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Abstract. The theory of non symmetric Dirichlet forms is generalized to the non
abelian setting, also establishing the natural correspondences among Dirichlet forms,
sub-Markovian semigroups and sub-Markovian resolvents within this context. Some
results on the allowed functional calculus for closed derivations on Hilbert algebras are
obtained. Examples of non symmetric Dirichlet forms given by derivations on Hilbert
algebras are studied.

Introduction.

The theory of non commutative Dirichlet forms, which originated from the pioneer-
ing examples of L. Gross [G] and the general analysis of S. Albeverio and R. Hgegh-
Krohn [AH] (see also [AHO]), has nowadays drawn a renewed interest between re-
searchers ([DL1], [DL2], [DR], [D3], [Sa], [GL] and [Ci]). There are different reasons
which, in our opinion, explain (and justify) the recent activity in this area. On the one
side the presence of a feed-back effect due to the increasing ability showed by the com-
mutative theory in handling successfully analytic and probabilistic problems during the
last fifteen years ([AR], [AMR], [MR], [D2], and ref. therein). On the other side the
great recent development of other new branches of mathematics such as A. Connes’
non commutative geometry ([Co] and ref. therein) and quantum probability ([Pal,
[AW] and ref. therein) within which the theory of non commutative Dirichlet forms
naturally fits. Let us remark that up to now all works on non commutative Dirichlet
forms treated the generalization to a non abelian setting, possibly in the non tracial
case (see [Ci], [GL]), of the symmetric classical theory (see [F]).

In this paper, we develop the general theory of non symmetric Dirichlet forms on a
semifinite von Neumann algebra .A. This means that we study sesquilinear forms on the
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Hilbert space L?(A, 7), requiring only the so called “weak sector condition” , which, at
the form level, roughly means the antisymmetric part of the form must be controlled by
the symmetric one. In this sense our work can be seen as a non commutative extension
of the theory of Dirichlet forms as it has been recently presented in [MR], where this
condition is assumed from the very beginning. It is worthwhile to notice that these
authors are able to produce a large amount of examples of Dirichlet forms (see [MR]
Chap. II). Among their examples let us quote the following simple one: consider the
form
- ou Ov

E(u,v) = 1;1/171](1')6—%6—%(13: (0.1)
where v and v are C*° functions with compact support in an open set U in R™. If the
functions b;;(x) are locally summable on U, the symmetric part of the matrix-valued
function [b;;()] is uniformly bounded from below by a positive constant and the entries
of the antisymmetric part are L> functions, it can be proven that the form {&, D(€)}
is closable and its closure is a Dirichlet form. As it will be explained in Section 5, a
natural generalization of the preceding example is given by the form

n

E(x,y) =) (djz,ai;d;y) (0.2)
ij=1
where a;; 1= d;; + ¢;; and [c;;] is an antisymmetric matrix whose entries are in the

center of A. As a consequence of the theory developed in this paper, we are able
to prove that, if d; are closable *-derivations and the intersection of their domains is
dense, then the form in (0.2) gives rise to a Dirichlet form.

To better illustrate our results, we recall that throughout this paper A is a von
Neumann algebra with a faithful, normal, semifinite trace 7. Forms, semigroups, re-
solvents etc. are defined on the complex Hilbert space L?(A, T), even though many of
their properties and relations require the real Hilbert space L?(A, 7);, and its underly-
ing order structure in an essential way.

In Section 1 we collect some preliminary material taken from [MR] on the rela-
tionships between coercive closed forms on a Hilbert space and strongly continuous
contraction resolvents (resp. semigroups and their generators) satisfying a sector con-
dition. The last paragraph of the section recall the essentials of I.LE. Segal’s theory of
non commutative LP spaces on A (see [N], [Se], [St]).

In section 2 we establish the correspondence between Dirichlet forms, sub-Marko-
vian semigroups and sub-Markovian resolvents, thus generalizing the results of S. Al-
beverio and R. Hgegh-Krohn ([AH], see also [DL1]) to the non symmetric case. This is
made adapting the non-symmetric abelian definitions and results in [MR] to the non
commutative (semifinite) case.



Section 3 is devoted to the extension of some properties of sub-Markovian semi-
groups, already studied in [DL1], to the non symmetric context. In particular we
prove that sub-Markovian semigroups may be extended to LP spaces and study a class
of sub-Markovian semigroups on L*°(A, 7), showing a correspondence between such
semigroups and those on L?(A, 7).

In Section 4 we study derivations on Hilbert algebras and, based on previous results
in [Sa] and [DL1], we prove that, for a closed derivation ¢ on a Hilbert algebra, the self-
adjoint part of its domain is closed under Lipschitz functional calculus and the whole
domain is closed under the modulus operation. We also show that the corresponding
norm inequalities (see (4.4) and (4.6)) hold, in particular a *-derivation is a Dirichlet
derivation in the sense of E.B. Davies and J.M. Lindsay [DL1]. Moreover, a non-abelian
chain rule holds for the C! functional calculus of a self-adjoint operator. We notice
that 0 need not be a *-derivation for the previous results to hold. Finally we show how
derivations which are not *-invariant give rise naturally to (non symmetric) Dirichlet
forms.

In section 5 we prove a theorem which gives rise to new examples of non commu-
tative Dirichlet forms (and related semigroups). These examples are of the previously
mentioned type. They were already studied in [DL1] in the symmetric case: this simply
corresponds to requiring the antisymmetric part [c;;] in (0.2) to vanish.

Lastly let us mention that these results may be useful in the context of open
quantum systems and quantum statistical mechanics which, as is known, represent
a natural physical arena where these mathematical theories have found interesting
applications (see e.g. references in [AH], [DL1] and [DL2]).

Section 1. Preliminaries.

