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Abstract

Let N be a statistical manifold of density operators, with respect to
a n.s.f. trace 7 a on a semifinite von Neumann algebra M. If S? is the
unit sphere of the noncommutative space LP (M, 7), using the noncommu-
tative Amari embedding p € N — p!/? € SP, we define a noncommuta-
tive a-bundle—connection pair (F¢, V%), by the pull-back technique. In
the commutative case we show that it coincides with the construction of
nonparametric Amari-Centsov a-connection made in [8] by Gibilisco and
Pistone.

1 Introduction

Information Geometry is the theory of statistical manifolds, that is of manifolds
whose points p can be identified with density functions with respect to a certain
measure . The classical references for the theory can be found in the books
[1, 2, 4, 15, 19].

The noncommutative version of the theory has been developped by some au-
thors. For example noncommutative versions of Amari-Centsov a—connections
have been proposed in the literature [10, 11, 12, 13, 20, 21].

Recently a nonparametric version of the commutative theory has been pro-
posed (see [8, 24, 25]). One of the most important results obtained in [8] is
that the a—connections can be defined for @ € [—1, 1] also in the nonparametric
infinite-dimensional case. More precisely one shows that the right definition is
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that of a—bundle—connection pair (F*, V): this means that, generally speaking,
the a—connection is not defined on the tangent space of the statistical manifold
N but on a suitable vector bundle ¢ — N. For a € (—1,1), and p := %,
the pair (F%, V¥) is simply (isomorphic to) the pull-back of the Amari embed-
ding p — pr € SP, where S? is the unit sphere of the (commutative) LP space
equipped with the natural connection that SP has as a submanifold of LP.

One of the merits of this approach (besides the nonparametric feature) is
that it shows that the notion of duality introduced by Amari is exactly the LP-
space duality (or Orlicz space duality, if one has to deal with exponential and
mixture connections).

The purpose of this paper is twofold. On the one side we show that the
construction of the a—connection, for a € (—1,1), made in [8] is based on
the fact that the commutative LP space are uniformly convex with dual space
uniformly convex. On the other side, when the costruction of [8] is seen at this
abstract level, it is natural to conjecture that a similar construction can be made
for statistical manifolds of density operators. Indeed this is the case: we show
that the a—bundle—connection pair can be defined also on an arbitrary statistical
manifold of density operators. One should note that also in the noncommutative
case our approach is fully general and nonparametric: this means that we do
not have to restrict to the matrix case but we can deal with manifolds of density
operators respect to a normal, semifinite, faithful trace 7 on a semifinite von
Neumann algebra M.

In a subsequent paper we will compare our approach to noncommutative
a-connections with the other ones appearing in the literature.

2 Uniformly convex Banach spaces

In this section we review, for the reader’s convenience, some results on the
geometry of uniformly convex Banach spaces, needed in _the sequel. In the first
part of this section we consider real Banach spaces. X will denote the dual
space of X and SX the unit sphere of X. If L € X and z € X we will write
(L,x) = L(x).

Definition 2.1. We say that x is orthogonal to y, and denote it by = L y, if
llz]] < ||z + Ay||, for any A € R. Moreover, if A C X, L A means = L y, for
any y € A.

Definition 2.2. The duality mapping J : X — (P()Z') is defined by
J(z):={ve X :(v,z)=|z]* = |v]*}.

By the Hahn-Banach theorem J(z) # @, for any x € X. We say that X has the
duality map property if J is single-valued. In this case we set Z := J(z).

Definition 2.3. We say that X has the projection property if for any closed
convex M C X and any x € X there is a unique m € M s.t.

le —m]| = inf{||z — 2| : 2 € M} = d(z, M).
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In this case we define mp/(z) := m.

Definition 2.4.

(i) X is strictly convex if all the points of SX are extreme points (i.e. on S¥
there are no intervals).

(i1) X is uniformly convex if for any ¢ > 0 there is § > 0 s.t. z,y € S and
[££2]] > 1 — & implies |z — y|| <e.

(#4¢) X is uniformly smooth if for any € > 0 there is § > 0 s.t. ||z| > 1, |ly|| > 1,
and [lz — y[| < e implies ||z +y|| = [lz[| + [ly] — ellz — /.

Proposition 2.5.

(#) X wniformly convex implies X strictly convex.

(ii) X uniformly convez (resp. uniformly smooth) implies X uniformly smooth
(resp. uniformly convez).

