X,,en, L,)} be a uniform sequence of Lip-normed order-
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unit spaces. The state space of the Lip-ultraproduct can be isometrically iden-
tified with the ultralimit of the approrimating state spaces.

Let us now recall Rieffel’s notion of quantum Gromov-Hausdorff convergence
[15].

Let (X, ex, Lx), (Y, ey, Ly) be Lip-normed order-unit spaces. Denote by M(Lx, Ly)
the set of lower semicontinuous Lip-seminorms on X ¢ Y which induce Ly

and Ly on X, Y respectively. Any L € M(Lx, Ly) gives rise to a metric pr,

on S(X @ Y). Therefore, identifying S(X) and S(Y) with (closed, convex)
subsets of S(X @ Y), we can consider the Hausdorff distance between them
w.r.t. pr, namely p¥ (S(X), S(Y)). We define the quantum Gromov-Hausdor(f
distance between X and Y by

dist(X,Y) = inf{p¥ (S(X),S(Y)): L € M(Lx, Ly)}. (2.11)

Theorem 2.20 Let {(X,, e, L,)} be a Cauchy sequence of Lip-normed order-
unit spaces. Then, for any free ultrafilter U, the Lip-normed Lip-ultraproduct
(0°(Xn, W), ex, Ly) is the limit of the sequence.

Proof. Let € > 0 be given, and let n. € N be s.t. for all m,n > n. there is
Lin € M(X,, X,,) st pf (S(X,),S(Xm)) < . Observe that, having fixed
n > n., the Lip-ultraproduct of the spaces {X,, @& X;};en naturally identifies
with X, & Xy. Therefore, X,, & Xy inherits a Lip-seminorm L,y with respect
to which S(Xy) C B.(S(X,,)) and S(X,,) C B.(S(Xu)).

Indeed, if w € S(X,), then, for all m > n., there is ¢,, € S(X,,) s.t.
PLon (W, om) < €. Set py(zy) = limyom(Tm), [Tm] = zyu (see Proposition

2.11) so that ¢y € S(Xy) and, by (2.5) and Proposition 2.11,

PLny (w7 SOU) = %iinume” (w’ Som) <e.

Viceversa, let ¢ € S(Xy), and choose, by Theorem 2.18, ¢, € S(X,,), s.t.

ow(zy) = limy pm(Tn), [2nm] = 2y, and let, for m > n., w,, € S(X,) be
St PLyn (Pm,wm) < €. Set w = lim,,_yw, € S(X,). Then, pr , (w,¢) =

3 Operator Systems

We begin by describing our operator system framework. For references see
[12].
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Definition 3.1 An operator system X is a complex vector space with a con-
jugate linear involution * : x € X — x* € X, satisfying

(1) X is matriz ordered, i.e.

(i) for any p € N, there is a proper cone M,(X)y C M,(X)n, where the
subscript h refers to hermitian elements

(i") for any p,q € N, A€ M, (C), A*M,(X)+A C M,(X)4
i1) X has a matrixz order-unit, i.e. there ise € Xy, s.t., with e? := diag(e, . .., )
M,(X)4, for any x € M,(X)p, there isr >0 s.t. x +reP € My(X)4

(i43) the matriz order-unit e is Archimedean, i.e. if v € M,(X) is s.t. v+reP €
M,(X)4, for all r > 0, then x € M,(X),.

Given operator systems X and Y we say that a linear map ¢ : X — Y is
n-positive if the map id, ® p : M, ® X — M, ®Y is positive, and if id,, ® ¢ is
positive for all n € N then we say that ¢ is completely positive. A completely
positive (resp. unital completely positive) linear map will be referred to as a
c.p. (resp. w.c.p.) map. If ¢ : X — Y is a unital m-positive map with m-
positive inverse for m = 1,...,n then ¢ is a unital n-order isomorphism, and
if v is u.c.p. with c.p. inverse then ¢ is a unital complete order isomorphism.