In this section we first collect definitions and facts about strongly continuous
semigroups and related objects, referring to [MR] for proofs and further results, and
then definitions and facts about LP spaces on {A,7}, a von Neumann algebra with
a faithful semifinite normal trace, referring to classic works of [Se|, [K], [St] and [N]
for more detailed analysis and proofs, and to [KR]| and [T] for the general theory of

von Neumann algebras.

It is well known that there is a bijective correspondence between strongly continu-
ous contraction resolvents {G, }o>0 on a Banach space X, strongly continuous contrac-
tion semigroups {7} }+~0 on X, and closed, densely defined linear operators {L, D(L)}
on X, with the properties that (0,00) C p(L), and ||a(a — L)~} < 1, Va > 0.

These objects are related by

Go=(a—L)" a>0



Gax :/ e “Tadt, v € X
0

. Tz —x . .o T —x
Lz = ltll%l ;T TE D(L):={zeX: ltll%l ; exists}
Ty = li —ati t) Go)is, z e X (1.1)
= lim e - (@Ga) e, @ . :
n=0

Recall now the theory of coercive closed forms.

Let 'H be a complex Hilbert space, L C H a real vector subspace s.t. K +iK =H
and (z,y) € R, Vx,y € K (this implies £ Nk = {0}), and denote with M}, := M NK,
the real part of M C 'H, and with x* := y — iz, the adjoint of x =y + iz, y,2z € K.
Let £ : D(E)xD(E) — C, where D(€) is a *-invariant subspace of H, be a real-positive,
sesquilinear form on H, that is, Vz,y,z € D(E), a, 3 € C,

E(x,ay+ Bz) = a&(x,y) + BE(x, 2)

E(ay + Pz, x) =al(y, x) + PE(z, v)
E(x",y") = E(x,y),

and
E(x,z) >0, x € D(E)p.

Notice that since D(E) is *-invariant, D(E) = D(E)y + iD(E)n. Therefore the ses-
quilinear form £ may be seen as the complex-linear extension of a bilinear positive
real-valued form on D(&)y x D(E).

We denote by € the symmetric part of £,

E(wy) 1= 5[Ey) + 7)), 9 € D(E)

and by “ the antisymmetric part of &£,

ag(x’y) = [g(x7y> - g(y7x>]v T,y € D(g>

N =

Finally, denote by &,, o > 0, the form &,(x,y) := E(x,y) + a(z,y), Yr,y € D(E).

1.1 Definition. {&,D(E)} is said to satisfy the weak sector condition if 3K > 0 s.t.
|€1($,y>| < Kgl(l', x)l/le(yv y)1/27 T,y € D(g)h

Notice that the above definition is equivalent to: 3K’ > 0 s.t. |%€i(x,y)| <
K'&\(x,2)'2E(y,y)'/?, x,y € D(E)n.

1.2 Definition. {&,D(€)} is said a coercive closed form on 'H if
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(i) D(E) is dense in H
(ii) {*€,D(E)} is closed [i.e. {D(E), €1} is a Hilbert space]
(ii1) {€,D(E)} is real-positive and satisfies the weak sector condition.

1.3 Definition. A positive linear operator {A, D(A)} on H is said to satisfy the
sector condition if 3K > 0 s.t. |(z, Ay)| < K(z, Azx)?(y, Ay)'/?, z,y € D(A)y.

1.4 Theorem. ([MR], Theorem 2.15) There is a bijective correspondence between co-
ercive closed forms {€, D(€)} and strongly continuous contraction resolvents {Gg }a>0
s.t. G, satisfies the sector condition for some (hence for all) o > 0.
These objects are related by

Ealz,Gay) = (z,y), 2 € D(E), y € H,

and, if L is the generator of {G4}a>o0,
E(x,y) = (z,—Ly), x € D(E), y € D(L),

where D(&) is the completion of D(L) w.r.t. 85}/2.

1.5 Proposition. ([MR], Lemma 2.11, Theorem 2.13) Let {£,D(E)} be a coercive
closed form on ‘H, and {Gg}a>0, the associated resolvent. Then, setting £5)(x,y) :=
B(x,y — BGry), x,y € H, we get

(i) €7 (2. 9)] < (K + )& (x,2)' 267 (y,9)! /2 = € D(E), y € M

(it) Let x € H. Then x € D(E) <= supgsg E(ﬁ)(aj,az) < 00
(4i1) limg_oo EP) (2, ) = E(x,y), z,y € D(E).

Let (A,7) be a von Neumann algebra with a faithful normal semifinite trace,
identified with its GNS representation L>(A, 7). Then A denotes the set of all closed
densely defined operators z affiliated to A such that 7(e);| (), 00)) < oo for some A > 0,
where ¢|,| is the spectral measure of |z|. A is a topological *-algebra, with algebraic
operations understood in a strong sense [Se|] and topology given by convergence in
measure [St].

On the positive part of A, the trace extends by 7(z) = [ Adv,()\) where v, := Toe,.
One can naturally define LP spaces, which are Banach spaces and enjoy most of the
properties of classical LP spaces, including duality and Riesz-Thorin interpolation ([N],
[K]). The properties of these non-commutative L” spaces which are required here are
conveniently collected in section 1 of [DL1] where further references may also be found.
We quote just some elementary properties which will be used later. If p € [1,00], p/
the conjugate exponent, we have:

relP(A 1), ye LV (A 1)y = 7(zy) >0, (1.2)
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x € LP = zep,((2,n)) — x in LP, (1.3)

zeA axre L' and T(azx) =0Va € L' (A, 7)NL¥(A,7) = 2 =0, (1.4)

z € Ay = @)l = lellr ) (1.5)
where ¢ : R — C is a Borel measurable function. If M is a linear positive operator
from (L' N L, || - ||oo) in L*°, then

M| = sup [|[Mz| (1.6)
0<x<1

Section 2. Markov semigroups and Dirichlet forms.

