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ABSTRACT. In this paper we focus on the problem of computing thenumber of moduliof the so called

Severi varieties(denoted byV|D|,δ), which parametrize universal families of irreducible,δ-nodal curves in

a complete linear system|D|, on a smooth projective surfaceS of general type. We determine geometrical

and numerical conditions onD and numerical conditions onδ ensuring that such number coincides with

dim(V|D|,δ). As related facts, we also determine some sharp results concerning the geometry of some

Severi varieties.

INTRODUCTION

LetS be a smooth, projective surface and let|D| denote a complete linear system onS, whose general

element is assumed to be a smooth, irreducible curve. By the hypothesis on its general element, it makes

sense to consider the subscheme of|D|which parametrizes a universal family of irreducible curves having

only δ nodes as singular points. Such a subscheme is functorially defined, locally closed in|D| (see [34]

for S = P2 but the proof extends to anyS) and denoted byV|D|,δ. It is usually called theSeveri variety

of irreducibleδ-nodal curves in|D|, since Severi was the first who studied some properties of families of

plane curves of given degree and given geometric genus (see [30]).

One can be interested in studying the moduli behaviour of the elements that a Severi variety parametrizes.

This means to understand how the natural functorial morphism

π|D|, δ : V|D|,δ −→Mg

behaves, for eachδ ≥ 0, whereg = pa(D) − δ, pa(D) the arithmetic genus ofD andMg the moduli

space of smooth curves of (geometric) genusg; precisely, the problem is to determine the dimension of

the image ofπ|D|, δ.

In [29], Sernesi considered the caseS = P2. Denote by

πn, δ : Vn,δ →Mg

the functorial morphism from the Severi variety of plane irreducible andδ-nodal curves of degreen to the

moduli space of smooth curves of genusg = (n−1)(n−2)
2 − δ. Recall thatVn,δ is irreducible (see [14]).

Definition 0.1. (see[29]) Thenumber of moduliof Vn,δ is dim(πn, δ(Vn,δ)). Vn,δ is said to have the

expected number of moduliif such dimension equals

min(3g − 3, 3g − 3 + ρ(g, 2, n)),

whereρ(g, 2, n) is theBrill-Noether number.

Of course, whenρ(g, 2, n) ≥ 0, Vn,δ has the expected number of moduli3g−3 = dim(Mg) when every

sufficiently general curve of genusg belongs to it; in such a case, this family of plane curves hasgeneral

moduli. Whenρ(g, 2, n) < 0, the familyVn,δ does not have general moduli, i.e. it hasspecial moduliand

the number−ρ(g, 2, n) determines the expected codimension ofπn,δ(Vn,δ) in Mg.

With this set-up, Sernesi proved the following result:

Theorem 0.1. For all n, g such that

n ≥ 5 and n− 2 ≤ g ≤ (n− 1)(n− 2)
2

,

Vn,δ has the expected number of moduli.
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Remark 0.1. Since3g−3+ρ(g, 2, n) = 3n+g−9 = dim(Vn,δ)−dim(Aut(P2)), whenρ(g, 2, n) < 0
the fact thatVn,δ exactly has the expected number of moduli means that its general point parametrizes a

curveX which is birationally - but not projectively - equivalent to finitely many curves of the family, i.e.

the normalizationC of X has only finitely many linear systems of degreen and dimension2.

In this paper, we are interested in the case ofS a smooth, projective surface of general type. In such a

case, the expected number of moduli equalsdim(V|D|,δ) (see Definition 2.3).

We determine some general conditions onD, δ and, sometimes, on the geometry ofS guaranteeing

that such expected number of moduli is achieved (see Theorems 3.2, 3.3, 5.4, 6.1 and 6.3). As a particular

case of our more general results, we get the following:

Proposition. Let S ⊂ Pr be a smooth, non-degenerate complete intersection of general type whose

canonical divisor isKS ∼ αH, whereH denotes its hyperplane section,α a positive integer and∼ the

linear equivalence of divisors onS. Letm be a positive integer and letX ∼ mH be an irreducible curve,

with onlyδ nodes as singular points, of geometric genusg = pa(X) − δ, δ ≥ 0. Suppose that[X] is a

regular point of the Severi varietyV|mH|,δ (in the sense of Definition 1.4).

Assume that:

(1) δ ≤ dim(|mH|) if

a) α ≥ 2,m ≥ α+ 6, δ ≥ 1 or

b) α ≥ 1,m ≥ α+ 6, δ = 0;

(2) δ < m(m−4)
4 deg(S) if α ≥ 1 and5 ≤ m ≤ α+ 5;

(3)

a) δ < m(m−2)
4 deg(S) if α ≥ 2 andm = 3, 4 or

b) δ = 0 if α = 1 andm = 3, 4;

(4) δ < deg(S)(2 + α) + (r+3−4deg(S))
2 χ + (r−1)

2 χ2 if α ≥ 1 andm = 2, whereχ is a non-negative

integer in[ 2deg(S)−1
r−1 − 1, 2deg(S)−1

r−1 );

(5) δ < deg(S)
2 (1 + α) + (r−2deg(S)+2)

2 χ + (r−2)
2 χ2 if α ≥ 1 andm = 1, whereχ is a non-negative

integer in[deg(S)−1
r−2 − 1, deg(S)−1

r−2 );

Then the morphism

π|mH|,δ : V|mH|,δ →Mg

has injective differential at[X]. In particular, it has finite fibres on each generically regular component

of V|mH|,δ, so each such component parametrizes a family having the expected number of moduli.

In particular, we have the following:

Corollary. LetS ⊂ P3 be a smooth surface of degreed ≥ 5 and let[X] ∈ V|mH|,δ be a regular point.

Assume that:

(1) δ ≤ dim(|mH|) if

a) d ≥ 6,m ≥ d+ 2, δ ≥ 1 or

b) d ≥ 5,m ≥ d+ 2, δ = 0;

(2) δ < m(m−4)
4 d if d ≥ 5 and5 ≤ m ≤ d+ 1;

(3)

a) δ < m(m−2)
4 d if d ≥ 6 andm = 3, 4 or

b) δ = 0 if d = 5 andm = 3, 4;

(4) δ < d− 2 if d ≥ 5 andm = 2;

(5) δ < d− 3 if d ≥ 5 andm = 1.

Then the morphism

π|mH|,δ : V|mH|,δ →Mg

has injective differential at[X]. In particular, it has finite fibres on each generically regular component

of V|mH|,δ, so each such component parametrizes a family having the expected number of moduli.



MODULI OF NODAL CURVES ON SMOOTH SURFACES OF GENERAL TYPE 3

The paper consists of seven sections. In Section 1, we recall some terminology and notation. Section

2 contains fundamental definitions and technical details which are used for our proofs. Section 3 contains

the main results of the paper (Theorems 3.2, 3.3). In Section 4 we consider a fundamental proposition,

which is the key point to determine the results of Sections 5 and 6. Such theorems focus on cases to which

the results of Section 3 cannot apply. For simplicity, in Section 7 we sum up our results in the particular

cases of Severi varieties of the formV|mH|,δ on smooth complete intersection surfaces of general type or

on smooth surfaces inP3 of degreed ≥ 5.
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1. NOTATION AND PRELIMINARIES

We work in the category ofC-schemes.Y is am- fold if it is a reduced, irreducible and non-singular

scheme of finite type overC and of dimensionm. If m = 1, thenY is a (smooth)curve; m = 2 is the

case of a (non-singular)surface. If Z is a closed subscheme of a schemeY , IZ/Y (or IZ) denotes the

ideal sheafof Z in Y whereasNZ/Y is thenormal sheafof Z in Y . WhenY is a smooth variety,KY

denotes a canonical divisor whereasTY denotes its tangent bundle.

Let Y be am-fold and letE be a rankr vector bundle onY ; ci(E) denotes theith-Chern class

of E , 1 ≤ i ≤ r. The symbol∼ will always denote linear equivalence of divisors onY . As usual,

hi(Y, −) := dimHi(Y, −).
If D is a reduced curve,pa(D) = h1(OD) denotes itsarithmetic genus, whereasg(D) = pg(D)

denotes itsgeometric genus, the arithmetic genus of its normalization. For a smooth curveD, ωD denotes

its canonical sheaf, i.e.ωD ∼= OD(KD).

Definition 1.1. LetS be a smooth, projective surface andDiv(S) be the set of divisors onS. An element

B ∈ Div(S) is said to benef, if B · D ≥ 0 for each irreducible curveD on S (where· denotes the

intersection form onS; in the sequel we will omit·). A nef divisorB is said to bebig if B2 > 0.

Remark 1.1. We recall that, given a smooth surfaceS,N(S)+ is the set of divisor classes with positive

intersection numbers with itself and with an ample class. By Kleiman’s criterion (see, for example, [16]),

a nef divisorB is in the closure ofN(S)+.

Definition 1.2. Let S ⊂ Pr be a smooth surface,H its hyperplane section andD ∈ Div(S). We denote

by ν(D,H) theHodge numberof D andH,

ν(D,H) := (DH)2 −D2H2.

By the Index Theorem (see, for example, [3] or [12]) this is non-negative sinceH is a very ample divisor.

Definition 1.3. Let S be a smooth, projective surface. A rank 2 vector bundleE on S is said to be

Bogomolov-unstableif there existM, B ∈ Div(S) and a 0-dimensional schemeZ (possibly empty)

fitting in the exact sequence

(1) 0 → OS(M) → E → IZ(B) → 0

such that(M −B) ∈ N(S)+.

Remark 1.2. Recall thatE is Bogomolov- unstable whenc1(E)2 − 4c2(E) > 0 (see [4] or [26]).
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It is also useful to remind some standard terminology and techniques on Severi varieties. ConsiderS

a smooth, projective surface and assume that, for givenD ∈ Div(S) andδ positive integer,V|D|, δ 6= ∅.
If [X] ∈ V|D|, δ, N will always denote the scheme of nodes ofX, which is a closed zero-dimensional

subscheme ofS of degreeδ. From now on, denote by

(2) ϕ : C → X ⊂ S

the normalization map ofX. Thus, onC we have the exact sequence of vector bundles

(3) 0 → TC → ϕ∗(TS) → Nϕ → 0,

whereNϕ is thenormal bundleof ϕ. Observe that, ifÑ denotes the pull-back ofN toC, by (3) we get

thatNϕ ∼= OC(ϕ∗(D)− Ñ), so we have

(4) Hi(Nϕ) ∼= Hi(OC(ϕ∗(D)− Ñ)), i ≥ 0.