We denote by UC'P,,(X) the collection of all u.c.p. maps from X into M,, (the
matrixz state spaces).

Following Kerr [8], we introduce Lip-norms and matricial distances on operator
systems. By a Lip-normed operator system we mean a pair (X, L) where X is
a complete operator system and L is a lower semicontinuous Lip-seminorm on
X satisfying L(z*) = L(z). If X is a unital C*-algebra then we will also refer
to (X, L) as a Lip-normed unital C*-algebra.

Definition 3.2 Let (X, L) be a Lip-normed operator system and p € N. We
define the metric pr, on UCP,(X) by

prp, ) = sup |[lo(z) — (2]

L(z)<1
for all v, € UCP,(X),

Let (X,Lx) and (Y, Ly) be Lip-normed operator systems. We denote by
M(Lx, Ly) the collection of lower semicontinuous Lip-seminorms on X &Y
which induce Lx and Ly via the quotient maps onto X and Y, respectively.

Let L € M(Lx, Ly). Since the projection map X @Y — X is u.c.p., by [8], we
obtain an isometry UCP,(X) — UCP,(X @ Y') with respect to pr, and py.
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Similarly, we also have an isometry UCP,(Y') — UCP,(X®Y). For notational
simplicity we will thus identify UCP,(X) and UCP,(Y) with their respective
images under these isometries.

Definition 3.3 Let (X, Ly) and (Y, Ly) be Lip-normed operator systems. For
each p € N we define the p-distance

dist,(X,Y) = LeMi&l}f{ ) P (UCP,(X),UCP,(Y))

where pH denotes Hausdorff distance with respect to the metric pr. We also
define the complete quantum Gromov-Hausdorff distance

distoo(X,Y) = inf  sup p(UCP,(X),UCP,(Y)).

Proposition 3.4 Let {(X,,e,)} be operator systems, U a free ultrafilter. Then
the ultraproduct (0*°(X,,, W), ey) is an operator system.

Proof.  Denote Xy := (>°(X,,,U). It follows from Definition 3.1 (¢'), (i), (i7),
that, for any p € N, (M,(X,),el) is a complete order-unit space, so that
(M, (Xy) = €°(My(X,),U), e} is a complete order-unit space, by Proposition
2.15. Finally, for any p,q € N, A € M,,(C), from A*M,(X,)+ A C M,(X,)+ it
follows A*M,(Xv)+A C M,(Xu)+. Therefore (Xy, ey) is a complete operator

system. 0

Proposition 3.5 Let {(X,,e,, L,)} be a uniform sequence of Lip-normed op-
erator systems, U a free ultrafilter. Then the Lip-ultraproduct ((3°(X,, W), ex, L)
1s a Lip-normed operator system.

Proof. 1t follows from Propositions 3.4 and 2.16. O

Proposition 3.6 Let {(X,,, e, L,)} be a uniform sequence of Lip-normed op-
erator systems, W a free ultrafilter. Let p € N, {0, € UCP,(X,)}, {m. €
UCP,(X,)}. Define oy(ay) := limyoy,(an), au = [an] € (P(X,, W), and Ty
analogously. Then oy, 7 are well defined and belong to UCP,(Xy), and

/)Lu(Uu, Tu) = h{PﬂLn(Uan)-
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Proof.  The first part is as in Proposition 2.11. Moreover

lon(wn) — 7o (20) |l _ - Nlow(zn) — Ta(@) ||

lim On,Tn) = lim su sup lim
u an( ) u $n€§n Ln(xn) xeézo(lg(n) U Ln(xn)
— s swp Hau(_l’u) — u(zu) ||
Ty €Xu [zn]=2Y 11H1u Ln('xn)
[ow(zu) — Tu(z)|]
—= Su - o 77— Y
zl[egu Lu(xu) pLU( b U)

where in the last but one equality we used (2.8), and the consideration at the
end of the proof of Proposition 2.11 applies. O

Theorem 3.7 Let {(X,,en, L,)} be a Cauchy sequence of Lip-normed oper-
ator systems. Then (X, ew, Ly) is its limit, for any free ultrafilter U.

