THE ADAPTED HYPER-KAHLER STRUCTURE ON THE
CROWN DOMAIN
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ABSTRACT. Let = be the crown domain associated with a non-compact irre-
ducible hermitian symmetric space G/K. We give an explicit description of the

—_

unique G-invariant adapted hyper-Kdhler structure on Z, i.e. compatible with
the adapted complex structure J,4 and with the G-invariant Kahler structure
of G/K. We also compute invariant potentials of the involved Kéhler metrics
and the associated moment maps.

Roma, 5 novembre 2017

1. INTRODUCTION

A quaternionic complex structure on a 4n-dimensional real manifold consists
of three complex structures I, J, K such that [JK = —Id. It is called hyper-
Kahler if there exist 2-forms wy, wy, wg which are Kahler for I, J, K, respec-
tively, and define the same Riemannian metric given by

g('? '):wf('al‘):wJ<'7‘]'>:wK('7K')'

A hyper-Kéahler manifold is holomorphic symplectic with respect to any of its
complex structures, e.g. the complex symplectic form w; + twg is holomorphic
with respect to 1.

Let (G/K, go) be an irreducible Hermitian symmetric space. In [BiGa96al,
O. Biquard and B. Gauduchon proved that in the compact case the holomorphic
cotangent bundle T*G/K"°, endowed with its canonical holomorphic symplectic
form wC | carries a unique G-invariant hyper-Kihler metric whose restriction to
G/K, identified with the zero section, coincides with gy (see also [Cal79]). They
also showed that in the non-compact case such a hyper-Kéahler metric only exists
on an appropriate tubular neighbourhood of G/K in T*G/K'°.

Identify T*G/K' ~ T*G/K with the tangent bundle TG/K via the metric go.
For G/K a classical Hermitian symmetric space, A. S. Dancer and R. Szdke
([DaSz97]) have shown that the hyper-Kéhler metric constructed in [BiGa96a] is
determined by w® and the pull-back of the so-called adapted complex structure

can
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Jaa (see [LeSz91] and [GuSt91]) via a G-equivariant fiber preserving diffeomor-
phism of the tangent bundle T'G/K. This suggests that, on the maximal domain
of existence of J,4, there exists a G-invariant hyper-Kahler structure which in-
cludes J,q.

In this paper we consider an arbitrary non-compact Hermitian symmetric space
G/K. We regard the maximal domain of existence of the adapted complex struc-
ture as a G -invariant domain Z in the Lie group complexification G®/KC of
G/K, where J,q coincides with the complex structure of G®/KC (cf. [BHH03]).
In the literature Z is referred to as the crown domain associated with G/K.

We show that indeed = admits a unique G-invariant adapted hyper-Kdhler
structure, i.e. such that J = J,4 and the restriction of (I, wy) to G/K coincides
with the Kahler structure defined by g¢g. The adapted hyper-Kéhler structure
coincides with the pull-back of the hyper-Kéahler structure determined by O.
Biquard and P. Gauduchon. However, it satisfies different initial conditions and
its uniqueness does not follow from their arguments. Moreover, from the condition
J = Juq it is easy to deduce that the forms w; and wg are locally G®-invariant
(Lemma 7.2), a fact which was not evident from the previous investigations.

For all the quantities involved in the adapted hyper-Kahler structure, we pro-
vide explicit formulas in Lie theoretical terms. In the case of G/K compact, one
can adopt a similar strategy to obtain a unique invariant adapted hyper-Kéhler
structure on the whole complexification G*/K® ~ TG/K.

In order to state our main result we need to fix some notation. Let €@p be the
Cartan decomposition of the Lie algebra g of G with respect to K. Let a be a
maximal abelian subalgebra of p and denote by X the associated restricted root
system. The crown domain associated with G/K in G®/K€® is by definition

= = GexpiQK©/K©,

where Q:={H ea : |a(H)| <7, Vae X} is the cell defined by D. N. Akhiezer
and S. G. Gindikin in [AkGi90]. The closed subset expiQK®/KC is a G-slice
of =.

Let Iy be the G-invariant complex structure of G/K. On p = T, xG/K, it
coincides with the adjoint action of a central element of £ (see (5)). Its C-linear
extension to pC is also denoted by I,. The conjugation with respect to p of an
element Z in pC is indicated by Z.

The Killing form of g©, as well as its restrictions to p* and to p, is denoted
by B. The standard G-invariant Kéhler structure (/y,wp) on G/K is uniquely
determined by its restriction to p, namely wo(-, ) = B(lp-, -). Finally, for
2€ GE/K® and Z € g%, let

~

7, = %‘5:0 exp(sZ) - z

be the vector field induced by the holomorphic GC-action on G¢/K€. Our main
result is as follows.
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Theorem. Let G/K be an irreducible, non-compact Hermitian symmetric space
endowed with its standard G-invariant Kahler structure, and let = be the asso-
ciated crown domain. There exists a unique G-invariant adapted hyper-Kahler
structure (I,J, K,wr,wy,wg) on Z, i.e. such that J = J,q and the Kéhler
structure (I, wy) coincides with (Iy, wy) when restricted to G/K.

(a) The symplectic J-holomorphic form w; — iwg is the restriction of a G®-
invariant form on G¢/K® and is uniquely determined by

(WI — Z(.()K>(Z, W) = B(]()Z, W) s
for Z, W e p® =T, cG®/KC.

(b) For z = aK® on the G-slice expiQQK®/K® of Z, the G-invariant complex
structure I is given by

17, - 1,7, .
Let {Ay,---, A} be the basis of a defined in (2) and (3) of Section 2 and
C:=B(Aj, A)) =--- = B(A,, A,). Write a = expiH, where H = 2;:1 tjA;.

(c) Let py be a potential of wy and let p : = — G/K the G-equivariant
projection given by p(gaK®) = gK. A potential of w; is given by poop + pr,
where the G-invariant function p; is defined by

pr(gaK®) == =53, f1(2t))

sinx
cos T

with fr a real valued function satisfying fi(x) = cosx — 1.

(d) A G-invariant potential of w; is given by

ps(gaK®) = =& "y cos(2t;) .

The moment map py: = — g* associated with p; is given by
s(9aK®)(X) = B(Ad, X, U(H)),
where ‘I’(Z;zl tjA]) = %Z;:l SIH(QtJ)AJ

We sketch the strategy of the proof. If such a G-invariant hyper-Kéahler struc-
ture exists, then the forms w; and wg are necessarily restrictions of GC-invariant
forms on G¢/K® (Lemma 7.2). It follows that they coincide with the forms given
in (a) (Rem.7.4). A standard argument also shows that they are closed (Lemma
5.2(iii)).

The forms w;, wg, the complex structure J = J,4, and the almost complex
structure I defined in (b), determine a G-invariant quaternionic almost complex
structure. Then, by a result of N. J. Hitchin, the integrability of I and K :=1.J
follows from the closeness of wy (-, ) :=w;(J-,I-) ([Hit87], Lemma 6.8). This
property is proved by showing that the G-invariant function p; defined in (d)
is a potential of w; by means of restricted root theory and moment map tech-
niques (Prop. 6.2). Asaresult, (I, J, K, wy, wy, wg) is a G-invariant adapted
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hyper-Kéahler structure, as claimed. A similar strategy is used to obtain the G-
invariant potential p; of w; — p*wy indicated in (c) (Prop. 8.2). Such potential
is expressed in terms of a real function f; satisfying a simple trigonometric dif-
ferential equation (cf. [BiGa96a], Thm.1). A proof of uniqueness of the adapted
hyper-Kéhler structure is outlined in Section 7. In the case of G = SLy(R), all
details are given in Appendix A.

As a further application of the above techniques, we also provide a Lie theo-
retical formulation of the pull-back to = of the canonical real symplectic form
on the cotangent bundle 7*G/K (Appendix B).