From Horikawa’s theory (see [18]),H0(Nϕ) parametrizes all first-order equisingular deformations ofX

in S. Therefore, one gets

(5) T[X](V|D|, δ) ∼= H0(IN/S(D))/ < X >,

which is the subspace ofH0(Nϕ) contained inT[X](|D|) ∼= H0(OS(D))/ < X >.

Remark 1.3. WhenS is assumed to be a regular surface, then

(H0(S, IN/S(D))/ < X >) ∼= H0(C,OC(ϕ∗(D)− Ñ)),

which means that all first-order equisingular deformations ofX in S are in|D|, i.e.

(6) T[X](V|D|, δ) ∼= H0(C, Nϕ)

Remark 1.4. From the exact sequence

(7) 0 → IN/S(D) → OS(D) → ON (D) → 0

and from (5), we get

dim(T[X](V|D|, δ)) ≥ h0(OS(D))− δ − 1 = dim(|D|)− δ;

the above inequality is an equality if and only if the surjectionH1(IN/S(D)) → H1(OS(D)) is an

isomorphism, i.e. if and only ifN imposes independent conditions to the linear system|D|. In such a

caseV|D|, δ is smooth at[X] of codimensionδ in |D|.

We recall the following:

Definition 1.4. V|D|, δ is said to beregularat the point[X] if it is smooth at[X] of dimensiondim(|D|)−
δ. Otherwise, the component ofV|D|, δ containing [X] is said to be asuperabundant component. A

component of a Severi variety is said to beregularif it is regular at each point,generically regularif it is

regular at its general point.

We recall that the regularity is a very strong condition, indeed it implies that the nodes ofX can be

independently smoothed inS (see, for example, [7] and [29]).

2. BASIC DEFINITIONS AND TECHNICAL TOOLS

In this section we introduce fundamental definitions and remarks which are used to compute the num-

ber of moduli of some Severi varieties.

From now on,S will denote a smooth, projective surface of general type, unless otherwise specified.

Let |D| be a complete linear system onS, whose general element is supposed to be a smooth, irreducible

curve. Denote byX an irreducible curve in|D| having onlyδ ≥ 0 nodes as singularities. As in (2),

the mapϕ : C → X ⊂ S denotes its normalization, whereC is a smooth curve of geometric genus

g = pa(D)− δ.

We shall always assume thatg ≥ 2, for eachδ ≥ 0. This assumption is not so restrictive for the problems

we are interested in.
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With this setup, for eachδ ≥ 0 one can consider the morphisms:

(8) π|D|, δ : V|D|,δ −→Mg,

whereMg denotes the moduli space of smooth curves of (geometric) genusg. Indeed, ifFδ : Xδ →
V|D|,δ denotes the universal family ofδ-nodal curves inS parametrized byV|D|,δ, the fibres ofFδ can be

simultaneously desingularized, so there exists a diagram of proper morphisms

Cδ
Φδ−→ Xδ ⊂ S × V|D|,δ

↘fδ ↓Fδ

V|D|,δ

whereΦδ is fibrewise the normalization map. In other wordsΦδ is the blow-up ofXδ along its codimension-

one singular locus and, for eachδ ≥ 1, the morphism

π|D|,δ : V|D|,δ →Mg

is functorially defined byfδ. Whenδ = 0, V|D|,0 is the open dense subscheme of smooth curves in|D|,
soΦ0 is the identity map and we haveπ|D|,0 : V|D|,0 →Mpa(D).

The problem is to determine, for each morphismπ|D|,δ, the dimension of its image.

Different from the case ofS = P2, Severi varieties on surfaces of general type are, in general, re-

ducible; for example, Chiantini and Ciliberto ([6]) showed that even in the most natural case of a general

surfaceS = Sd ⊂ P3 of degreed ≥ 5, Severi varieties onS of the formV|mH|,δ,m ≥ d andH the plane

section ofS, always admit at least one (generically) regular component but, sometimes, also some other

superabundant components with a dimension bigger than the expected one. On the other hand, there are

also some results which give upper-bounds onm andδ ensuring that all the components of such a Severi

variety are regular (see [7] and [9]). Thus, to precisely approach the problem, we make the following:

Definition 2.1. LetS be a smooth, projective surface of general type and letD be a smooth, irreducible

curve onS. Let δ ≥ 0 be such thatV|D|, δ 6= ∅. If V ⊆ V|D|, δ is an irreducible component, then the

number of moduliof the family of curves parametrized byV is

νD,δ|V := dim(π|D|,δ(V )).

Since the behaviour of superabundant components is difficult to predict, we focus on generically reg-

ular components ofV|D|, δ. For this reason, we have to introduce the following condition:

(9) δ ≤ dim(|D|).

Indeed on such a surface, in general, we havedim(|D|) < pa(D) (e.g. ifD is a very ample divisor,

it directly follows from the fact that the characteristic linear system onD is special); thereforeV|D|, δ
cannot have the expected dimension ifδ >> 0, i.e. if δ is nearpa(D).

Definition 2.2. The integerδ will be calledadmissibleif δ is as in (9) and such thatg = pa(D)− δ ≥ 2.

From Theorem 0.1 and Remark 0.1 one can eurhystically give the following:

Definition 2.3. LetV ⊆ V|D|, δ be an irreducible and generically regular component, withδ admissible.

Then, theexpected number of moduliof V is

expmod(V ) := dim(V ).

Thus, what is expected is thatV parametrizes a family having special moduli and, moreover, that its

number of moduli is the biggest possible; in other words, a regular point[X] ∈ V ⊆ V|D|, δ is expected

to be birationally isomorphic to finitely many curves inV .

By using vector bundle theory on regular surfacesS with effective canonical divisor, one can easily

determine some examples of regular components of Severi varieties of the formV|KS |,δ having the ex-

pected number of moduli (see [9] for details). On the other hand, there are also some examples which

show that such expected number of moduli is not always achieved. Indeed, one can consider particular

smooth, projective and regular surfaces of general type which belong to a class of surfaces that Catanese
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has recently studied (see [5]), calledBeauville’s surfacesor fake quadrics(see [31], page 195). Such a

surface is of the formS := (C × C)/G, whereC is a smooth curve of genusg ≥ 2, G is a finite group

acting on each factorC and freely acting on the productC × C so that the quotient is a smooth surface

and the projectionp : C × C → S is a topological covering. Moreover, if|G| = (g − 1)2 and if the

action ofG onC is such thatC/G ∼= P1, then one determines inS an isotrivial rational pencil of smooth

curvesC of genusg, parametrized by an open dense subset ofP1. From the exact sequence

0 → OS → OS(C) → OC(C) → 0,

the regularity ofS and the fact thatdeg(OC(C)) = 0, we get thatdim(|OS(C)|) = 1, so the complete

linear system coincides with the isotrivial family. Therefore, the morphism

π|C|,0 : V|C|,0 →Mpa(C)

is constant.

Remark. The previous example shows that we cannot expect to have, "tout court", the expected number

of moduli, even in the case of families of smooth curves on smooth, projective, minimal and regular

surfaces of general type.

From what observed, it is natural to give the following:

Definition 2.4. With the same conditions as in Definition 2.3, themoduli problemconsists in determining

for which kind of divisor classesD ∈ Div(S), the number of moduli of generically regular components

V ⊆ V|D|,δ coincides with the expected one, i.e. when

νD,δ|V = expmod(V )

holds.

Our approach to the moduli problem is analogous to that of Sernesi in [29], where he applied infini-

tesimal deformation theory to families of plane nodal curves. This uses the exact sequence (3).

When, in particular,V|D|,0 is considered, if we denote always byX the general (smooth) element of|D|,
thenN = ∅ and the Zariski tangent space toV|D|,0 at [X] coincides withH0(OS(D))/ < X >, reflecting

the fact thatV|D|,0 is an open dense subscheme of|D|. Moreover, the exact sequence (3) reduces to the

standard normal sequence ofX in S. Therefore, ifX is a smooth element in|D|, we get

(10) 0 → H0(TS |X) → H0(NX/S) ∂−→ H1(TX) → · · · ,

whereh1(TX) = 3pa(X)− 3 = dim(Mpa(X)), by assumption onpa(X) = pg(X).
On the other hand, if[X] ∈ V|D|,δ, δ ≥ 1, from (3) we get

(11) 0 → H0(ϕ∗(TS)) → H0(Nϕ) ∂−→ H1(TC) → · · · ,

whereh1(TC) = 3g − 3 = 3(pa(X)− δ − 1) = dim(Mg), with g ≥ 2 by assumption.

Therefore, when[X] ∈ V|D|,δ, δ ≥ 0, is a regular point, the compositions

T[X](V|D|,0) ↪→ H0(NX/S) ∂−→ H1(TX)

and

T[X](V|D|,δ) ↪→ H0(Nϕ) ∂−→ H1(TC), δ ≥ 1,

can be identified with the differentials of the morphismsπ|D|,δ, δ ≥ 0, at the points[X] and[C → X ⊂
S], respectively.

Remark 2.1. If [X] ∈ V|D|,δ, δ ≥ 0, is a regular point and if we further assume that[X] is a general point

of an irreducible componentV of V|D|,δ, to give positive answers to the moduli problem of Definition 2.4

we need to show that the differential(π|D|,δ)∗,[X] is injective. From(10) and(11) this reduces to finding,

for which divisor classesD, h0(D, TS |D) = 0 andh0(C,ϕ∗(TS)) = 0 hold, respectively.
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3. THE MAIN RESULT

From what observed in Remark 2.1, we start by proving the following general result.

Theorem 3.1. Let S be a smooth, projective surface of general type. LetX ∼ D be an irreducible,

δ-nodal curve,δ ≥ 0, whose set of nodes is denoted byN . Then,

(12) h1(S, IN/S ⊗ Ω1
S(D +KS)) = 0 ⇒ h0(C, ϕ∗(TS)) = 0.

In particular, whenδ = 0,

(13) h1(S, Ω1
S(D +KS)) = 0 ⇒ h0(D, TS |D) = 0

Proof. If N 6= ∅, denote byµ : S̃ → S the blow-up ofS alongN , so that one can consider the following

diagram of morphisms:
C ⊂ S̃

↓ ϕ ↓ µ

X ⊂ S .

Thus,

H0(ϕ∗(TS)) = H0(µ∗(TS)|C).

If we tensor the exact sequence definingC in S̃ with µ∗(TS), we get

(14) 0 → µ∗(TS)(−C) → µ∗(TS) → µ∗(TS)|C → 0.