Proof. It is similar to the proof of Theorem 2.20, by making use of Propo-
sition 3.6, and the analogue of Theorem 2.18. O

4 Cr*-algebras

4.1 The problem of completeness

Let us consider the space of equivalence classes of Lip-normed unital C*-
algebras, endowed with one of the pseudo-distances dist,, p € NU {oo}. Kerr
showed [8] that for p > 2 it is indeed a distance, namely that if dist, (A, B) =0
then A and B are Lip-isometric *-isomorphic C*-algebras.

Our aim is to study the completeness of the equivalence classes of C*-algebras
endowed with the metrics dist,. When dist,, is considered, the limit of a
Cauchy sequence exists as an operator system. The result of Kerr implies that,
on such a space, the C*-structure, i.e. a product w.r.t. which the norm is a C*-
norm, is unique, if it exists. However, besides the mere question of existence
of such a product, we are interested in products which are approximated by
the products of the approximating algebras.

A first attempt in this respect has been made by David Kerr and Hanfeng
Li [8,11], who introduced the concept of f-Leibniz property, showing that if
all algebras in a Cauchy sequence enjoy the f-Leibniz property for the same
function f, then the limit space inherits a product structure (satisfying the
f-Leibniz property).
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We observe however that realising the limit space as a Lip-ultraproduct allows
a much more stringent characterization of the cases in which the product
structure is inherited by the limit space.

Indeed, when realising the limit as a Lip-ultraproduct, one would like to set

[#n] [yn] = [Tnyn]. (4.1)

Unfortunately it is not true in general that [z,y,] belongs to the Lip-ultraproduct,
namely has finite Lip-norm or at least can be approximated in norm by ele-
ments with finite Lip-norm. In other words, while (4.1) defines a product on
(>°(A,,U), it is not always true that (3°(A,,U) is a subalgebra of (*°(A,,U).

We then introduce the following

Definition 4.1 Let {A,}nen be a Cauchy sequence of Lip-normed unital C*-
algebras w.r.t. the dist, metrics. If U is a free ultrafilter on N, we say that
the Lip-ultraproduct {3°(A,, W) inherits the C*-structure if it is a sub-algebra
of £°(A,,W). In general, we say that the limit inherits the C*-structure if
(°(An, W) does, for some free ultrafilter U.

Proposition 4.2 Let {A,}nen be a Cauchy sequence of Lip-normed unital
C*-algebras w.r.t. the dist, metrics, and suppose {7°(A,, W) inherits the C*-
structure for a suitable free ultrafilter W. Then the sequence { A, }nen converges
to the C*-algebra (P (A, U).

Proof.  Cf. the proofs of Theorems 2.20, 3.7. O
As we shall see in Subsection 4.2, the general situation is as ugly as possible:
there are Cauchy sequences for which the limit is not a C*-algebra, and even

Cauchy sequences for which the limit can be endowed with a C*-product, but
this is not inherited from the approximating C*-algebras.

Theorem 4.3

(1) The space of equivalence classes of Lip-normed unital C*-algebras, endowed
with the distance dist,, p > 2, is not complete.

(17) There exist sequences (A, L,) converging to a Lip-normed unital C*-
algebra (A, L) for which the C*-structure is not inherited.

We are not able to characterise the Cauchy sequences for which the limit
admits a C*-product, but we can characterise those for which the C*-product
is inherited. Our condition may be seen as a generalisation of the Kerr-Li
condition.

Definition 4.4 We say that the pair (A, L) consisting of a unital C*-algebra
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and a seminorm is a Lip-normed unital C*-algebra if L is a lower semicon-
tinuous Lip-seminorm according to Section 3. (A, L) will be called quasi Lip-
normed if we drop the assumption that Lip-elements are dense, but assume
that they generate A as a C*-algebra.