In this section we give the basic definitions and prove the main theorems which
constitute the basis of the theory of non symmetric Dirichlet forms in a non commu-
tative setting. In our exposition we generalize to the non abelian case results and
techniques of Chap. I, Sec. 4 in [MR]. In particular, the classical space of square inte-
grable functions on a measure space is replaced by the space of the operators affiliated
to a von Neumann algebra A which are square integrable w.r.t. a normal, semifinite,
faithful trace 7.

2.1 Definition. (i) A bounded linear operator G on L*(A, ) is called sub-Markovian
if
0<z<1=0<Gx<1, VI’ELQ(.A,T).

A strongly continuous contraction resolvent {Gg}a>0, resp. semigroup {T;}i~o, is
called sub-Markovian if all oG, a > 0, resp. Ty, t > 0, are sub-Markovian.
(i1) A closed densely defined operator {L,D(L)} on L*(A,7) is called a Dirichlet op-

erator if (Lz, (x — 1)*) <0 for each x € D(L)y,.
(i13) A coercive closed form on L?(A, 7) is called a Dirichlet form if, for all z € D(E)y,

zt A1 € D(E) and

Ex—axt AL,z +a2T A1) >0

2.1
Ex+zt ALz —2T A1) >0 21)

If only the first inequality in (2.1) holds, the form is called 1/2-Dirichlet.

As in the classical case, if the form £ is symmetric each of the two inequalities in
(2.1) is equivalent to the usual definition of Dirichlet form (see e.g. [AH]).

The following two theorems state the equivalence among the objects described in
Definition 2.1.

2.2 Theorem. Let {£,D(€)} be a coercive closed form on L*(A,T) with corre-
sponding semigroup {T;}¢~¢, resolvent {Gg}o>o and generator {L,D(L)}. Then the
following are equivalent:



(a) The form & is 1/2-Dirichlet.

(b) The semigroup {1}~ is sub-Markovian.

(¢) The resolvent {Gy}a>0 is sub-Markovian.
)

(d) The generator {L,D(L)} is a Dirichlet operator.

2.3 Theorem. Under the same hypotheses of the preceding theorem, the following
are equivalent:
(a) The form & is Dirichlet.
(b) The semigroups {T;}+>0 and {T} }+~o are sub-Markovian.
(¢) The resolvents {Gg }o>0 and {G}}o>0 are sub-Markovian.
)

(d

The generators L and L* are Dirichlet operators.

The proof of the preceding theorems follows directly from propositions 2.5 and
2.06.

2.4 Lemma. (i) A bounded linear operator G on L?(A, ) is sub-Markovian if f
z>0=Gx >0 )
Ve € L7(A, )

r<1=Gx<1

(7i) Let {zy} be a sequence converging to x in LP(A, ) p € [1, 00| for which0 < x,, <1,
Vn € N. Then 0 <z < 1.

2.5 Proposition. Let {G4}a>0 be a strongly continuous contraction resolvent on
L?(A, ) with corresponding generator L and semigroup {T;}s~o. Then the following
are equivalent:

(1) {Gqal}aso is sub-Markovian.

(i) {Ti}+>0 is sub-Markovian.
(#47) L is a Dirichlet operator.

Proof. (i) = (ii): Let x € L?(A,7) and 0 < z < 1. Then, for all 8 > 0, 25 := SGgx
is in D(L) and 0 < zg < 1 since the resolvent Gy is sub-Markovian, therefore, by
formula (1.1) and lemma 2.4(ii), 0 < Tyxg < 1. Moreover 3 — z in L?(A,7) when
B — o0, therefore, again by lemma 2.4(ii), 0 < Tyz < 1, i.e. T} is sub-Markovian.

(i) = (iii): Let x € L?(A, 7)p. Then

(@-D"T-1)") <(@-D"@-)")=(z-1)" (z-1))

by the Schwartz inequality and the fact that (z — 1)* and (z — 1)~ are orthogonal in
L?(A, 7). Moreover Ty(zA1) < 1 by lemma 2.4(i). Therefore, since x = (x—1)T+xAl,
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we have
(z=1)" ) = (z = 1), Ti(e = 1)) + (= = DF, Ti(z A 1))

< ((x—DF, (@ - 1) + (2 — 1))
— (@ -1)",2).

Therefore we get

(z - 1)F, La) = 1%%((33 ) Tw—x)<0, VaeD)

(i13) = (i). Let x € L?(A,7)n, @ > 0 and y := aG,x. We want to prove that if
0 <z <1then 0 <y <1. Indeed, for x <1, we have

ally—D*y)=(y—1)" ay— Ly) + ((y — 1)*, Ly)
<ally—1)"z) <ar((y—1)7).

As a consequence,

y—1) = ((y—1)",9) —7((y— 1) <0,

hence y < 1. On the other hand, if x > 0, then —nx < 1 Vn € N, therefore, by the
previous result, —ny <1, Vn € N, i.e. y > 0. O

2.6 Proposition. Let {€,D(£)} be a coercive closed form on L*(A, T) with resolvent
{Ga}a>0- Then the following are equivalent:
(1) Forallx €e D(E)p, anda >0, x Aa € D(E) and E(x —x Ao,z Aa) > 0.
(i7) For allz € D(E)p, xt A1 €D(E) and E(x —xt Al,zT A1) > 0.
(791) & is a 1/2-Dirichlet form.
(1v) {Galtaso is sub-Markovian.
The analogous equivalences hold when {G,}.~0 is replaced by its adjoint and £ by
the form ET(x,y) := E(y, ).

Proof. (i) = (ii). Let z € D(E), then, by (i), we get =, 2+, 2T A1 € D(E). As
a consequence

E(x—at ALzt Al) =E(@t —at ALzt AL) —E(@ 2T A1)
>—E((xnl)",(zA1)T).