The exposition is organized as follows. In Section 2 we collect the basic facts
which are needed in the sequel. In Section 3 we introduce the (almost) complex
structure I. In Section 4 we express in a Lie theoretical fashion the inverse of
the G-equivariant diffeomorphism introduced in [DaSz97]. This leads to a useful
expression of I which is exploited in the computation of 2i0d;p,;. In Section 5
we introduce the forms w;, wy, wx and study their basic properties. In Section 6
we show that the G-invariant function p; is a potential of w; and compute the
associated moment map. In Section 7 we prove the main theorem by assembling
the results obtained in other sections. In Section 8 we show that the G-invariant
function p; is a potential of w; — p*wy.

2. PRELIMINARIES

Let g be a non-compact semisimple Lie algebra and let £ be a maximal com-
pact subalgebra of g. Denote by 6 the Cartan involution of g with respect to
¢, with Cartan decomposition g = €@ p. Let a be a maximal abelian subspace
in p. The dimension of a is by definition the rank of G/K. The adjoint action
of a decomposes g as

g=a®md Py,
aey
where m is the centralizer of a in €, the joint eigenspace g* = {X e g | [H, X]| =
a(H)X, for every H € a} is the a-restricted root space and ¥ consists of those
a € a* for which g® £ {0}. Denote by B the Killing form of g, as well as its
holomorphic extension to g© (which coincides with the Killing form of g©).

For « € X, consider the #-stable space g[a] := g* @ g%, and denote by €[«]

and p[a] the projections of g[a] onto ¢ and p, respectively. Then

t=mad P ta] and  p=a® @ pla] (1)

aext aext

are B-orthogonal decompositions of £ and p, respectively.

Lemma 2.1. Fvery element X in p decomposes in a unique way as

Xa+ Dess P4,
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where X, € a and P* € p[a]. The vector P* can be written uniquely as P =
X*—0X*, where X% 1is the component of X in the root space g*. Moreover,
[H, P*] = a(H)K®*, where K* is the element in €[a] uniquely defined by K =
X*+0X“.

Proof. The proof of this lemma is an easy exercise. O

The restricted root system of a Lie algebra g of Hermitian type is either of
type C, (if G/K is of tube type) or of type BC, (if G/K is not of tube type),
i.e. there exists a basis {ej,...,e,} of a* for which ¥ = ¥* U —X*, with

ST ={2¢, 1<j<r e te, 1<k<l<r} fortype Cp,
Y ={ej, 265, 1<j<r e te, 1<k<l<r} fortype BC,.
With the above choice of a positive system YT, the roots
ALi=2eq, ..., A= 2e,

form a maximal set of long strongly orthogonal positive restricted roots (i.e. such

that A\ £ A\ ¢ 2, for k £ 1).

For every j = 1,...,7, the root space gV is one-dimensional. Fix FE7 e gV
such that the s[(2)-triples {E7, 0FE’, A; :=[0FE’, E7]} are normalized as follows
[A;, E'] =2F7, for j=1,...,m (2)

The vectors {A;,...,A,} form a B-orthogonal basis of a and
[E¥, E'] = [E*, 0FE' =0, [As, E'] = N(AE' =0, fork+1. (3)
For j =1,... r, define
Ki:=FE +0F and P/ :=F —0FE. (4)
Denote by Iy the G-invariant complex structure of G/K. On p = T, xG/K,
it coincides with the adjoint action of the element Z, € Z () given by
Zy=S+353" K, (5)
for some element S € m (see Lemma 2.4 in [Gelal3]). The complex structure Iy

permutes the blocks of the decomposition (1) of p. Indeed, from the normaliza-
tions (2) and (3), one sees that

IyP? = [Zy, P] = A and LA = [Zy, Aj] = —P7, (6)
for j =1,...,r. In particular lya = @;:1 p[A;]. Moreover, one can easily check
that

Ioplex +er] = plex — e, Iople;] = ple;j] (non-tube case). (7)
For a = expiH, with H € a, define a C-linear operator F, : p© — p* by
Fo =1y 0 Adg-1],c, (8)

where w4 : g© — p© be the linear projection along €. One easily checks that
FLA=A and F,P% = cosa(H)P?, (9)



6 LAURA GEATTI AND ANDREA TANNUZZI

for all A€ a and P € p[a]. In particular, for every H € ), the operator F, is
an isomorphism and F,(p) = p.
For z € GY/K® and Z € g%, let
7., = %‘8:0 exp(sZ) - z (10)

be the vector field induced by the holomorphic G®-action on G®/K®. For z =
aKC® on the slice of = and Z € p®, one has

7. =a,F, 72, a,Z=F, 7. (11)
Denote by =’ the G-invariant subdomain of = defined by
== GexpiVKC®, (12)

where Q' :={H e : a(H) 4 0, Va € ¥} is the regular subset of 2. Note that
V' is dense in 2 and Z' is dense in Z.

Later on, in the computation of the potentials of the various Kéahler forms, we
need the identities contained in the next lemma.

Lemma 2.2. Fiz z = aK®, with a = expiH and H € . Decompose Y € p as
Y =Y, +>,Q%, where Yy ea and Q% =Y* —0Y* € pla] (see Lemma 2.1).
Then

~

(i) Y, = d%}s:o exp sCexpi(H + sYy)K©, where

C:=->, ijz((g))Ka and K*:=Y*+0Y“.
N Ao . o _  cosa(H) 174
(11) /Z\CJQ . = CL*ZFaQ = —m[( -

(iii) K, = —sina(H )a.iQ.

Proof. (i) By (11) one has
Y. = a, FoiY = a.(iYy + 3, cosa(H)iQ”) . (13)

On the other hand, for K* = Y*+0Y* and C = ),  c,/K*, Campbell-Hausdorff
formula yields

exp sC expi(H + sY,) K€ = aexp sAd,1C exp siY, K€ =

2
— aexp(sAd,1C + siY, + %[Ada_lc, iYa] + .. )KC.
Differentiating the above expression at 0, one obtains
a7y (Ady1C +iY,) = a, (iYy — Y, casina(H)iQ").

Then the required identity follows by taking c, = —%((HH)).
(ii) This is a special case of (i).
(iii) By setting C'= K® and Y, = 0 in the proof of (i), one obtains

Ko, = a,mypAd,—1 K* = —a,sina(H)iQ" .
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3. THE COMPLEX STRUCTURE [

In this section we introduce a new G-invariant almost complex structure [
on =. Its integrability will be settled in Section 7. Eventually, I, J = Ju
and K := I.J will be the three complex structures of our hyper-Kéhler structure
on =.

Definition 3.1. For gaK® in = and Z € p® the G-invariant (almost) complex
structure I is defined by

—~—

]g*ZaKC = g>l<-IOZaI((C :

We claim that the above definition is well posed. Suppose~ that z = gall €=
g'd' K for some ¢, ¢’ € G and a,d’ € expif2, and that g.Z,xc = g,U, e, for
some Z, U € p©. This is equivalent to ¢ = gwk and a = w™'a'w, for some
w € Ng(a) and z € Zk(a) (see [KrSt05], Prop.4.1), and Ad,rZ = U. Then

Ig:kﬁa’KC = g:kIU_Ua’KC = g:kIOAdwkaawflK‘c = g;(wk>*10_ZaKC =
= g*-lo_ZaKC = Ig*ZaKC7
as claimed.
By equations (11) one has

—_—

la,7 = IF 7, = IoF, 1 Z, = a FloF; ' Z (14)

for every z = aK® on the slice of Z. In particular, for o € ¥* U {0} and
P* € p[a] with IoP® € p[f], one has

Ta,P* = a, 22500 I, P

From Definition 3.1 it is also clear that [?> = —Id and IJ = —JI. Then,
by defining K := IJ, one obtains a quaternionic (almost) complex structure

(I, J, K) on =.