Given a quasi Lip-normed unital C*-algebra, we consider the function

c(r) = sup inf ||y — "zl
||| L <1 lylz<r

where || - || denotes the Lipschitz norm defined in subsection 2.3.

Lemma 4.5 The quasi Lip-normed unital C*-algebra (A, L) is Lip-normed if

and only if

lim e(r) = 0. (4.2)
Proof.  Assume Lip-elements are dense. This means that, for any € > 0, the
open sets

Q,r)= |J Blz,e), r>0

llzllL<r
give an open cover of A. Since {z*z : ||z||, < 1} is compact, we may extract
a finite subcover, hence Ve > 0 Ir > 0 s.t. {z*z : ||z||p < 1} C Q(e,r), or,
equivalently, Ve > 0 3r > 0 s.t. £(r) < &, proving one implication.

Now assume £(r) — 0. This implies that for any Lip-element =, x*x can be
arbitrarily well approximated (in norm) by Lip-elements. Since zy can be
written as a linear combination of z*x, y*y, (r +y)*(x +y) and (z +iy)*(z +
iy), we may conclude that products of Lip-elements can be arbitrarily well
approximated (in norm) by Lip-elements. Now take two norm-one elements
x and y in the norm closure of the space of Lip-elements. Choose two Lip-
elements x., y., still with norm one, such that ||z —z.|| <e¢, ||y —ve|| < &, and
then a Lip-element z such that ||z.y. — z|| < e. We get

ley — 2| < [lzy — wepell + [lzeye — 2] < 3e.

This means that the norm closure of the space of Lip-elements is an algebra,
hence a C*-algebra. By definition of quasi Lip-normed unital C*-algebra, such
closure coincides with A. 0

Let us now compare condition (4.2) with the f-Leibniz condition. Let us recall
that (A, L) satisfies the f-Leibniz condition w.r.t. a given continuous 4-variable
function f if

L(ab) < f(L(a), L(b), llall, [l6]),  a,b€ A
Proposition 4.6 Let (A, L) be a quasi Lip-normed unital C*-algebra. The

following are equivalent:
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(1) (A, L) satisfies the f-Leibniz condition w.r.t. some function f
(17) (A, L) satisfies the condition
labll < Cllallolibll.,  abeA
for some constant C'
(131) the function (r) defined above is zero for r large enough.

Proof.  Clearly (i1) = (1), since ||a||; = max{R™!|a|,L(a)}, with R the
radius of the state space. Conversely, if we set

K= sup  f(L(a), L(b), [lall, [[o]]),

llallz<1,llbllL <1

and observe that K is finite by compactness, we get

lab]|, = max{R""||ab], L(ab)} < max{R, K}|a|[z][b]|~-

Now let us observe that (iii) means that e(ry) = 0 for some 7, namely
Sup| <1 l2°z]| L < 7o or, equivalently, ||z*z|| < rol|z||7 for any . The latter
is clearly equivalent to property (7). O

Now we characterise the existence of an inherited C*-structure. Indeed, giving
a uniform sequence A,, of C*-algebras with Lip-norms and a free ultrafilter U,
we can construct the inclusions (9°(A,, U) C By C €>°(A,, U), where By de-
notes the C*-algebra generated by ¢3°(A,, U). By the properties proved above,
By is a quasi Lip-normed unital C*-algebra.

Proposition 4.7 Let {(A,, Ly) }nen be a Cauchy sequence of Lip-normed uni-
tal C*-algebras, with functions €,, and let By the quasi Lip-normed unital
C*-algebra defined above, with function ey. Then

eu(r) = lilr(n en(r).