Now for any y € D(E);, we have, again by (i),
E y") =€ —yy") =—E(-y) = (~y) A0, (=y) A0) <0
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therefore £(x — T A 1,2t A1) > 0.
(7i) = (44i). Since & is a real-positive sesquilinear form and (i7) holds, we get, for all
S 'D(E)h,

Ex—axtAlz+atAl)=E@—at AlL,z—at AL +28@—a" ALzT A1) >0

(iii) = (iv). Let y € L%(A,7), 0 <y < 1. We have to show that = := oG,y satisfies
0 <z <1. Indeed

|z -2t AL+ (z -2t ALzt Al —y) =
=(@x—a"ANl,z—y)

— 1 +
= —ag(x—x A1, ) (2.2)

= 22(8(36—:6 ALz+zt Al +E@x—at Al z—azT AL))

<0

where the equality in the second line follows from theorem 1.4. Let us introduce the
functions f,g,h: R — R,

f(t) = tX(~c0,01(D),
(t) = (A L)X[0,00) (D),

Then fg=0,gh=h, g(x) =27 Al and x — g(x) = f(x) + h(x). Therefore
(x—zt ALzt Al—y)=7((z—2T A (T AL —y))

T(f(@)(g(x) —y)) + 7(h(x)(9(z) — y)) (2.3)
=7((=f(2)y) + 7(h(x)(1 - y)) = 0

where we used property (1.2). Finally equations (2.2) and (2.3) imply ||z —zT A1|| = 0,
le. 0<z<1.

(tv) = (i). Let x € D(E)n, a > 0. Now we prove that z A a € D(E): since z =
(x — a)t + x A a, it suffices to prove (z — )T € D(E). Recalling that, as defined in
proposition 1.5, £P) (y, 2) = B 7(y*(z — BGs2)), for y,z € L2(A,T), we have

ED((@—a)t,zna) =B r((z—a)f(@Aa)) = 7((z — @) BGps(z A a))

(2.4)
>afr((z—a)f)—af 7((z—a)") =0

where, since x A a < «, the inequality in (2.4) follows from lemma 2.4(7), property
(1.2) and the fact that SGg is sub-Markovian.
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Therefore,

EN@—a) (e —a)t) =P (e - )tz —z A a)

<P ((z —a)t, )

< (K + )& (x,2) 2P (m = a)F, (z — ) T)1/2

where the last inequality follows from proposition 1.5(7). As a consequence,
EN(z—a)t, (@—a)) <E((w—a)t, (@ —a)) < (K +1)%&(z,2).  (2.5)

Now proposition 1.5(i7) and (2.5) imply (z — a)™ € D(E).
Finally we prove that £(z — z A o,z A @) > 0: we have

ERNz—zha,zha)=EP(z—a)T,zAa)>0
by (2.4), hence the result follows by proposition 1.5(iii). O

We conclude this section with a theorem in which it is shown that a smooth
version of the definition of a Dirichlet form can be given. More precisely, the normal
contraction x¥ A1 in (2.1) may be substituted by a family of C* contractions.

2.7 Theorem. Let {£,D(€)} be a coercive closed form on L*(A, 7). Then, the
following are equivalent:

(1) € is a Dirichlet form.
(ii) For each x € D(E)y, there exists a family of functions ¢. : R — [—¢,1+¢], € > 0,

such that
(a) @:(t) =t for all t € [0,1].

(b) we is Lipschitz continuous with Lipschitz constant 1.
(¢) pe(z) € D(E)
(d) liminf. o E(x F pe(x),x £ p(x)) >0

Proof. The implication (¢) = (i) is trivial.

(i) = (i). Let po(t) := (tV0O)A1l then, by (1.5) and Lebesgue’s dominated convergence
theorem, for = € L*(A, ),

lim |- (2) =27 ALl = lim [o- = @oll 2R, = 0.
e—0 e—0
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Summing the two inequalities in (d) it follows

limsup €(pe(z), pe(2)) < E(x, 7)

e—0

therefore, applying [MR, lemma 2.12] to ¢.(z) and the form &, we get a sequence €,, —
0 such that o, (z) converges weakly in {D(€), €1} to xT A1, so that zt A1 € D(E),
and

E(xt AL at A1) <liminf &(pe, (), e, (7))

Moreover, by the weak sector condition, the functional & (-, ) is continuous in {D(&),
€1}, therefore

lim &(z, ., (7)) = E(x, 2T A 1).

n—oo

Finally, we have

Exx (@ Al),zF (T A1) >E(x,2) F nllrgo E(z, e, (2))

= limsup &(z + ¢.,, (z), 2 F ¢-, () 2 0

n—oo

where the last inequality follows by hypothesis (d). O

Section 3. [P extensions of sub-Markovian semigroups and
complete positivity.

This section is devoted to the extension of some properties of sub-Markovian semi-
groups, already studied in [DL1], to the non symmetric context. In particular we prove
that sub-Markovian semigroups may be extended to LP spaces and study a class of
sub-Markovian semigroups on L>°(A, 7), showing a correspondence between such semi-
groups and those on L?(A, ).

In this section {p,p’} will always be a pair of conjugate exponents.

3.1 Definition.

(i) Let M € B(LP(A, 7)), p € [1,00) then we define M* € B(L” (A, 7)) as the unique
linear operator satisfying T((M*z)*y) = (z*(My)), YV € LP, y € LP . We notice
that this notation is consistent with that for the adjoint in L?.

(i) M € B(LP(A, 1)), p € [1,00), is said a sub-Markovian operator on LP if © €
LP(A,7),0<2x<1=0< Mzx<1.
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(ii1) M € B(L>*(A, 1)), is said a sub-Markovian operator on L if it is weak™ contin-
wusand 0<z<1=0< Mz <1.
[We remark that the sub-Markovian operators on L are precisely the positive normal
contractions, see proposition 3.2(i).]
(tv) {Ti}e>0 C B(LP(A, 1)), p € [1,00), is said a sub-Markovian semigroup on L, if T;
is a sub-Markovian on LP, for allt > 0, and Ty — I, t — 0, strongly on LP(A,T).
(v) {T}}i>0 C B(L™(A, 1)) is said a sub-Markovian semigroup on L>, if T; is a sub-
Markovian on L, for allt > 0, and Ty — I, t — 0, weak™ on L*°(A,T).