Observe that

H0(µ∗(TS)) ∼= H0(TS) = (0),

sinceH0(TS) is isomorphic to the Lie algebra of the Lie groupAut(S), which is finite by assumption on

S (see [21]); thus, the cohomology sequence associated to (14) reduces to

0 → H0(µ∗(TS)|C) → H1(µ∗(TS)(−C)) → · · · .

A sufficient condition forh0(ϕ∗(TS)) = 0 is thereforeh1(µ∗(TS)(−C)) = 0. By Serre duality oñS, we

have

(15) h1(µ∗(TS)(−C)) = h1((µ∗(TS))∨ ⊗ OS̃(KS̃ + C)).

SinceTS is locally free, thenµ∗(TS)∨ = µ∗(T ∨
S ) = µ∗(Ω1

S), so(15) becomes

(16) h1(µ∗(TS)(−C)) = h1(µ∗(Ω1
S)(KS̃ + C)).

Denote byB the µ-exceptional divisor inS̃ such thatB = Σδi=1Ei. From standard computations

with blow-ups, we getKS̃ + C = µ∗(KS + X) − B. Therefore, the right-hand side of(16) becomes

h1(µ∗(Ω1
S(KS +X))⊗ OS̃(−B)). Since we have

H1(µ∗(Ω1
S(KS +X))⊗ OS̃(−B)) ∼= H1(IN/S(X +KS)⊗ Ω1

S),

from the fact thatX ∼ D onS, we get(12).
For (13), i.e.δ = 0, one can directly use the exact sequence

0 → TS(−D) → TS → TS |D → 0.

�

As an application of Remark 2.1 and Theorem 3.1, the moduli problem of Definition 2.4 reduces to

finding for which divisorsD onS ⊂ Pr the conditions

(17) H1(S, Ω1
S(KS +D)) = (0)

and

(18) H1(S, IN/S ⊗ Ω1
S(KS +D)) = (0)
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hold. The main results of this section (Theorems 3.2 and 3.3) determine sufficient conditions onD

implying (17) and (18).

Remark To prove the basic Lemma 3.1 and Theorem 3.2, we shall use some projective-bundle argu-

ments by following the approach of [17], Sect. II.7. Thus, in the following two results, ifE is a vector

bundle on a smooth, projective varietyY , PY (E) denotes theprojective space bundleon Y , defined as

Proj(Sym(E)). We have a surjectionπ∗(E) → OPY (E)(1), whereOPY (E)(1) is the tautological line

bundleonPY (E) and whereπ : PY (E) → Y is the natural projection morphism.

Lemma 3.1. LetS ⊂ Pr be a smooth surface and letE be a rank 2 vector bundle onS. Assume thatE
is big and nef onS (i.e. the tautological line bundleOPS(E)(1) is big and nef onPS(E)). Then

Hi(S, ωS ⊗ E ⊗ det(E)⊗ OS(L)) = (0),

for i > 0 and for each nef divisorL.

Proof. By definition,PS(E) is a smooth projective variety. From the assumptions onE andL and from

the Kawamata-Viehweg vanishing theorem (see, for example, [22], page 146), it follows that

(19) Hi(PS(E), ωPS(E) ⊗ OPS(E)(m)⊗ π∗(OS(L))) = (0), for i, m > 0.

Consider the natural projection morphismπ : PS(E) → S and recall that

π∗(OPS(E)(m)) ∼= Symm(E), m ≥ 1, and π∗(OPS(E)) ∼= OS ,

(see [17], Prop. II.7.11). From the relative Euler sequence

0 → OPS(E) → π∗(E∨)⊗ OPS(E)(1) → TPS(E)/S → 0

and from the exact sequence

0 → TPS(E)/S → TPS(E) → π∗(TS) → 0,

we get that

ωPS(E)
∼= OPS(E)(−2)⊗ π∗(ωS ⊗ det(E)).

Therefore, if we considerm = 3 in (19), we get

(20) Hi(PS(E), π∗(ωS ⊗ det(E)⊗ OS(L))⊗ OPS(E)(1)) = (0), for i > 0.

By projection formula,

(21) Riπ∗(π∗(ωS ⊗ det(E)⊗ OS(L))⊗ OPS(E)(1)) ∼= ωS ⊗ det(E)⊗ OS(L)⊗Riπ∗(OPS(E)(1)),

for eachi > 0. Since the fibres ofπ are isomorphic toP1 and sinceOPS(E)(1) is relatively ample, all

the higher direct image sheaves in (21) are zero; thus, by Leray spectral sequence and by (20), we get the

statement. �

Now, we can prove our main result.

Theorem 3.2. LetS ⊂ Pr be a smooth surface of general type with hyperplane divisorH. Suppose that

the linear system|D| onS has general element which is a smooth, irreducible curve. LetX ∼ D be an

irreducible,δ-nodal curve of geometric genusg = pa(D) − δ, whereδ ≥ 0 admissible (as in Definition

2.2). Assume that:

(i) Ω1
S(KS) is globally generated;

(ii) D ∼ KS + 6H + L, whereL is a nef divisor;

(iii) the Severi varietyV|D|,δ is regular at[X] (in the sense of Definition 1.4).

Then, the morphism

π|D|,δ : V|D|,δ →Mg

has injective differential at[X]. In particular,π|D|,δ has finite fibres on each generically regular compo-

nent ofV|D|,δ, so each such component parametrizes a family having the expected number of moduli.
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Proof. First of all, we want to show that hypothesis (ii) implies (17). To prove this, we will use Lemma

3.1. Therefore, the first step of our analysis is to apply such vanishing result to the vector bundle

E = Ω1
S(aH),

wherea is a positive integer. The problem reduces to finding which "twists" ofΩ1
S are big and nef on

S ⊂ Pr. In the sequel we shall write for shortΩ1
S(a) instead ofΩ1

S(aH). From the exact sequence

0 → ConS/Pr (a) → Ω1
Pr (a)|S → Ω1

S(a) → 0,

it is useful compute for which positive integersa the vector bundleΩ1
Pr (a) is ample or globally generated

(see [16]). From the Euler sequence ofPr one deduces the exact sequence

0 → Ω2
Pr → O

⊕ r(r+1)
2

Pr (−2) → Ω1
Pr → 0

(see [24], page 6, and [32], page 73); therefore, one trivially has

0 → Ω2
Pr (2) → O

⊕ r(r+1)
2

Pr → Ω1
Pr (2) → 0,

i.e. Ω1
Pr (2) and, so,Ω1

S(2) are globally generated whereasΩ1
Pr (a) andΩ1

S(a) are ample, fora ≥ 3.

Recall now thatPPr (Ω1
Pr (1)) is the universal line over the GrassmannianG(1, r) of lines inPr (see,

for example, [19], app. B and C, or [20], page 369). By standard properties of projective bundles,

PPr (Ω1
Pr (1)) ∼= PPr (Ω1

Pr (2)), thus we have

F := PPr (Ω1
Pr (2)) ⊂ G(1, r)× Pr

with the natural projectionpi on thei-th factor,1 ≤ i ≤ 2. If γ denotes the Plücker embedding ofG(1, r)
in P⊕

r(r+1)
2 −1, one determines the map

f := γ ◦ p1 : F → P⊕
r(r+1)

2 −1.

On the other hand, we can consider the complete tautological linear system|OF(1)|, which is free since

Ω1
Pr (2) is globally generated. From the Leray spectral sequence, the Euler sequence and the Bott formula

(see [24], page 8), we get that

H0(F,OF(1)) ∼= H0(Pr,Ω1
Pr (2)) ∼=

2∧
V,

where herePr = P(V ) = Proj(Sym(V )). Therefore, the complete linear system|OF(1)| defines a

morphism

Φ : F → P(
2∧
V ∗) ∼= P⊕

r(r+1)
2 −1.

One easily sees thatΦ andf coincide, so the global sections ofOF(1) contract thep1-fibres ofG(1, r) in

F, which are lines inPr.
From the fact thatPS(Ω1

S(2)) ⊂ PS(Ω1
Pr |S(2)), the restriction ofΦ to PS(Ω1

S(2)) is generically finite

sinceS, being of general type, is not filled by lines. Thus the rank 2 vector bundleΩ1
S(2) is globally

generated and big and nef. By Lemma 3.1,H1(S, ωS ⊗Ω1
S(2)⊗ det(Ω1

S(2))⊗OS(L)) = (0), for each

nef divisorL. Sincedet(Ω1
S(2)) = OS(KS + 4H), we have thatH1(S,Ω1

S(2KS + 6H +L)) = (0), for

each nef divisorL.

Therefore, ifD ∼ KS + 6H + L, with L nef, then

(∗) H1(S, Ω1
S(KS +D)) = (0).∗

The vanishing result(∗) is a fundamental tool for the following second part of the proof. OnS we can

consider the exact sequence

(22) 0 → IN/S(D) → OS(D) → ON (D) → 0

∗Observe that if one directly applies Griffiths vanishing results, i.e. Theorem (5.52), Theorem (5.64) and Corollary (5.65) in

[32], to the vector bundleΩ1
S(a), a ≥ 2, one determines stronger conditions onD. Precisely,L must be ample instead of nef.

Therefore, the approach above determines more general conditions onD.
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which determines the restriction mapρD:

0 → H0(IN/S(D)) → H0(OS(D))
ρD→ H0(ON (D)) → H1(IN/S(D)) → · · · .

By hypothesis (iii),ρD is surjective. Next, by tensoring the exact sequence(22) with Ω1
S(KS), we get

0 → H0(IN/S(D)⊗ Ω1
S(KS)) → H0(Ω1

S(KS +D))
ρΩ1

S
(KS+D)
−→

ρΩ1
S

(KS+D)
−→ H0(ON (Ω1

S(KS +D))) ∼= C2δ → H1(IN/S(D)⊗ Ω1
S(KS)) →

→ H1(Ω1
S(KS +D)) → 0.

Thus, the mapρΩ1
S(KS+D) is surjective if and only ifH1(IN/S(D) ⊗ Ω1

S(KS)) ∼= H1(Ω1
S(KS + D)).

From the first part of this proof, hypothesis (ii) implies thatH1(Ω1
S(KS +D)) = (0), so we have

h1(IN/S(D)⊗ Ω1
S(KS)) = 0 ⇔ ρΩ1

S(KS+D) surjective.

By (12) of Theorem 3.1, the surjectivity ofρΩ1
S(KS+D) implies therefore thath0(ϕ∗(TS)) = 0 and so the

statement.

The last step is to determine if, with the given hypotheses, the mapρΩ1
S(KS+D) is surjective. Consider

the map

(23) H0(Ω1
S(KS +D))

ρΩ1
S

(KS+D)
−→ H0(ON (Ω1

S(KS +D)) ∼= C2δ ∼=
δ⊕
i=1

C2
(i).