Proof. Given r > 0, n € N, let z,,y, € A, realise the worst element
with Lip-norm < 1 and the best approximation of z}z, with Lip-norm <
r respectively, hence ||xfz, — y,|| = ,(r), and then set x = limyx,,y =
limy Y, €(r) = limye,(r). This implies that ||z*z — y|| = e(r). An element
g € (A, W), ||9]l < r, giving the best approximation of z*z, could be
obtained as ¢ = limy g, with ||7,||r < 7, as shown in the proof of Lemma 2.9.
Since €, (r) < ||zix, — Uull —u |2z — || < eulr), we get e(r) < ey(r).

Conversely, let x € (3°(A,,U) realise the worst element with Lip-norm < 1,
and, as above, obtain it as = limy x,, ||z,||z < 1. Then let y, be the best
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approximation of = x,, with Lip-norm < r , hence ||}z, —y,| < ,(r). Setting
y = limy y,, we get |yl < r and ey(r) < ||z*z — y|| < e(r). O

Corollary 4.8 Let {(A,, Ly) tnen be a Cauchy sequence of Lip-normed unital
C*-algebras, with functions €,. The following are equivalent:

() the limit inherits a C*-structure

(17) rllrgolilﬁrl en(r) =0 for some free ultrafilter U

(i) there exists a subsequence ny, such that

lim limksup En, (1) = 0.

Proof. By the results above, (ii) amounts to saying that the quasi Lip-
normed unital C*-algebra By is indeed Lip-normed, hence coincides with
(5°(A,, W), which is therefore a C*-algebra.

(1) = (i1) For any free ultrafilter U such that {n; : k € N} € U, we have
lim lim e, (r) = 0.

r—oo U

(it) = (uii) Choose a sequence {nj}ren € U such that Jlimy, et (1) =
eu(1), and then, inductively, {ni}keN € U as a subsequence of ni_l such
that 3limy Eni (4) = eu(j). For the diagonal subsequence n; := nf, we get
limy &, (j) = eu(j) for any j. Then

limsupey,, (r) < limsupe,, ([r]) =eu([r]) = 0, r — oo.
k k
U

We observe here that, by making use of the function ¢ considered above, it is
possible to construct complete metrics on the family of equivalence classes of
Lip-normed unital C*-algebras.

Definition 4.9 Let A, B be Lip-normed unital C*-algebras, with e-functions
€a, €5, and set

dist, (A, B) := max{dist, (A, B), [[ea — s},
where the norm s the sup norm.

Corollary 4.10 dist;, p > 2, is a complete metric on the family of equivalence
classes of Lip-normed unital C*-algebras.
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Proof.  The properties of a metric are obviously satisfied. Given a sequence
Ay, of Lip-normed unital C*-algebras, Cauchy w.r.t. dist;, the corresponding
sequence &, is uniformly convergent, hence condition (ii7) of Corollary 4.8 is
satisfied, implying that ¢7°(A,,U) is a C*-algebra. By Proposition 4.2 we get
the thesis. O

4.2 Counterezamples

This section is mainly devoted to the proof of Theorem 4.3 via suitable coun-
terexamples. Also, examples showing the non-equivalence of the f-Leibniz
condition with the £(r) — 0 condition are given.

4.2.1 Ezample 1

We give here an example of a Cauchy sequence of Lip-normed unital C*-
algebras w.r.t. the complete quantum Gromov-Hausdorff distance dist,, which
does not converge to a C*-algebra.

Let us denote by € the algebra of 2 x 2 matrices, and by € the subspace of
C consisting of all matrices whose diagonal part is a multiple of the identity.
Then we let B be a C*-algebra acting faithfully on a Hilbert space X, and
denote by A the C*-algebra € ® B, acting on H = C? ® K, and by Ay the
subspace of A given by €y ® B.

Let us now assume that B is Lip-normed, with Lip-seminorm L, and define
on A the functionals

ab d —d
::max{ ata) e ,HbHL,HcHL}, a,b,c,d € B
cd 2 L 2 .
ab ) a—\ b
L" = inf , a,bc,deB
cd AR c d—\

n

Let us remark that in the following, besides the trivial case B = CI, we
shall consider the case in which B is UHF (cf. Remark 1). The existence of a
Lip-seminorm on such algebras has been proved in [3].