Proposition 2.6. ([6], p. 25) Let z, y € X, f € X, a € R. Then

(i) = L ker(f) is equivalent to |f(x)| = || f]l||=]-

)zl (ax+y) <— thereisfes)z st flz) =« and o = — £,
fl@)

(iii) = L (az +y) = |o| < 14

[l
Proposition 2.7. Let X and X be uniformly convex Banach spaces. Then
(i) X has the projection property.
(i) X has the duality map property.
(7i1) x L ker(Z).
(iv) If M := ker(), then mp(v) = v — ggm
Proof. (i) See ([22], page 363).
(i) X is strictly convex, and this implies that J is single-valued.

(#i1) As [{(Z, z)| = ||Z||||z||, applying Proposition 2.6, (i), we get & L ker(Z).
(iv) We want to prove that ||[v — mp(v)|| < |Jv — z]|, for any z € M. Since

lo = mar(0)| = [[{E, v) H;HQ =10l ‘< HiII ”>'

]

we may reduce to the case ||z|| = ||Z|] = 1. So we have to show that [(Z,v)| <
lv — z||, for any z € M. Fix z € M, and set o := —(Z,v), y := v — z. Then
ar+y=—(z,v)x+v—2z=mpy(x)— 2z € ker(Z), since mp(x), z € ker(Z) = M.
It follows from (7i7) that L ax + y, so that, by Proposition 2.6, (iii), we have
la| < L2l that is |[(,v)] < [lv — 2. O

[

Remark 2.8. Now remember that if M is a Banach manifold and N C M is
a submanifold, then for any p € N there is a splitting of the tangent space
T,M=T,N@®V and a projection operator m, : T, M — T,N. Moreover if there
is a connection V on M, one gets a connection V’ on the submanifold N, by
setting V' := 1o V.
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Proposition 2.9. Let X, X be uniformly convexr Banach spaces. Then
(i) SX is a Banach submanifold of X .
(ii) T,SX, the tangent space to SX at x € SX, can be identified with ker(%).

(iii) The projection operator 7, : T, X — T,S™ is given by m,(v) = v — (Z,v)x.
Using this projection, the trivial connection on X induces a connection on S,
that we call the natural connection on SX.

Proof. (i) Since X is uniformly convex, we have that X is uniformly smooth,
so that the norm is a uniformly strongly differentiable function ([16], p. 364).
(#¢) The hyperplane {v € X : (Z,v) = 1} is evidently the unique supporting
hyperplane at SX in z. Therefore ker(Z) := {v € X : (Z,v) = 0} can be
identified with the tangent vector space T,SX.

(#i¢) This is simply a rewriting of Proposition 2.7 (iv) in a particular case, and
of Remark 2.8. O

Now suppose that X is a complex Banach space. We denote by Xp the
same space considered as a real Banach space. Let L € X, then v € Xg —
Re L(v) € R defines an element of Xg. The map L € X — ReL € Xg is a
bijective linear isometry ([16], p. 179, 344). We have therefore on X a complex
duality mapping * — Z, and the real duality mapping is given by z — Rez.
Correspondingly we have that the supporting hyperplane at € SX is given
by {v € X : Re(Z,v) = 1}, and therefore the tangent space 7,5~ is given by
the real Banach space M = T, 5% = ker(ReZ) = {v € X : Re(#,v) = 0}. The
projection formula is 7w (v) = v — Re(Z, v)x.

3 «a-connections for commutative statistical man-
ifolds

In this section we summarise some of the results of [8] in the light of the abstract
setting of section 2. Let (X, X, i) be a measure space. We give the following
Definition 3.1. If o € (—1,1), set p := 2. Lk = LE(X, X, p) :== {u: X —
R : wis X-measurable, [, |u[’dy < oo}, for p € [1,00). The unit sphere is
denoted by S? := {f € Lg : |lull, =1}. M, :={p e L :p>0,[p=1} For
any p € M, we set F§ = L(p) := {u € Ly(X, X, pp) : [ updp = 0}. Tf p > 1
Wedeﬁne;ﬁby%—i—%:l.

