Available online at www.sciencedirect.com

i . JOURNAL OF
ScienceDirect Algebra

ELSEVIER Journal of Algebra 320 (2008) 3036-3061

www.elsevier.com/locate/jalgebra

Polar orthogonal representations of real reductive
algebraic groups

Laura Geatti ?, Claudio Gorodski **

4 Dipartimento di Matematica, Universita di Roma 2 Tor Vergata, via della Ricerca Scientifica, 00133 Roma, Italy
b Instituto de Matemadtica e Estatistica, Universidade de Sdo Paulo, Rua do Matdo, 1010, Sao Paulo,
SP 05508-090, Brazil

Received 8 January 2008
Available online 6 August 2008

Communicated by Peter Littelmann

Abstract

We prove that a polar orthogonal representation of a real reductive algebraic group has the same closed
orbits as the isotropy representation of a pseudo-Riemannian symmetric space. We also develop a partial
structural theory of polar orthogonal representations of real reductive algebraic groups which slightly gen-
eralizes some results of the structural theory of real reductive Lie algebras.
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1. Introduction

A representation of a complex reductive algebraic group G on a finite-dimensional complex
vector space V is called polar if there exists a subspace ¢ C V consisting of semisimple ele-
ments such that dimc = dim V//G (the categorical quotient), and for a dense subset of ¢, the
tangent spaces to the orbits are parallel [DK85]; then it turns out that every closed orbit of G
meets ¢ [DK85, Prop. 2.2]. The class of polar representations was introduced and studied by
Dadok and Kac in [DK85], and it is very important in invariant theory because it includes the
adjoint actions, the representations associated to symmetric spaces studied by Kostant and Ral-
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lis [KR71] as well as, more generally, the representations associated to automorphisms of finite
order (6-groups) introduced by Vinberg [Vin76] (see also [Kac80]). At present, there is no com-
plete classification of polar representations although the paper [DK85] contains very important
partial results.

A complex (resp. real) representation admitting a complex-valued (resp. real-valued) invariant
non-degenerate symmetric bilinear form is called orthogonal. It is well known that a complex
orthogonal representation admits a real form invariant under a maximal compact subgroup. Con-
sider in particular the complex polar orthogonal representations and the class of compact real
forms they originate. Since the complex reductive algebraic groups are exactly the complexifica-
tions of the compact Lie groups, one can equivalently define directly the concept of a real polar
representation of a compact Lie group in the differential-geometric setting (as in e.g. [PT87]) and
obtain the same class. Note that orbits of polar representations of compact Lie groups are very
important in submanifold geometry and Morse theory [BS58,Con71,Sze84,PT87,DO01,GTO03].
Now, such representations were classified by Dadok in [Dad85], and the following very nice char-
acterization was deduced: A polar representation of a compact Lie group has the same orbits as
the isotropy representation of a Riemannian symmetric space.

The purpose of this paper is to study noncompact real forms of complex polar orthogonal
representations. Equivalently, we define a representation of a real reductive algebraic group (in
the sense of [BH62, §1]) to be polar if and only if its algebraic complexification is polar. In
Section 3 we prove the following theorem.

Theorem 1. A polar orthogonal representation of a connected real reductive algebraic group has
the same closed orbits as the isotropy representation of a pseudo-Riemannian symmetric space.

In Section 4, we discuss some aspects of the submanifold geometry of the closed orbits of the
polar orthogonal representations of the real reductive algebraic groups in that we relate them to
a notion of pseudo-Riemannian isoparametric submanifold of a pseudo-Euclidean space (com-
pare [Hah84,Mag85]).

Finally in Section 5, independently of classification results, we develop a partial structural
theory of polar orthogonal representations of real reductive algebraic groups that generalizes
some results of the structural theory of real reductive Lie algebras. In this regard, we propose to
replace adjoint actions by polar orthogonal ones. The results we prove are slight generalizations
of well known results for the adjoint actions, but we believe our proofs are more geometric. In
particular, we show that a polar orthogonal representation of a real reductive algebraic group
admits finitely many pairwise inequivalent so-called Cartan subspaces in standard position with
respect to a compact real form such that the union of those subspaces meets all the closed orbits
and always orthogonally (Theorem 15 and Corollary 18). We also construct the so-called Cayley
transformations that relate different equivalence classes of Cartan subspaces (Section 5.3), and
use those to show that the equivalence classes of Cartan subspaces in the two extremal positions
with respect to the compact real form are unique (Corollary 25).

Unless explicit mention to the Zariski topology is made, we use throughout the classical topol-
ogy. We always use lowercase gothic letters to denote Lie algebras. For a given homomorphism
of groups, we denote the induced homomorphism on the Lie algebra level by the same letter
whenever the context is clear. Sometimes it is useful to call a representation orthogonalizable
if it admits an invariant non-degenerate symmetric bilinear form but we do not want to fix such
a form.
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2. Preliminaries

Let G be a connected complex reductive algebraic group. Let 7: G — GL(V) be a complex
representation. A vector v € V is called semisimple if the orbit Gv is closed. Not every orbit of G
in V is closed, but the closure of any orbit contains a unique closed orbit. An element is called
regular if it is semisimple and dim Gv > dim Gx for all semisimple x € V. The representation t
is called stable or is said to admit generically closed orbits if there exists an open and dense
subset of V consisting of closed orbits. An orthogonalizable representation is necessarily stable
(see [Sch80, Cor. 5.9] or [Lun72,Lun73]).

Let C[V] be the polynomial algebra of V, and let C[V]¢ be the algebra of G-invariant poly-
nomials. It does not contain nilpotents, and is finitely generated by a theorem of Hilbert, so it
is the coordinate ring of an affine algebraic variety denoted by V' // G and called the categorical
quotient of V by G. The embedding C[V]° = C[V] induces a surjective morphism of affine
algebraic varieties m : V. — V//G. Every fiber of m contains a unique closed orbit. It follows that
V//G can be seen as the parameter set of closed G-orbits in V, and then 7 (v) represents the
unique closed orbit in the closure of Gv [PV94, §4].

For semisimple v € V, set

cy={xeV]g-xCg- v}

Then c, consists entirely of semisimple elements, and the isotropy subalgebras satisfy g, D g,
for x € ¢, [DK85, Lem. 2.1]. The representation t is called polar if a semisimple v can be chosen
so that dimc, = dim V//G. In this case, ¢, is called a Cartan subspace. The Cartan subspaces
of a polar representation are all G-conjugate [DK85, Thm. 2.3].

The group G can be seen simply as the complexification of a compact connected Lie group U;;
compare [Sch80, §5] or [BH62, Rmk. 3.4]. Then U is a maximal compact (necessarily con-
nected) subgroup of G, and every maximal compact subgroup of G is G-conjugate to U. It
is easy to see that a representation 7 is orthogonalizable if and only if it admits a real form
7, : U — GL(W) [Sch80, Prop. 5.7]. The group U must be the fixed point group G? of a unique
anti-holomorphic involutive automorphism 6 of G, which is called a Cartan involution of G.
Also, the subspace W is the fixed point set V¥ of a conjugate-linear involutive automorphism 6
of V, the equation é(g -v)=6(g) - 6 (v) holds for g € G and v € V, and an invariant form (-,-)
can be chosen on V so that it is real-valued on V7.

More generally, we consider real forms of 7 : G — GL(V') given by a pair (o, 6) where o is an
anti-holomorphic involution of G and & is a real structure on V satisfying 6 (g -v) =0 (g) -5 (v)
for g € G, v € V. The fixed point subgroup G is a (not necessarily connected) real reductive
algebraic group, and 7 of course restricts to a representation of G° — GL(V?), where V is
the fixed point set of & in V. We say that two real forms (o, &) and (0’,6’) commute if they
commute componentwise. If T is orthogonal with respect to (-,-) and a real form (o, ¢) is given,
then (-,-) is said to be defined over R with respect to 6 and (o, &) is called an orthogonal real
form if (-,-) is real-valued on V. Note that the latter condition is equivalent to having

(ox,6y)=(x,y)

for x,y € V. A Cartan pair of t is an orthogonal real form (Q, 5) such that 6 is a Cartan invo-

lution of G and (-,-) is real-valued and negative-definite on VY. Note that (0, §) is a Cartan pair
of T with respect to (-,-) if and only if (8, —0) is a Cartan pair of T with respect to —(-,-). The
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following result is essentially proved in [Bre93, 7.4], but we find it convenient to include a proof
here because we will need to refer to some of its techniques.