Proposition 3.2. The G-equivariant projection
p:=2—-G/K gaK® — gK |

18 holomorphic with respect to the G-invariant complex structures I on Z and
[0 on G/K
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Proof. Since p is G-equivariant, it is sufficient to consider its restriction to the
slice. Let Z = X 4+ iY be an clement of p®, with X,Y € p. We claim that the
differential p,: T2 — TG/K at z = aK©®, is given by

pe(Z.) = pu(X.) + pa(iY,) = X,

It is straightforward to check that p, ()?z) = X. In order to verify that p, (5; L) =
0, write Y = Y, + >, Q% according to Lemma 2.1. By Lemma 2.2(i) one has

ZTY/Z = %‘s:

the definition of p it follows that p,(iY.) = 0. Now for Z € pC one has

o €xp sCexp siYaa K €. for an appropriate element C' € £. Then from

p*([Zz) = p*([O_Zz) = p*([ﬂo\)—/(z) —p*(iffo\?z) =X = [Op*(zz)a

which concludes the proof of the statement. O

4. THE INVERSE OF DANCER-SZOKE’S DEFORMATION VS. THE COMPLEX
STRUCTURE [

In this section we define a G-equivariant diffeomorphism ¢ of the tangent
bundle TG/K with the property that our complex structure I is the pull-back
via 1 of the natural complex structure of the holomorphic cotangent bundle
T*G/K" ~ T*G/K ~ TG/K (see also Rem.10.2). The map 1 is the inverse
of the diffeomorphism introduced in [DaSz97], Sect.4. However, here ¢ and I
are expressed in a Lie theoretical fashion, a fact that will be repeatedly exploited
in the sequel.

By identifying the tangent bundle T'G/K with the homogeneous vector bundle
G x i p, the map 1 is completely determined by its restriction W: p — p, namely
U[g, X] = [g,V(X)], for g € G and X € p. Note that ¢ maps every fiber into
itself.

Let Zy € Z(£) be the element inducing the complex structure /o on p and let
7y - g° — pC be the linear projection along €C.

Lemma 4.1. Let ¥ :p — p be the map defined by
U(Y):=—IpoJomy o Adexpiv Lo -
Then
(i) U is Adg-equivariant,
(i) for H = Zj tjA; in a one has
U(H) = 53 sin N (H)A; = 5 377_, sin(2t5) A;.
Proof. (i) Since Zj lies in the center of &, for every k € K one has Adexping,y Zo =

AdgexpivZy = Ady 0 AdexpivZo. Now the statement follows from the Adg-
equivariance of all the remaining maps in the composition defining W.
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(ii) One has
Adespinr Zo = €% Zy = cos ady Zy + isinady Zy =
= Zn>0 2n 2n)! ad2nZO +1 Zn>0 2n+1)' d2n+1Z
Lemma 2.1 and relations (5) and (6), imply that
adfi Zo = 5 2, N(H)KY,  adipt' Zo = 5 33, A (H) P
It follows that the p®-component of Ade,inZo is given by
W#AdexpiHZO = %Z] sin )\](H)P] = %Z] SiIl(Qtj)Pj,

and
_IO oJo T4 © AdexpiHZO =

as claimed. ]

For a = expiH, with H € Q, consider the C-linear map FE,: p¢ — p©
uniquely defined by

E,:=mg0E, |pc

where E,: g¢ — g is given by E, = Zn>0 @ +1 ,ale, and has the property
that (cf. [Var84], Thm. 2.14.3, p. 108) (exp, )iz = (expiH).E,. One can verify

that .
E,A= A, E,p* = szl po, (15)

a(H)
for all A € a and P* € p[a], with a € X.

Lemma 4.2. Fiz a = expiH, with H € ', and P* € p[a]. Then
d Ad

_d
ds s:OAdeXpi(H"'SPQ)ZO o ds\s:(] exp saIfH) exszZO

Proof. Since AdgeZy = G¢/K® the statement can be reformulated as
4 esz(H—FsPO‘)K(C = d 0 €XD —S (7 )eXpZHK(C

dsls
By the definition of FE,, the left-hand 81de is a4 F,iP%; likewise the right-hand
side is

K = a, Sm(a() )ipe — a1 P>

—a,my Adg— ﬁ

O

Fix H € a. Identify as usual Typ and Tiymp, the tangent spaces to p at H
and at W(H), with p. Consider the dlfferentlal (Vo) :p—p of ¥ at H.

Lemma 4.3. (cf. [DaSz97], Lemma 2.4) Fiz a = expil, with H =Y, t;A; in
Q. Then
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(1) (V)gA; =cos\;(H)Aj, forall j=1,...,r,
(ii) (V)P = %Pa, for all P* € pla] with ae X7F.

In particular (V,)y is self-adjoint with respect to the Killing form B.

Proof. Part (i) follows from the definition of W.
(ii) By Lemma 4.2 and the Adg-equivariance of ¥ one has

(U,)gP* = L] W(H+sP*)=—IjoJo w#(%L:OAdeXm(HHpa)ZO)

T dsls=0

I

_ d
=—lpoJo 7T#(EL:OAdexp 75;;((;) exptH

ZO) - %‘5=0Ad K2 \II(H)

exp 7504(H)

_ K _ o(¥(H)) pa
- _[ma ‘I]<H)] ~ a(H) P,

O

Extend C-linearly (U,)y: p® — p®, and define a G-invariant, real analytic
map L : expiQ) — GL(p®) by

a— Ly :=LFE Y (V,)gE".

Lemma 4.4. Given a € expi€) one has L, = F,IoF'. In particular L extends
real-analytically to expi$2 and

la,.Z = a*LQZ,

for every Z e p®.

Proof. Since the maps F,, E, and (¥,)y are C-linear and commute, the state-
ment of the lemma is equivalent to

(U )pE; ' = —IF,I, (16)
on p. Recall that [y permutes the blocks of decomposition (1), namely
IoAjep[2e;],  Ioplej] = plesl,  Topler + ] = plex — e -
As \; = 2e;, by (6) and Lemma 4.3, one easily verifies that
(V)uE,'A; = cos \;(H)A; = —IoF, 1A,
and that

(V)nE; oA = 25TRI0A; = LAy = —IoF, Iy IA;.

If Iop[a] = p[B], with «, 3 + 0, then we have that (U,)gE,'P* = —IyF,I,P"
if and only if the following identity holds true

a(V(H)) =sina(H)cos B(H). (17)
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For a = 8 = ey, equation (17) becomes % sin 2ty = sin t cos t;, which is obviously

verified. For o = e, + ¢, and [ = e, F ¢, equation (17) becomes
1 (sin 2ty + sin 26;) = sin(ty, + t;) cos(ty F 1),
which can be easily checked. 0

Remark 4.5. By using the identity
Lo = Eo(Va) ' Io(Va) B, !

one can also verify that the complex structure I s the pull-back via 1 of the
natural complex structure on the holomorphic cotangent bundle T*G/K'° =~

T*G/K =TG/K of G/K (see also Rem. 10.2) .

5. THE HYPER-KAHLER STRUCTURE

In this section we introduce three G-invariant differential 2-forms w;, w;
and wg on the crown domain Z in G®/KC and study their basic properties.
The forms w; and wx are restrictions of GC-invariant forms on GC/K(C and
therefore closed; w; will be shown to be closed in Proposition 6.2. The forms wy,
wy and wg are invariant under the (almost) complex structures I, J and K,
respectively. Eventually, they will be the three Kahler forms of our hyper-Kahler
structure.

Definition 5.1. For ¢g-z € E, with z = aK®, and Z € p* define G-invariant
real-analytic forms by

wi(geZz, W) := ReB(IF,Z, F,W),
wi(gsZs, guW2) i= wi(JZ,, IW,) = —ImB(IoF,Z, F Iy W),

wi(9: 2z, g:W2) = ~ImB(LF.Z, F,W),
where F, = myAdg—1|,c (see (8)).