By hypothesis (i), for eachp ∈ S, the sheaf morphism

H0(Ω1
S(KS))⊗ OS,p → Ω1

S(KS)|p ∼= O⊕2
S,p

is surjective; thus, for eachp ∈ S there exist two global sectionssp1, s
p
2 ∈ H0(Ω1

S(KS)) which generate

the stalkΩ1
S(KS)|p as anOS-module, i.e.

sp1(p) = (1, 0) and sp2(p) = (0, 1) ∈ O⊕2
S,p .

If N = {p1, p2, . . . , pδ} is the set of nodes ofX, thenH0(ON (D)) ∼= Cδ ∼= C(1) ⊕C(2)⊕ · · · ⊕C(δ).

The surjectivity ofρD implies there exist global sectionsσi ∈ H0(OS(D)) such that

σi(pj) = (0, 0, . . . , 0), if 1 ≤ i 6= j ≤ δ,

σi(pi) = (0, . . . , 0, 1, 0, . . . , 0), 1 ∈ C(i), 1 ≤ i ≤ δ.

Therefore,spi

1 ⊗ σi, s
pi

2 ⊗ σi ∈ H0(Ω1
S(D +KS)) and

spi

1 ⊗ σi(pj) = spi

2 ⊗ σi(pj) = (0, . . . , 0) ∈ C2
(1) ⊕ · · · ⊕ C2

(δ)
∼= C2δ, 1 ≤ i 6= j ≤ δ,

spi

1 ⊗ σi(pi) = ((0, 0), . . . , (1, 0), . . . , (0, 0)) = (0, . . . , 1, 0, . . . , 0) ∈ C2δ,

where(1, 0) ∈ C2
(i) and

spi

2 ⊗ σi(pi) = ((0, 0), . . . , (0, 1), . . . , (0, 0)) = (0, . . . , 0, 1, . . . , 0) ∈ C2δ,

where(0, 1) ∈ C2
(i), for 1 ≤ i ≤ δ. This means that the map(23) is surjective. Moreover, since the

condition for a point[X] ∈ V|D|,δ to be regular is an open condition in the family, it follows that the

component ofV|D|,δ containing[X] has the expected number of moduli. �

From the first part of the proof of Theorem 3.2 we observe that in the case of familes of smooth curves

one can eliminate hypotheses (i) and (iii). Indeed, we have the following result.

Theorem 3.3. Let S ⊂ Pr be a smooth surface of general type and letD be an effective divisor onS.

Denote byH the hyperplane section ofS. Assume that

D ∼ KS + 6H + L,

whereL is a nef divisor onS. Then,H1(S, Ω1
S(KS +D)) = (0).

If, moreover,|D| contains smooth, irreducible elements, the family of smooth curvesV|D|,0 has the ex-

pected number of moduli.
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Proof. For the first part of the statement, one can repeat the procedure at the beginning of the proof of

Theorem 3.2. From(13) we get the second part of the statement. �

Let S = Sd ⊂ P3 be a smooth surface of degreed; in view of the fact thatKS ∼ (d − 4)H, as a

corollary of Theorems 3.2 and 3.3 we get:

Corollary 3.1. If Sd ⊂ P3 is a smooth surface of degreed ≥ 6, the generically regular components

of V|mH|,δ have the expected number of moduli, whenm ≥ d + 2 and δ ≥ 1 admissible. The same

conclusion holds for the family of smooth curvesV|mH|,0, whend ≥ 5 andm ≥ d+ 2.

Remark 3.1. More generally, ifS ⊂ Pr is of general type withKS ∼ αH, then we have positive answers

to the moduli problem for all generically regular components ofV|mH|,δ, with m ≥ α + 6, whenα ≥ 2
andδ ≥ 1 admissible, and withm ≥ α+ 6, whenδ = 0 andα ≥ 1.

Remark 3.2. The conditionsΩ1
S(2) globally generated and big and nef onS play a crucial role in the

proof of Theorem 3.2. Thus with this approach this result is, in a certain sense, sharp. For example, if we

focus on regular surfaces,Ω1
S cannot be globally generated, sinceH1,0(S) = H0,1(S) andH1,0(S) ∼=

H0(S,Ω1
S) whereasH0,1(S) ∼= H1(S,OS) = (0). If S is also a non-degenerate complete intersection in

Pr, thenΩ1
S(1) cannot be globally generated. Furthermore, we have some results of Schneider (see [27])

which state that, even in the most natural case of smooth surfacesSd ⊂ P3 of degreed ≥ 5, Ω1
Sd

and

Ω1
Sd

(1) are not ample.

4. A FUNDAMENTAL PROPOSITION

The aim of this and the following two sections is to find other results giving positive answers to the

moduli problem, posed in Definition 2.4, for some other classes of divisors onS which are not covered

by Theorems 3.2 and 3.3.

From now on we shall focus on the case of regular surfaces; thereforeS will always denote a smooth,

regular surface of general type, unless otherwise specified. In such a case, we are able, in particular, to

complete Remark 3.1 by also including divisorsD ∼ mH with 1 ≤ m ≤ α + 5 and with some further

conditions onδ.

The first step of our analysis is based on a key proposition concerning first-order deformations of the

normalization morphismϕ : C → X ⊂ S. Then we conclude, in some cases, by using a detailed analysis

of the Brill-Noether map of the line bundleOC(ϕ∗(H)), in some other cases, by using uniqueness results

of certain linear systems onC.

The core of this section is to prove such a fundamental proposition. Before doing this, we need to

remind some general facts.

Let S ⊂ Pr be a smooth, non-degenerate surface (not necessarily regular and of general type). As in

(2), the normalization morphismϕ is a map fromC to S such thatIm(ϕ) = X ⊂ S. If i : S ↪→ Pr is

the natural embedding, we have the following diagram of morphisms:

C

↓ϕ ↘ψ

S
i
↪→ Pr

whereψ = i ◦ ϕ : C → Pr. By pulling back toC the normal sequence ofS in Pr, we get the exact

sequence of vector bundles onC

0 → ϕ∗(TS) → ψ∗(TPr ) → ϕ∗(NS/Pr ) → 0.

Thus,

(24) 0 → H0(ϕ∗(TS)) → H0(ψ∗(TPr )) → H0(ϕ∗(NS/Pr )) → · · ·

holds, whereH0(ϕ∗(TS)) parametrizes first-order deformations of the mapϕ : C → S, with C andS

both fixed, as well asH0(ψ∗(TPr )) parametrizes first-order deformations of the mapψ : C → Pr, with

C andPr both fixed (see [15]).

We also recall the following useful definition (see [7]).
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Definition 4.1. LetX be any reduced, irreducible curve inPr. X is said to begeometrically linearly

normal (g.l.n. for short) if the normalization mapϕ : C → X ⊂ Pr cannot be factored into a non-

degenerate morphismC → PN , withN > r, followed by a projection.

In other words, ifH is the hyperplane section ofX, |OC(ϕ∗(H))| must be complete.

We are now able to give the following:

Proposition 4.1. LetS ⊂ Pr be a smooth, regular, non-degenerate and linearly normal surface of general

type. Let[X] ∈ V|D|,δ be a regular point of the Severi varietyV|D|,δ onS.

(i) Assume thatX is non-degenerate inPr and geometrically linearly normal. Ifh0(C,ψ∗(TPr )) =
(r + 1)2 − 1, then all first-order deformations of the mapψ : C → Pr, with C fixed, are induced by

first-order projectivities (i.e. by elements ofH0(TPr )). Moreover,h0(ϕ∗(TS)) = 0.

(ii) Assume thatD ∼ H onS and thatX ⊂ H ∼= Pr−1 is non-degenerate and g.l.n. as a curve inPr−1.

Suppose also thatS is such thath1(OS(H)) = 0 and |KS | 6= ∅. If h0(ψ∗(TPr )) = r2 + r − 1, then all

first-order deformations of the mapψ : C → Pr, with C fixed, are induced by first-order projectivities

not fixing pointwise the hyperplaneH ⊂ Pr. Moreover,h0(ϕ∗(TS)) = 0.

Proof. (i) The first part of the statement is a straightforward computation. We shall briefly recall the

fundamental steps of its proof. Ifµ : S̃ → S is the blow-up ofS alongN = Sing(X), by the hypotheses

onS and by the pull-back tõS of the Euler sequence, we get

H0(TPr ) ∼= H0(TPr |S) ∼= H0(µ∗(TPr )).

SinceX is g.l.n. and non-degenerate inPr, by Serre duality and by the pull-back onC of the Euler

sequence we have

(∗) 0 → K → H0(ψ∗(TPr )) → (coker(µ0,C))∨ → 0,

whereK = (H0(OC(ϕ∗(H)))∨ ⊗H0(OC(ϕ∗(H))))/H0(OC) ∼= H0(TPr ) and where

µ0,C : H0(OC(ϕ∗(H))⊗H0(ωC(−ϕ∗(H))) → H0(ωC)

is the Brill-Noether map ofOC(ϕ∗(H)). Sinceh0(TPr ) = dim(PGL(r + 1,C)) = (r + 1)2 − 1,

from (∗) it follows that h0(ψ∗(TPr )) = (r + 1)2 − 1 iff dim(coker(µ0,C)) = 0. In this case, by

standard Brill-Noether theory (see [2], Proposition 4.1, page 187), there is no first-order deformation of

ψ : C → Pr, with C fixed, induced by first-order deformations of the linear system|OC(ϕ∗(H))|; so all

such deformations are induced by elements ofH0(TPr ).
To get the second part of statement (i) observe that, by the regularity ofS and by (6),H0(Nϕ) ∼=

T[X](V|D|,δ). Assume, by contradiction, thath0(ϕ∗(TS)) 6= 0 and letv ∈ H0(ϕ∗(TS)) be a non-

zero vector. Suchv corresponds to a tangential directionv ∈ T[X](V|D|,δ) since, by (11), we have

H0(ϕ∗(TS)) ⊆ H0(Nϕ).
By the regularity assumption of[X] ∈ V|D|,δ, all directions inT[X](V|D|,δ) are unobstructed. This

means there exist a one-dimensional base scheme∆, smooth at the central pointo ∈ ∆, and a family

X → ∆ such that

X = {Xt}t∈∆ ⊂ S ×∆

where

[Xt] ∈ V|D|,δ, ∀ t ∈ ∆, [Xo] = [X], and T[o](∆) =< v > .