Proposition 2 (Bremigan). Let T:G — O(V, {(-,-)) be an orthogonal representation, gnd sup-
pose that (o,6) is an orthogonal real form. Then there exists a Cartan pair (0,0) which
commutes with (o, 7).

Proof. It is well known that there exists a Cartan involution 8 of G such that 6 = g6. Let
U = G? be the associated maximal compact subgroup of G. Consider the realification V' of V,
and denote the invariant complex structure on V” by J so that V = (V", J). Note that

6t(9)6 " =1(0(g), Jt(g)J '=1t(g) and J6J '=-6
for g € G. Let G* be the subgroup of GL(V") generated by t(G), ¢ and J. Then G* con-
tains 7(G) as a normal subgroup of finite index. Due to 6 = o6, we have also that ¢ normal-
izes T(U). Let U* be the subgroup of G* generated by t(U), 6 and J. Then U* is a compact

subgroup of G*, so we can find a U*-invariant positive-definite real inner product on V" which
we denote by “-.” Set

(. y)=x-y+i(x-Jy)
for x,y € V". Then it is easily checked that (-,-) is a U-invariant positive-definite Hermitian
form on (V”, J) = V which is real-valued on V. In particul~ar, iu acts on V by Hermitian
endomorphisms. Next, define a conjugate-linear automorphism 6 of V by setting
(x,6y) = —(x.y) (1
for x, y € V. Then

(x.0(g)) = —(x,gy) = (g7 "%, y) = (g7 'x.0y) = (x,0(2)0(»)). )

SO ét(g) = t(«9(g))9~ for g € G. Moreover

(x,06y) = —(x,&5y) =—(6x,y) = (6x,0y) = (x,50y) 3)

for x,y € V. It follows that §>:V — V is a G*-equivariant C-linear Hermitian automorphism.
Hence there exists a (-,-)- and (-,-)-orthogonal G*-invariant decomposition V = P ; V; such that

§2|Vj =Ajidy; where A; € R\ {0} and the A;’s are pairwise distinct.
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Note that A;(x, x) = (éx, éx) > 0if x € V; \ {0}, so we also have A; > 0. If we change (-,-)
/2 on V;, and then the

resulting 0 satisfies 62 = idy . Note that Egs. (2) and (3) are unchanged. Now (6, 5) is a real form
of (G, V) commuting with (o, ¢). Further,

by a factor of )»;./2 on V; x V;, as we do, 6 is changed by a factor of A;l

(@x,8y) = —(0x,0%) = —@x, y) = —(y, ) = [y, %) = [x, )
forx,y e V and
(x,x) = —(x,0x) = —(x,x) <0
for x € V0 \ {0}. This completes the proof. 0O

Proposition 3. Let 7:G — O(V, (-,-)) be an orthogonal representation, and suppose that 6 is
a Cartan involution of G. Then there can be at most one real structure 0 on V such that (9, 0) is
a Cartan pair of T.

Proof. Suppose that (6, é) and (6, é’) are two Cartan pairs of 7. Define
h(x,y)=—(x,0y) and h'(x,y)=—(x,0'y)

for x, y € V. Itis easy to see that & and /" are two U -invariant positive-definite Hermitian forms.
Diagonalizing i’ with respect to &, we get a U -invariant, h-orthogonal splitting V = P Vi such

that 6’ = Ajé on V;, where A; > 0 and the A;’s are pairwise distinct. Using @) =6%=1, we
finally see that 6’ =6. O

Corollary 4. Let 1:G — O(V, (-,-)) be an orthogonal representation. Then any two Cartan
pairs of T are G-conjugate; moreover, if the underlying Cartan involutions commute with a real
form o of G, then the Cartan pairs are (G°)°-conjugate.

Proof. Let (61, 6) and (62, 62) be two Cartan pairs of 7. It is known that there exists g € G such
that 6, = Inng 6; Inngl. Of course, (Inng 6; Inn;l, g@lg’l) is also a Cartan pair. Proposition 3

implies that 52 = g9~1g—1. Further, if both 61 and 6 commute with o, it is known that g can be
taken in the identity component of G°. O

3. The classification

Let Ggr /GR be a semisimple pseudo-Riemannian symmetric space. Here Gr is a connected
real semisimple Lie group, T is a non-trivial involutive automorphism of Gr and Gy is an open
subgroup of the fixed point group of 7. The automorphism 7 induces an automorphism of the Lie
algebra ggr of Gr which we denote by the same letter. Let gr = gr + VR be the decomposition
into £1-eigenspaces of 7. Of course, gr is the Lie algebra of Gr. The restriction of the Killing
form of gr to VR x VR is Adgg-invariant and non-degenerate, so it induces a GR-invariant
pseudo-Riemannian metric on GR /GRr. The adjoint action of GR on VR is equivalent to the
isotropy representation of Gr / GR at the base-point.
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Next, extend 7 complex-linearly to an automorphism of the complexification § = (§r)“
denoted by the same letter and consider the corresponding decomposition g=g+ Vinto £1-
eigenspaces. Let G be the simply-connected complex Lie group with Lie algebra g, view T as
an involution of G, and let G be the fixed point group of 7 in G. Note that G is connected. The
adjoint action of G on V is a complex polar action whose Cartan subspaces coincide with the
maximal Abelian subspaces of V consisting of semisimple elements (indeed, this is a 6-group
(see [DKS85, Introd.] or [PV94, 8.5, 8.6]); no relation here to the aforementioned Cartan invo-
lution ). Further, it is an orthogonal action with respect to the restriction of the Killing form
of g to V. By passing from Gr to a finite covering if necessary, we may assume that GRr em-
beds into G and GRr embeds into G, so we can view the adjoint action of Ggr on VRr as an
orthogonal real form of the adjoint action of G on V. We deduce that the isotropy representa-
tion of a pseudo-Riemannian symmetric space is a polar representation. In this section, we prove
Theorem 1 which is essentially a converse to this result.

Before giving the proof of Theorem 1, we prove four lemmas. In the remaining of this section,
let G be a complex reductive algebraic group defined over R and denote by Ggr the identity
component of its real points.

Lemma 5. Let 7: G — GL(V) be a polar representation, where V.= V| & V; is a G-invariant
decomposition. Assume that the induced representations t; : G — GL(V;) are stable. Then:

(a) 7 ispolar, i =1, 2.

(b) Every Cartan subspace of T is of the form ¢ = c¢1 @ ¢, where c; is a Cartan subspace of T,
i=1,2.

(c) The closed orbits of G on V, coincide with those of G,,, where v is any semisimple vector
of V1. In particular, V1 and V, are inequivalent representations.

(d) Fix a Cartan subspace ¢ = c1 @ ca, let i (resp. h) denote the centralizer of ¢z (resp. c1)
in g, and denote by H; the connected subgroup of G corresponding to b;. Then the closed
orbits of T coincide with those of T: Hy x Hy — GL(V| ® V»), where 7(g1, g2)(v1 + vp) =
11(g1)v1 + 12(g2)v2.

Proof. Parts (a) and (b) are Prop. 2.14 in [DKS85], and (c) is Cor. 2.15 of that paper. Let us
prove (d). Select a regular element vi + vy € ¢1 @ ¢ for 7. Then by = g,,, b2 = gy, and (¢)
implies that h; - vy =g - vy and by - v = g - v (note that v; is semisimple for t; since ¢; is
a Cartan subspace). This implies that g = h; + b2, so G = H| - H> = H, - H; by connectedness
of G. For any u; + us € c1 @ ¢, we now have that G(u; + up) C (Hy x Hp)(u1 + uz). Since
g="b1 + by, and G(u; + uz), Hiu; x Houy are closed and connected, it follows that the two
orbits coincide. O

Lemma 6. Let p: Gr — GL(VR) be a polar representation, where Vg = (VR)1 @ (VR)2 is a
GRr-invariant decomposition. Assume that the induced representations p; : GrR — GL((VR);)
are orthogonalizable. Then there exist closed connected subgroups H! of G, i =1, 2, such
that the restricted representations pj| H[:Hi/ — GL((VR)i) are polar and the closed orbits
of p coincide with those of p: H{ x H} — GL((VR)1 ® (VR)2), where p(g1,82)(v1 + v2) =
p1(gv1 + p2(g2)va.