A calculation shows that the duality map is given by u € LY — @ =
[Jul|27P sgnulu|? € Lf{. Therefore, if p € 9M,,, we have that p'/? € SP and
pl/P = pl/P € SP. The spaces L% are uniformly convex, so the results of sec-
tion 2 are applicable. For the tangent space of SP at p'/? we have TynSP =
{u e LE : [up'/Pdu = 0}. We denote by VP the natural connection on SP in-
duced by the trivial connection on Lf,. Observe that the isometric isomorphism
I u e LR(X, X, 1) — up™ /P € LE(X, X, pp) sets up a bijection between Lf (p)
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and Tpl/pSp.

Let N C 9, be a statistical model, equipped with a structure of a differential
manifold. Consider the bundle-connection pair on SP given by the tangent bun-
dle and the natural connection (7'S?, V?). Making use of the Amari embedding
A% :p e N — pt/P € SP, we may construct the pull-back ((A®)*TSP, (A%)*VP)
of the bundle-connection pair (T'S?, V?) to N. This means that the fibre over
p € N of the pull-back bundle is given by 7,1/, S?. Consider now F* := Up,en3y.
Using the family of isomorphisms 1%, p € N, it is possible to identify F with
the pull-back bundle (A%)*T'SP. One can also transfer the pull-back connection
(A*)*VP using this isomorphism. We denote by V¢ this last connection on the
bundle F¢.

Theorem 3.2. Consider the bundle-connection pair (F*,V*), a € (-1,1),
on the statistical manifold N. Then V< coincides with the Amari-Centsov a-
connection.

Proof. See [8]. O

Obviously one may also define a “complex” version of the a-connections. Let
LP = LP(X, X, 1) == {u: X — C: u is X-measurable , [ |u|P < co}. Introduce

the function
ﬁ ze€C,z#0
sgn z :=
0 z=0.

The duality mapping in this case has the form @ := ||u||12,_pngu|u|%. The
tangent space is T,1/,S” = {u € LP(u) : Re [ up'/Pdy = 0}. In this case we
set L (p) = {u € LP(X, X, pp) : Re [ updp = 0}, with the isomorphism still
given by IP(u) = up~'/P. The rest of the construction applies directly and we

have therefore a “complex” bundle-connection pair (F%, V%), on any statistical
manifold N C 9,,.

4 Noncommutative LP-spaces

We recall in this section the construction of noncommutative LP-spaces on a
general von Neumann algebra, following the approach by Araki and Masuda [3,
18]. Moreover we prove a result that we need in the next section. Observe that
there are different approaches to noncommutative integration [5, 9, 14, 17, 30].
Let, therefore, M be a von Neumann algebra, which is standardly represented
on H, that is ([28], 10.23) there are a conjugation J : H — H and a selfpolar
convex cone ‘B C I s.t.

(1) the mapping j(z) := Jz*J is a *-antiisomorphism j : M — M’, which acts
identically on the centre of M,

(i1) E € P= JE=¢,
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(130) xJxJP C P for any x € M.

Recall that two standard representations of M are unitarily equivalent ([28],
10.26), and if ¢ is a (normal semifinite) faithful weight on M, then its GNS
representation is a standard representation of M. Let us denote by W (M) the
set of normal semifinite weights on M, and Wy (M) the subset of the faithful
ones. Take a p € W;(M), and denote by N, := {x € M : ¢(z*z) < oo}, and by
(T, Hy,1m,) the GNS triple. Then the LP-space w.r.t. ¢, denoted by LP (M, ¢),
consists of the closed densely defined linear operators 7' on H s.t.

(7) TJofi/p(y)J D JyJT, for any y € MY := {y € N, : t € R — 0 (y) is an
analytic function},

(i) | Tllp.p = SuPseman ay<1 I1T17 21 ()27 < oo.

For any T' € LP(M, ) there is a unique normal positive linear functional
¥ € M4, and a partial isometry w € M s.t. w*w = s(v), the support projec-
tion of ¢, and T = wA}pf , where Ay, is the relative modular operator. We
have that LP(M,¢) is a uniformly convex Banach space, if p € (1,00), and
LY (M, ) = M., L*(M,p) = 3, L™(M, ) = M, and LP(M,¢) = L?(M, p),
where 1 + 1 = 1. Besides, if @9 € Wy(M) is a different nsf weight, then
LP(M, ¢g) and LP(M, ) are isometrically isomorphic, and the isomorphism is
given by IZ wAi)/gf € LP(M,p) — qull)/ﬁ] € LP(M,p0), Y € Myuy, we M a

-0 Looe
partial isometry.