Since< v >⊂ H0(ϕ∗(TS)), the familyX → ∆ corresponds to a family of mapsΦ : C ×∆ → S ×∆,

for which

Φ = {ϕt}t∈∆, ϕo = ϕ, ϕt = Φ|t : C × {t} → S × {t}, ϕt(C) = Xt ⊂ S.

By composingΦ with the mapi× id∆, wherei : S ↪→ Pr, we get a family of mapsΨ : C×∆ → Pr×∆
for which

Ψ = {ψt}t∈∆, ψo = ψ, ψt = Ψ|t : C × {t} → Pr × {t}, ψt(C) = Xt ⊂ S ⊂ Pr.
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From (24), we know thatH0(ϕ∗(TS)) ⊆ H0(ψ∗(TPr )) and, from the above computations, we have

H0(ψ∗(TPr )) ∼= H0(TPr ). Therefore, the elementv ∈ H0(ψ∗(TPr )) is induced by first-order projectivi-

ties, so the familyΨ → ∆ is determined by a familyΩ → ∆, where

Ω ⊂ PGL(r + 1,C), Ω : X ×∆ → Pr ×∆, Ω = {ωt}t∈∆

such thatψt = ωt ◦ ψ and[ωt(ψ(C))] = [Xt] ∈ V|D|,δ, for eacht ∈ ∆ whereas[ωo(ψ(C))] = [X].
SinceS is of general type, thenΩ ⊂ PGL(r + 1,C) \Aut(S). Therefore, if

Xt = ωt(X) ⊂ S, ∀ t ∈ ∆,

then

X ⊂ ω−1
t (S) = St, ∀ t ∈ ∆,

whereSt ⊂ Pr is a smooth surface projectively equivalent toS, for eacht ∈ ∆, andSo = S. We

therefore obtain a family of mapsΛ : S × ∆ → Pr × ∆ such thatΛ|t = ω−1
t , for eacht ∈ ∆. By

composing such family of maps withµ× id∆, µ : S̃ → S, we thus get a family of maps

Θ : S̃ ×∆ → Pr ×∆

where

Θ|t = ω−1
t ◦ µ : S̃ × {t} → Pr × {t}, Θ|t(S̃) = ω−1

t (µ(S̃)) = ω−1
t (S) = St ⊂ Pr.

SinceΘ|o = idPr ◦ µ andTo(∆) =< v >, the elementv ∈ H0(ϕ∗(TS)) ⊂ H0(ψ∗(TPr )) is also an

element ofH0(µ∗(TPr )⊗ OS̃(−C)).
This leads to a contradiction; indeed, by tensoring the exact sequence definingC in S̃ with µ∗(TPr ),

we get

0 → µ∗(TPr )⊗ OS̃(−C) → µ∗(TPr ) → µ∗(TPr )|C ∼= ψ∗(TPr ) → 0.

From the above computations, we know thatH0(µ∗(TPr )) ∼= H0(ψ∗(TPr )), which impliesh0(µ∗(TPr )⊗
OS̃(−C)) = 0.

(ii) In this caseX ∼ H onS andX ⊂ H ∼= Pr−1 is non-degenerate inPr−1, then

ψ∗(TPr ) ∼= ψ∗(TPr−1)⊕ OC(ψ∗(H))

(with abuse of notation, we denote always byψ the mapψ : C → X ⊂ H ∼= Pr−1). From the hypotheses

onX, we get

h0(ψ∗(TPr )) = h0(ψ∗(TPr−1)) + r.

By using the same computations of (i), we get

0 → H0(OC) → H0(OC(ψ∗(H))∨ ⊗H0(OC(ψ∗(H)) → H0(ψ∗(TPr−1)) → (coker(µ0,C))∨ → 0,

where

(coker(µ0,C))∨ ∼= T
[|OC(ψ∗(H))|](G

r−1
deg(X)(C)).

Thus, as in (i),h0(ψ∗(TPr−1)) = r2 − 1 if and only if dim(coker(µ0,C)) = 0.

Note that

(25)
H0(S̃, µ∗(TPr ))

H0(S̃, µ∗(TPr )⊗ OS̃(−C)))
β
↪→ H0(C,ψ∗(TPr )).

From the pull-back of the Euler sequence and from the hypotheses onS, we get

(26) 0 → OS̃(−C) → H0(OS̃(µ∗(H)))∨ ⊗ OS̃(µ∗(H)− C) → µ∗(TPr )⊗ OS̃(−C) → 0.

Observe thath0(OS̃(−C)) = h1(OS̃(−C)) = 0: indeed, the first vanishing trivially holds whereas,

by Leray’s isomorphism and by Serre duality, we haveh1(OS̃(−C)) = h1(IN/S(KS + H)); from the

regularity of[X] ∈ V|H|,δ, Remark 1.4 and the hypothesish1(OS(H)) = 0, we geth1(IN/S(H)) = 0.

SinceKS is effective by assumption,N also imposes independent conditions to|KS +H|. By standard

Mumford’s vanishing theorem, we haveh1(OS(KS +H)) = 0, soh1(IN/S(KS +H)) = 0.
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We therefore obtain

H0(µ∗(TPr )⊗ OS̃(−C)) ∼= H0(OS̃(µ∗(H)))∨ ⊗H0(OS̃(µ∗(H)− C))
= H0(OS̃(µ∗(H)))∨ ⊗H0(OS̃(2B)),

whereB = Σδi=1Ei is theµ-exceptional divisor. Since2B is a fixed divisor,h0(µ∗(TPr )⊗ OS̃(−C)) =
h0(OS̃(µ∗(H)) = r + 1. Moreover, sinceH0(µ∗(TPr ) ⊗ OS̃(−C)) ⊂ H0(µ∗(TPr )) ∼= H0(TPr ), the

elements of such a vector space correspond to first-order projectivities fixing pointwise the hyperplane

H ⊂ Pr. Turning back to (25),h0(ψ∗(TPr )) = r2 + r − 1 if and only if β is an isomorphism. In

such a case, all first-order deformations ofψ : C → Pr, with C fixed, are induced up to first-order by

projectivities not fixing pointwise the curveX ⊂ H.

For the second statement in (ii), one can follow the same procedure in (i). By supposing there exists a

non-zero vectorv ∈ H0(ϕ∗(TS)), one determines a familyΩ → ∆, whereΩ ⊂ PGL(r+1,C)\Aut(S),
such that

Ω = {ωt}t∈∆, ωt(X) = Xt ⊂ S, and To(∆) =< v > .

As before, one obtainsv ∈ H0(µ∗(TPr ) ⊗ OS̃(−C)), so the familyΩ is contained in the sugroupΓ <

PGL(r + 1,C), whose elements pointwise fix the curveX. Therefore, we haveωt(X) = X, for each

t ∈ ∆, contradicting the existence of the non-trivial, one-dimensional familyX = {Xt}t∈∆. �

From Remark 2.1, in the sequel we will be concerned in finding conditions which imply the hypotheses

of Proposition 4.1. These will give further affirmative answers to the moduli problem posed in Definition

2.4 for Severi varieties on smooth, regular and non-degenerate surfacesS ⊂ Pr of general type.

5. NUMBER OF MODULI FOR FAMILIES OF NON-DEGENERATE, NODAL CURVES ON LINEARLY

NORMAL SURFACES OF GENERAL TYPE.

As remarked at the beginning of Section 4, we want to find some other conditions establishing positive

answers to the moduli problem for those Severi varieties which do not satisfy the hypotheses of Theorems

3.2 and 3.3.

Here we shall focus on the case ofS ⊂ Pr a smooth surface of general type which is regular, non-

degenerate, linearly normal and such thath1(OS(H)) = 0,H the hyperplane section ofS. Observe that,

in this case, one can obviously apply the results in Section 3, since they are more generally valid.

The results we obtain here apply, for example, to some cases which are not covered by Corollary 3.1

and Remark 3.1 even though their statement gives some restrictions to the admissible number of nodesδ

with respect to (9).

In this section, we consider[X] ∈ V|D|,δ onS such thatX is non-degenerate inPr. From Proposition

4.1 (i), we want to find conditions onD in order thath0(ψ∗(TPr )) = (r+1)2−1 = dim(PGL(r+1,C)).
To this aim, put

(27) OC(ψ∗(H)) = OC(H̃),

thenX is geometrically linearly normal (see Definition 4.1) if and only if|OC(H̃)| is complete of dimen-

sionr. In such a case, we consider theBrill-Noether mapof the line bundleOC(H̃), i.e.

(28) µ0,C : H0(OC(H̃))⊗H0(ωC(−H̃)) → H0(ωC).

Remark 5.1. Similarly to Definition 1.1.2 in [25], ifX is g.l.n. and if the mapµ0,C is surjective, then

|OC(H̃)| is called anisolated linear systemonC. The surjectivity ofµ0,C implies the injectivity of the

dual mapµ∨0,C so the Euler exact sequence onC,

(29) 0 → OC → H0(OC(H̃))∨ ⊗ OC(H̃) → ψ∗(TPr ) → 0,

gives

(30) h0(ψ∗(TPr )) = (r + 1)2 − 1 = dim(PGL(r + 1,C)).

Therefore, from Remark 2.1 and from Proposition 4.1 (i), we deduce the following:
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Proposition 5.1. Let S ⊂ Pr be a smooth, non-degenerate and regular surface of general type and let

[X] ∈ V|D|,δ be a regular point corresponding to a non-degenerate and g.l.n. curve inPr for whichδ is

admissible and the Brill-Noether mapµ0,C of OC(ψ∗(H)) is surjective. Then, the morphismπ|D|,δ has

injective differential at[X]. In particular, if [X] is the general point of an irreducible componentV of

V|D|,δ, thenV has the expected number of moduli.

Our next aim is to find conditions guaranteeing thatX is g.l.n. with Brill-Noether mapµ0,C surjective.

We start by considering the following crucial remark.

Remark 5.2. Suppose that|D| is a complete linear system onS whose general element is a smooth,

irreducible and non-degenerate curve (so that|H −D| 6= ∅). Assume that[X] ∈ V|D|,δ corresponds to a

g.l.n. curve onS. Denote byµ : S̃ → S the blow-up ofS alongN = Sing(X), so thatµ|C = ϕ, and

considerB =
∑δ
i=1Ei theµ-exceptional divisor.

(a) By the hypotheses onS andX, we have

H0(OS̃(µ∗(H))) ∼= H0(OS(H)) ∼= H0(OC(H̃)).