Proof. The complexification T = p°: G — GL(V) is polar and each 7; = pf is orthogonaliz-
able, hence stable. By Lemma 5, the closed orbits of 7 coincide with those of 7: H; x Hy —
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GL(V| & V»), where V; = (VR)f, the group H; (resp. H») is the connected centralizer of ¢;
(resp. ¢1)in G, and ¢ = c1 @ cp C V| @ V3 is a Cartan subspace of 7. As usual, suppose that p is
defined by (o, 6). Now c¢ can be taken to be & -stable due to Lemma 13 below. In this case, H; is
o-stable; set H/ to be subgroup of Gr given by the identity component of (H;)?. It is clear that
the groups H/ have the desired properties. O

Given a representation p : GR — GL(VR), denote by p*: Gr — GL( Vf{) the dual representa-
tion. Note that p @ p*: Gr — GL(VR @ Vy) is always orthogonal with respect to

((v1,vY), (v2.v3)) = v} (v2) + V3 (V1). 4)
The proof of the following lemma is simple and we omit it.

Lemma 7. Let p: GrR — GL(VR) be orthogonalizable. Then there exists an irreducible decom-
position

=R @& (VR):r®&(VRr+1® (VR D@ (VR)s © (R},
where (VR)1, ..., (VR)r are orthogonalizable and (VR)y+1, - - ., (VR)s are not orthogonalizable.

The following lemma will be used to show that certain polar representations have the same
closed orbits as a the isotropy representation of a symmetric space.

Lemma 8. Suppose ©: G — GL(V) is a polar orthogonalizable representation, U is a maximal
compact subgroup of G and t,,: U — GL(W) is a real form. Suppose also that U’ is a connected
closed subgroup of U and G’ C G is the complexification of U'. If T, |y has the same orbits in W
as ty, then t|g’ has the same closed orbits in 'V as t. If, in addition, p: Gr — GL(VR) is a real
form of T and Gy C GR is a connected real form of G', then p|Giz has the same closed orbits
in VR as p.

Proof. The assertion about p immediately follows from that about 7 and the facts that GRv is
closed if and only if Gv is closed [Bir71] and dimgr Grv = dim Gv for v € VR. Let us prove
the assertion about t. We first claim that if v € V and Gv is closed, then G’'v = Gv. Of course,
we already have that G'v C Gv. In the case in which v € W, we have that both Gv and G’'v are
connected, closed and have dimension equal to dimg Uv = dimg U’v, so the result follows. In
the general case, fix a U-invariant positive-definite Hermitian form (-,-) and choose v; € Gv of
minimal length [DK85, p. 508]. Of course, Gv; = Gv and v is also of minimal length in G'v;.
It follows that G'v; is also closed [DK85, Thm. 1.1] and G,,, G;n are 0-stable, where 6 is the
Cartan involution of G associated to U [DK85, Prop. 1.3]. Let L = (le)e and L' = (G:}l)g.
Now we can choose w € W such that U,, = L by the same argument as in [Sch80, Prop. 5.8],
and it easily follows that U, = L’. We have established that U,, (resp. U,,) is a real form of G,
(resp. G, ). Therefore

dim Gv; =dim G — dim Gy,
= dimR U— dimR Uw

=dimgr Uw
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=dimg U'w
=dimg U’ — dimg Ul/l)
=dim G’ — dim G;JI

=dimG'vy,

which implies that G'v; = Gv;. Since Gv; = Gv, we also have G'v = G, proving the claim.
Let ¢ C V be a Cartan subspace of 7. In view of the claim proved above, ¢ consists of semisim-
ple elements of t|g/. Also, dime¢ =dimV//G = dimV //G’, where the last equality follows
from the fact that 7,, and 7, | have the same co-homogeneity in W. By [DKS8S5, Prop. 2.2], every
closed G’-orbit meets ¢, from which it follows that 7|5 has the same closed orbitsin V ast. O

In order to prove Theorem 1, we will use the explicit lists of polar representations of compact
Lie groups that have been obtained in [EH99] (irreducible case) and [Ber99,Ber(1] (reducible
case); see also [GTOO0] (both cases). For brevity, an isotropy representation of a semisimple sym-
metric space will be called an s-representation. Let p: GR — GL(VR) be a polar orthogonal
representation. Let Tt = p¢: G — GL(V), and suppose that p is given by (o, &) so that Gy is the
identity component of G?. Let (0, é) be a Cartan pair as in Proposition 2, U = G, w=v",
and t,: U — GL(W) the associated real form. Then 7, is a polar representation of a compact
Lie group. By Dadok’s theorem quoted in the introduction and the results in [EH99,Ber01], 7, is
either a Riemannian s-representation or one of the exceptions listed in those papers. We need the
following fundamental lemma.

Lemma 9. If t, is an irreducible Riemannian s-representation, then p is a pseudo-Riemannian
S-representation.

Proof. By assumption, {t = u + W admits a real Lie algebra structure extending that of u such
that [HZ96, p. 182]

(X, wl=7X)w and (X, [w,w']), =(r(X)w,w)
for X e uand w, w’ € W, where
(X,Y), =trace;(ady ady)

for X,Y euand ady(Z) =[X, Z] for X € uand Z € 1i. Denote the Killing form of {i by 8; note
that it is non-degenerate as 11 is semisimple. Also, it turns out that {-,-),, is the restriction of B
to u.

Now, since B|wxw and (-,-)|wxw are both positive-definite real-valued symmetric bilinear
forms which are u-invariant, and t, is irreducible, there exists A > 0 such that S(x, y) = A{x, y)
for x, y € W. By C-bilinearity, §¢(x, y) = A(x, y) for x, y € V, where B¢ is the Killing form of
1u¢ =g+ V. It suffices to prove that gr := gr + VR is a real subalgebra of {i. It is clear that
[gr, gr] C gr and [gRr, VR] C Vr. We claim that also [VR, VR] C gr. In fact,

BC(Gx,6y)=A(Gx,6y) =A(x,y) =A(x,y) =p(x,y) (5)

forx,ye V.If Z1, Z; € g, then also
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B(cZy,0Z) =traceye(ads z, ady 7,)
= traceg(ads 7, ads z,) + tracey (ads z, ads z,)

= traceq (0 adz, adz, o) + tracey (6 adz, adz, 7)

=traceg(adz, adz,) + tracey (adz, adz,)
= tracegc(adz, adz,)

= p(Z1, Z2), (6)
where we used in the third equality that
adoz,x =0Z1-x=0(Zy1-06x)=0adz, ox

for x € V. Therefore

B(Z,0lx,y]) = (0 Z,[x,y]) by (6)
=B(cZ-x,y)
=p°(6(cZ-x),6y) by(5)
=B(Z-6x,6y)
=B°(Z.[6x,6y])

for all Z e gand x,y € V. Hence o[x, y] =[6x,6y], proving the clairrAl. Of course, p i§ now
the isotropy representation of the pseudo-Riemannian symmetric space Gr/GRr, where Gr :=
Int(gr) and GR is the connected subgroup associated to gr. O

Proof of Theorem 1. In view of Lemmas 6 and 7, it is enough to consider the following two
cases:

(a) p is irreducible.
(b) p decomposes as po D ,08‘, where pg: GrR — GL(V)) is irreducible and non-orthogonalizable,
VR = Vo @ V{, and the inner product on VR is given by (4).

(a.1) Suppose first that p is absolutely irreducible. Then 7, is an absolutely irreducible po-
lar representation of a compact Lie group, so it is either a Riemannian s-representation and
then the result follows from Lemma 9, or it is listed in [EH99]. In the latter case, it must be
(SO(3) x Spin(7), R? @ R®), where R8 denotes the spin representation; according to [Oni04, Ta-
ble 5, p. 79], Gr equals SOy(1, 2) x Spin(7) (resp. SO(3) x Spiny(3,4), SOo(1, 2) x Spiny(3,4);
here the subscript denotes the identity component), and p: Gr — GL(R? ® R®) is the tensor
product of the standard representation and the spin representation. Since Spin(7) C SO(8) and
Sping(3,4) C SOp(4,4) [Har90, Thm. 14.2], and p extends to a pseudo-Riemannian s-represen-
tation p’ of SOy(1,2) x SO(8) (resp. SO(3) x SO (4,4), SOy(1,2) x SOy(4,4)) on R> @ R8, it
follows from Lemma 8 that p has the same closed orbits as p’, so this case is checked.