We claim that the forms w;, w; and wg are well defined. Indeed, assume
that gaK® = g’q’MKC, for some g, ¢’ € G and a, a’ € exp 2, and that g*ZaKc =
h*ﬁa/Kc and g, W, gc = g;f/a/Kc, for some Z, U, W, V e p©. This is equivalent
to g = gJwk and a = wld'w, for some w € Ng(a) and z € Zx(a) (see
[KrSt05], Prop.4.1), and in addition Ad,Z = U and Ad,W = V. Then,
from the definition of the operator Fj, the Adg-equivariance of 7y and the
Adg-invariance of B, it follows that

B([gFa/U, Fa/V) = B([Oﬂ'#AdwaflwflAdwkZ, W#AdwaflwflAdka) =
— B(I,F,Z, F,WV).
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As a result,

wi(g.Uyrce, ¢.Vuxe) = ReB(IgFyU, FyV) = ReB(IgF,Z, F,W) =
= wl(g*ZaKC7 g*WaKC)a
which says that w; is well defined. A similar reasoning applies to wp.
The form w; is well defined, since the complex structure I and the form wy

are. For Z,W € p®, one has
WJ(g*zza Q*Wz) = CU[(JQ*EZ, IQ*WZ) = w[(g*if\ZJm g*IOWz) =

= ReB(IoFyiZ, FyloW) = —ImB(IoF, Z, F,I,W).

Lemma 5.2.
(i) On = one has

~ ~

WJ(g*ZaKcv g*WaKC) = —ImB(Z, (\Il*)HEglFaW>

(ii) For gaK®e = and Z,W € p%, one has
wr((ga)«Z, (ga) W) = ReB(lyZ, W);
wys((9a)«Z, (ga) W) = —ImB(IyZ, F,I0F'W);
wi((ga)sZ, (ga) W) = —ImB([yZ, W).

(iii) The forms wr and wx are locally GC-invariant and are closed.

Proof. (i) By (16), the quantity on the right-hand side equals

~ImB(Z, (V) g E, ' F,W) = —ImB(F,Z, (V,)pE,'W) =

ImB(F,Z, IyF,I)W) = —ImB(IoF,Z, F,Io;WW),
as claimed.

(i) One has a.Z = E?l?am;. The statements about w; and wg are immediate.
For wj, one has

ws((9a)«Z, (ga)sW) = wr(J(g9a)«Z, 1(ga)sW) = wi((ga)«iZ, (ga)*LaW) =
wi((9a)+iZ, (9a)sF loF,'W) = ReiB(IoZ, F,IoF,'W) = —ImB(1yZ, F, I F, "W).

(iii) We first show that the complex form w;—iwy is locally GC-invariant. To this
aim, consider the map p x ip x K€ — GC, given by (X, iY, k) — exp X expiY'k,
which sends a neighborhood of (0, 0, €) in p x ip x K© onto a neighborhood of
e in GC. For every Y € p one can write expiY = hexpiHh™!, for some he K
and H € a. Then, due to the K®-equivariance of I, the GC-invariance of B
and the formulas proved in (ii), for exp X expiYk € exppexpipK® one has

(wy — iwg)((exp X expiYk)Z, (exp X expiYk) W) =
= (wy —iwg)((exp XhexpiHh k). Z, (exp XhexpiHh k)W) =



THE ADAPTED HYPER-KAHLER STRUCTURE 13
= B(IOAdhflkZ, AdhflkW) = B(I@Z, W) = (WJ - ZWK)(Z7 W) .

By letting exp X expiY'k vary in a neighborhood of e in G, one concludes that
the forms are locally G®-invariant near e K®.

Since w; and wy are real-analytic, they are restrictions of GC-invariant forms
on G®/KC. In order to prove that they are closed, we adapt the proof in [Wol84],
Thm. 8.5.6, p. 250, to our complex setting.

Let w be an arbitrary GC-invariant 2-form on G¢/K®. A similar argument as
in [Wol84], Lemma 8.5.5, shows that w is closed if and only if so is its pull-back
7w to GC. Since 7 is GC-equivariant, the form 7*w is G%-invariant. Given

left invariant vector fields X , }A/, W on GC such that at least one of them lies
in the kernel £© of the differential 7, at e, one has

A~ A~~~

dr*w(X, Y, W) = drw(X,, Y., W.) = m*dw(X, Y, W) =

= dw(me X, m,Y, m,WV) = 0.

Hence we may assume that X, Y, W € p€. From Cartan’s formula for the external
derivation and the G®-invariance of 7*w one has

A A~ A~ _

dr*w(X, Y, W) = m*w(X, [m]) —mw(Y, [ﬂ/]) + m*w(W, [X, Y]),

which vanishes due to the inclusion [p®, p©] < €C. O

Lemma 5.3. The form wy is [-invariant, namely
wr(+, ) =wi(l-,1").

Likewise, wy is J-invariant and wg s K-invariant.

Proof. By the G-invariance of the forms, it is sufficient to prove the statements
for z = aK® in the slice expiQKC.
One has

wi(layZ, IasW) = wi(asLoZ, ay L W) = ReB(IyLoZ, LW) =
—ReB(F,'(V,)yE,'Z,L,W) = —ReB(Z, F; "(V, )y E,; 'L, W) =

~ReB(IyZ, L2W) = ReB(IyZ, W) = ReB(IyZ, W) = wi(a+Z, asW) .

Similarly, one obtains the J-invariance of w; and the K-invariance of wyg. [
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6. AN INVARIANT POTENTIAL FOR w; AND THE ASSOCIATED MOMENT MAP

In this section we exhibit a G-invariant potential for w;, i.e. a G-invariant,
smooth function p; such that 2i0d;p; = wy. The fact that p; is J-strictly
plurisubharmonic implies that w; is a Kahler form with respect to J. We prove
that 2i0d;p; = w; by applying moment map techniques, namely we use the
following reformulation of Lemma 7.1 in [HeGe07].

Let G be areal Lie group acting by holomorphic transformations on a manifold
M with a complex structure Z. For X € Lie(G), denote by X the vector field on
M induced by the G-action, namely )Z'z = %‘s:o expsX-z. Let p: M —- R be
a G-invariant, smooth Z-strictly plurisubharmonic function. Set d%p :=dpoZ,
so that 2i00zp = —ddSp. Then —ddSp is a G-invariant Kihler form with respect
to Z and the map p: M — Lie(G)*, defined by

p(2)(X) = dzp(X:),
for X € Lie(G), is a moment map. It is referred to as the moment map associated
with p.
In order to compute the G-invariant form —dd5p, also in the case when p is
not known to be Z-strictly plurisubharmonic (as we do in Section 8), one can
apply the following lemma.

Lemma 6.1. Let p: M — R be a smooth G-invariant function. For X € Lie(G),
define X : M — R by pX(z) = dsp(X.). Then

dp™ = —gddzp.

Proof. The same proof as the one of Lemma 7.1 in [HeSc07] applies to our situa-
tion. Indeed their argument needs neither the compactness of G nor the plurisub-
harmonicity of p. U

Proposition 6.2. Let z = gaK®, with a = expiH, be an element in =. The
G-invariant function py: = — R defined by
pi(gaK®) = =5 3 cos \j(H)B(A;, 4;)
1s a strictly plurisubharmonic potential for wjy. The associated moment map
Wy 22— g* is given by
pi(gaK®)(X) = B(Ady-1(X), W(H)),

for X eg.

Note that B(A;, Ay) =--- = B(A,, A,) is a constant depending only on the
symmetric space G/K.
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Proof. The map Q — R, given by H — p(expiHKFT), is strictly convex. Then
Theorem 10 in [BHHO3] implies that p; is strictly plurisubharmonic.

The form —ddSp; is computed by applying Lemma 6.1. For this we first
determine X (2) := d$p;(X.). In particular we obtain the moment map s,
associated with p;.