(b) From the exact sequence

0 → OS̃(KS̃) → OS̃(KS̃ + C) → ωC → 0,

we get thatH0(OS̃(KS̃ + C)) → H0(ωC) is surjective since, by Serre duality and by hypothesis onS,

h1(OS̃(KS̃)) = h1(OS̃) = h1(OS) = 0. Therefore, by linear equivalence,

H0(OS̃(µ∗(KS +D)−B)) → H0(ωC)

is surjective.

(c) As in (b), sinceh1(OS̃(KS̃ − µ∗(H))) = h1(OS̃(µ∗(H))) = h1(OS(H)) = 0 by hypothesis onS,

we get the surjective map

H0(OS̃(µ∗(KS +D −H)−B)) → H0(ωC(−H̃)).

Thus, we can consider the following diagram:

H0(OS̃(µ∗(H)))⊗H0(OS̃(µ∗(KS +D −H)−B))
µ0,S̃−→ H0(OS̃(µ∗(KS +D)−B))

↓ ↓
H0(OC(H̃))⊗H0(ωC(−H̃))

µ0,C−→ H0(ωC),

where the vertical maps are surjective by (a), (b) and (c). On the other hand, we have

H0(OS̃(µ∗(H)))⊗H0(OS̃(µ∗(KS +D −H)−B))
µ0,S̃−→ H0(OS̃(µ∗(KS +D)−B))

↓ ↓
H0(OS(H))⊗H0(IN/S(KS +D −H))

µ0,S−→ H0(IN/S(KS +D)),

where the vertical maps are isomorphisms. Thus,µ0,C is surjective ifµ0,S is.

Recall that, ifIN/S(KS +D −H) is a0-regularcoherent sheaf onS, the maps

H0(OS(H))⊗H0(IN/S(KS +D + (α− 1)H)) → H0(IN/S(KS +D + αH))

are surjective, for allα ≥ 0 (for terminology and results onm-regularity see, for example, [23]). There-

fore, the0-regularity ofIN/S(KS +D −H) is a sufficient condition for the surjectivity ofµ0,S (and so

of µ0,C). By definition, the given sheaf is0-regular iff

(31) H1(IN/S(KS +D − 2H)) = H2(IN/S(KS +D − 3H)) = (0).

Our next result determines numerical conditions on the divisor classD and an upper-bound on the

number of nodesδ implying (31).

Theorem 5.1. Let S ⊂ Pr be a smooth surface and let|D| be a a complete linear system onS whose

general element is a smooth, irreducible divisor. Suppose that:

i) (D − 3H)H > 0;
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ii) (D − 4H)2 > 0 andD(D − 4H) > 0;

iii) ν(D,H) < D(D − 4H)− 4, whereν(D,H) is the Hodge number ofD andH (see Def. 1.2);

iv) δ <
D(D−4H)+

√
D2(D−4H)2

8 .

If X ∼ D is a reduced, irreducible curve with onlyδ nodes as singular points and ifN = Sing(X), then

h1(IN/S(KS +D − 2H)) = h2(IN/S(KS +D − 3H)) = 0;

in other words,IN/S(KS +D −H) is 0-regular onS.

Proof. We start by considering the vanishingh1(IN/S(KS + D − 2H)) = 0. By contradiction, as-

sume thatN does not impose independent conditions to|KS + D − 2H|. Let N0 ⊂ N be a mini-

mal 0-dimensional subscheme ofN for which this property holds and letδ0 = |N0|. This means that

h1(S, IN0(D +KS − 2H)) 6= 0 and thatN0 satisfies the Cayley-Bacharach condition (see, for example

[13]). Therefore, a non-zero element ofH1(IN0(D+KS − 2H)) gives rise to a non-trivial rank 2 vector

bundleE ∈ Ext1(IN0(D − 2H),OS) fitting in the following exact sequence

(32) 0 → OS → E → IN0(D − 2H) → 0,

with c1(E) = D − 2H andc2(E) = δ0 ≥ 0. Hence

(33) c1(E)2 − 4c2(E) = (D − 2H)2 − 4δ0.

SinceD is effective and irreducible withD2 > 4HD > 0, from ii) it follows thatD is a big and nef

divisor (see Def. 1.1). By applying the Index theorem to the divisor pair(D,D− 4H) and byiv), we get

2D(D − 4H)− 8δ ≥ D(D − 4H) +
√
D2(D − 4H)2 − 8δ > 0.

Therefore,

c1(E)2 − 4c2(E) ≥ (D − 2H)2 − 4δ = D(D − 4H)− 4δ + 4H2 > 0,

which means thatE is Bogomolov-unstable (see Definition1.3 and Remark1.2), henceh0(E(−M)) 6= 0.

Twisting (32) by OS(−M), we obtain

(34) 0 → OS(−M) → E(−M) → IN0(D − 2H −M) → 0.

We claim thath0(OS(−M)) = 0; otherwise,−M would be an effective divisor, therefore−MA > 0,

for each ample divisorA. From(1), it follows thatc1(E) = M +B, so, by(1) and(32),

(35) M −B = 2M −D + 2H ∈ N(S)+.

ThusMH > (D−2H)H
2 ; next byi) it follows thatH(D − 2H) > 0, hence−MH < 0.

The cohomology sequence associated to(34) ensures there exists a divisor∆ ∼ D − 2H −M s.t.

N0 ⊂ ∆ and s.t. the irreducible nodal curveX ∼ D, whose set of nodes isN , is not a component of∆
(otherwise,−M − 2H would be an effective divisor, which contradicts the non-effectiveness of−M ).

Next, by Bezout’s theorem, we get

(36) X∆ = X(D − 2H −M) ≥ 2δ0.

On the other hand, takingM maximal, we may further assume that the general section ofE(−M) van-

ishes in codimension2. Denote byZ this vanishing-locus, thus,c2(E(−M)) = deg(Z) ≥ 0; moreover,

c2(E(−M)) = c2(E) +M2 + c1(E)(−M) = δ0 +M2 −M(D − 2H), which implies

(37) δ0 ≥M(D − 2H −M).

(Note thatM2 ≥ 0 since2M − (D − 2H) ∈ N+(S) and(D − 2H) is effective).

By applying the Index theorem to the divisor pair(D, 2M −D + 2H), we get

(38) D2(2M −D + 2H)2 ≤ (D(D −H)− 2D(D − 2H −M))2.

Note now that, from hypothesesi) andii) it follows thatD(D− 2H) > 0, sinceD(D− 4H) > 0 hence

D2 − 2HD > 2HD > 0. From(36) and from the positivity ofD(D − 2H), it follows

(39) D(D − 2H)− 2D(D − 2H −M) ≤ D(D − 2H)− 4δ0.
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We observe that the left side member of (39) is non-negative, sinceD(D− 2H)− 2D(D− 2H −M) =
D(2M −D+ 2H), whereD is effective and, by (35), 2M −D+ 2H ∈ N(S)+. Squaring both sides of

(39), together with (38), we find

(40) D2(2M −D + 2H)2 ≤ (D(D − 2H)− 4δ0)2.

On the other hand, by(37), we get

(2M −D + 2H)2 = 4(M − (D − 2H)
2

)2 = (D − 2H)2 − 4(D − 2H −M)M ≥ (D − 2H)2 − 4δ0,

i.e.

(41) (2M −D + 2H)2 ≥ (D − 2H)2 − 4δ0.

Next, we define

(42) F (δ0) := 4δ20 − 4D(D − 4H)δ0 + (DH)2 −D2H2.

Putting together(40) and(41), it follows thatF (δ0) ≥ 0. We will show that, with our numerical hy-

potheses, one hasF (δ0) < 0, proving the statement.

Indeed, the discriminant of the equationF (δ0) = 0 isD2(D−4H)2, and it is a positive number, since

(D − 4H)2 > 0, by ii), andD2 > 0. We remark thatF (δ0) < 0 iff δ0 ∈ (α(D, H), β(D, H)), where

α(D,H) =
D(D − 4H)−

√
D2(D − 4H)2

8

and

β(D,H) =
D(D − 4H) +

√
D2(D − 4H)2

8
;

so we have to show that,δ0 ∈ (α(D, H), β(D, H)).
From iv), it follows that δ0 < β(D,H). Note thatα(D,H) ≥ 0: indeed, ifα(D,H) < 0 then

D(D − 4H) <
√
D2(D − 4H)2, which contradicts the Index Theorem, sinceD(D − 4H) > 0 andD

nef. Moreover, we haveα(D,H) < 1: for simplicity, putt = D(D − 4H); thusα(D,H) < 1 iff

(∗) t− 8 <
√
D2(D − 4H)2 =

√
t2 − 16((DH)2 −D2H2).

If t − 8 < 0, (∗) trivially holds; on the other hand, ift − 8 ≥ 0, by squaring both sides of(∗) we get

t2 − 16t + 64 < t2 − 16ν(D,H) which meansν(D,H) < t − 4 = D(D − 4H) − 4, i.e. hypothesis

iii). With analogous computations we get thatβ(D,H) > 1, which ensures there exists at least a positive

integral value for the number of nodes.

In conclusion, our numerical hypotheses contradictF (δ0) ≥ 0, therefore the assumptionh1(IN (D −
2H +KS)) 6= 0 leads to a contradiction.

For what concerns the other vanishing, i.e.h2(IN/S(KS + D − 3H)) = 0, if we consider the exact

sequence

0 → IN/S(KS +D − 3H) → OS(KS +D − 3H) → ON (KS +D − 3H) → 0,

by Serre duality we geth2(IN/S(KS+D−3H)) = h2(OS(KS+D−3H)) = h0(OS(−D+3H)) = 0
since, byi), 3H −D cannot be effective. �

Corollary 5.1. If D ∼ mH onS, withm ≥ 5, and if [X] ∈ V|mH|,δ is such that

(43) δ <
m(m− 4)

4
deg(S),

thenIN/S(KS + (m− 1)H) is 0-regular onS.

We may observe that Theorem 5.1 also implies the geometric linear normality of the curveX. To do

this, we have to recall the following results from [11], which are a generalization of what Chiantini and

Sernesi proved in [7] for surfaces inP3:
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Theorem 5.2. Let S ⊂ Pr be a smooth, non-degenerate and linearly normal surface (not necessarily

of general type) such thath1(OS(H)) = 0 . Let |D| be a complete linear system onS whose general

element is supposed to be smooth, irreducible and linearly normal inPr. Then,X is g.l.n. if and only if

N imposes independent conditions to the linear system|D +KS −H|

Theorem 5.3. LetS ⊂ Pr be a smooth surface and let|D| be a complete linear system, whose general

element is a smooth, irreducible divisor. Suppose that:

i) (D −H)H > 0;

ii) (D − 2H)2 > 0 andD(D − 2H) > 0;

iii) ν(D,H) < 4(D(D − 2H)− 4), whereν(D,H) is the Hodge number ofD andH;

iv) δ <
D(D−2H)+

√
D2(D−2H)2

8 .