(a.2) Suppose now that p is irreducible but not absolutely irreducible. Then VR admits an
invariant complex structure.
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(a.2.1) If 7, is irreducible, then W admits a U -invariant complex structure, and by Lemma 9
we have only to consider the cases in which it is not an s-representation. According to [EH99],
those are

(S02) x G2, R*®R7),
(SO2) x Spin(7), R* @ R®),
(SU(p) x SU(g), (CP®CT)")  (p#4q),
(SUM), (A*C")")  (n odd),
(Spin(10), C'®). ©)

We do only the first and third cases, the others being similar in spirit. In the first case, Gr must
be SO(2) x G}, where G is the automorphism group of the split octonions and p is the real
tensor product of the standard representation of SO(2) and the 7-dimensional representation
of G; since Vr admits an invariant complex structure. Now G; C SOy(3,4) and there exists
an obvious pseudo-Riemannian s-representation p’ of SO(2) x SOy(3,4) on R*> @ R’. It fol-
lows from Lemma 8 that p and p’ have the same closed orbits and we are done with this case.
In the third case, viewing p as a complex representation, its conjugate representation p with
respect to GR must be equivalent to p* because p @ p = (7). The only possibility is that p
equals (SU(r, p —r) x SU(s,q — 5), (C? ® C?)"), which has the same closed orbits as the
s-representation of the pseudo-Riemannian symmetric space

SU(r+s,p+q—r—s)/S(U(r,p—r) XU(s,q—s)).

(a.2.2) If 7, is not irreducible, then there exists a U -irreducible decomposition W = Wy & W5,
where (1,); : U — GL(W;) is absolutely irreducible. Now V = W{ @ WJ is a G-irreducible
decomposition, where W{ and W are inequivalent by polarity (Lemma 5(c)) and W3 must be
the conjugate representation to Wi with respect to Gg. Denote 7; = (7,,){ : G — GL(WY). It
follows that

GWi=W;s and m(g)=1i(0(g)) =6T11(8)5 (8)

for g € G. Since 0 commutes with 6, we can view o as an automorphism of U. Suppose first
that 7, is splitting, that is U = Uy x U, and 7, is the outer direct product of (7,)1|y, and
(tw)2lu,. On the level of Lie algebras, (8) implies that u; = ker(t,)2 = o (ker(z,)1) = o (u2).
Now we can assume that u; = up, (7,)1 = (tu)2, § = g1 @ g1, where g; = uf and g; is
the conjugate Lie algebra of g, and o :g — g is given by o(Z’, Z") = (2", Z'). Moreover,
V=W & W? and 6:V — V is given by &(w’, w”) = (w”, w’). Hence gr = {(Z,Z") €
g ®ag: Z'=2"), g={(w', ") e W & Wf: w’ = w"}, and p is just the realification of the
complexification of the real polar absolutely irreducible representation (t,)1|y, : U1 — GL(W).
If (r,)1ly, is an s-representation, this means that o is the s-representation of a complex sym-
metric space viewed as a real representation. The only other possibility is that (7,)1|y, equals
(SO(3) x Spin(7), R?> @ R®). In this case, p:S0(3, C)" x Spin(7,C)" — GL((C? ® C®)") has
the same closed orbits as SO(3, C)" x SO(8,C)" — GL((C? ® C®)"), so we are done. Sup-
pose now that 7, is not splitting. Then U = U; x Uy x U,, where U, (resp. Uy) coincides with
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ker(z,)1 (resp. ker(t,)2) up to some discrete part. Since o (ker(t,)1) = ker(z, )7, the automor-
phism o : U — U must restrict to isomorphisms U; — U, and Uy — Uy. It follows that Uy is
essential for (t,); if and only if it is essential for (t,),. Therefore 7, is not almost splitting in the
sense of [GTOO, p. 58]; we use the classification given there: due to the facts that the (z,); admits
no invariant complex structure and dim W; = dim W5, we need only to consider the case in which
Uy = Spin(8), Uy = Uy = {1}, and Wi, W, are two 8-dimensional inequivalent representations
of Spin(8). Referring to [Oni04, Table 5, p. 80], Gr must be either Spiny(3,5) or Spiny(1,7),
and p must be the realification of an 8-dimensional complex representation of Gr which is not of
real type (indeed, in each case there exist two such representations and they are conjugate to one
another). Since 1 is (SO(8, C), Ci @® C?) (where Ci denote the half-spin representations) with
compact real form (Spin(8), Ri &) Rg) having the same orbits as (SO(8) x SO(8), R3 @ RY), it
follows that p has the same closed orbits as the standard action of (SO(8, C))” on (C3)". Now
the latter is a pseudo-Riemannian s-representation, so this case is also dealt with.

(b.1) Consider now the case in which p = pg @ p;, where pg is absolutely irreducible and
non-orthogonalizable. Then p¢ = pj @ (p;)€ is polar and pf is irreducible. By polarity, o5 and
(03)¢ = (pg)* are inequivalent, so pj is not self-dual implying that it is not of real type with
respect to U. Recall that (o)™ is the conjugate representation g with respect to U. It follows
that 6(v/, 0") = (v", ¥') for (v, 0") € Vi @ ‘75, the space W = {(v/,0") e V5 @ V(f: v =v"},
and 7, : U — GL(W) is irreducible, not absolutely irreducible, and equivalent to (of)" |y : U —
GL((Vy)"). In other words, W admits a U-invariant complex structure J and pp is just a real
form of the holomorphic extension of 7, : U — GL(W, J) to a representation of G on (W, J).
By Lemma 9, it suffices to consider the case in which 7, is not an s-representation, namely, given
in (7). We do only the case (SU(n), (A2C")") for n odd, the others being similar in spirit. Since
n is odd, [Oni04, Table 5] gives that Gg = SL(n, R) and py is the representation on AZR". Now
p = po @ p;; has the same closed orbits as (GL*(n,R), A’R" @ (A?R")*), which turns out to be
the s-representation of the pseudo-Riemannian symmetric space SO(n,n)/GL™ (n, R) [Ber57,
Tableau II].

(b.2) Finally, suppose that p = po @ p;;, Where py is irreducible, not absolutely irreducible and
non-orthogonalizable. Then pp, p; can be viewed as complex representations, and p¢ = po ©

00 ® po D ,30 is an irreducible decomposition with pairwise inequivalent summands, where pg
(resp. po = ,05“) is the conjugate representation to pg with respect to Gr (resp. U). We must
have 1, = (14)1 @ (ry)2: U — GL(W; @& W), where (t,); is polar irreducible, not absolutely
irreducible. Moreover, t1 = pg ® 0o and T, = pp D ,30, where we have set 7; = (r,,)f.

(b.2.1) Suppose T, is splitting. Then U = U} x U3 and 7, is the outer direct product of (7)1 ]y,
and (ty)2|y,, where each (7,);|y, is irreducible and not absolutely irreducible. The automor-
phism o : U — U must take U] to U, so we can assume Uy = U, and (7)1 = (1,,)2. Write G =
G1 x G where g; = uf. Then p is equivalent to the realification of 71|g, : G| — GL(VOC &) VOC*),
and 71|, is the complexification of a polar irreducible, not absolutely irreducible representation
(t1ly, : U — GL(W7). We have only to consider the case in which it is not an s-representation,
namely, given in (7). We do only the case (Spin(10), (C'%)"), the others being similar in spirit.
Here 77 is (Spin(10, C), C'® @ C'®*) and p is (Spin(10, C)", (C'®)" @ (C'®*)"), which turns out
to have the same closed orbits as the pseudo-Riemannian s-representation given by the realifica-
tion of (C* x Spin(10, C), C'® @ C16%).

(b.2.2) Suppose t, is not splitting. Then it is not almost splitting by the same argument as in
case (a.2.2). Owing to the fact that (t,); admits an invariant complex structure for i = 1,2, we
see from [GTOO, p. 59] that this case is not possible. O
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4. Isoparametric submanifolds

Let VR be a finite-dimensional real vector space equipped with a non-degenerate symmetric
bilinear form (-,-). A submanifold M of VR is called a pseudo-Riemannian submanifold if the
restrictions of (-,-) to the tangent spaces of M are always non-degenerate. If M is a pseudo-
Riemannian submanifold, the canonical flat connection D in VR induces the Levi-Civita con-
nection V in M, the second fundamental form B of M, and the connection V-1 in the normal
bundle vM of M in the usual way. Namely,

DxY =VxY + B(X,Y),
and
Dxt = —A:X + Vy&,

where X and Y are sections of TM and & is a section of vM, and the Weingarten operator
Ag: TM — T M is defined by

(AeX,Y)=(B(X,Y),§).

