Open Problems

edited by C. Ciliberto, Th. Dedieu, F. Flamini, R. Pardini
after notes taken by C. Galati and S. Rollenske

A problem session has been held during the workshop. We gather here the problems and
questions that have been proposed and discussed during this lively event.

We give the problems without further comments, and in the order in which they have been
proposed during the conversation. We believe they are all interesting and inspiring, and reflect,
also in their formulation, the tastes and interests of the participants who have proposed them.

Problem 1 (Rita Pardini). For all abelian varieties A, set
Xa:={C:J(C)—» A} C M,.

As explained in Problem 3, if dim X4 > 0, then there are bounds on the dimension of A in
terms of g. Can one obtain better bounds if dim X4 > 17

Problem 2 (Rita Pardini). Study the various possible notions of relative irregularity for families
of higher-dimensional varieties (with appropriate conditions on the fibres).

Problem 3 (Lidia Stoppino). Let f: S — B be a fibred surface, and w; = ws ®wy its relative
canonical bundle. The Hodge bundle f.wy has the two following splittings (the so-called first
and second Fujita decompositions [7], [6]):

fawp =E @O,
where h'(£ ® wg) = 0 and gy is the relative irregularity; and
f*wf = A D Z/[7

where A is ample and U is unitary flat.

One wants to get information about the relative irregularity g; and the rank of the unitary
factor uy = rk U, in connection with other invariants and with geometric properties of the
fibration.

(3.1) Slope inequalities. Let us consider a non-isotrivial fibration, and the relative invariants
xs = deg fuwy and c3(wy). It is known that the ratio between c?(wy) and xs (the so-called
slope) is greater or equal to 4 if g > 0, and that ¢y = 1 if ¢ > 0 and c}(wy) = 4xy. It is
natural to conjecture a bound on the slope increasing with the relative irregularity. Bounds of
this type are to be found in [4], [9], [3]; in this last paper, the following bound is conjectured:

This bound has been proved in [10] for g5 < ¢/9, and disproved for high values of ¢; (namely
gr = (9 +1)/2). In the same paper, the following remarkable bound is proved:
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Problem: use the thechniques of myself and Barja, or that of Lu and Zuo, to prove sharper
lower bounds for the slope. It is moreover a natural question whether or not there holds an
analogous bound involving us (see [8]).

(3.2) A celebrated theorem of Beauville [5] states that ¢f < g and ¢y = g if and only if the
fibration is birationally trivial. A conjecture due to Xiao states that for non-trivial fibred
surfaces, one has ¢y < ¢/2 4+ 1 [12]. This conjecture has been disproved by Pirola [11] and
Albano-Pirola [1]. Let ¢; be the Clifford index of the general fibre. In [2], the inequality
qs < g — cy is proved for non-isotrivial fibred surfaces. Moreover, a modified version of Xiao’s
conjecture is stated:

g+1
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See [8] for a more detailed description of the state of art. In the preprint [8] we prove the
analogous inequality for us: uy < g — cy. Problem: what is in general the relation between u ¢
and the genus of the fibration? Is there a lower bound of Xiao type? Even the isotrivial case is
not known.

Problem 4 (Sinke Rollenske). Stable surfaces are the two-dimensional analogue of sta-
ble curves: they are the varieties that are parametrised by a natural compactification of the
Giesecker moduli space M= , of canonical models of surfaces of general type. They were first
considered by Koll4r and Shepherd-Barron in [17] but the proof that the (coarse) moduli space
ﬁ}@,x actually exists as a projective scheme had to wait for some more time. Because of the
significant contributions of Alexeev [13] these moduli spaces are sometimes called KSBA-moduli
spaces. More information can be found in [15, 16].

By definition, the canonical divisor of a stable surface X is Q-Cartier, and we call the minimal
number [ such that I Ky is a Cartier divisor the global Cartier index of X. By the projectivity
of the moduli space, the global Cartier index is bounded on ﬁK%x for fixed invariants, but we
have not been able to give an explicit bound in any relevant case.

We thus propose to study this problem in a particular example, namely on the closure of
My 3 in ﬁl,g. Gorenstein stable surfaces with these invariants have been classified in [14], where
some non-Gorenstein examples with small index have been described as well. Other examples
can be found in [19], but it is still unclear if or how these two classes of examples are related.