[l

We want to give an explicit formula, that we use in section 5, for this iso-
morphism, in the particular case when ¢y commutes with ¢, which means that
there is a positive selfadjoint operator p€M¥, with supp(p) = 1, s.t. o = ©ps

where @, (x) := lim._,o gp(pi/zxp;m) and p. := p(1+¢ep)~t € M¥. Then
Proposition 4.1. Ay, = Ay, Jp~'J, so that 1P = 1, T e LP(Mp) —
TJp~YPJ € LP(M,p,).
Proof. We will be using Theorem C.1 of [3] repeatedly. It follows from (loc.
cit. eq. (C.5)) that AfotwA;Zfb = (D¢ : Dy,)iJs(¥)J, and (D¢ : Dp,); =
p~, by ([27], 4.8). As supp(Ayy) = supp(A,,y) = Js_(w)J7 we get Af;/} =
Agp¢pit. Observe thatlp and AM{ commute, as A?Zw“é;ff =of (p**)Js(¢)J =
p*Js()J, so that Al p* = p*Js(y)JAY, = p"Al,. Therefore A, 4 =
Agyp. Now from (loc. cit. eq. (85)) it follows that A;; = JoypDypydy,, and
analogously with ¢, in place of ¢. As from (loc. cit. eq. (C.12)) Jop = Jy,p =
s(¥)J, we get
—1 *
By, = T, B, Jo,0

= s(V)JApy Js(V) I pJ = Jpp Dy gy pJ

_ A-1

= AWJJ,OJ

and the thesis follows. O
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Example 4.2. If M is a semifinite von Neumann algebra and ¢ = 7 is a nsf
trace on M, then any ¢y commutes with 7, and L? (M, 7) coincides with the LP-
space defined in [7, 23, 26]. Besides o =7, € M, iff p € L* (M, 7)4 ([18], 7.1).
Moreover for any 1 = 70 € M, with T € L*(M, ), then Ay, = T. Indeed
Al AT = (D¢ : Dr)y = (D7p : D7) = T™. Therefore, if ¢o = 7, € M.y,

then the isometric isomorphism is given by the map I? : u € LP(M,7) —
uJp=t/rJ € LP(M,1,).

Example 4.3. Let us assume now that M = B(H) is a type I factor, and
7 is the ordinary trace. Then LP(B(H), ) is the von Neumann-Schatten class
LP(H). Let (H,,mr,7m,) be the GNS triple of 7, H, = L*(H), J.n,(z) = n.(z*),
for any * € M, = L?(H). We want to express the modular operators relative
to a normal positive linear functional ¢ € M,,. Recall that ¥ = 7,, with
o € LY(H)y C M. Then its GNS representation is (H, , 7, ,7.,), where
H,, = H,, 0o, (x) = ne(xo/?) = J.o2Tm(x), 2 € N, = {2z € M :
T(x*z0o) < oo}, Jr, = Jrsupp(o), and, if ¢ = 7, € M,y is a normal faithful
positive linear functional, then A, ;. = oJ.p 1, as

1/2 _ *\ * 1/2
AT(CT,,UT,) (@) = Jonr, (27) = Jrne (270 / )
= 01/2J'r77'r(m*) = ‘71/2777(55)
= 01/2J7p_1/2JT77Tp (x).
Therefore the proof of the above proposition simplifies considerably.

Example 4.4. In case H = C" is finite dimensional, that is M is the full matrix
algebra of n x n complex matrices, and 7 is the ordinary ngrmalised trace, the
Hilbert space of the GNS representation is given by H, = C™ | with orthonormal
basis {e;;}, whereas M (which is generated by the matrix units {usr}) acts on
H, as 7 (unk)eij = Okien;, and the cyclic vector is & = Y1 | e;;. Then J; is
given by the antilinear extension of the map ey, — exp. The LP-spaces are given
by LP(M,T) = m; (M) with the LP-norm, whereas, for ¢ = 7, € M, a faithful
(normal) positive linear functional, LP(M,1,) = {n (X)J.p~Y/PJ, : X € M}.

5 «a-connections for statistical manifolds of den-
sity operators

This section contains the main result of the paper.

Definition 5.1. ([18], Theorem 1) On L(M, ) one defines an integral as

[ e = i, ). 70,0,

where the limit is taken in the *-strong operator topology of the unit ball of
NZ". Observe that, if ¢ € M.y, the previous formula simplifies in [Tde =
(|71 2w*E,, |T|/2€,), where T = w|T| is the polar decomposition, and &, € 3
is the GNS vector of ¢.
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Remark 5.2. For p € (1,00), T € LP(M, ), S € LP(M, p), then T'S € L*(M, p)
and the duality between LP(M, ) and LP(M, ) is given by (T, S) = [ T*Sde.