For each p € M, the map A¢|,:T,M — T,M is a symmetric endomorphism with respect to
the induced inner product in 7), M. Note that in the case in which this induced inner product is
definite, the Weingarten operator is automatically diagonalizable over R, whereas in the general
case it may happen that A¢|, is not diagonalizable, not even over C.

A properly embedded pseudo-Riemannian submanifold M of VR will be called isoparametric
if the following two conditions are satisfied:

(a) the normal connection is flat;
(b) the eigenvalues of the Weingarten operator along a locally defined parallel normal vector
field together with their algebraic multiplicities are constant.

Isoparametric submanifolds of Euclidean spaces are very important in submanifold geometry
and share a very rich history and an extensive literature, see [Ter85,Tho00,BCO03] and the ref-
erences therein. On the other hand, isoparametric submanifolds of indefinite space forms are
not as common, but have already been considered before in codimension one, see e.g. [Hah84,
Mag85].

In this section, we will consider homogeneous isoparametric submanifolds whose Weingarten
operators are everywhere diagonalizable over C. We start with the following lemma.

Lemma 10. Let t: G — O(V, (-,-)) be a complex polar orthogonal representation of a complex
reductive algebraic group.

(a) Forv eV, wehave ¢, C (g-v)*, and the equality holds if and only if v is regular.
(b) If c C V is a Cartan subspace, then (c, g - ¢) = 0. In particular, the restrictions of (-,-) to ¢
and g - v for regular v are non-degenerate.
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Proof. (a)If x ecy,theng-x Cg-v,so

(x,g-v)=(g~x,v)=(g-v,v)=0

by G-invariance of (-,-), proving the inclusion. If v is regular,

dimc, =dimV//G

=dimV — maxdim Gu (t is stable)
ueV

=dimV —dimg - v,

and this shows that ¢, is the orthocomplement of g - v in V.
(b) follows from (a). O

Before stating the next theorem, a couple of remarks are in order. Let Gr be a connected real
form of a connected complex reductive algebraic group G, let p : GR — GL(VR) be an arbitrary
real representation, and let T : G — GL(V') be the complexification of p. If v € V is semisimple,
then the isotropy subgroup G, is reductive; hence, there exists a G, -invariant subspace N, C V
such that V =g - v & N,. The restriction of t to G, — GL(N,) is called the slice representa-
tion at v. If v € VR, then G, N, and the slice representation are defined over R. There exists
a Zariski-open and dense subset Vp,; of V such that all isotropy subgroups G, for semisimple
v € V) are in one conjugacy class [Sch80, Cor. 5.6]. A semisimple point v € V) is called prin-
cipal. Every principal point is regular. We have that V,,: N Vg is dense in VR [Bre93, 13.4]. If
v € VR, then GRruv is closed if and only if Gv is closed [Bir71], and dimgr Grv = dim Gv; it
follows that maxycvg dimgr GRv = max,cy dim Gv. Suppose now that p is orthogonalizable;
then so is 7, hence 7 is stable; in this case, V,r consists of semisimple elements only, and it fol-
lows from this discussion that V,,; N VR is an open and dense subset of Vg consisting of closed
GRr-orbits. Suppose now, in addition, that t is polar. Since the slice representations of t are the
complexifications of the slice representations of the real form t,, : U — GL(W) [Sch80, Cor. 5.9],
it follows from [BCOO3, Cor. 5.4.3] that V), is precisely the set of regular points of 7.

Theorem 11. Let p: GR — O(VR, {(-,-)) be an orthogonal representation. If p is polar then every
orbit of p through a regular element v € VR is isoparametric with diagonalizable Weingarten
operators. Conversely, if p is irreducible and there exists a regular element v € VR such that
GRuv is isoparametric with diagonalizable Weingarten operators then p is polar.

Proof. Suppose p is polar and v € Vg is regular. Then ¢, = (g - v)* is a Cartan subspace of
T = p° defined over R. Denote the set of real points of ¢, by (c,)r and let M = Grv. Then the
normal space v, M = (¢,)R. Since g, - ¢, = 0 [DK85, Lem. 2.1(iii)], any £ € v, M extends to a lo-
cally defined equivariant normal vector field é along M given by .f,? (gv) = g& for g € (GR)° (the
connected component of the identity). For X € gr, we have that V}Jg. vé‘ is the orthogonal projec-
tion in v, M of %|,=o(exth)$ =X-£ecgr-&. Since gr-& C gr - v, it follows that V;vé =0.
This proves that a locally defined equivariant normal vector field along M is parallel. By taking
a basis of v, M, we get a locally defined parallel normal frame along v, M, which implies that
vy M is flat. It is clear that the eigenvalues of the Weingarten operator along an equivariant normal
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vector field together with their algebraic multiplicities are constant, and that operator is diagonal-
izable over C by Example 12 below. Hence M is isoparametric with diagonalizable Weingarten
operators.

Conversely, suppose p is irreducible and there exists a regular element v € VR such that M =
GRrv is isoparametric with diagonalizable Weingarten operators. Irreducibility of p yields that M
is full in VR, that is, not contained in a proper affine subspace. We first claim that a locally
defined parallel normal vector field é along M is equivariant. Let U be a neighborhood of v in M
where é is defined, and let é(v) = &. Suppose that g(¢) is a continuous curve in GR satisfying
g(0) =1 and g(t)v € U. Consider the continuous curve &(¢) = g(t)_lé(g(t)v) in v, M. By the
isoparametric condition and the fact that the action of G is orthogonal, we have that Ag()
and Ag¢ have the same complex eigenvalues with the same multiplicities. By connectedness of
the domain interval of g(¢) and the facts that they are diagonalizable and commute, we get that
Ag() = Ag for all ¢. Fullness of M implies the injectivity of the map & — Ag, so &£(t) =& for
all z. This proves the claim. Since the locally defined equivariant normal vector fields are parallel
with respect to the normal connection,

X-&=Dyx.,E=—A;(X -v)+ Vg, E=—A:(X v)€gr-v,
where £ € vy, M and X € gr. This proves that vyM C (c,)Rr. Since
dimg vyM = dimg Vg —dimg M =dimV —dimGv=dimV//G,
we get that dimc, = dim V// G and hence t = p¢ (resp. p) is polar. O
Example 12. Let 7: G — O(V, {(-,-)) be a complex polar orthogonal representation and fix an
orthogonal real form p: Gr — O(WR, (:,-)) defined by (o, 0). In this example, we compute the

Weingarten operator of an orbit M = Gru for a regular v € Vg = V. Let ¢ be a 6- and &-stable
Cartan subspace of T and consider the corresponding root space decomposition

g=m-+ Z@a

aedd

(see Subsection 5.2 for the notation and terminology used in this example). By Proposition 14
below, we may assume that v € ¢?. Let £ be a vector normal to M at v in VR. Then also & € ¢°.
If « is a noncomplex root, g, is o -stable. We have (the superscript “T” denotes the tangential
component to the orbit)
Ae(Xo-v)=—(Xa- ),
where X, € g7, and
Xo - v=0a)Xy - Vg, Xo & =a(§)Xy - Vo,

SO

A (Xo Vo) =AXq Vo (resp. Ag(iXo - Vo) = Ai (X - Vo))
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where A = — Ei; is a real eigenvalue and X, - vy (resp. i (Xy - vy)) is the associated eigenvector

if o is real (resp. imaginary).
If o is a complex root, g, is not o-stable and (§o ® Fjow|)® is spanned by X, + 0 X, and
i(Xyg —0X,) for X, € Qz. The associated subspace of T, M is spanned by

(V)Xo Vo + (V)G (Xq Vo), i(0)Xe v — ()G (Xq - Vo)) ©)

for Xo € 30
Now A = “EE; is not real and the matrix of Ag in the basis (9) is given by

RAL —Jr
RYSEE VA A
which is of course diagonalizable over C.