Lemma 4.11 L" is a Lip-seminorm on A. All these seminorms coincide on

Ap.

Proof.  Obvious. O
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Theorem 4.12 The sequence (A, L™) converges in the complete quantum Gromov-
Hausdorff distance disty, to (Ag, L').

Proof.  Let us consider the seminorms L™ on Ay & A:
L"(Ag @ A) = max{L'(Ay), L"(A),n||A — Ag|1}, Ao e Ay, AcA.
Clearly

min L"(A, ® A) = L"(A), Ijliﬁ L"(Ag@® A) = LY(Ay),
€

AoeAg

ail +a 2 a
where the first minimum is attained for Ay = (a1 +az)/ 12
91 (a11 + ag)/2

and the second minimum is attained for A = Ay. This means that L™ induces
L' on Ay and L™ on A.

Since Ay C A, UCP,(A) projects onto UC'P,(Ay), the projection being simply
the restriction to Ag: po = ¢[a,, ¢ € UCP,(A). Therefore, the distance be-
tween UC'P,(Ap) and UCP,(A) induced by L™ is majorised by the supremum,
on ¢ € UCP,(A), of the distance between ¢ and ¢y = ¢|4,. Now

Pin(po @0,0D @) = sup  |[(p, Ao — A4)|
140®A| ;<1
< sup |4 — A
‘IAO@A||inS1
< sup A — Al <5,
140® A zn <1 n

where we may take ¢ equal to the diameter of S(B) w.r.t. L. This implies that

distoo ((A, L"), (Ao, L')) < sup p2,(UCP,(Ap), UCP,(A)) <

peN

S0

i.e. the thesis. O

We prove now that Ay is not a C*-algebra up to complete order isomorphism.
To do so, we need the notion of injective envelope for operator systems, due
to Hamana [6]

Theorem 4.13 A, is not completely order isomorphic to a C*-algebra.
Lemma 4.14 The injective envelope of Ay contains A.
Proof. Let m: B(H) — J(Ag) be a completely positive projection, existing

by injectivity of J(Agp). We will show that 7 is the identity on A. Choose
b € B, and a unit vector £ in the Hilbert space K. If u denotes the injection
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of C — X such that A — A\, we may construct the map ¢ : B(H) — € given
by
u* 0 u 0
pla) = a
0 u* 0w
Let us observe that ¢ is completely positive and that when a is written as a
B-valued 2 x 2 matrix we have

o a1 Gi2 _ (f, anf) (f,alzf)
21 G22 (f, azlf) (faazzf)

We then consider the map ¢ : A € € — (A) € C given by ¥(A) = ¢(m(A®
b)), and notice that v is completely positive and, when A € €y, we have
T(A®b) = A® b, hence

(A) = (& b5)A. (4.3)
Let us show that this relation holds for any A € €. Indeed this is clearly true
when (&,0£) = 0, since a positive map vanishing on the identity is zero. When
(&,08) # 0, the map @1# is a completely positive map from € to € which
is the identity on €y and, since the injective envelope of Gy is €, it has to be
the identity anywhere. A simple calculation shows that relation (4.3) may be
rewritten as (&, (m(A® b);; — a;;b)§) =0, i, 7 = 1,2. By the arbitrariness of £
we get m(A® b) = A® b, and by the arbitrariness of b € B we get the thesis.
O

Proof.  [Proof of Theorem 4.13] Let us recall Proposition 15.10 in [12]: given
an inclusion B C S C B(H), where B is a unital C*-algebra and S is an
operator system, then B is a subalgebra of J(S). This implies that if S is an
operator system that can be represented as a unital C*-algebra B acting on
H, the immersion of B in J(B) is a *-monomorphism, namely the product
structure of S making it a C*-algebra is the one given by the immersion in its
injective envelope.