Fix z = aK®, with a = expiH and H € Q' (see (12)). Start with X € p and
write X, = %ZJ A\;j(Xq)A; for the a-component of X. By Lemma 2.2(i) and the
G-invariance of pj, one has

1Y (2) = d5ps(X.) = dpy(iX.) = 3| _opalexpi(H + sX) K©) =
= —qa| o 2o cos A (H + sXo)B(A;, A;) =

4dsls=0
= %12;:1 sin \;(H)\;j(Xa)B(A4;, 4;) = B(Xa, \I/(H)) = B(X, \II(H)) )
The G-invariance of p; and of the complex structure J then implies
15 (g 2) = d5ps(Xy.) = d5ps(Ady1 X ) = B(Ad,1 X, W(H)),

for all g € G and X € p. In order to show that such an identity holds true also
for X € & write X = M + >, K¢ with M e m and K% = X%+ 06X Set
P = X*—60X“ One has

dCJpJ()N(Z) = %‘Szopj(exp siXaKC®) =
L] _ps(aexpsiAd,-1 XK®) = L]~ pj(aexp (s), sina(H)P*)K®) =
% SZOpJ(exp (s> MPO‘)CLK(C) =0,

a cosa(H)
where the last equality follows from the G-invariance of p;. Since a lp &, it
follows that d$p,(X.) = B(X, U(H)), as wished.

Next we need to show that —ddSp,(Z., W.) = wy(Z,,W,), for all Z, W e pC.
Since both forms are J-invariant, it is enough to show that

—dd5p,(X., W) = wy(X., W)

for all X € p and W e p®. Moreover, since both forms are G-invariant it is
sufficient to prove the above identity at points z = aK®, with a = expiH and
HeQ (see (12)). Write W = U + iV, with U, V € p. Then by Lemma 6.1, one
has

—~—

—dd®p (K., W) = dpy (W) = dp (T7) + dps (V7).
The first summand on the right-hand side is zero:

dp¥ (U.) = L] _ B(Adexp—sv X, W(H)) = | _ B(X —s[U,X], ¥(H)) =0,

since [U,X] et and ¢ Lpa.

For the second summand, write V = V, + >, Q% where V; € a and Q% =
V* —0V* e pla]. From Lemma 2.2(i), we get

duX (iV,) = L] ) (expsCexpi(H + sVa) K©) =
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= L] _B(X—s[C, X], W(H + sV,)) = —B([C, X], U(H))+B(X, (¥.)pVa) =
= B(X, [C, Y(H)]) + B(X, (V.)uVa) .
where
C=-%, 220K and K*=Ve+0Ve.
Hence

[C, \II(H)] _ Z a(¥(H)) cosa(H) Qa .

sina(H)
In addition, by (9), (15) and Lemma 4.3 (ii), one obtains
(V)pVae+ [C, ¥(H)] = (V.)yE, ' F,V.
As a result,
—ddSp,(X.,W.) = B(X,(V.)yE, 'F,V),
and, for Z = X + Y, one has

—dd5p;(Z, W2) = —dd5py (X, Wo) + ddp, (Ve iW2) =
= -ImB(Z, (V. )yE,'F,W).
From Lemma 5.2(i), it follows that —dd5p; = wy, as desired. O

The plurisubharmonicity of p; will also be proved in Proposition 7.1 where
we show that wy(-,.J-) is positive definite.

7. PROOF OF THE THEOREM

In this section we carry out the proof of the main theorem, mainly by collecting
results proved in the previous sections. As a preliminary step we show that the
forms defined in Section 5 are Kéhler with respect to the corresponding (almost)
complex structures.

Proposition 7.1. The G-invariant forms wr, wy, wx are Kdahler with respect
to the corresponding (almost) complex structures I, J, K. Moreover, they define
the same Riemannian metric

g('? '):wf('7j'):wJ<'7J'>:wK('7K')'

Proof. The invariance of wy, wy, wx with respect to the corresponding almost
complex structures was shown in Lemma 5.3. Their closeness was proved in
Lemma 5.2(iii) and Proposition 6.2. From Definition 5.1 it is easy to check that
wr(-, 1) =wy(-,J) =wk(-,K-). In order to prove that the forms define a
Riemannian metric, note that

wy((ga)« X, J(ga)iV) = ImB(Iy X, FoloF,-1V) =0,
for every X € p and iV € ip. As w;y is J-invariant, it is enough to check that
wy((ga)«X, J(ga)X) = ReB([yX, F,IoF,-1X) > 0
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for every X € p\{0}. Since the blocks of decomposition (1) are eigenspaces of the
map F, (see (9)) and are permuted by the complex structure I (see (6)), it is
sufficient to compute ReB(IyP%, F,IgF,-1P%), for a € ¥ U {0}. For this, note
that if IoP* € p[fB] (with the convention p[0] = a), one obtains

ReB(IoP®, F,IpF Pe) = <PUD p(j pa [y pe) — B ppa pa)

cos a(H) cosa(H)

which is strictly positive for all H € Q2. 0

The next two lemmas are concerned with the uniqueness question for an arbi-
trary G-invariant hyper-Kéhler structure (Z, J, K, wr, w7, wx) with the prop-
erty that J = J,q and the restriction of the Kéhler structure (Z, wz) to p =
T.xcG/K coincides with the standard Kéahler structure ([y, wo) of G/K.

Lemma 7.2. Let G/K be an irreducible non-compact Hermitian symmetric
space. Assume that wr and wi are elements of a G-invariant, hyper-Kahler
structure on = such that J = J,q. Then the J-holomorphic symplectic form
wr — iwy s locally GC-invariant.

Proof. Recall that the local action of G® on Z is J-holomorphic and the complex
form wz — iwx is G-invariant and J-holomorphic. Since G is a real form of
GC, the result follows from the analytic continuation principle. 0

Denote by I : p© — p© and by [ : p© — p€ the linear and the anti-linear

extension of Iy :p — p, respectively. Then IZ = I,Z

Lemma 7.3. Assume that wr, we and J are elements of a G-invariant, hyper-
Kahler structure on = with J = Juq and such that the Kdhler structure (Z, wr)
coincides with (Iy, wy) when restricted to G/K. Then the restrictions of T and
wr to p© = T,xcGE/KC coincide with Iy and ReB(Iy-, -), respectively.

Proof. Recall that the restriction of J = J,q to p* is multiplication by 4. Since
IJ = —JI, for every X € p one has ZiX = —iZX = —ilpX. This says that
the restriction of Z to p® coincides with 1.

In a hyper-Kéahler structure the form wz is anti-7-invariant. This determines
its restriction to ip = Jp.

Then, in order to show that its restriction to p® coincides with ReB(Iy -, - ),
we are left to show that p and Jp are wz-orthogonal.

For this recall that, by Lemma 7.2, for every ¢t € R the form wz is expitZy-
invariant. Since for X, Y € p one has

Adexpitzo X = cosht X +sinhtilpX and Adexpitz,Y = coshtY +sinhtilyY
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it follows that
wr(X,Y) = wz(coshtX + sinhtily X, coshtY + sinhtilyY) =
cosh?t wr (X, Y) — sinh? t wz (X, 1Y)+
coshtsinht wz(X, JIyY) + coshtsinht wz(J X, Y).
Thus wz(X, JI)Y) + wz(JT 1o X, Y) = 0 which, by
wr(X, TLY) =wr(JX, [[)Y) =wr(TLX,Y),

is equivalent to wz(J X, Ip)Y) =0 for every X, Y in p. That is, p and Jp are
wr-orthogonal, as wished. U

Remark 7.4. Under the assumptions of Lemma 7.3, the local G®-invariance of
wr and wx (Lemma 7.2) implies that

wr((ga)«Z, (ga)sW) = ReB(IyZ, W),
and
wi((ga)«Z, (ga) W) = wi(Z, W) =wr(ZZ, ZTW) = wr(Z, JW) = —ImB(1yZ, W).

Proof of the main Theorem. Let J = J,4 be the adapted complex structure
on =, let I be the almost complex structure defined in Section 3 and K := IJ.
Then the usual algebraic properties

P=J=K>=—-Id=1JK

follow directly from Definition 3.1. By Proposition 7.1, the 2-forms w;, w; and
wy defined in Section 5 are Kahler with respect to the corresponding almost
complex structures and all define the same Riemannian metric. In addition, they
are closed in view of Lemma 5.2(iii) and Proposition 6.2. Now Lemma 6.8 in
[Hit87] implies that I, J and K are integrable. This concludes the proof of the
existence of a hyper-Kahler structure on = with the required properties. The
proof of Part (¢) in the main theorem can be found in Section 8.