5. Structural theory of polar representations of real reductive algebraic groups

Consider a semisimple pseudo-Riemannian symmetrlc space Gr /Gr and its complexifica-
tion G /G as in the first two paragraphs of Section 3. Let 6 denote the conjugatlon of G over GRr.
We can choose a Cartan involution 6 of Gg that commutes with ¥ on GR. Since G is simply-
connected, we can extend 6 anti- -holomorphically to a Cartan involution of G which will be
denoted by the same letter. Note that 6 commutes with 7 and & on G. Set 6 (resp. 6) to be the
restriction of 8 to G (resp. V), and set o (resp. &) to be the restriction of 6 to G (resp. V). Then

U= Ge (resp. U = G% isa compact real form of G (resp. G). Write W = Vg Now we have
the combined decomposition

,\ 0 N 0 )
gRZ(gRﬂu—i—gRﬂlu)—i—(VRﬂW—i—VRﬂlW). (10)
—_— ——
=t ‘=PR

In this context, an element v € VR is called semisimple if ad, is a semisimple endomorphism
of g, and a Cartan subspace of gr is a maximal Abelian subspace of Vg consisting of semisimple
elements. It is known that the Adgy-orbit of v € VR is closed if and only if v is semisim-
ple [BH62, Cor. 10.3]; every semisimple element of VR belongs to some Cartan subspace; every
Cartan subspace of VR is Ad(Gg)e- conjugate to a f-stable Cartan subspace; there exist finitely
many Ad(gyg)o-conjugacy classes of §-stable Cartan subspaces in VR; two such @-stable Cartan
subspaces are Ad(kpg)o-conjugate if and only they are Adgg)o-conjugate if and only they are
Adg-conjugate [HHNO99].

Throughout this section, we let 7: G — GL(V) be a complex polar representation of a con-
nected complex reductive algebraic group, consider a real form p: Gr — GL(VR) defined by
(0, 0), where GR is the identity component of G, and prove a collection of results for p similar
to those stated in the previous paragraph for an s-representation. The first three results do not
require that 7 and p be orthogonalizable.

5.1. General facts about Cartan subspaces

A Cartan subspace of p is a subspace of V which is the &-fixed point vector space of a
o -stable Cartan subspace of .
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Lemma 13. There exist 6 -stable Cartan subspaces of .

Proof. Owing to the remarks preceding Theorem 11, the set Vj,; N VR is a nonempty open subset
of VR = V7 consisting of regular elements of t; it suffices to take ¢, where v lies therein. O

We will use the following notion in the proof of the next proposition. The rank of t is de-
fined to be the difference dimc — dimc¥, where ¢ C V is a Cartan subspace and c? denotes the
subspace of G-fixed points in c.

Proposition 14. Given a semisimple x € V°, there exists a Cartan subspace of V° which con-
tains x.

Proof. Note that for a regular x € V7, one can simply take ¢ = c,. In the general case, we
proceed by induction on the rank of 7. Since x is semisimple, there exists a Cartan subspace ¢’
such that x € ¢’. If x € (¢)?, then x belongs to any & -stable Cartan subspace of t. Suppose
now x ¢ (c¢’)8. Then the slice representation (G, N,) is polar with rank strictly lower than t,
and ¢’ C Ny is a Cartan subspace of (G, Ny) [DK85, Thm. 2.4]. Without loss of generality, x is
a minimal vector with respect to some U -invariant positive-definite Hermitian form (-,-) which is
real-valued on V° ,and N, is the orthocomplement of g-x with respect to (-,-) [DK85, Rmk. 1.4].
Since x € V, it follows that G, is o-stable, N, is ¢-stable and (G, N,) is defined over R with
respect to (o, ). By the induction hypothesis, there exists a ¢-stable Cartan subspace ¢ C Ny
such that x € c. Now ¢, ¢’ are two Cartan subspaces of (G, Ny), so there exists g € G, such
that g - ¢’ = c. It follows that ¢ is a Cartan subspace of . O

Theorem 15. There exist only finitely many Gr-conjugacy classes of Cartan subspaces of VR.

Proof. According to the remarks preceding Theorem 11, the set of regular points of 7 is a
Zariski-open and dense subset Vj,; of V. By a theorem of Whitney [Whi57], V,,; N VR has finitely
many connected components.

Suppose now that ¢ is a Cartan subspace of Vg. Consider the map

GRxc&—>VR, (g, v)—>g-v;

it is easily seen to be a smooth submersion at v if v is a regular point of 7. It follows that
GRr - (c& N Vi) is open in VR. But the sets Gg - (c& N Vpr) for varying @ obviously cover
Vpr N VR. Any two of them are not disjoint if and only if the corresponding Cartan subspaces are
conjugate, in which case the sets coincide. The result follows. O

Consider the categorical quotient map 7 : V — V//G. Since G, V, and the action of G on V
are defined over R, so is the variety V //G; denote its set of real points by (V//G)r. By a the-
orem of Tarski and Seidenberg, 7w (VR) is a real semialgebraic subset of (V //G)r. Recall that
7 (Vpr N VR) is an open and dense subset of 7 (VR). We propose the following conjecture (com-
pare [Rot71]).

Conjecture 16. The map w sets up a one-to-one correspondence between the GRr-conjugacy
classes of Cartan subspaces of Vg and the connected components of the stratum s (Vpr N VR).
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Henceforth we assume that p (and hence t) is orthogonal with respect to (-,-).
Theorem 17.

(a) Given a ¢ -stable Cartan subspace ¢ C V, there exists a Cartan pair (1, 1) commuting with
(0, 6) such that c is 1-stable.

(b) Given a Cartan pair (6, é) commuting with (o, ), every & -stable Cartan subspace ¢ C'V
is (G%)°-conjugate to a G-stable one (hence also & -stable).

Proof. We begin by showing that there exists a Cartan pair (m, ) of T such that fi(c) = c.

Indeed, suppose (¢, 6y is any Cartan pair. We can select v € v regular. Since ¢ meets all the
closed orbits, there exists g € G such that g - v € ¢. Define u = Inng G/Inng1 and L = gf'g~ L.
Then (u, ft) is a Cartan pair and fi(g - v) = g - v. Hence ¢ = cg., is fi-stable.

The following construction of 7 is standard (compare [Oni0O4, §3, Prop. 6]). Set w = o .
We can view w as a complex linear automorphism of g. Consider the decomposition into the
center and semisimple factor g = 3 @ g,s. Let B be the Killing form of g,,. We can extend 8 to
an ad-invariant symmetric bilinear form on g, denoted by the same letter, which is real-valued
on g", g° and negative-definite on g*. Then one easily sees that @ is Hermitian with respect to
the positive-definite Hermitian form B, (X,Y) = —B(X, nY), where X, Y € g. It follows that
w? is Hermitian and positive-definite, and hence belongs to a one-parameter family of Hermitian
and positive-definite automorphisms of g. Therefore there exists a unique Hermitian, positive-
definite automorphism ¢ of g such that ¢* = w?. Since ¢| a,, belongs to a one-parameter group

of automorphisms of g, we have that ¢|g,, is inner, that is, equals Adj, for some h € Ggy. Set

n=Inn, Inn,?l. Then n is a Cartan involution of G. Also, on the Lie algebra level, pou = w !,

so pw?n=w"2 and ppu = @' Of course, ww’w ™! = w?, s0 wpw™! = ¢ and wp?w ™! = .
Now we have

no =gue~ o =¢*uo =g’ =w ¢,

on=opue ' =opup T =we 2,

s0 ¢ = w? implies that no = on on g, and also on G.

For the next step, define @ = o ft. Then @ is a G-equivariant complex automorphism of V.
Further, @ is Hermitian with respect to the positive-definite Hermitian form B (x, y) = —(x, fty)
on V. It follows that & is Hermitian and positive-definite, so as above there is a unique Hermitian
and positive-definite automorphism @ of V such that 3* = &?. Setting 7j = @@ ", we have that
no = 61 by a computation similar to that in the previous paragraph. Moreover, 77(c) = ¢, because
6(c) =c and i(c) = c. We also have (x,y € V)

(iix, iiy) = (ag ' x, pig~"y)

Ag'x, g 'y)

— —— —

and, if 0 £ x € V1,
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1

(x,x)=(¢""x, ¢ 'x)

<0 ((ﬁ_]x € V;’),

where we have used that (x,y € V)

(px, 9y) = —B(¢x, 1py)
=~ Bi(x. "' y) (Api=¢")
=—B;(x,ty) (¢ is Hermitian)
=(x, y)

=(¢""x, g7 "y).