Problem 5 (Sinke Rollenske). Seshadri constants measure the local positivity in a point of a
polarised (smooth) variety (X, L), see for example [18]. It is known that on surfaces the Seshadri
constant is either rational or has value v/d for a non-square integer d, but so far no example
has been described where it is actually irrational. So the following might be a quite challenging
problem:

Construct a polarised surface (X, L) with irrational Seshadri constant at the very general
point or prove that the Seshadri constant is always rational.

It has been suggested during the problem session that further progress may be made via
a degeneration argument, for example degenerating a hypersurface of degree d > 4 in P3 to a
plane and a hypersurface of degree d — 1.

Problem 6 (Ciro Ciliberto). Give conditions under which the following happens. Let 9t be
a component of Mg= . Then there is a flat family over a disc such that the general fibre is



the general surface in 9t and the central fibre is an irreducible, reduced rational surface. See
Problem 4 for a recap on the moduli space Mg .

Suggestion: Assume ¢ = 0. If the number of moduli is big enough, then maybe we can impose
enough triple points (elliptic singularities) to kill py, and find a degeneration which satisfies the
necessary condition p; = ¢ = 0.

Problem 7 (Adrien Dubouloz). Let X3 be a smooth cubic hypersurface in P#, and let S3 be a
smooth hyperplane section. Put V3 = X3\ S3, so that V3 is an affine cubic hypersurface in C*.
The unirationality but non rationality of X3 implies that Aut(V3) does not contain any nontrivial
connected algebraic group. Is it true that Aut(V3) = Aut(X3,.S3) so that, in particular, Aut(Vs)
is finite 7

Problem 8 (Ciro Ciliberto). Let S3 C P3 be a cubic surface. Let C4 be the family of curves of
degree d in P3. Study the subfamily

Ds,.a = {C € Cq : Card(supp(C N S3)) =1}

(in other words, Dg, 4 is the family of curves interesecting S in one point only, with multiplicity
3d); for instance, it is smooth? irreducible? of the expected dimension? etc.

Problem 9 (Andreas Leopold Knutsen). We use the standard notation from Brill-Noether
theory. A smooth projective curve C of gonality k and genus g is said to satisfy the linear
growth condition if

dim W), ,(C)<n forall 0<n<g—2k+2.

Note that (i) clearly Wl (C) has irreducible components of dimension > n (just add base
points to linear series of degree k), and (i) dim W, (C) > p(g,1,k+n) =2(d+n)—2—g >n
whenever n > g — 2k 4+ 2. Thus, there is no way of either weakening the assumptions on n or
strengthening the claim on dim W} 4+n(C). It was proved by Aprodu in [21] that the general
k-gonal curve with k # 9—33 satisfies the linear growth condition, and that, most interestingly,
any curve satisfying the linear growth condition verifies both the Green [25] and the Green-
Lazarsfeld [26] conjectures. It is therefore of interest to find out which curves do not satisfy
the linear growth condition (apart from the obvious case of curves of odd genus with maximal
gonality k = gQﬁ, where the linear growth already fails in the first step, as dim W,i =1).
A special case of Martens’ expectation (T) proposed in [30] yields the following:

(9.1) Conjecture. A smooth projective curve C of gonality k and genus g satisfies the linear
growth condition as soon as dim W}(C) = 0.

Thus, one may hope that it is sufficient to check the linear growth condition in the lowest

degree only.

It is well-known that any k-gonal curve satisfies dim W} (C) < 1. Examples for which equality

is attained are (cf. [24, 30]) only:

e curves of odd genus with maximal gonality;

e plane curves;

e exceptional curves, as defined by Eisenbud, Lange, Martens and Schreyer in [24]: those are
curves for which the Clifford index is not computed by a pencil, and are thus generalizations
of plane curves. Letting r denote the minimal dimension of a linear system computing
the Clifford index, it is conjectured in [24] that exceptional curves C' with r > 3 are of a
particular type; among other conditions, they should satisfy g = 4r—2 and Cliff C' = 2r—3.
Examples of such, for any r, are constructed on K3 surfaces in [24];



e finite covers of the above examples.