The following proposition lists the main properties of sub-Markovian operators on
LP spaces. In order to prove it we need a transposition argument, i.e. we cannot prove
the properties for a single sub-Markovian operator M but we need sub-Markovianity
for the adjoint too.

3.2 Proposition. Let M be a sub-Markovian operator on LP°(A,T), py € [1,00)
whose adjoint is sub-Markovian. Then:
(1) M|pinpe and M*|j1qp extend uniquely to contractions M®) and M*®) on L?
for p € [1, 00) satisfying (M®))* = M*@)  (M*@))* = M@ p e (1,00).
(1) M|pinpe and M*|p1q1~ have a unique weak*-continuous extension to L™ (A, 1)
given by M () := (M*M)* resp. M*(>) .= (M1)*,
(iii) MWy =MDz and M*Pyx = M*Dx, for x € LP N LI, p,q € [1,00].
(iv) M®) and M*®) are sub-Markovian on LP(A,T), p € [1,oc].

Proof. By (1.6) and the sub-Markovian property, M : L N L' C L™ — L* is
a contraction, and the same holds for M*. By a duality argument, the contractivity
property for M* proved above implies the contractivity property for M : L N L' C
L' — L', and analogously for M* : L N L' c L' — L'. By Riesz-Thorin-Kunze
interpolation, we get the contractivity property for M : L*NL! C L? — LP, p € [1, 00].
The rest of point (i) and points (i¢) and (ii7) follow as in [DL1] proposition 2.2 making
use of the transposition argument.

As regards point (iv), since € L' and 0 < z < 1 imply € Lo, M) and M*(1)
are sub-Markovian by (4ii). Therefore M*(>) and M), being the dual of a positive
contraction, are sub-Markovian. Hence M®) and M*®) are sub-Markovian again by

(7). n
By obvious modifications of the proofs of [DL1] proposition 2.14 and proposition

3.1 we have the following results.

3.3 Theorem. Let {T;}i>0, {T} }+>0 be sub-Markovian semigroups on L?. Then
their extensions to LP are sub-Markovian semigroups on LP, for p € [1, o).

12



3.4 Theorem. Let {T}}i>0, {Tt}tzo be sub-Markovian semigroups on {A, 7} s.t.
T(2(Tyy)) = 7((Tix)y), =,y € L' N L™,

Then {T}};>0 and {T}}s>0 are the unique weak*-continuous extensions of sub-Marko-
vian semigroups on L? which are adjoint to each other.

3.5 Definition. Let {£,D(€)} be a sesquilinear form on L?*(A, 7). Then

gl ([as], [big]) - Z E(aiz, biz), aij,bij € D(E),

2,7=1

is a sesquilinear form on L?*(A® M, ®@tr) = L*(A, 1) ® L?(M,,tr), where tr is the
usual trace on n by n matrices.

We say that & is n-Dirichlet if ™ is a Dirichlet form.

If P € B(L?*(A, 1)), we denote by PI™ the operator P ® I on L?(A, 1) ® L*(M,,tr).

3.6 Lemma. Let {€,D(E)} be a coercive closed form on L?(A, 1), and let {G4}a>0
be the associated resolvent.

Then £ is a coercive closed form, {G[o? ] }a>0 is the associated resolvent and {Tt[n] H>0
the associated semigroup.

Proof. Let us observe that

5c[xn]([aij]vGKL][bij]) ([am] [Gabij]) = Z Ealaij, Gabij)

2,7=1

so that {G[o?]}azo is the resolvent associated to £[. Let us now prove that {Ggﬂ}azo

1s contractive
laGgaiy]lI3 = [aGaay]l; = Z laGaaills < Z lai; 112 = llla;]lI3.
1,7=1 i,5=1
Finally let us prove {G[ol1 ]}QZO satisfies the sector condition [see 1.3]. Let [a;;], [bi]

13



€ L>(A® M, T ®tr), then

[([ag), G i) | = [([ais], [Gabig))]

= > (ai;, Gibij)|

4,7=1

< Y (@i, Gabiy))|

i,j=1

S K Y (aij, Gragg)' (b, Gabig) '/

ij—=1
< K(Y (aij; G1aif) * (D (bij, Gabiy))'/?
ij—=1 ij=1

= K([ai;], G [ai;) 2 (1bi], G i) /2

that is £ is a coercive closed form. O

3.7 Theorem. Let{€,D(E)} be a Dirichlet form and {1} }+>0, {1} }+>0 the associated
semigroups.
Then & is n-Dirichlet <= {T;} and {I}'} are n-positive.

Proof. Indeed £ is n-Dirichlet <= [ is Dirichlet <= {7/} and {77}
are sub-Markovian, which, by theorems 3.3 and 3.4, is equivalent to {Tt(oo)[n]} and
{Tt*(oo)[n]} are sub-Markovian. By definition 3.1(4i7), this is the same as saying {Tt(oo)}
and {Tt*(oo)} are n-positive normal contractions, which implies the thesis again by
theorems 3.3, 3.4. O
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Section 4. Derivations on square integrable operators.

In this Section we consider derivations on the space L?(A, 7).

By this we mean a linear operator
6:DC LA, 1) — L*(A,71),
where D is a subalgebra of L?(A,7) N L>(A,T), and § verifies
d(ab) =a-0b+da-b a,beD.

We say that a derivation § is closed under the C', resp. Lipschitz functional
calculus if, whenever a € Dy, f(a) € D for each C!, resp. Lipschitz function f such
that f(0) = 0.