In order to see that (5, 17) is a Cartan pair, it only remains to check that (g - v) = n(g) - n(v) for
g € G, v e V. It suffices to prove that ¢ = 7(h). Denote the induced representation g — gl(V)
by dt. Since Adj, is Hermitian, positive-definite with respect to B, the element /& can be taken
of the form exp Y, where Y € ighi. Then t(h) = ¢4*™). This implies that 7(h) is Hermitian,
positive-definite with respect to Bj. Since (X € g)

6dt(X)6 ' =dr(6X) and adt(X)p~'=dr(uX),
we also have that
odt (X))o =dt(wX). (11)

Since the irreducible summands of V must be pairwise inequivalent by polarity, each one of them
is @-invariant. Let Vp be an irreducible summand of V and suppose that the action of 3 on Vj is
given by a linear functional A:3 — C. Eq. (11) implies that A(X) = A(wX) for X € 3. Now, if
X € 3and v € V, we have

t(W*dr(X)T(h) ™ = AX)v = A(0*(X))v = dt(0? (X)), (12)
and if X € g5,

t(W)*dr(X)t(h)™* = dr(AdX)
=d(¢*(X))
=dt(0*(X)). (13)

Egs. (11), (12) and (13) imply that ®? and t(h)* are two intertwining maps between the
representations dt and dt o w?. It follows that they are multiples of each other on each irreducible
summand. Since both maps are positive-definite, ‘L’(h)4 = A@? for A € R, A > 0. Since both are
isometries with respect to (-,-), one has A = 1. Now (a) is proved. For proving (b), construct
(n, 1) as in (a) and note that it is conjugate to (6, 6) by an element g’ € (G?)° by Corollary 4.
Now ¢’ = g’ - ¢ is a f-stable Cartan subspace. [
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In case a Cartan pair (0, 5) commuting with (o, &) is fixed, a 6-stable Cartan subspace of p
will sometimes be called standard.

Corollary 18. If (0, 6) is a Cartan pair commuting with (o, ), then every closed (G°)°-orbit
in VO intersects a standard Cartan subspace of V°.

Proof. Suppose that (G?)°x is a closed orbit in V9. By Proposition 14, there exists a & -stable
Cartan subspace ¢ C V such that x € ¢?. By Theorem 17, there exists g € (G°)° such that g - ¢
is a - and 6-stable Cartan subspace. Of course, (G?)°x meets g -c. O

5.2. Roots and co-roots

In the rest of the paper, we assume that p is orthogonal with respect to (-,-) and a Cartan
pair (9, 6) commuting with (o, 5) has been fixed according to Proposition 2. We also recall the
Hermitian form (-,-) that was introduced in that proposition and satisfies Eq. (1).

For a given Cartan subspace ¢ C V/, the set of singular elements csing C ¢ is by definition the
complement of the set of regular elements in c. If the rank of 7 is not zero, it is known that cging
is a union of finitely many complex hyperplanes

Csing = U Ca,

-4

where .7 is a finite index set [DK85, Lem. 2.11]. Fix a - and f-stable Cartan subspace c C V,
set gy to be the centralizer of ¢, in g and G, to be the corresponding connected subgroup of G.

Lemma 19. We have that (g - ¢, gp - ¢) =0 for o # B.

Proof. It follows from Lemma 10 that ¢ C (g - v)L for v € ¢. Since (g- v)tis gy-invariant, this
implies (g, - ¢, g - v) = 0. In particular, if v € ¢4 \ Uﬁ#{ cg, then g, = go [DKS5, p. 516], so
(ga - ¢, g-v) =0 implying that (g4 - ¢, g- co) =0. Since gg - ¢ C g - ¢, for a # B [DKSS5, p. 517],
the desired result follows. O

Lemma 20. Each c, meets V0 in a real hyperplane.

Proof. It is equivalent to prove that each ¢, is -stable. Of course, (-,-) is non-degenerate on
Cq X Cq as (-,-) is positive-definite. Choose vy € ¢ to be (-,-)-orthogonal to c¢,. We claim that
the decomposition ¢ = ¢4 @ Cuvy is (-,-)-orthogonal. Since (x, éy) = —(x,y) for x,y € V, this
will prove the desired result. In order to prove the claim, note that ¢ @ g, - ¢ is a G, -invariant
subspace [DK85, Thm. 2.12(ii)] and (-,-) is non-degenerate on ¢ @ gy - ¢ by Lemmas 10 and 19.
Since G, acts trivially on ¢, and gq - ¢ = go - Vg, it follows that ¢, @ Cvy D gy - vy 18 (-,-)-
orthogonal. O

Since (-,-) is positive-definite on V¢ x V=9 the vector v, in the proof of Lemma 20 can be
chosen to satisfy

va €V (e c;®)=0 and (g, va) =1,
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and then it is uniquely defined up to a sign. We select a connected component of ¢ =% — [ J west Ca 0
once and for all, and then v, is uniquely defined (but the sign of v, will not actually matter for
our purposes). The vector v, is called a (unnormalized ) co-root. The associated root is the linear
functional « : ¢ — C obtained by setting

a(v) =(v,vy) €R

for v € ¢7% and then considering its complex-linear extension to c¢. A root is called: real
(resp. imaginary) if « is real-valued (resp. purely imaginary-valued) on ¢, and it is called com-
plex otherwise. It follows from the (-,-)-orthogonality of the decomposition ¢~ =¢® Ne¢~? @
¢~% Nc? that « is real (resp. imaginary) if and only if it vanishes on ¢~ N ¢~ (resp. ¢® Ne™?),
in which case v, belongs to ¢ N ¢~ (resp. ¢=@ N ¢~?). It follows that o in noncomplex if and
only if ¢4 is &-invariant if and only if it is @-invariant, where @ = 66 = 6. Recall that 6 gets
replaced by its opposite by changing the sign of (-,-), so the choice of some signs above does not
have intrinsic meaning, as compared to the case of an s-representation in which the sign of (-,-)
is fixed by the Killing form of gr (see (10)).

Let m be the centralizer of ¢ in g. Then m is o -, f-stable. Since m is a reductive subalgebra
of g,, there exists a 8- and ady,-stable splitting

ga=m@§la,

where g, is a subspace, which is called a root space. Now assume « is noncomplex. Then g,
can be taken w-stable, so that g, = g5 @ g,“. An imaginary root o € & is called noncompact
imaginary if g;;“ # 0 and compact imaginary otherwise. A real root o € &/ is called compact
real if g% # 0 and noncompact real otherwise. Finally, define

oa(v) =a(ov),

where v € c. Since ¢ takes singular orbits to singular orbits and maps hyperplanes of ¢ to hyper-
planes of ¢, this defines an action on &7 U (—7). Also, 6« = « (resp. 6« = —a) if and only if «
is real (resp. imaginary). We can choose the root spaces so that 0 g, = |5 for all @ € &7, where
|-|: 9/ U(—2/) — <f has its obvious meaning.

5.3. Cayley transforms

By Corollary 18, every closed Gr-orbit in VR meets some standardNCartan subspace of VR.
We want to study standard Cartan subspaces of Vg, so consider a 6 - and 6-stable Cartan subspace
¢ C V. Note that

=N dcne?,

and dimg ¢® N¢? (resp. dimg ¢® N¢?) is an invariant of the Gr-conjugacy class of ¢, called the
compact dimension (resp. noncompact dimension) of ¢®. We call a standard Cartan subspace ¢
maximally compact (resp. maximally noncompact) if its compact dimension (resp. noncompact
dimension) is as large as possible. Note that the compact and noncompact dimensions of ¢ are
interchanged if we replace (-,-) and 6 by their opposites. A maximally compact or maximally
noncompact standard Cartan subspace will also be called extremal. Cayley transforms are used
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to pass from one GRr-conjugacy class of Cartan subspaces to another one, namely, to increase or
decrease its compact dimension by one (and correspondingly decrease or increase its noncompact
dimension by one). In general, an element ¢ € G maps a 6- and G-stable Cartan subspace ¢
of V to another &- and f-stable Cartan subspace if and only if o (g)g~! and 0(g)g~! belong to
the normalizer Ng(c) of ¢ in G, as is easily seen. Recall that the Weyl group of c is the finite
group [DKS8S5, p. 513]

W(c) = Ng(c)/Zg(c),

where Zg(c) denotes the centralizer of ¢ in G. We will construct a special kind of Cayley
transform. We first consider the case of a rank one polar orthogonal irreducible representation
7:G — O(V, (-,-)). Fix a standard Cartan subspace ¢ which is extremal, say maximally com-
pact. Here ¢ = ¢® N¢? and o7 = {«}. Assume that « is an imaginary root. We will show how
one can pass from ¢ to a Cartan subspace ¢ in another Gr-conjugacy class which in this case,
by dimensional reasons, must be maximally noncompact, namely, ¢° = ¢ N é%. Since the
rank is one, 7, : U — O(W, (-,-)) is a co-homogeneity one action of a compact Lie group. Let
V=1Iivy € ¢® N¢?. Then (v,v) = —1 and U (v) is a round sphere sl U/U, in W. Introduce
the following notation: g = £ + p is the decomposition into #1-eigenspaces of w, tg = £ =€,
pr =p°, and Kr = U? = U N GR; note that KR is a maximal compact subgroup of Ggr and
hence it is connected since GR is so.