The ELMS conjecture was proved for r < 9 in [24], and has been later proved to hold for
any smooth curve on Del Pezzo, K3 and Enriques surfaces [27, 28, 29|, but is in general still
wide open.

In view of all this, the following problems were proposed:

e Study Conjecture (9.1).

e Find more k-gonal curves apart from the known ones satisfying dim I/Vk1 = 1 or find
conditions on such curves. (Suggestion: two base point free g,ﬁ’s give a map from the
curve to P x P! with image of type (k,k), so one should study families of such maps;
for instance, one may try to use the results of Castelnuovo and Accola in [22] and [20]
respectively).

e Study the ELMS conjecture. (Suggestion: as exceptional curves necessarily satisfy dim W)} =
1 (with & the gonality), a first step in this problem is the previous point).

Problem 10 (Ciro Ciliberto). The following is a folklore problem, attributed to D. Mumford:

Given an arbitrary irreducible algebraic surface S, is there a rational map S --» P3, bira-
tional onto its image ¥, with ¥ having only isolated singularities?

A related question is:

Can one find a smooth irreducible surface S, such that if C' C S is any irreducible curve of
genus ¢g(C) > 1, then its normalization is not a smooth plane curve?

An affirmative answer to the former question would imply a negative answer to the latter.

Problem 11 (Francesco Polizzi). Recall the definition of a general triple plane: A triple cover
f: X — P2 with branch locus B C P? is a general triple plane if the following three conditions
hold: (i) f is unramified over P2\ B; (ii) f*B = 2R + Ry, with R smooth and irreducible,
and Ry reduced; (iii) f|p R — B coincides with the normalization map of B. This implies in
particular that the branch curve B has ordinary cusps as only possible singularities, and these
are exactly the points where f is totally ramified. See [31] for more background.

Question: does there exist general triple planes with p, = ¢ = 0 and Kodaira dimension
k(X) > 0?7 Examples with Kodaira dimension —oo and 0 have been provided in [31].

Problem 12 (Ciro Ciliberto). Let V be a threefold, with £ a linear system of positive dimension
on it. Consider the following property: The general element S € |£]| is irreducible, has p,(S) =
q(S) = 0 (with § — S the resolution of singularities), but is not rational.

The problem is to classify all pairs (V, £) satisfying this property. A first task is to list all

known examples. Then one should try to bound the dimension of |L|.

Problem 13 (Pietro Pirola). Let S C P? be a very general surface of degree d > 5, in the
sense that [S] is a very general point of SP4 the moduli space of smooth surfaces of degree d in
P3. We know that if f: S — X is a dominant map of degree > 2, then X is rational [35].

(13.1) We ask what happens for d = 4. (Easy step: py(X) = ¢(X) = 0 and the fundamental
group of X is trivial).

(13.2) More generally, if S is a very general K3 surface with respect to some polarization, we
ask if there exists another K3 surface Sy not isomorphic to S and a dominant rational map
S — So.



(13.3) Let a and b positive integers such that a+b > 5, let SP,, be the moduli space of smooth
complete intersection of type (a,b) in P%. Consider S a very general complete intersection of
type (a,b), that is the corresponding point [S] € SP,;, is a very general point. Let f: S — X
be a dominant rational map of degree > 2. Is the surface X necessarily rational?

In the very recent paper [33] this is proven for the cases (3,t), t > 2, (4,1), t > 3, (5,1), 4 <
t < 10 and (6,6).

(13.4) What happens for hypersurfaces of P*?

Problem 14 (Pietro Pirola). The notation is the same as in Problem 13. Recall Diaz’ result
[34]: If Y C M, is a complete subvariety of the moduli space of curve of genus g > 2 , then
dimY < g—2. Is there an analog result for SP4 or for SP, ;, (under appropriate assumptions)?

Problem 15 (Francesco Polizzi, [32]). Classify the configurations of d? points in P3, d > 3,
such that for every general linear projection from a point x € P2, the resulting configuration of
d? points in P2 is the complete intersection of two curves of degree d. Suggestion: consider the
limit of the projection when z tends to a point belonging to the configuration.

A first non-trivial example of such a configuration is given by the d? intersection points of d
horizontal and d vertical lines on a smooth quadric surface Q = P! x P! C P3.
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