If X ∼ D is a reduced, irreducible curve with onlyδ nodes as singular points and ifN = Sing(X), then

h1(IN/S(D + KS − H)) = 0 soN imposes independent conditions to|D + KS − H|. In particular,

if S is also assumed to be non-degenerate, linearly normal and such thath1(S, OS(H)) = 0 and if the

general element of|D| is also linearly normal inPr, thenX is geometrically linearly normal.

If D ∼ mH then, whenm ≥ 3, all numerical conditions in Theorem 5.3 hold andiv) becomes

(44) δ <
m(m− 2)

4
deg(S).

Remark 5.3. It is a straightforward computation to verify that numerical conditions in Theorem 5.1

imply the ones in Theorem 5.3. Thus, ifS ⊂ Pr is a smooth, non-degenerate, regular and linearly normal

surface of general type such thath1(OS(H)) = 0 and if |D| is a complete linear system, whose general

element is a smooth, irreducible and linearly normal curve satisfying numerical hypotheses in Theorem

5.1, thenX is g.l.n and the mapµ0,C is surjective (see Remark 5.2).

By summarizing, we have the following result:

Theorem 5.4. LetS ⊂ Pr be a smooth, regular, non-degenerate and linearly normal surface of general

type, such thath1(OS(H)) = 0. Denote by|D| a complete linear system, whose general element is as-

sumed to be a smooth, irreducible and linearly normal curve satisfying numerical hypotheses in Theorem

5.1. Let[X] ∈ V|D|,δ be a regular point of the Severi variety (in the sense of Definition 1.4), withδ as in

iv) of Theorem 5.1, i.e.δ <
D(D−4H)+

√
D2(D−4H)2

8 . Then, the morphism

π|D|,δ : V|D|,δ →Mg

has injective differential at[X]. In particular,π|D|,δ has finite fibres on each generically regular compo-

nent ofV|D|,δ, so each such component parametrizes a family having the expected number of moduli.

Proof. See Remark 5.1, Remark 5.2, Theorem 5.1 and Remark 5.3. �

Corollary 5.2. Let S be as in Theorem 5.4 and letD ∼ mH on S, with m ≥ 5, and assume that

[X] ∈ V|D|,δ is a regular point of the Severi variety, withδ as in (43), i.e.

δ <
m(m− 4)

4
deg(S).

Then, the morphismπ|mH|,δ has injective differential at[X]. In particular, π|mH|,δ has finite fibres on

each generically regular component ofV|mH|,δ, so each such component parametrizes a family having

the expected number of moduli.

Remark 5.4. A particular case of the corollary above is whenS is a complete intersection inPr of

type (a1, . . . , ar−2); as already observed the upper-bound onδ, ensuring thatX is g.l.n., becomesδ <
m(m−2)

4 deg(S), as in (44), whereas the bound onδ ensuring that all components ofV|D|,δ are regular is

(45) δ <
m(m− 2((Σr−2

i=1 ai)− r − 1)
4

deg(S)
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(see [7] and [10]). This shows that, in general, the strongest restriction onδ is given by asking the

regularity property of the point[X] in the sense of Severi variety theory, then the0-regularity property of

the sheafIN/S(D+KS −H) onS and, finally, the geometric linear normality property for the curveX.

Remark 5.5. As an interesting related result, we may observe that the bound onδ in Theorem 5.1

ensuring the0-regularity of the sheafIN/S(KS +D−H) is sharp. The following example was inspired

by Corollary C in [33].

Example: Let S ⊂ P3 be a smooth sextic. We want to show there exist irreducible nodal curvesX, such

that [X] ∈ V|8H|,48, for which IN/S(KS + D − H) = IN/S(9) is not0-regular. SinceX ∼ 8H, one

trivially has

h2(IN/S(KS +D − 3H)) = h2(IN/S(7)) = h2(OS(7)) = h0(OS(−5)) = 0;

thus the condition of0-regularity fails as soon ash1(IN/S(8)) 6= 0. We will show that, for such a curve

X, its set of nodesN imposes one condition less to|8H| proving the sharpness of (43) in Corollary 5.1

(observe in fact that48 = 6
48(8− 4)).

As a preliminary count, observe that the family of curves in|8H| with nodes in48 given points has, at

least, dimension 10. To construct an explicit example, letN be a 0-dimensional complete intersection

subscheme ofS obtained by the intersection of a general elementC2 of |2H| and of a general element

C4 of |4H|; thusN is supported on48 reduced points. By using the Koszul sequence ofN in S, we

immediately find

h1(IN/S(9)) = 0 and h1(IN/S(8)) = 1.

Observe that

dim(|IN/S(6)|) = 43, dim(|IN/S(4)|) = 10, dim(|IN/S(2)|) = 0;

let Γ4, Λ4 ∈ |IN/S(4)|, ∆6 ∈ |IN/S(6)| and∆2 ∈ |IN/S(2)| be general elements in such linear systems,

which are smooth curves simply passing throughN . Put

Y1 = Γ4 + Λ4 and Y2 = ∆2 + ∆6;

thusY1 andY2 are reducible nodal curves onS, linearly equivalent to8H and having nodes inN . Let

Fλ,µ = {λY1 + µY2|[λ, µ] ∈ P1}

be the pencil of curves generated byY1 andY2. Its general elementXλ,µ is an irreducible curve linearly

equivalent to8H on S passing doubly throughN . To conclude, we have to show thatXλ,µ has only

nodes inN . To prove this, observe that

Γ4∆2 = Λ4∆2 = 48;

thus, among the pointsY1Y2 = (Γ4 + Λ4)(∆2 + ∆6), those which are nodes for bothY1 andY2 are only

the points ofN . Therefore,Xλ,µ has only nodes inN .

On the other hand, observe that such curves are geometrically linearly normal, since48 is strictly less

than the bound in (44) which is648(8− 2) = 72.

Remark 5.6. Note that the example above also determines non-regular points of the Severi variety

V|8H|,48. We recall that Chiantini and Sernesi constructed in [7] some examples of non-regular points of

the Severi varietiesV|mH|, 54m(m−4), m ≥ 5, on a general quintic surfaceS ⊂ P3, proving the sharpness

of (45). These examples were generalized in [11] to Severi varieties on general canonical (i.e.KS ∼ H)

and non-degenerate complete intersection surfaces inPr. The key point to construct such examples was

that on a canonical surface the condition for a nodal curveX ⊂ S to be g.l.n. is equivalent to the fact that

[X] is a regular point; in particular, (44) and (45) coincide.

In the same way, whenS is 2-canonical (as it particularly happens in the example above) the0-regularity

of the sheafIN/S(KS + D − H) is equivalent to the fact that[X] is a regular point; in particular, (43)

and (45) coincide.
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6. NUMBER OF MODULI FOR FAMILIES OF NODAL CURVES ON COMPLETE INTERSECTION

SURFACES OF GENERAL TYPE

To complete the overview on positive answers to the moduli problem for divisors of the formmH on

S ⊂ Pr, the cases1 ≤ m ≤ 4, which are not covered by Corollary 5.2, must be still considered.

From now on, we shall focus on the case ofS ⊂ Pr a smooth, non-degenerate complete intersection

surface of general type; thus,

KS ∼ αH,

for some positive integerα.

We first consider the casesm = 3 and4.

Theorem 6.1. Let [X] ∈ V|mH|,δ onS be a regular point, withm ≥ 3, and assume thatKS ∼ αH, with

α ≥ 2. If δ is as in (44), i.e.

δ <
m(m− 2)

4
deg(S),

then the morphism

π|mH|,δ : V|mH|,δ →Mg

has injective differential at[X]. In particular,π|mH|,δ has finite fibres on each generically regular com-

ponent ofV|mH|,δ, so each such component parametrizes a family having the expected number of moduli.

The same conclusion holds for the family of smooth curvesV|mH|,0 also withα = 1.

Proof. By the hypothesis onS and by the facts thatm ≥ 3 andδ is as in (44), we get thatX is g.l.n. (see

Theorem 5.3). Therefore, as in (a) of Remark 5.2,

h0(OS̃(µ∗(H))) = h0(OS(H)) = h0(OC(H̃)) = r + 1.

By combining the pull-back tõS of the Euler sequence inPr and the exact sequence definingC in S̃, we

get the following diagram:

0 0 0
↓ ↓ ↓

0 → OS̃(−C) → H0(OS̃(µ∗(H)))∨ ⊗ OS̃(µ∗(H)− C) → µ∗(TPr )⊗ OS̃(−C) → 0
↓ ↓ ↓

0 → OS̃ → H0(OS̃(µ∗(H)))∨ ⊗ OS̃(µ∗(H)) → µ∗(TPr ) → 0
↓ ↓ ↓

0 → OC → H0(OC(H̃))∨ ⊗ OC(H̃) → ϕ∗(TPr ) → 0
↓ ↓ ↓
0 0 0 .

From the regularity ofS, we get

↓ ↓
· · · → H0(OS̃(µ∗(H)))∨ ⊗H0(OS̃(µ∗(H)))

g→ H0(µ∗(TPr )) → 0
↓h ↓h′

· · · → H0(OC(H̃))∨ ⊗H0(OC(H̃))
g′→ H0(ϕ∗(TPr )) → H1(OC)

↓ ↓
H1(µ∗(TPr )⊗ OS̃(−C)) .

From the second row,µ0,C is surjective if and only ifg′ is. Sinceh′ ◦ g = g′ ◦ h and sinceg is surjective,

it suffices to prove thath′ is surjective. With the given hypotheses, we shall prove that

(∗) h1(µ∗(TPr )⊗ OS̃(−C)) = 0

holds. By Serre duality and by Leray’s isomorphism,h1(µ∗(TPr ) ⊗ OS̃(−C)) = h1(IN/S ⊗ Ω1
Pr |S ⊗

OS(KS +mH)). The regularity ofV|mH|,δ at [X] implies that the restriction map

H0(OS(mH))
ρm→ H0(ON (mH))
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is surjective. By tensoring the exact sequence

0 → IN/S → OS → ON → 0

with the vector bundleΩ1
Pr |S ⊗ OS(KS +mH), we get

· · · → H0(Ω1
Pr |S ⊗ OS(KS +mH))

ρ
Ω1

Pr |S⊗OS(KS+mH)

−→ H0(Ω1
Pr |N ⊗ OS(KS +mH)) →

H1(IN/S ⊗ Ω1
Pr |S ⊗ OS(KS +mH)) → H1(Ω1

Pr |S ⊗ OS(KS +mH)) → · · · .