Claim 21. We have that « is compact imaginary if and only if Kr C U is transitive on S" .

In fact, here we have g, = m @ g, where g, = g, m = g,, and g = g, D g is 0-stable. Taking
6-fixed points, we get u =u, @ 7. Now KR is transitive on S"~! if and only if u, + g = u if
and only if tg D g7 if and only if £ D §, if and only if §;“ = {0}.

Claim 22. If KR is not transitive on S"~", then we can take g € G such that 6(g) = g, o(g) =
g Vand g =—ide W(o).

Indeed, the assumption is equivalent to ﬁg N g,° # {0}; take a nonzero X therein. We can
choose X so that y(f) = exptX - v is a unit speed geodesic of "~ connecting ¥ (0) = v
to y(w) = —v. Set g =exp5 X € U. Clearly, 6(g) = g. Also, o(g) = g !, and g% v =
exprX -v=—v,50 gZ=—idon Cv =c.

Claim 23. If g is as in the previous claim and =g -c, then ¢° is a maximally noncompact
Cartan subspace of V°.

In fact, 0(g)g~' =idand o (g)g~! = g~% = —id both belong to W (c), so ¢ is & - and f-stable.
Also,

G(gv)=0(9)6(v) =g 'v=—g"'g%v=—gv,
SO

¢ =R(igv) and 6O(igv)=—i0(g)0(v) = —igv.
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We have shown that in the rank one case, associated to a noncompact imaginary root «, a Cay-
ley transformation ¢, = 7(g) can be constructed so that it maps a given &- and 6-stable Cartan
subspace ¢ to a - and G-stable Cartan subspace ¢ = ¢4 (¢) such that the noncompact dimension
of ¢% is one higher than that of ¢?. In the sequel, we want to generalize this construction to an
arbitrary polar orthogonal representation t: G — O(V, (-,-)).

Indeed, suppose now that the rank of 7 is arbitrary, let ¢ be an arbitrary & - and 6-stable Cartan
subspace and assume there exists a noncompact imaginary root « € ./ which we suppose fixed.

Write ¢ = ¢, @ Cv, Where v, € i(c& Nney= ¢=% N ¢ ? is the co-root. Note that

@ =c§ ®R(iva),

and ivy € ¢?. Now (8> € ® gq - ) is a rank one polar action [DK85, Thm. 2.12]. Since V =
¢® @Dyeoy 9o - € is a (-,-)-orthogonal direct sum, (gq, ¢ D go - ¢) is orthogonal with respect to
the restriction of (-,-); we restrict it to (gy, Cvy D go - Ve) to get an irreducible polar orthogonal
action of rank one. Since X € g4 + X - vy is injective on g, the kernel of this representation
is contained in m. Let Z e m. Then Z - v, =0.If Z - g4 - v = 0, then [Z, gq] - v = 0. Since
[Z, §o] C §a» we get that [Z, §o] =0, 50 Z € Ziy (§o). Now (g,,. Vo) is an effective irreducible
polar orthogonal action of rank one, where we have set

g(/)( =0go/Zm(@e) and V, =Cuvy ® gy - Vo-
Note that & can also be considered as a root of (g,,, V), and then it is a noncompact imaginary

root, so by the previous discussion we can find g € G, as above and perform a Cayley transform
¢y = 7(g) as follows:

¢ =cq(c) =cq ® C(gVa).
Note that
& = ®R(gva),
and gv, € ¢, so the noncompact dimension of &7 is one higher than that of ¢ . In a completely
analogous way, one can define a Cayley transform that increases the compact dimension of ¢
by one by using a compact real root.

5.4. Uniqueness of extremal Cartan subspaces

The Cayley transform allows us to derive some important properties of extremal Cartan sub-
spaces.

Theorem 24. We have that (IgR, VRNiW) gresp. (KR, VR N W) is a polar representation. The

sections are given by ¢ N ¢ (resp. ¢® N ¢?), where ¢® is a maximally noncompact (resp. com-
pact) Cartan subspace of Vg = V°.

Proof. It suffices to treat the case of (Kgr, VR NiW). Let o bea maximally noncompact Cartan
subspace. Then there are no noncompact imaginary roots, for otherwise a Cayley transform could
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be performed increasing the noncompact dimension of ¢”. We claim that there exists vy € ¢ N
¢~ such that

tRWD B Ne I =voin V=0 =vgniw.

In order to prove this claim, we first remark that [DK85, Thm. 2.12]

s} =m-+ Z ga

a(v)=0
forv ec,
M+ >, imag G for generic v € c°,
G = ~ . &
M+, a0 for generic v € ¢,
and

gy, = (m“’ + Z @g’) ) (m_“’ + Z @;“’) for generic vy € ¢ N,

«a real o real
ct Ccp
w ~w - . o -0
=(m Z m for generic v, € ¢ Nc¢™7,
gvz < + ga) EB g 2
o imag cp
ce

where in the last line we have used the nonexistence of noncompact imaginary roots. Select
generic v] € c“ne, vy € cNe? and setv = vi+ v € ¢ . Foreach o € <7,

a() =a(v) +a(vz),
—_— ——

€iR eR

where at least one of the two summands on the right-hand side in not zero by the choice
of vy, v2. This shows that v is regular for (G, V). By polarity, g - v @ ¢ = V. Taking real parts
in VR yields

gr(v) ® c® = g,
which is the same as

(Er(v1) + pr(12)) & (ER(v2) + prOD) B NP @ Nl =VRNW & VR NiW.

In particular,

(er(v2) + pr(W)) B ” N~ = VrNiW.

The claim will follow if we show that €g (v2) D pr(v1). T?is is to be a consequence oft-vy D
p-vy,as - vy and p - vy are 6-stable and Egr(v2) = (€ v2)?, pr(vy) = (P - v1)°.
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Now p - v; is spanned by

9,“ -v1  for o imaginary, and

——
=0
Xy —0Xg) V1 =Xq - 0] —D(Xg - V1)
=a(v))(l —0)(Xy - vg) for @ complex and X, € gq.
;\‘/_J

#0
On the other hand, ¥(vy) is spanned by

gy - vy for « real, and
(Xo +0Xg) v2=Xq -2 —0(Xgy - v2)
=a(n)(1 —0)(Xy - vg) for @ complex and X, € gq.
;\‘/_J

#0

This proves that p - v C €- vz, and hence that ¢g (v2) © el = VRNiW. Since (g-c,c) =0,
we get that @ Ne? s the (-,-)-orthogonal complement of Kr(vy) in Vg N iw. Since KR is
compact and (-,-) is positive-definite on Vg Ni W, it easily follows that ¢® N ¢™? meets all the

Kgr-orbitsin VR NiW. Again by (g-c, c¢) = 0, one has that ¢® N~ meets all the other Kr-orbits
orthogonally. This finishes the proof. O

Corollary 25. Tivo maximally noncompact (resp. compact) Cartan subspaces c‘l} and cg of

VP = Vg are KRr-conjugate. As a consequence, there exists a unique Gr-conjugacy class of
maximally noncompact (resp. compact) Cartan subspaces of VR.

Proof. Again, it suffices to treat the case of maximally noncompact Cartan subspaces. By The-
orem 24, we may assume that

G o0 _ 5O
ciNe;"=cNey .

Take a generic point vy lying therein. Since v, € Vg Ni W, we have that u,, = (ER)y, + (iPR) v,
and this is a decomposition into the £1-eigenspaces of o on u,,, so

(Uy,y)° = (KR)v, exp[ (iPR) v, |-

Consider the slice of the polar action (U, V_g) at vp; it is also polar with the same sections:

c;é = cf& N cfé (&) cf N c;é
fori =1,2. Now cl_("j and c;é must be conjugate by an element of (U,,)°. Since exp[(ipRr)y, ]

centralizes ¢ (for (ipr)y, =m~7 N m?), they must indeed be conjugate by an element of (KR)v,
(which necessarily fixes c{’ N cfe = cg N cge since this is a section of (Kr, VR NiW) and
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vy is a regular point of that action). Hence, so are c‘1} N cf = i(cl_& N cl_g) and cg N cg =
i’ Ne;?). o
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