Let M be a semifinite von Neumann algebra, 7 a nsf trace on M, and
Tp € My, as in example 4.2.

Definition 5.3. Introduce the set M, := {p € L' (M, 7)4 : supp(p) = 1, ||p|]1 =
7(p) = 1}, which, by the Pedersen-Takesaki theorem ([27], 4.10), is in bijective
correspondence with the set of normal faithful states of M.

Definition 5.4. We call any N C 9, a statistical model, whereas we call
statistical manifold any statistical model which is also a Banach manifold. Let
N be a statistical manifold, and define the Amari map A% : p € N — p'/P € SP,
where p = ﬁ, and a € (—1,1). Define F* 1= UpenTy, where I 1= {v €

LP(M,7,) : Re [vdr, = 0}.

Theorem 5.5. Let N be a statistical manifold of density operators w.r.t. (M,T).
Then F* is a vector bundle on N, and, using the pull-back by the Amari em-
bedding, we may define an a-connection V< on F¢. In this way we obtain the
noncommutative a-bundle-connection pair (F¢, V).

If M is commutative, this construction reduces to the construction of the non-
parametric Amari-Centsov a-bundle—connection pair (F%, V%) of Theorem 3.2.

Proof. Denote by S? := {T € LP(M,7) : ||T||, = 1} the unit sphere of L (M, 7).
As we have seen, the noncommutative LP-spaces are uniformly convex, with
uniformly convex duals, if p € (1,00), so that the results of Section 2 apply.
As SP is a Banach submanifold of LP(M,T), there is a splitting of the tan-
gent space T,LP = T,SP @& V, as in Remark 2.8, and a continuous projection
mp » T LP — T,.SP. Using m we define the natural connection VP on SP by
the formula V? := 7 o V, where V is the trivial connection on LP(M, 1) (see
Proposition 2.9).

Using the Amari map, we can pull the natural connection on SP back to
N, and obtain a bundle-connection pair ((A*)*TSP,(A*)*VP). The fibre of
(AP)*T'SP at p € N is isomorphic to T},1/,S?. We have in general that the

duality mapping in LP(M,7) is given by T = w|T| € LP(M ) = T :=

1-2 2
ITllp "w|T|7 € LP(M,7). Indeed ||T||p = |ITll, "r(TI)? = |Tllp, and
() = | P (T wrwlT)) = ||T||p A(IT1?) = |T|2. Therefore pi/o =
pY/?P, and T,1/,SP = {u € LP(M,7) : Re [up'/Pdr = 0}. Now we need the
following

Lemma 5.6. The isometric isomorphism Ig(u) = uJp P J of section 4 sets
up a bijective correspondence between {u € LP(M,7) : Re [up*/Pdr = 0} and
{ve LP(M,7,) : Re [vdr, = 0}.

Proof. Observe that the thesis follows from the formula [wvdr, = [ up'/Pdr, if
v = uJp~Y/PJ, that is what we are going to prove. On identifying H, with
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L?(M,T), we get &r, = pt/2, and Jp_1/2pJ§Tp = Jp= 12 Jpl/2 = pl/2P Indeed
p~ /2P is r-measurable, and J becomes the *-operation on L2?. Therefore

/ vz, = (|u V2w Tp~ V2P JEr Jul 2 Tpm P JE )

— (|u|1/2u)>kp1/2;57 |u|1/2p1/2ﬁ)
= 7(p!/*Pup!?P) = 7(up'/?) = /w”ﬁdr

O

Using the previous Lemma, the fibre of (AP)*T'SP at p € N is isomorphic

to 55 := {v € LP(M,7,) : Re [vdr, = 0}. Using this isomorphism we may
transfer the pull-back connection (A%)*V? on the bundle F* to get a bundle-
connection pair (F*, V*) over N, for any o € (—1,1).

If M is commutative, then, by e.g. [29], there is a measure space (X, X, u) s.t.
LP(M, 1) = LP(X, X, ), for p € [1,00], and 7(T) = [Tdr = [, T(x)du(x), for
T € L'(M, 7). Therefore the previous construction reduces to that of Theorem

3.2, and this concludes the proof of Theorem 5.5. O
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