Then, posing S = J(Ag) and B = A in the same Proposition, one gets that the
product on Ag given by the immersion in J(A) is the same as that given by
the immersion in A, namely Aq is not a subalgebra of its injective envelope.
By the argument above, it is not an algebra. 0

Corollary 4.15 The space of equivalence classes of C*-algebras endowed with
the metric dists, s not complete.

Remark 1 The preceding example works well also in the case B = C. How-
ever, in the finite-dimensional case, the replacement of the distance between
state spaces with the distance between (the closure of ) pure states, like the dis-
tance dist;, considered by Rieffel in [15] after Proposition 4.9, would destroy
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the example, since the sequence is not Cauchy w.r.t. such distance. One could
therefore think that, endowing C*-algebras with the appropriate distance, com-
pleteness may follow. But this is not true, since, choosing B as a UHF algebra,
the pure states are dense, namely the mentioned replacement would have no

effect.

Let us also mention that when B = C, namely Ag = Cqy, such operator system
is mot even order isomorphic to a C*-algebra. Indeed its state space is two
dimenstonal and has the convex structure of a disc, while the only C*-algebra
with two-dimensional state-space is C3, whose state space has the convex struc-
ture of a triangle. This means that even replacing disto, with dist, the set of
Lip-normed unital C*-algebras is still non-complete.

4.2.2  Ezample 2

We give here an example of a Cauchy sequence of Lip-normed unital C*-
algebras w.r.t. the complete quantum Gromov-Hausdorff distance dist,, which
converges to a C*-algebra, but the C*-structure is not inherited.

The sequence {A, }nen is made of the constant algebra C* endowed with the
following seminorms:

_”a—b a+b

L b
n<a7 76) 2 777/( 2

=)l

where || - |2 is the Euclidean norm. It is not difficult to show that the sequence
converges, in any dist,, to the Lip-normed unital C*-algebra A, consisting of
C? with the seminorm Lo (e, 8) = [%52|. Indeed, let us consider on C* & C?
the seminorm

Lu(a,b, c,a, B) = max{Ly(a,b,¢), Luo(v, ), nla — al, nlb — 8], nle — —5 ﬁ\}.

Clearly I~/n induces L, on A, and L., on A, and, reasoning as in the previous
example, we get diste (A, As) < %

Now we compute the ultraproducts. Since we have a sequence of finite-dimensional
constant spaces, for any free ultrafilter U, the ultraproduct coincides with C3,
where we can represent any element with the constant sequence [1]. Then the
Lip-ultraproduct consists of those sequences constantly equal to (a,b,c) for
which L, (a,b,c) is bounded, i.e. ¢ = “TH’ Therefore, setting

a+

;) €Ca,BeC)

AD = {(O{,ﬁ,

the inclusion of the Lip-ultraproduct in the ultraproduct is given by A, C C3,
for any free ultrafilter U. Since Ay is not a subalgebra of C?, the limit does
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not inherit the C*-structure.

Let us remark that the previous results are not in contradiction, since the map
(a,b) € C*+— (a,b, (a+Db)/2) is clearly a complete order isomorphism, namely
Ap and A, are completely order isomorphic.

Remark 2 The previous example consists of abelian C*-algebras converging to
an abelian C*-algebra, therefore one could expect it corresponds to the Gromov-
Hausdorff convergence of the spectra. But if this were true the Lip-ultraproduct
would correspond to the ultralimit, hence would be a C*-algebra in a natural
way. This apparent contradiction is due to the fact that the approximating state
spaces (triangles) converge to the limit state space (segment) like a triangle
flattening on its base, namely the upper vertex converges to the middle point
of the basis. Therefore the spectra do not converge Gromov-Hausdorff.