Finally, we outline a proof of uniqueness of the adapted hyper-Kahler structure.
Let
(I> ja IC» Wz, Wr, w’C)

be an arbitrary G-invariant hyper-Kahler structure with the property that J =
Jaa and the restriction of the Kéahler structure (Z, wz) to p coincides with the
standard Kéhler structure (ly, wy) of G/K. By Lemma 7.2 and Lemma 7.3,
the restriction of (Z, wr) to p€ necessarily coincides with (fy, ReB(lp -, -)).
Moreover, the forms ws and wy, being locally GC-invariant, are uniquely de-
termined everywhere on = (see Rem. 7.4). Then the relations £ = ZJ and
w7 (+,+) = wz(Z-,-) show that the hyper-Kéhler structure is uniquely determined
if the complex structure Z is. In turn, because of its G-invariance, Z is uniquely
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determined by the map L : Q — GLg(p®), given by H — Ly, which describes
7 along the slice. That is,

Ta,Z = a,LyZ.

In our hyper-Kéhler setting, the operator Ly is an anti-linear anti-involution and
the form ReB(Iy-, -, ) is Ly-invariant. Moreover, the condition dw; = 0 yields
a system of first order differential equations in the real analytic components of
Ly with initial conditions Ly = Iy. Then the uniqueness of the solution can be
obtained by applying Cauchy-Kowaleskaya theorem. In the case of G = SLy(R)
the details of this strategy are carried out in Appendix A. U

8. A POTENTIAL FOR wj.

In this section we determine a G-invariant function p; with the property that
wr = —ddpr +p*wo, where wy is the standard G-invariant Kéhler form on G/K.
Since the projection p : 2 — G/K is holomorphic (Prop. 3.2), a potential of
p*wq is given by the pull-back of a potential py of wy. Then pgop+ pr is a
potential of wjy.

We adopt the same strategy used in Section 6. As a preliminary step, for a
class of smooth G-invariant functions p : = — R, we determine the associated
function p* : = — R defined by p*(z) := dfp()?z), for X € g (cf. Sect. 6).

Lemma 8.1. Given a smooth function f : R — R, consider the G-invariant
function p: = — R defined by

plgaK®) == =1 X0 FO\(H))B(A;, 4;) .

For X in g one has

~

MX(QQKC) = %Z;=1 ()‘j(H))B<Adg*1X7 [IOAj7 H])7

~

where f(t) = S2L £/(1).

tcost

Proof. The G-invariance of p and [ implies that,

dip(Xy.2) = dip(Adg1 X )
for every z € = and g € G. So it is sufficient to prove the lemma for g = e and
2z =aK®, with a = expiH and H € 0 (see (12)).
Take X € p. Since IX, = 1,X ., the G-invariance of p implies that dﬁp()?z) =
dp(IyX,) = 0.
Next, take X € £ and decompose it as X = M + >, K%, asin (1), with M e m

and K = X 4+ 0X° in £[a]. Since M, = 0 for z = aKC, one has d$p(M,) = 0.
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For a £ Ay,..., A and K® = X* + 0X® in ¢[a], set P* = X* — X% in
pla]. Also set IyP* =: P® = X? —0X*# in p[3] and K# = X? + 0XP. Note that
f £ 0. Then by (11), Lemma 2.2(iii) and (7) one has

d?p(l?az) = —dp(la,sina(H)iP*) = dp(a, sin o H)iF,IoF, ' P*) =
dp(a*sina( )COSB(H)ZP@) dp(s%noa(H)cos,B( gK z) —0.

cosa(H) sin B(H) cos a( H
For a« = A\;, with [ =1,... r, one has
dsp(KL,) = dp(aysin \(H)iF,[oF, ' P) = dp(a*f:g;’;l zAl) =

— il ano 2 FOG (H + 253 A1) B(A, Ay) =
— LN £\ (H)) B(Ar A)) .

Since
B(A;, A) =B(IyA;, [hA) = s
L BUH, K, ToA) = — s BOKY, oAy, H)) (18)
the above computatlon yields
dip(Xoxe) = 230 F(ON(H))B(X, [LoA;, H])
as desired. 0

Proposition 8.2. Fiz a function fr:R — R with the property that (S:g;'if}(t) =
cost — 1. The G-invariant function pr: = — R defined by

pr(gaK®) == —3 37| fr(\(H))B(A;, 4;)
s a potential for wr —p*wy. In particular the form w; = —ddip; + p*wy s closed
(cf. Prop. 5.2 (ii1)).

Proof. We are going to show that —ddjp; = w; — p*wy. By the G-invariance
of the forms involved it is sufficient to prove the statement for z = aK®, with
a=-expiH and H € Q' (see (12)). Observe that

p*WO(Zzy Wz) = OJ()(X, U) = B(IOX7 U)a (19)

for every Z = X +4iY and W = U + iV in p®. Also recall that by Lemma 6.1,
for every X € p and W e p® one has

where the map pu can be computed as in Lemma 8.1.
Fix a point z = aK® in the slice in Z'. We perform the computation exploiting
the block decomposition of p given in (1) with the convention p[0] = a.

o —ddipr =wr— T wy on a.p x a.p.

For X, U € p, by Lemma 6.1 and Lemma 8.1 one has
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C
—ddpr(X., U.) = & (exp sUaK®) =

= 14| S fiG(H)B(X = s[U, X, [IhA;, H]) =
_%Zgzl ]?I()‘J(H)>B(X> [[IOAjv H]>U])'
Moreover
B(X, [[loA;, H]|,U]) = =B(X, [[U, IoA;], H] + [[H, U], Ib4;]) =
([ X, (U, Ih4;]) — B([lo4;, X], [H,U]) =
—B([H, X], [4;, LU]) + B([4;, 10 X], [H,U]
B([4;, [H, X]], IoU) — B(IX, [4;, [H, U]]
which, for X = P® € p[a] and U = Qﬁ € p[f], becomes

—(a(Ap)a(H) + B(A)B(H)) B(IoP*, Q7).

)
)

Thus one obtains

—ddspr(P*., Q%) = 3 35, Fr( () (a(Ay)a(H) + B(A;)B(H)) B(1,P*, Q).
It is clear that —ddSp;(A,, A’,) = 0, for all A, A" in a. In view of relations (1),
(6) and (7), we are left to check the following cases.

Case a =0 and B = Ag. The above computation and our assumption on f;

imply

—ddSpi(A,, PF) = L (A (H))2M(H) B(IoA, P*) = (cos \e(H)—1)B(Io A, P¥) =
:w](g,m ﬁcz) _p*WO(}L, ﬁz)»

where the last identity follows from (19) and

~

COs )\k(H)B([OA> Pk) = B(IOFaA> Fapk) = w[(gza sz)

Case a = e, +e€ and B = e, — €. Since \y =a+ [ and \; = a— 3, one
has

—ddspr(P=., Qﬁ ) = %(f](/\k( ) (H)+/B(H))+ﬁ()\l([—]))(Q(H)_g(H)))B(IOPa, Q%) =
L(FrOw(H)M(H) + FrOvH)N(H)) B(IP*, QF) =

(coskk( );—cosAl(H) N 1)B([QPQ, Qﬁ) .
By the trigonometric identity

cos 2ty + cos 2t; = 2 cos(ty, + t;) cos(ty, — t;)

one obtains

~

L(cos Ae(H) + cos N (H))B(IoP?, Q%) = B(IyF,P*, F,Q%) = wi(Po., QF.).

