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INTRODUCTION

”Nel mezzo a una q—algebra di funzionsi
10 ci ritrovo una tal forma intera
che Ualgebra di Lie dual mi doni”

N. Barbecue, ”Scholia”

Let G be a connected, simply connected, semisimple algebraic group over an alge-
braically closed field k of characteristic zero, and consider on it the Sklyanin-Drinfel’d
structure of Poisson group (cf. for instance [DP] §11 or [Ga] §1, or even [Dr]|). Then
g := Lie(G) is a Lie bialgebra, F[G] is a Poisson Hopf algebra, and U(g) is a Poisson
Hopf coalgebra. Let H be the corresponding dual Poisson (algebraic) group of G, whose
tangent Lie bialgebra b := Lie(H) is the (linear) dual of g: then again F[H] is a Poisson
Hopf algebra, and U(h) is a Poisson Hopf coalgebra.

The quantum group Ug(g) of Drinfel’d and Jimbo provides a quantization of U(g):
namely, UZ?(g) is a Hopf algebra over k(g) which has a k[q, q_l]—form 4°(g) which for
g — 1 specializes to U(g) as a Poisson Hopf coalgebra. Dually, by means of a Peter-Weyl
type axiomatic trick one constructs a Hopf algebra F[G] of matrix coefficients of U (g)
with a k[q,q_l]fform §”|G] which specializes to F[G], as a Poisson Hopf algebra, for
q — 1. So far the quantization only dealt with the Poisson group G; the dual group H
is involved defining a different k‘[q, q_l}fform U"(g) (of a quantum group U, (g)) which
specializes to F[H] (as a Poisson Hopf algebra) for ¢ — 1 (cf. [DP] or [DKP]). In a dual
fashion, it is proved in [Ga] — in a wider context — that the dual (in the Hopf sense)
quantum function algebra F?[G] has a k[q,q_l}finteger form F?[G] which for ¢ — 1
specializes to U(h), as a Poisson Hopf coalgebra. Therefore quantum function algebras can
also be thought of as quantum enveloping algebras, whence the title of the paper.

In this paper we stick to the case of the group G = SL(n + 1).

Our first goal is to relate the latter result above with the well-known presentation of
F7[SL(n+1)] by generators and relations (cf. [FRT]). Namely, inspired by the definition of
F?[G] and FT[G], we define two k[q, ¢ ']—integer forms ﬁqQ [SL(n+1)] and ﬁqp [SL(n+1)]
(along with a third one, ﬁq [SL(n +1)]) of F/[SL(n+ 1)]. These inherit a presentation
by generators and relations, which enables us to prove that they specialize to U(h) (as a
Poisson Hopf coalgebra) for ¢ — 1. As a second step, since for U(h) one has the Poincaré-

Birkhof-Witt (PBW in short) theorem which provides “monomial” basis, because of the
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previous result we are led to look for PBW-like theorems for F,”[SL(n + 1)]: we provide
two of them, both closely related with the classical PBW theorem for U(h).

The paper is organized as follows. Sections 1 and 2 are introductory. Sections 3 and
4 are devoted to integer forms of F’[SL(n + 1)] and their specialization. Section 5 is an
excursus, where we explain the relation among the constructions and results in this paper
and those in [Gal: this is one of the main motivation of this work; on the other hand, this
section can be skipped without affecting the comprehension of the rest of the paper, which
is completely self-contained. In section 6 we briefly outline the extension of the previous
results to the quantum function algebra F;[GL(n+1)]. Finally, section 7 deals with PBW
theorems.

REFERENCES

[APW] H. H. Andersen, P. Polo, W. Kexin, Representations of quantum algebras, Invent. Math. 104

(1991), 1-59.

[DKP] C. De Concini, V. G. Kac, C. Procesi, Quantum coadjoint action, Jour. Am. Math. Soc. 5 (1992),
151-189.

[DL]  C. De Concini, V. Lyubashenko, Quantum function algebra at roots of 1, Adv. Math. 108 (1994),
205-262.

[DP] C. De Concini, C. Procesi, Quantum groups, D-modules, Representation Theory, and Quantum
Groups (Venice, 1992) (L. Boutet de Monvel, C. De Concini, C. Procesi, P. Schapira, M. Vergne,
eds.), Lectures Notes in Mathematics 1565, Springer & Verlag, Berlin—Heidelberg—New York,
1993, pp. 31-140.

[Dr] V. G. Drinfeld, Quantum groups, Proceedings of the ICM (Berkeley, California, 1986) (Andrew
M. Gleason, ed.), Amer. Math. Soc., Providence, RI, 1987, pp. 798-820.

[Ga] F. Gavarini, Quantization of Poisson groups, Pacific Journal of Mathematics 186 (1998), 217-266.

[GL] I. Grojnowski, G. Lusztig, On bases of irreducible representation of quantum group GLy , Cont.
Math. 139 (1992), 167-174.

[Ji] M. Jimbo, A g-analogue of U(gl(N+1)), Hecke Algebras and the Yang Bazter equation, Lett.
Math. Phys. 10 (1985), 63-69.

[Ko] H. T. Koelink, On x—representations of the Hopf x—algebra associated with the quantum group
Uq(n), Compositio Mathematicae 177 (1992), 199-231.

[Pa] P. Papi, A characterization of a good ordering in a root system, Proc. Amer. Math. Soc. 120
(1994), 661-665.

[PW] B. Parshall, J. Wang, Quantum linear groups, Mem. Amer. Math. Soc. 439 (1991).
[Ta] M. Takeuchi, Some topics on GLq(n), Journal of Algebra 147 (1992), 379-410.