The domain D of a derivation is said to be self-adjoint if it is closed under the *
operation. A *-subalgebra of L?(A, )N L>(A, ) which is dense in L?(A,7) is called
a Hilbert algebra. A derivation ¢ is a *-derivation if D is self-adjoint and §(a*) = (da)*.

Now we follow an argument in [Sa] which gives rise to a non-abelian chain rule
[formula (4.3)] for the derivation of the functional calculus of a self-adjoint element.
Let us fix a self-adjoint element a € A and consider the representation 7, of Cy(R) ®
Co(R) = Co(R?) (by ® we mean any C*-tensor product, see e.g. [T]) on L?(A, 7) given
by

Ta(f ® g)b = fa)bg(a),  be L*(AT).

and observe that
Range(m,) C AV A" . (4.1)

For each real-valued Lipschitz function f, we set

HOES (R
f(s,t) = : (4.2)

We observe that if f € Lipo(R) := {f : R — R, f Lipschitz, f(0) = 0} then f €
L>*(R?), and
£ 1 zipo () = 11fllso = 11 lloc

is a Banach norm on Lipy(R). Now we may state the main theorem of this section:

4.1 Theorem. Let ¢ be a closed derivation on L*(A, ), a € Dy,. Then the following
properties hold:
(1) 0 is closed under the Lipschitz functional calculus.

15



(i1) For each f € C}(R), f(0) =0, one has

6f(a) =ma(f)da . (4.3)

(ii7) For each f € Lipy(R) one has

16f(a)llz < I f | Lipory ll0all2 - (4.4)

Remark. The best constant for the inequality (4.4) is given by inf{||g||Lip,r) : 9 €
Lipo(R), 9lo(a) = flo(a) }-

4.2 Lemma. Let f € Lipg(R), ¢ a positive C* function with support in [—1,1] s.t
[ ¢ = 1. Then, the sequence of functions {f,}, fn(t) := f * pn(t) — f * pn(0), where
©n(t) := np(nt), verifies the following properties:

(a) fn€C3°(R) and fr(0) =0

®) [If = falloo < 2l Fllzipor)

(©) [lfnllLipo®) < Il Lipo(w)-

(d) fn — f weak* in L®(R)

(e) If g, is in the convex hull of {fx : k > n}, the sequence {g,} enjoys properties

(a) = (d).

The proof is trivial and is omitted.

4.3 Lemma. Let {A,D(A)} be a closed linear operator on H, {x,} C D(A) such
that ||z, — x|| — 0 and exists k > 0 s.t. ||Az,|| < k. Then there exists w,, in the

convex hull of {xy : k > n} s.t. w, — x in the graph-norm of A. As a consequence
x € D(A) and ||Az| < k.

Proof. See [MR], lemma 2.12. O

Proof of Theorem 4.1.  First we observe that, since a € A, we may replace C3 (R)
by CY(I), I := [—||al|,||a]|]. Then, equation (4.3) makes sense also for polynomials, and
we check it for f(t) =t™.




By linearity, (4.3) holds for all polynomials p such that p(0) = 0. Finally we observe
that, for all such polynomials,

[ma(p)dall2 < ||lma (D) |0all2
= ||p||Lipo(I)||5a||2
= |Ipllex(nlldall2-

Therefore, if p,, is a sequence of polynomials converging to a C! function f in the C*(I)
norm, then 6(p,(a)) is a Cauchy sequence w.r.t. the graph norm of 4, and (#i) follows
by continuity.

In particular, we proved that § is closed under the C' functional calculus. Therefore, if
f, ¢n are as in lemma 4.2, formula (4.3) applies to f,, and we get, using lemma 4.2c,

16.fu(@)ll2 = Ima(fa)dallz < |Lf1lipo(r) 15all2.

Now we prove that
If(a) = fu(a)l2 — 0. (4.5)

Indeed, choosing ||f — fullee < €3, we have

@)~ fu(@g =7 ([ 17 = £ <
Ful)

(20 s

< 4| FllZipomypl[—e5€]) + llallZe,

where the measure i is defined by u(Q) := 7( [, A>de())). Since p({0}) = 0 and
u(R) = ||lal|2 by definition, we get u([—e,¢]) — 0, which proves (4.5).
Finally we apply lemma 4.3 to the sequence f,(a) in the domain of ¢, and (¢) and (47)

are proven. O

The following corollary is a consequence of theorem 4.1.

4.4 Corollary. Let 6,, n=1,...,N, be closed derivations. If § := ) d,, D(5) =
NnD(dy), then § is closed under the Lipschitz functional calculus and, for each f €
Lipo(R),

10f(a)llz < [[fllLipomylldallz Va € D(6)n

Proof. By theorem 4.1 ¢ is closed under Lipschitz functional calculus and, by
linearity, (4.3) holds for C' functions. Let f and f, be as in lemma 4.2. Then, as in
the proof of theorem 4.1, we get

16.fn(@)ll2 = Ima(fa)dallz < |Lf1lipo(r) 15all2
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and || f,(a) — f(a)||l2 — 0. Then, by lemma 4.3, we get a sequence {h,,} in the convex
hull of { f,,} such that h,(a) — f(a) in the graph-norm of d;. Since {h,(a)} is bounded
in the graph-norm of d,, applying again lemma 4.3, we find a sequence in the convex hull
of {f,} converging to f(a) in the graph-norms of §; and J,. Iterating this procedure
N times, we find a sequence {g,} in the convex hull of {f,} s.t. g,(a) converges to
f(a) in the graph-norms of §;, for all i. Therefore g,(a) — f(a) in the graph-norm of
0. Finally