Hence

~ ~ o~ ~ o~

—ddfrpf(ﬁ"z, Q°,) = wi(P*,, Q5,) — p*wo(Pe., Q5,).
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Case a = e = 3. Since \; = 2a, one has
—ddspr(P?,, Q%) = LF;(\(H) M\ (H)B(IoP, Q%) = L(cos \y(H)—1) B(IoP®, Q%) =

(cos® a(H) — 1) B(IoP*, Q%) = wi(P?., Q%,) — p*wo(P?,, Q%)
where in the last equality one uses

cos’ a(H)B(I,P*, Q) = B(LLE,P*, F.Q%) = wi(P?., Q7).
e —ddip; =0 on a.p x aip.
Take X € p and iV € ip. By Lemma 2.2(i) one has iV, = %L:O
sV,) K€, with C € €. Thus
—ddpi(X,, iV ,) = L] _ i (expsCexpi(H + sV,)K®) =
S0 3 FOG(H + 8Va) B(Adey —sc X, [10A;, H + sVi]) =
i(H

5 35 S OG(H))A (Vo) BIX, oAy, H])+F(O(H)) (B(LX, €, oAy, H])+B(X, [loA;, Va])) -
All the above summands are zero, since [&p] < p, [p,p] = € and B(p,t) = 0.

exp sCexpi(H+

e —ddipr=wr on a.ip x a.ip.

Case a = 0 = B. We show that —ddip;(ijzlz, i?lj/z) = 0 for every A, A’ € a.
Since [iA, iA’] = [iA, iA’] = 0, the usual formula for the exterior derivation
applied to the 1-form d$p; yields

ddjpr(iAs, iA1.) = iA(djps (i) — iV (d5ps (i) =
= dt|t odpr (1], exp siA’exptiAaK® — i} _oexpsiAexptiAaK®) =
== ‘t Odpf( o exp silopA’aexp tiAKC — —S o xp silpAaexp tz’A’KC) _
By Lemma 2.2(ii), for A=A, and A" = A; the above expression equals to

i ( cosnlti) Kl expi(H + tAy) K©)

Tdt {t 0dsls €XP S5in N(H+tAL)

Ae(H+tA .
E’t:o%h:opl(eXp SZ?;A:EHJJ:IAZ)) K*expi(H + tAl)KC) 5

which vanishes by the G-invariance of p;.

Case a £ 0 and B = 0. Take iP“ € ip, with a # 0, and A € a. Then, by
Lemma 2.2(iii)
—ddSpr(asiP®, ayiAy) =

1 d
s

i ddspr (7)., (Ay)) =

ohr (expzsAk aK®) =

sina(H)

ds
éds s= oz f()‘]<H+ SAk))B(Kaa [[OAjv H + SAk]) =

2sina(H

~ g 2 O H)A (A BK®, 1A, H]) + FOG(H)B(K®, [IoA;, Ail).
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Since \j(Ay) = 0 = B(K?,[IpA;, Ax]) for j + k, the above sum reduces to
s (FOW(H))2B(K®, [ToAy H]) + FOw(H))) BIK®, [ToAx Ay]) =
= m(ﬁ(Ak(H))Qa(H) + FOR(H))a(AR)) B(I P, Ay).

This expression vanishes for o # )., while for P = P* € p[\;] becomes
s (P W) A(H) + FOW(H))) B P*, Ay).

Under our assumption f(t) = (cost — 1), one has F(t) = —5(cost —1) —
and consequently

sint
t Y

L (Ftt+ f() = 1.

—dd?pl(a*ipa, @*iAk) = _B(Iopk, Ak) = w;(&*z’P’“, a*z’Ak).

Thus

Case a + 0 + 3. Next, con81der iPY, iQP e zp, with a +0+ £. By Lemma
2.2(i) one has a,iP“ Sma( )Ka and a,iQ” T , for appropriate

K®etla] and CP e E[ﬁ] Then

—ddSp;(asiP®, a,iQ%) = mds ot (expsCPaK®) =

~ e 2 ] A H)B([C%, Ko, [IA;, H]) =

~ — s 2 N (H)B(K®, [[IA;, H], C7]).
By writing
B(Ka> [[IOAja H]> Cﬁ]) = _B(Kav [[067 ]OAJ']7 H] + [[H7 Cﬂ]a [OAj]) =

—(a(H)B(A;) + B(H)a(A;))B(I,P*, Q°)

T

one obtains
—ddSpr(ayiP?, ayiQP) =
s 2y J O D) (a(H)B(A)) + B(H)a(A;)) B(IoP?, Q°).

In view of relations (1), (6) and (7), we are left to check the following cases.

Case a=e,+e and 3 =e, —¢e. Since a+ =X, and —a+ [ = -\,

one has

—ddpr(a,iP®, a,iQ") = m(ﬂ&( )AR(H)—F(N(H)N(H)) B(IoP?, Q°)
Gl M B(I PP, Q%) = —B(IoP?, Q%) = wi(a.iP?, a,iQ”),

due to the trigonometric identity cos 2ty — cos 2t; = —2sin(ty, + ;) sin(tx — t;).

Case a = e = 3. One has
—ddjpr(asiP%, a,1Q%) = mf()\k(H))Ak(H)B(IOPQ» Q%)
= ———(cos2a(H) — 1)B([yP*, Q%)

2sin® a(H)
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= —B(IyP*, Q%) = wi(a,iP®, a,iQ%).

9. APPENDIX A: A PROOF OF UNIQUENESS OF THE ADAPTED
HYPER-KAHLER STRUCTURE FOR G = SLy(R).

Here we carry out a proof of uniqueness of the adapted hyper-Kéhler structure
in the case of G = SLy(R), as announced in Section 7.

Consider the map px€xQ* — Z, given by (U,C, H) — exp U exp C expiHKF,
which is an analytic diffeomorphism of a neighborhood of {0} x {0} x Q* onto
its image Q" (cf. [KrSt05], Cor. 4.2). On " we consider the vector fields

<

expUexp CexpiHKC = % OeXp(U + SA) echeXp iHKC )

S=

<

._ 4
expUexpCexpiHKC -= g

exp(U + sP)exp CexpiHK®,
0

S=

=N

. d
expUexpCexpiHKC = gg

exp U exp(C + sK) expiHKC® |
0

S=

Z.*AexpUexpCexpiHK‘C = % s=0 eXp<U) expC’expi(H + SA)K(Ca

where A:=[0FE, E], P=FE —0F and K = E+ 0F . In particular [(A = —P,
IyP = A. Moreover [A, K| = a(A)P = 2P and [A, P] = a(A)K = 2K (see
(2), (4) and (6)). All above vector fields commute, since they are push-forward
of coordinate vector fields in the product p x € x QF.

Proof of uniqueness of the adapted hyper-Kihler structure (case of
G = SLy(R)). Let

(Z, T, K, wr, wy, wg)
be an arbitrary G-invariant hyper-Kéhler structure with the property that J =
Jua and the restriction of the Kahler structure (Z, wz) to p coincides with the
standard Kéhler structure (Iy, wy) of G/K. Consider the map L : Q — GLg(p®)
which describes Z along the slice by

Ta.Z = a.LyZ,

where H € Q0 and a = expiH. As observed in the proof of the main Theorem
in Section 7, we need to show that for every H in ) and Z € p® one has
LyZ = F,IyF;'Z. Note that

wr(axZ , asW) = wr(JasZ , Za,W) = —ImB(IyZ, LyW). (20)

Claim. With respect to the basis
{A, P, iA, iP}
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of p®, the anti-linear anti-involution Ly of p is represented by the matrix

aq (05} b1 0
as —aq 0 bl
b1 0 —a; —Qo ’
0 b1 —das ay
where ai, a, az and b; are real-analytic functions of H and b3+a?+asaz = —1.

Proof of the claim. Let
A B
C D

be the representative matrix of Ly with respect to the above basis, which is
compatible with the decomposition p @ ip. Since ZJ = —JI, it follows that
LyJZ = —-JLyZ for every Z in p, i.e. Ly is anti-linear. This implies that
C =B and D = —A, where

a-(me) e m-(p ).
as Qy4 b3 b4
Since wz( -, -) is skew-symmetric, (20) implies that

ImB(IoZ, LyW) = —ImB(I,W, Ly Z) = —ImB(Ly Z, I,W)

for every Z, W e p©. As U, = —I, one obtains

Iy 0\ [0 Id\ (A B\ (A B\ [0 Id\ (I 0
0 Iy Id 0 B —-A) ‘B —A Id 0 0 Iy’
which implies [pA = —tAl, and IpB = ‘Bl,. Thus the matrix realization of

Ly is as claimed and the relation b} + af + azas = —1 follows from the fact that
(Ly)? = —Id. This concludes the proof of the claim.

