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Abstract

In [9] Kosaki proved an uncertainty principle for matrices, related to Wigner-Yanase-Dyson
information, and asked if a similar inequality could be proved in the von Neumann algebra setting.
In this paper we prove such an uncertainty principle in the semifinite case.
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1 Introduction

Let M, := M, (C) (resp.My sq := Mp(C)sq) be the set of all n x n complex matrices (resp. all n x n
self-adjoint matrices). Let @,11 be the set of strictly positive density matrices namely

Dy ={pe M, :Trp=1,p>0}.
Definition 1.1. For A, B € M,, 5, and p € DL define covariance and variance as

Cov,(A, B) := Tr(pAB) — Tr(pA) - Tr(pB)
Var,(A) := Tr(pA?) — Tr(pA)>.

Then the well known Schrodinger and Heisenberg uncertainty principles are given in the following

Theorem 1.2. [8, 14]
For A,Be M,s, and p € DL one has

Te(p[A, B])I%,

NG

Var,(A)Var,(B) — |Re Cov,(A, B)|> >
that implies
1
Var,(A)Var,(B) > Z|Tr(p[A,B])|2.
Recently a different uncertainty principle has been found [12, 10, 11, 9, 15].
Definition 1.3. For A, B € M,, 44, 8 € (0,1), and p € DL define B-correlation and B-information as

Corr, (A, B) := Tr(pAB) — Tr(p’BApl_BB)
I,,5(A) = Corr, 5(A, A) = Tr(pA?) — Tx(p” Ap' =" A).

The latter coincides with the Wigner-Yanase-Dyson information.
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Theorem 1.4.
Var,(A) Var,(B) — |Re Cov,(A, B)|* > I, 5(A)I, 5(B) — | Re Corr, 5(A, B)|?.

Kosaki [9] asked if the previous inequality, which makes perfect sense in a von Neumann algebra
setting, could indeed be proved. In the sequel, we provide such a proof in the semifinite case.

In closing, we mention that different generalizations of Theorem 1.4 have been recently obtained by
the authors [2, 3, 4, 5, 6, 7].

2 Auxiliary lemmas

In all this Section we let (M, 7) be a semifinite von Neumann algebra with a n.s.f. trace, and denote by
Proj(M) the set of orthogonal projections in M, and by M the topological *-algebra of T-measurable
operators. We fix p, o € M, with spectral decompositions p = fj:: Adey(X), and o = fj;o Adey(N).

Finally, we denote by A the algebra generated by the sets Q1 x s, for €1,y Borel subsets of R,
and observe that o(A), the o-algebra generated by A, coincides with the Borel subsets of R2.

Lemma 2.1. Let a,b € MNL*(M, 7). Let prap(Q1 x Q2) 1= 7(e,(Q1)a*es (Q2)b), for Q1, Qe Borel subsets
of R. Then i, extends uniquely to a bounded Borel measure on R2.

Proof. For Q C R Borel subset, x € L2(M, 1), let P(Q)z = €,(Q)z, Q(Q)x := ze,(Q). Then, P,Q are
commuting Borel spectral measures on L?(M,7), and their product P ® Q(2; x Q) := P(Q1)Q(22)
extends uniquely to a Borel spectral measure on R? ([1], Chapter 5). Observe that p.,(21 x Q2) =
7(P ® Q(21 x Q2)(a*) - b), and, if {A,} is a sequence of disjoint Borel sets, then P ® Q(UA,)(a*) =
>, P ® Q(A,)(a*) converges in L?(M, 1), so that 7(P ® Q(UA,)(a*) - b) is well defined. So piqp =
7(P® Q(-)(a*) - b) is the desired extension.

Observe now that (i, is a bounded Borel (complex) measure on A. Indeed, with A € A,

|tab(A)]* = [7(P ® Q(A)(a") - b)]* < [|P ® Q(A)(a™) 2 [bll 2 < llall2][bll -

Therefore, by [13] Corollary 4.4.6, there is a unique extension of j4p to a bounded (complex) measure
on o(A), the o-algebra generated by A, i.e. the Borel subsets of R2. O

Lemma 2.2. Let a,b € M N L*(M, 7). Then

. 4 .
(1) fab = iZk:l(_Z)k/‘aHkb,aHkb’
(it) if 0 = p, paa 1S a real positive measure,
(#i1) if a,b are self-adjoint, Re pqp = Re tpq -
Proof. (i) is standard.