16/ (a)llz = Tim [[6gn (a)ll2 < [ £ Lipow) ll0all2-

4.5 Remark. We would like to compare theorem 4.1 with an analogous result of
Powers ([Po], cf. theorem 1.6.2 in [B]) for the derivations on a C*-algebra. While
the difference in the formulation of the non-abelian chain-rule (equation 4.3) is just
a matter of taste, the difference on the allowed functional calculus depends on the
different norms. Indeed, let M be the C*-algebra generated by a self-adjoint element in
A. The representation of the tensor product M ® M given by the left and right actions
M on L?(A, 1) extends to a representation of the C*-tensor product. This guarantees
that equation (4.3) holds for the closure of the polynomials in the appropriate norm,
i.e. for C! functions. On the contrary, if the abelian C*-algebra M acts on A, the
tensor product is embedded in the Banach algebra B(.A), and this embedding is not
necessarily continuous in the C* norm. Indeed Mclntosh disproves one of Power’s
claims by producing a counterexample to (4.3) - a *-automorphism group of a C*-
algebra, with generator J, a self-adjoint element a € D(§) and a C' function f such
that f(a) € D(6) [Mc].

Theorem 4.1 gives a general answer to the problem of the Lipschitz functional
calculus of a self-adjoint operator in the domain of a derivation. On the other hand
there is a trivial form of “Lipschitz” functional calculus that makes sense also for non
self-adjoint operators, i.e. the modulus of an operator. Now we are going to study this
question.

4.6 Lemma. Let § be a derivation on D. Then the operator 67 : D* — L?(A,7)
defined by
§Ta := (6a™)* , a € D”

is a derivation. If § is closed (closable), also 67 is.

Proof. The Leibnitz rule for 67 follows by a straightforward calculation. The
equivalence of the closability properties follows by the equality

lallst = [la*|l5 , Ya € D*
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4.7 Theorem. Let 0 be a closed derivation on a self-adjoint domain D. Then, if
a €D, |a] € D and
I8lalll3 < lloall3 + 16(a®)]3. (4.6)

Proof. Consider the functions

Since a € D, then a*, and therefore a*a, are in D and
Un(lal) = n(a*a) € D

by the theorem on the Lipschitz functional calculus.
Now consider the following chain of inequalities:

[8¢n(laDI3 < 18w (laDl3 + 64n(la )3 =
g (IR E)
s EHE() =
1G5 @ 9I-

= [|6all3 + [[6(a™)3
where the main inequality follows by the theorem on Lipschitz functional calculus

2

S, O

applied to (g g) which is obviously a closed derivation on D ® Ms.

Now it is easy to see that 1, (|a]) — |a| in the L? norm, and therefore the result
follows from lemma 4.3. O

We remark that, according to the terminology in [DL1|, theorems 4.1 and 4.7
imply that each closed *-derivation on a Hilbert algebra is a Dirichlet derivation.

A natural question related to theorem 4.1 is the following: when the non-abelian
chain rule given in (4.3) extends to the Lipschitz functional calculus? The first problem
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is that f is not necessarily in the domain of 7,, when f is a Lipschitz function. Indeed
7, may easily be extended to the C* tensor product of L>°(R) with itself, but this space
is smaller than L°°(R?) and therefore does not contain f in general. Even though we do
not try to give a general answer to the previous question, in the following proposition
we mention two extremal cases in which the addressed question has a positive answer,
the abelian case and the type I factor case.

4.8 Proposition. Let A be either an abelian algebra or a type I factor, and § a
closed derivation on L?( A, 7). Then, for each self-adjoint a in the domain of §, the map
7, extends to L>°(R?). Therefore, the non abelian chain-rule given in (4.3) extends to
Lipschitz functional calculus.

Proof. It is well known that, if A is a type I factor and 7, resp. mg, denote
the representation of A in B(L?(A, 7)) as left, resp. right multiplication on L?(A, 7),
the von Neumann algebra generated by 7 (A) and mr(A) is isomorphic to A ® A
(the von Neumann tensor product) [T]. Therefore in this case the map 7, extends
to a normal representation of L>°(o(a) X o(a)), for each self-adjoint a in A. Then,
let f and f, be as in lemma 4.2. By lemma 4.2(d), mo(fn)da — ma(f)da weakly in
L?*(A,7), and also 6g,(a) — df(a) in L?(A,7) for g, suitably chosen in the convex
hull of {fx : K > n}, as in lemma 4.3. Then the thesis holds by lemma 4.2(e). If
A is abelian, formula 4.3 becomes the usual chain rule, and by normality of the map
f— f(a), a € Ay, we get the thesis. O

4.9 Remark. We remark that the key property we used in the proof of the factor
case, i.e. the fact that the von Neumann algebra generated by the right and left action
of any abelian subalgebra of A on L?(A, 7) is isomorphic to the tensor product of A
with itself, is a characterization of type I factors (see corollary 2.9 in [BDL]), therefore
the property we are studying is probably confined to type I algebras.

We conclude this section with an example of a simple Dirichlet form associated

with a general derivation.

4.10 Proposition. Let 6 be a closed derivation on a Hilbert algebra D. Then the
form
E(z,y) = Re(dz,dy) + Im(dz,6y) x,y € Dy (4.7)

extends by sesquilinearity to a Dirichlet form.

Proof. The form & is closed if f its symmetric part Re(dx,dy) is, that is if f § is
closed. The weak sector condition follows by

€ (@, y)|* < 2|(02,0y)|* < 28 (w, 2)E(y, y)-
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Now let us define the operators

.i_
dlazéa-;é a
5 5t a €D.
a—0'a
dg&:T

It is clear that dq, ds are closed *-derivations and

E(z,y) = Z a;j(dix, d;y),

i,j€{1,2}

where (a;;) = (_11 }) Now Dirichlet property follows from the general theorem in

the following section. O

As the proof of the preceding proposition shows, the study of the Dirichlet form
in (4.7) may be reduced to the case of *-derivations. Therefore in the following section
only *-derivations will be considered.

Section 5. Explicit constructions of Dirichlet forms.