Then in order to conclude the proof, we need to show that the functions a;
and b; identically vanish and a3(H) = —cosa(H) (recall that [yA = —P and
IyP = A). This will be done by showing that such functions are solutions of a
system of differential equations with initial conditions a;(0) = 0 = b1(0), a3(0) =
—1. Without loss of generality, in the sequel we assume that the Killing form B
is normalized by B(A, A) = B(P,P) = 1.

'vbl = 0. Let 2 = aK® e Z" with a = expiH. Since the vector fields E, ]5,
1A commute and wy is closed, the classical Cartan’s formula gives

dwr(A,, P, iA.) = Aws(P,iA) — Puws(4, iA) + idws (A, P)=0.

One has
dwj(Aza Pz: ZAZ) = %‘t:OMJ(PexptAaKca ZAexptAaKC)+

~

_E‘tzowJ(AexptPaKC7 ZAexptPaKC) + E’t:()wj(Aexpi(H—&-tA)KCu Pexpi(H+tA)KC) =
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= %‘t:O J(%L 0 eXp(tA + sP)aK®, i oexptAexpi(H + sA)K®)+
dt‘t oW j(dS’ exp(tP—FsA)ozK(C (exptPa)iA)+
+4 ‘t oworlexpi(H + tA) A sexpsPexpi(H +tA)K®) =

dt ’ ds

= il (| _gexptAexp s(P = §[A, P] + O(*))aK®, (exptAa).id)+
— 4| _wr(L| _, exptPexps(A— [P, A] + O(t?))aK®, (exptPa),id)+
dt‘tZOWJ expi(H + tA) A, expi(H + tA),cosa(H + tA)P)
which, by (20), gives
oo (Gl exp s(—ta(A)K)aK®, a,id)+

_%‘t:(] cosa(H + tA)ImB(IyA, LyaP) =

= wy(asa(A)sina(H)iP, ayiA) + 2

E|t=0

cosa(H + tA)b (H + tA) =

= —a(A)sina(H)ImB(1yiP, LyiA) + cosa(H +tA)b(H + tA) =

al
dt 1t=0

= —a(A)sina(H)ImB(A, LyA) + cosa(H +tA)by(H + tA) =

il
dt 1t=0

— —a(A)sina(H)by(H) + 4],_,cosa(H + tA)by (H + tA) =

il
dt lt=0
= —2a(A)sina(H)by (H) + cos oz(H)%‘t:Obl(H +tA) =

Equivalently
d

dt‘t 0
The solution of this differential equation is b (H) = ce

bi(H + tA) = 22tsinaly, ()

cosa(H)
—2log cos a(H) c

T cos?a(H)?
where ¢ is a real constant. The initial condition b,(0) = 0 forces ¢ = 0 and
consequently b; = 0.

e a; = 0. In this case we choose the vector fields fvl, K and iA. One has

de(sz K27 ZAZ) = %‘t:OMJ(KexptAaKcv iAexptAaKC)+

_%\tzowJ(AexptKaKC) iAexptKaKC> + %’t:0w3<Aexpi(H+tA)Kc7 Kexpi(H+tA)KC) .
The first term on the right-hand side of the equal sign vanishes by the G-
invariance of w7. Thus one obtains

jt‘t Owj(ds‘ expsAeszfKaLK(C (exptKa).iA)+

4 ‘t oW (expi(H +tA) A, 4 4| _,expsKexpi(H +tA)KC) =
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= 4| _wr (L] _jexptKexps(A—t[K, Al + O(t*))aK®, (exptKa),iA)+
%‘tzowj(expi(H +tA) A, —expi(H +tA),sina(H + tA)iP) =

= —4|,_wr(a(A+ ta(A) PP + O(t?)), asiA)+

L),_ysina(H + tA)ImB(IgA, LysaiP) =

= —wg(a,a(A)F, P, a,iA) + sina(H + tA)ReB(P, ZHHAP) =

il
dt [t=0

= a(A) cosa(H)ImB(IyP, LyiA) — 4| sino(H + tA)ai(H + tA) =

t=0

= —a(A)cosa(H)ReB(A, LyA) — 4| sina(H + tA)a;(H + tA) =

t=0

= —a(A)cosa(H)a (H) — sina(H + tA)ay (H + tA) =

il
dt [t=0

= —2a(A)cosa(H)ay (H) — sin a(H)%‘t:Oal(H +tA)=0.
Equivalently

2a(A) cos a( H
4|, (H + tA) = —2esalflly (1)

For H 4 0 the solution of this differential equation is a;(H) = ce~2legsinalil) —

sZaqn nd, due to the initial condition a1(0) = 0, one has limy_0a:1(H) = 0.
Hence ¢ =0 and a; =0.

e a3(H) = — cos a(H). For this choose the vector fields P, K and iA. One
has

dwj(ﬁm [\(/'m ZAZ) = %’tzowj<KexptPaKCa Z-14exptPaK‘C)+
_%L:OWJ(PexptKaKC? iAexptKaKC> + %’t:OWJ(Pexpi(H+tA)KC7 Kexpi(H+tA)KC) )
where the first term on the right-hand side of the equal sign vanishes by the
G-invariance of w7. Thus one obtains
_i‘
di lt=0

—I—%L:Owj(%‘szo expsPexpi(H + tA)KC, %

wr (| _ expsPexptKaK®, &|  exptK expi(H + sA)K®)+

_oexpsKexpi(H +tA)K®) =

=0

A

= —%‘tzowj(%tzoexp tK exps(P —t[K, P] + O(t?))aK®, (exptKa).iA)+
+41 wr(expi(H +tA),cosa(H +tA)P, —expi(H + tA),sina(H + tA)iP) =
dtlt=0*T
(recall that [K, P] = 2A)
= w7(2a4A, a,iA)
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_%L&:o cosa(H +tA)sina(H + tA)ws(expi(H + tA)P, expi(H + tA),iP) =
= —2ImB(IyA, LyiA) + cosa(H +tA)sina(H +tA)ImB(IgP, Ly 4iP) =
= —2ReB(P,LyA) — %L:o cosa(H +tA)sina(H + tA)ReB(A, Ly aP) =
= —2a3(H) — 4 oCosa(H +tA)sina(H + tA)ay(H +tA) =

= —2a3(H) + &|,_ 2t sina(H + tA) = 0.

il
dt 1t=0

For the last equality we use that, since a; = by = 0, one has ay = —é (see
claim). Due to the initial condition a3(0) = —1 and the fact that a(A) = 2, it
follows that as(H) = — cos «(H). This concludes the proof. O

10. APPENDIX B: THE CANONICAL KAHLER FORM AND ITS POTENTIAL

Define pean : Z — R by
pean(gaK®) := L B(H, H),

2

for gaK® e = with a = expiH, and set weep = —dd pean, where J = J,q. As
mentioned in the introduction, = can be thought as a G-invariant domain in the
cotangent bundle 7*G/K. In this realization, from the results in [GuSt91] and
[LeSz91] (see also [Sz91]), it follows that w.e, coincides with the canonical real
symplectic form on T*G/K.

An analogous computation as in Proposition 6.2 gives the following Lie group
theoretic realization of we.,, and of the associated moment map on = c G© /K C

Proposition 10.1. The function peq, is a G-invariant potential of the canonical
symplectic form, determined by

Wean(Zae, Woe) := —ImB(Z, E;'F,W),
for Z, W € p°. Equivalently,
Wean (a2, a W) = —ImB(Fa’lZ, E;1W) )
The moment map flean : = — @ associated with peq, 1S given by
fiean(9aK©)(X) = B(Ad,~1 X, H).

Remark 10.2. By means of Lemma 5.2(i) and Proposition 10.1, one can check
that the form wj 1s the pull-back of wean via the G-equivariant map ¢ defined
in Section 4. (c¢f. Rem. 4.5 and [DaSz97|, Thm. 4.1).
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