(17) Let Qy, 9 be Borel sets in R, and set e; :=¢€,(2;), j = 1,2. Then piqq(1 x Q2) = 7(e1a*e2a) =

7((ezaer)*esaer) > 0, and the thesis follows by uniqueness of the extension from A to o(A).

(73¢) Let Q4,99 be Borel sets in R, and set e; := e,(21), e2 := €,(£22). Then Re pqp(Q1 x Q2) =
ReT(ejaeab) = ReT(besaer) = ReT(e1besa) = Re pipa (21 X 2). O

Lemma 2.3. Let a,b € M N L*(M,7). Let g,h: R — C be bounded Borel functions. Then

T(g9(p)a / / y) dpap (T, y).

Proof. We use notation as in the proof of Lemma 2.1. Let s = E?Zl SiXA;, t = Zle tjxm,; be simple
Borel functions. Then

h k k
o)) = 33 sityrea (9)a (08 = 33 sity (P © QU x By)(a) )

i*lj*l i=1 j=1

—ZZst //XA x B; dftab = // y) dpap(z,y).

i=1 j=1



Let now g, h be bounded Borel functions, and {s,,}, {¢»} sequences of simple Borel functions such that
Sm — g, tn, — h and [s;,] < g, |[tn| < |h|. Denote rp(z,y) := sn(x)t,(y), k(z,y) := g(z)h(y). Then,
by ([1], Theorem V.3.2), s,(p)a*t,(0) = P ® Q(r,)(a*) — P ® Q(k)(a*) = g(p)a*h(o) in L*(M, 1), so
that 7(s,(p)a*t,(o)b) — 7(g(p)a*h(c)b). Moreover, [[r,dua — [[ kduay, because pqp is a bounded
measure. The thesis follows. O

Lemma 2.4. Let a,b € MNL*(M,7), p€ L*(M,7)+, B € (0,1). Then
7(pa*p' =) = //[ . 2yt P dpay (2, y).
0,00

Proof. Let n € N, and set

fn(x)i{x’ s f(x)z{””’ e

0, else 0, x<0.

Then
(o)’ 0 fa(@) 0 = [ Ful@) Fu(9)" dptan(a.y).

Observe now that f,(p)? — f(p)? = p® in LYP(M,7), so that f,(p)?a* fn(p)*=Pb — pPa*p'=Pb in
LY (M, 7), which implies
T(fa(p)?a” fulp)'~7b) — 7(pa*p'~7b).

Moreover, in case 0 = p, pqq is a positive measure, so that, by monotone convergence,
J e T R R R R TN}
R2 [0,00)2

Therefore, the thesis holds for a = b. By polarization (Lemma 2.2 (7)) the result is true in general. [

Lemma 2.5. Let a,b € M N L*(M, 7). Then,

1= flaa @ fpb + fob & faa — 2Re ftap @ Re fiap
is a real positive Borel measure on R*.

Proof. Indeed, if Qi,...,Q4 C R are measurable subsets, and E; := e,(2;) € Proj(M), j = 1,3,
E; :=e,(Q;) € Proj(M), j = 2,4, then

w(Qy X - x Qy) = 7(Era* Esa) - T(E3b* Eqb) + 7(Esa™Eya) - T(E1b* Eob)
— 2ReT(E1a"Eqd) - ReT(E3a™ Eyb)
> r(Eva* Esa) - 7(Esb* Eub) + 7(Esa* Esa) - 7(E1b* Eob)
— 2|7 (Era” E9b)| - |T(E3a™E4d)|.

Moreover,

‘T(Ela*EQb)‘ = ‘T((EzaEl)*Englﬂ
< 7((EyaEy)* EyaEy) 21 ((BobEy )" EbEy )
= T(Ela*Ega)1/2 . T(Elb*EQb)l/Q.