SinceS is a non-degenerate c.i. (in particular projectively normal), from standard computations involving

the Euler sequence restricted toS we find h1(Ω1
Pr |S ⊗ OS(KS + mH)) = 0 (for details, see [9]).

Therefore, the vanishing(∗) holds if and only if the mapρ
Ω1

Pr |S⊗OS(KS+mH)
is surjective. By the

assumptionKS ∼ αH, with α ≥ 2, the vector bundleΩ1
Pr |S ⊗ OS(α) is globally generated; then one

concludes as in Theorem 3.2. In the same way, one concludes also in the caseα = 1 andδ = 0.

Since we have proven thatX is g.l.n and that the mapµ0,C , by Propositions 4.1 (i) and 5.1 we get the

statement. �

The above result gives new positive answers to the moduli problem for Severi varieties of the form

V|mH|,δ, for m = 3 and4 on smooth, complete intersection surfaces of general type. These cases are

covered neither by the results in Section 3 nor by those in Section 5.

For what concerns the casesm = 1 and2, we cannot apply Theorem 6.1, since by hypothesis,mmust

be bigger than 2. In such cases, we shall make use of the following theorem in [8] (which generalizes a

result of Accola in [1]):

Theorem 6.2. (see[8], Teorema 2.11) LetΓ ⊂ Pr be an irreducible, non-degenerate curve of degreen

and letπ : Γ̃ → Γ be its normalization. Letn ≥ r ≥ 2 and letχ(n, r) be theCastelnuovo number, which

is a non-negative integer such that

(46)
n− 1
r − 1

− 1 ≤ χ(n, r) <
n− 1
r − 1

,

whereχ(n, r) = 0 iff Γ is a smooth, rational normal curve. Put

(47) g(n, r) = χ(n, r)[n− r − χ(n, r)− 1
2

(r − 1)].

Assume there exists oñΓ a linear systemgsm withm ≤ n ands ≥ r. Then, either

(i) gsm = grn, (wheregrn is the birational linear system oñΓ related toπ)

or

(ii) g(Γ̃) ≤ Φ(n, r) := g(n, r)− χ(n, r) + 1.

Remark 6.1. In our cases, we have thatΓ = X is a nodal curve which is linearly equivalent tomH on a

smooth, complete intersection surfaceS ⊂ Pr of degreed, Γ̃ = C andπ = ϕ.

(a) Whenm = 2,X ⊂ Pr is a non-degenerate, irreducible, nodal curve of degree2d onS andϕ is related

to a linear systemgr2d mappingC birationally ontoX. By adjunction onS,

g(C) = pa(X)− δ =
(2H +KS)2H

2
+ 1− δ = (2 + α)d+ 1− δ.

From Theorem 6.2, ifδ < pa(X)− Φ(2d, r), i.e.

(48) δ < d(2 + α) +
(r + 3− 4d)

2
χ(2d, r) +

(r − 1)
2

(χ(2d, r))2,

with α ≥ 1 andχ(2d, r) ∈ Z≥0 ∩ [ 2d−1
r−1 − 1, 2d−1

r−1 ), then thegr2d onC is uniquely determined.

(b) If m = 1, we have a nodal curveX ∼ H on S, which is a hyperplane section of a non-degenerate

surface, soX ⊂ Pr−1 ∼= H is non-degenerate inH. Thus, we have agr−1
d on C. As before, if

δ < pa(H)− Φ(d, r − 1), i.e.

(49) δ <
d(1 + α)

2
+

(r − 2d+ 2)
2

χ(d, r − 1) +
(r − 2)

2
(χ(d, r − 1))2,

with α ≥ 1 andχ(d, r − 1) ∈ Z≥0 ∩ [d−1
r−2 − 1, d−1

r−2 ), thegr−1
d onC is unique.
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By using Remark 6.1, we can conclude with the following

Theorem 6.3. LetD ∼ mH onS, with 1 ≤ m ≤ 2, and assume that[X] ∈ V|D|,δ is a regular point of

the Severi variety. Suppose that

δ < d(2 + α) +
(r + 3− 4d)

2
χ(2d, r) +

(r − 1)
2

(χ(2d, r))2 and α ≥ 1, if m = 2,

whereχ(2d, r) ∈ Z≥0 ∩ [ 2d−1
r−1 − 1, 2d−1

r−1 ), and

δ <
d(1 + α)

2
+

(r − 2d+ 2)
2

χ(d, r − 1) +
(r − 2)

2
(χ(d, r − 1))2 and α ≥ 1, if m = 1,

whereχ(d, r− 1) ∈ Z≥0 ∩ [d−1
r−2 − 1, d−1

r−2 ). Then, the morphismπ|mH|,δ has injective differential at[X].
In particular, π|mH|,δ has finite fibres on each generically regular component ofV|mH|,δ, so each such

component parametrizes a family having the expected number of moduli.

Proof. Suppose, by contradiction, thath0(ϕ∗(TS)) 6= 0; thus,dim(π−1
|mH|,δ(π|mH|,δ([X]))) > 0. Since

[X] is by assumption a regular point, it corresponds to an unobstructed curve inS. Therefore, an element

of T[X](π−1
|mH|,δ(π|mH|,δ([X])) is induced by an effective algebraic deformation. From what observed

in Remark 6.1, such deformations must be induced by projectivities. Then, one can conclude by using

Proposition 4.1. �

Example: if we consider an irreducible, nodal plane sectionX on a smooth quinticS ⊂ P3, we get that

χ(d, r − 1) = χ(5, 2) = 3; so if [X] is a regular point of the corresponding Severi variety and, by (49),

if δ < 10
2 − 15

2 + 9
2 = 2, the component passing through[X] has the expected number of moduli.

Remark 6.2. We cannot apply what observed in Remark 6.1 whenm = 3 and4 since, in such cases, one

can show thatpa(3H)− Φ(3d, r) < 0 andpa(4H)− Φ(4d, r) < 0.

7. EXAMPLES AND FINAL REMARKS

For clarity sake, here we shall summarize what one can deduce from our more general results of

Sections 3, 5 and 6 in the particular cases of Severi varietiesV|mH|,δ onS ⊂ Pr a smooth, non-degenerate

complete intersection of general type or, in particular, onS = Sd ⊂ P3 of degreed ≥ 5.

Proposition 7.1. LetS ⊂ Pr be a smooth, non-degenerate complete intersection of general type whose

canonical divisor isKS ∼ αH, whereH denotes its hyperplane section. Suppose that[X] is a regular

point of the Severi varietyV|mH|,δ.

Assume that:

(1) δ ≤ dim(|mH|) if

a) α ≥ 2,m ≥ α+ 6, δ ≥ 1 or

b) α ≥ 1,m ≥ α+ 6, δ = 0;

(2) δ < m(m−4)
4 deg(S) if α ≥ 1 and5 ≤ m ≤ α+ 5;

(3)

a) δ < m(m−2)
4 deg(S) if α ≥ 2 andm = 3, 4 or

b) δ = 0 if α = 1 andm = 3, 4;

(4) δ < deg(S)(2 + α) + (r+3−4deg(S))
2 χ(2deg(S), r) + (r−1)

2 (χ(2deg(S), r))2 if α ≥ 1 andm = 2,

whereχ(2deg(S), r) is a non-negative integer in[ 2deg(S)−1
r−1 − 1, 2deg(S)−1

r−1 );

(5) δ < deg(S)
2 (1 + α) + (r−2deg(S)+2)

2 χ(d, r − 1) + (r−2)
2 (χ(d, r − 1))2 if α ≥ 1 andm = 1, where

χ(deg(S), r) is a non-negative integer in[deg(S)−1
r−2 − 1, deg(S)−1

r−2 );

Then the morphism

π|mH|,δ : V|mH|,δ →Mg

has injective differential at[X]. In particular, it has finite fibres on each generically regular component

of V|mH|,δ, so each such component parametrizes a family having the expected number of moduli.

In particular, we have:
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Corollary 7.1. Let S ⊂ P3 be a smooth surface of degreed ≥ 5 and let [X] ∈ V|mH|,δ be a regular

point.

Assume that:

(1) δ ≤ dim(|mH|) if

a) d ≥ 6,m ≥ d+ 2, δ ≥ 1 or

b) d ≥ 5,m ≥ d+ 2, δ = 0;

(2) δ < m(m−4)
4 d if d ≥ 5 and5 ≤ m ≤ d+ 1;

(3)

a) δ < m(m−2)
4 d if d ≥ 6 andm = 3, 4 or

b) δ = 0 if d = 5 andm = 3, 4;

(4) δ < d− 2 if d ≥ 5 andm = 2;

(5) δ < d− 3 if d ≥ 5 andm = 1.

Then the morphism

π|mH|,δ : V|mH|,δ →Mg

has injective differential at[X]. In particular, it has finite fibres on each generically regular component

of V|mH|,δ, so each such component parametrizes a family having the expected number of moduli.

Observe that our results generalize what can be proven in the case of a general smooth, complete

intersection surfaceS ⊂ Pr by using a recent result of Schoen, [28]. In his paper, he studies algebraic

varieties which are dominated by products of varieties of smaller dimension (abbreviatedDPV); in the

case of products of curves, one writesDPC. The main goal of Schoen’s paper is to discuss, via real

algebraic group theory and Hodge theory, some obstructions toDPC andDPV properties. As a result,

he shows for example that ifW ⊂ PN is a sufficiently general complete intersection variety of degree

d > N+1 and of dimensionn ≥ 2, thenW cannot satisfy theDPC-property. Thus, the general complete

intersection surfaceS ⊂ Pr, of degreed ≥ r + 2, cannot be dominated by a product of curvesC1 × C2.

Therefore, there cannot exist isotrivial pencils of smooth orδ-nodal curves in|mH|, otherwise, after a

suitable base change, such a surface would beDPC.

Thus, via Schoen’s results, one can answer the moduli problem, for smooth and nodal curves in the

linear system|mH|, m ≥ 1, on a general complete intersection surfaceS ⊂ Pr of degreed ≥ r + 2.

Our results are more generally valid for divisorsD onS, whereS is not necessarily a general complete

intersection and can have a wildly complicatedDiv(S). Moreover, our techniques involve only vanish-

ing theorems, vector bundle theory on smooth projective surfaces and Brill-Noether theory on smooth

projective curves, so they are of a more elementary nature and give simpler proofs.
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