The aim of this section is to describe a class of Dirichlet forms which can be con-
sidered as the non commutative generalization of a class of (generally non symmetric)
commutative Dirichlet forms studied in [MR]. At the same time these non commutative
examples also extend previous ones constructed in [DL1].

We start considering the following leading example taken from the commutative
context. Let B = [b;;] be an element of L}, .(U) ® M,, U C R" open. Then we define
the bilinear form on C5°(U)

E(u,v) == Z /bw(as)g—ai;—;dx (5.1)

i,j=1
Under the following simple assumptions: there exists 0 < v < oo such that

S y(@)&gs > vliE))? VE = (&1y...6n)

abij GLOO(U,dl’) 1<4,5<n.

(5.2)

where B (resp. “B) is the symmetric (resp. antisymmetric) part of B, it can be proven
that the form {&, D(€)} is closable and its closure is a Dirichlet form (cf.[MR]).
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Now we discuss some generalizations of the preceding example to the non commu-
tative context. The general setting is the following: we have a sesquilinear form of the

type

n

E(m,y) = (diz,bid;y) (5.1)
i=1
where d;, i = 1...n, is a family of *-derivations on L?(A,7) and the b;;’s belong to
the center of A. In this case condition (5.2) is replaced by its proper non-commutative
analogue:
B >vl,
(5.2")
abiJ'ELOO(A,T>, 1<4,5<n.

Our first result is theorem 5.1. This theorem deals with general *-derivations with
a dense common domain. In this case, because of such generality, we need stronger
requirements in order to get closedness for the form (5.1’). This is obtained by asking
the symmetric part of the matrix B to be the identity matrix, which makes the first
condition in (5.2") automatically fulfilled.

In theorem 5.2 the derivations d; are given by commutators [z;, -], where the z;’s
are skew-symmetric elements in L? + L*, which provides the closedness of the form
E. In this case conditions (5.2") suffice to get the result. Such a theorem is a partial
generalization of theorem 6.10 in [DL1].

5.1 Theorem. Assume we are given a family
d; : D; C LQ(A,7'> — LQ(A,7'> 1=1,....n

of *-derivations over Hilbert algebras D; such that
(a) each d; is closable

(b) D:=nNI,D; is dense

and consider the form £ given by

D():=D
n n (5.3)
E(m,y) = (diz,diy) + > (dix, cijd;y)
i=1 ij=1
where the c;;’s are self-adjoint elements in the center of A such that c;j = —cj;. Then

the form is closable and its closure is a Dirichlet form.

Proof. Sesquilinearity of £ being evident, we prove real positivity. We have

E(m,x) =) |ldi|]® + 7@ tr(CA(z, z)) (5.4)

i=1
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with C = [¢;;] € L®(A,7) @ M,, and A(z,y) € L' (A, 7) @ M, is given by A(z,y) =
[d;yd;x]. Since C' is a real antisymmetric matrix and a(z,z) is a real symmetric
matrix when = € Dp,, the last term in the right hand side of (5.4) vanishes, and the
real positivity of £ follows. Because of hypothesis (a) the form € is closable (see e.g.
[DL1]) and therefore, by definition, £ is closable. We now prove that the weak sector
condition holds for &, i.e. there exists 0 < K < oo such that

| 9E (2, y)| < K €1 (2, 2)"* €1 (y, )"/

for all z,y € Dy, where €1(x,y) := €(v,y) + (z,v).
Setting M := ||C| and applying Holder and Schwartz inequalities we get

| €z, y)| = |t @ tr(CA(x,y))| < M[[A(z,y) 1

<MY Ayl < MY ldjz]aldiyls

i,j=1 i,j=1

<nM (Y lld;z )2 (ldayl3) V2 < nM €y (w,2) % €1 (y, ).

j=1 i=1

It remains to prove that the closure of the form (5.3) is a Dirichlet form. Let £ denote
the closure of the form &, which is obtained replacing the d;’s with their closures d;
(cf. [DL1]). We notice that if z € D(E) then ¢o(z) := 2T A1 € D(E) because this
holds for each D;. Hence we claim that

E(x F po(z),zE @o(x)) >0 VY eDE) . (5.5)

First we observe that the matrix [(d;z, ¢;jd;po(z))] is antisymmetric. It is enough to
show this replacing g with a smooth approximation . Then, by equations (4.1) and
(4.3) and by the anti-symmetry on C, we get

(diw, cijdjp(x)) = (d;w, ciym(@)d;x)
= (n(p)diz, cijd;j)
= (dip(x), cijd;)
= —(33'3:, cjﬂigo(a:)).

Therefore, using again the antisymmetry of C', we have

E(@ F po(x),x £ po(x)) = ) _(di(z F po(2)), di(x £ ¢o(2)))

NE

=1
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Since € is Dirichlet, by theorem 4.1 and [DL1] theorem 6.10, € is Dirichlet too. O

5.2 Theorem. Let z1,...,z, be skew-adjoint elements in L? 4+ L*, define
di(z) = zix —xz; Yo € L*NL®

and let B = [b;;] be a matrix of self-adjoint elements in the center of A such that
condition (5.2") holds. Then, the form

D(E):= L*NL>®

E(x,y) = Z (dix, bijd;y)

ij=1
is closable and its closure is a Dirichlet form.

Proof. Let us denote by A the square root of the symmetric part of B as an element
in (A, 7) ® M,,. We also set &; := Y a;jd; and C := A~! “BA~!. We notice that,
since B > vI, A~! is bounded and C is bounded, real and skew-symmetric. Then,

n

5(aj,y) = Z(dix7 5jy> + (51377 cijdjy)'

=1

Since z; € L2 4+ L™, i =1,...,n and A is bounded, w; := Y a;;2; € L? + L>. Then
§;, being implemented by wj, is a closable derivation on L? N L* (see e.g. [DL1]) and
the thesis follows by theorem 5.1. O
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