1/2

Therefore, setting oy := T(Ela*Ega)1/2, 061 = T(Elb*EQb)1/2, = 7'(E3,(1*E4a)1/27 Bo = T(Egb*E4b)1/2,
we have (1 X -+ x Q4) > a?B2 + a3? — 2a1 810262 > 0, and the thesis follows by standard measure
theoretic arguments. O



3 The main result

Let (M, 7) be a semifinite von Neumann algebra with a n.s.f. trace. Let w be a normal state on M, and
pw € LY(M, 7)4 be such that w(z) = 7(p,z), for € M. Then, for any A, B € M, 3 € (0,1), we set

Definition 3.1.
Covy, (A, B) := w(AB) — w(A)w(B) = 7(puAB) — 7(puA)T(puB),
Var,, (A) := Cov, (A, A) = w(A?) — w(A)? = 1(puA%) — T(puA)?,
Corry, 5(A, B) := 7(p, AB) — (p Apl " B),
Lo,p(A) i= Corry 5(A, A) = 7(pA?) = T(pS Apl " A).
Proposition 3.2. Let Ay := A —w(A)I, By := B —w(B)I. Then
Covy, (A, B) = 7(pwAoBo),
Corr,, 5(A, B) = 7(p,AoBo) — 7(p2 AopL =" By).
Theorem 3.3. For any A, B € My, 0 € (0,1), we have
Var,,(A) Var,, (B) — | Re Cov,, (A, B)|* > I, 5(A) L, s(B) — | Re Corr,, 5(A, B)[*.
Proof. To start with, let us assume that A, B € M N L?(M, 7). Set
J := Var,(A) Var,,(B) — |Re Cov,, (A, B)|* — I, s(A)I, s(B) + | Re Corr,, 5(A, B)|?
= 7(puA2) - (o2 BopL P Bo) + 1(puB2) - T(p2 Aopl P Ag) — T(pP Aopl P Ag) - T(pP Bopl P By)
— 2Re7(p, Ao Bo) - Re7(pl Aopls? Bo) + (ReT(pl Aopl; " Bo)) .
Then, using Lemma 2.4 and symmetries of the integrands, we obtain

F1 1= 7(puAl) - T(p2Bopl, P Bo) + T(pwB3) - (5 Aopls P Ag) — T(p2 Aopl P Ao) - T(p Bopl " By)

= /[0 i )\1)\§/\}1_ﬁ d,U/Avo ® KBy By ()\1, AP )\4) + /[0 ; )\3)\?A;_ﬁ d,U/AoAD ® (LB, By ()\1’ o )\4)

_/[O )4 )\?)\;_ﬁAg)\}l_B dMAOAO ®MBOBO<)\1""’)\4)
,00

1 - - BBy 1-
:5/ 4((A1+A2)A§A}l T NP (s + M) — 20000 B)duAOAO®MBOBU()\1,...,/\4)7
0.00)

_ _ 2
Fy :=2Re7(p,AoBo) - ReT(p? Aopl P By) — (ReT(pngpi} ﬁBO))

:2/[ 4>\1)\§)\}1_5dRequBo ®@Repa,n,(AM,y---5 A1)
0,00)

_ /[0 ; NALTBNNL A Re piay 5y ® Re pag e (M- - -5 As)

1 _ _ _ _
- 5/ ) (()\1 F )N MNP (s + M) — 2000 PA0NS f’) dRe fia, B, @ Re gy (AL - -5 Aa).
[0,00)

So that, using the notation of Lemma 2.5,

1 _ _ _ _
F=F—F, = 4/[ 4(()\1 + )N M (s 4 M) — 209NN 5) dp(M, .. M)
0,00)

Since y is a real positive measure on [0, 00)*, because of Lemma 2.5, and
O+ A7+ XA (g + M) — 2090 PAN 7P
= (A2 = AATONNTT AT s + 0 = AN ) 2 0,



we get F > 0, which is what we wanted to prove.

Finally, to extend the validity of the inequality from M, N L2(M,7) to My, let us observe that

Mso N L2(M, 7) is o-weakly dense in My,, and a € M — 7(pyab), b € M — 7(pyab), a € M
7(p?ap'=Pb), and b € M +— 1(pPap'~Pb) are o-weakly continuous. O

Remark 3.4. Observe that, reasoning as in [9] Theorem 5, one can prove that the function

g(B) := Var,(A) Var,,(B) — | Re Cov,, (4, B)|* — I, 35(A) L, 5(B) + | Re Corr,, 5(A, B)|?

is monotone increasing on the interval [%, 1). Therefore, the best bound in Theorem 3.3 is given by
8= %, i.e. by the Wigner-Yanase information.
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