4.2.3  FEzample 3

We conclude with an example of a converging sequence of C*-algebras where
the limit inherits the C*-structure, however no f-Leibniz condition is satisfied,
namely there is no function f such that all algebras satisfy the same f-Leibniz
condition. According to Proposition 4.6, it is sufficient to exhibit a converging
sequence for which the functions ¢,, are eventually zero, but converge pointwise

to a nowhere zero function infinitesimal at +oo.

As in the previous examples, the sequence will consist of a constant algebra
with varying Lip-seminorms.

The C*-algebra A is made of sequences A = {Ag}ren of 2 X 2 matrices con-
verging to a multiple of the identity.

On the C*-algebra A let us consider the (possibly infinite) functionals
141l = sup [| A}
ANl = sup k[l A
L(A) = min [[[A = AZ]].
and the dense subspace A of the elements for which L(A) < oo.

Let us observe that if |||[A — al||| < oo then Ay — al, hence

o = lim [ Ax]] < sup | 4| = [|A]. (4.4)
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Lemma 4.16 L is a Lip-seminorm, and satisfies the inequality

L(AB) < L(A)||BI[ + [|A[| L(B). (4.5)

Proof.  Clearly ||| -]|| is a lower semicontinuous norm on Ay, hence L is a lower
semicontinuous seminorm vanishing only on the multiples of the identity. Let
us observe that B := {B : |||B||| < 1} is the image of the unit ball under
the compact operator sending {Ay} — {;Ax}, hence it is totally bounded.
Consider {A : L(A) < 1,||A|| < 1}. Then [[|[A — ]| < 1 for a suitable a.
Making use of inequality (4.4), we get A € Ujy<1(ad + B), showing that such
set is totally bounded, i.e. L is a Lip-seminorm.

Concerning inequality (4.5), we have, for A, B € A, with [|A — «|| = L(A),
1B = Bl = L(B),

L(AB) < |[AB = af|| = (A = a) B+ a(B = A
< LA)|Bl + |a|L(B) < LIA)|[B]| + A L(B),

where we used inequality (4.4). O

Now we consider a new sequence of Lip-seminorms on A:

L,(A) = max{L(A),sup l,(Ax)}, n € NU{oo},
k<n
where
ab

gk = k?’]a — d‘
cd
Clearly each L, is again a Lip-seminorm, and, for finite n, it still satisfies an
f-Leibniz condition (cf. Proposition 4.6), being a finite rank perturbation of
L.

In the following we shall denote by A, the Lip-normed unital C*-algebra
(A, L,), n € NU{o0o}.

First we observe that, for any free ultrafilter U, we may identify the Lip-
ultraproduct (3°(A,, U) with A.. Indeed, given {A"},,en C A with ||A™]| <1
and L,(A") <1, we have shown that it lies in a compact set, namely limy A"
exists, and we call it A. We can therefore identify the class of the sequence
{A"} in (°(A,, U) with the class of the sequence constantly equal to A. As a
consequence the C*-structure is inherited.

Now we show that indeed {A,} converges in the complete quantum Gromov-
Hausdorfl distance diste, to As. Take on A @ A the seminorm

L,(A, B) = max{L,(A), Lo(B),n||A — B|},
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which is clearly a Lip-seminorm. It is easy to see that it induces L,, on the first
summand, the minimum being attained for By = Ay, k <n, B, = al, k > n,
with L(A) = |||A — aI|||. Analogously, it induces L, on the second summand.

As in the first example, we get

1
pin(p®0,00¢p) < sup ||A—-DB| < -,
|A®B|;n<1 n

hence

distos(Ap, Aso) < sup p2,(UCP,(A®0),UCP,(0& A)) <

peN

S -

i.e. the thesis.

It only remains to show that (A, L) does not satisfy any f-Leibniz condition,

i.e. by Proposition 4.6, that we can find an element A with finite Lip-seminorm
01/k

such that L. (A*A) is infinite. Taking A = {Ax}, Ay = / , we have
0 0

Loo(A) = L(A) =1, but Lo (A*A) = 0.
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