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Abstract. We prove that any Loewner PDE in a complete hyperbolic starlike domain of CN

(in particular in bounded convex domains) admits an essentially unique univalent solution with
values in CN .

1. Introduction

The classical Loewner theory in the unit disc of C was introduced by C. Loewner [22] in 1923
and later developed by P.P. Kufarev [21] and C. Pommerenke [25]. We refer the reader to [1]
for a recent survey on applications and generalizations of such a theory.

In higher dimensions, J. Pfaltzgraff [23, 24] extended the basic theory to CN , and later on
many authors contributed to study the higher (or even infinite) dimensional Loewner ODE and
PDE. Just to name a few, we recall here the contributions of T. Poreda [26], I. Graham, H.
Hamada and G. Kohr [18, 19].

More recently, the second named author together with M. D. Contreras and S. Dı́az-Madrigal
[8], [9] generalized and solved the Loewner ODE on complete hyperbolic manifolds, and later the
first two authors together with H. Hamada and G. Kohr [7] showed that the Loewner PDE on
complete hyperbolic manifolds always admits an (essentially unique) abstract univalent solution
with values in a complex manifold. The main remaining open problem, whether any Loewner
PDE in a complete hyperbolic domain in CN admits a univalent solution with values in CN , has
been given many partial positive answers, see [14, 18, 19, 3, 4, 5, 27, 20].

In the present paper we show that any Loewner PDE in a complete hyperbolic starlike domain
in CN (in particular in bounded convex domains and in the unit ball) admits a univalent solution
with values in CN . For N = 1 it is known [10] that any Loewner PDE in the unit disc admits a
univalent solution with values in C, so in what follows we will focus on the case N ≥ 2.

Referring the reader to Section 2 for definitions and comments, our main result can be stated
in the following way:

Theorem 1.1. Let D ⊂ CN be a complete hyperbolic starlike domain. Let G : D × R+ → CN

be a Herglotz vector field of order d ∈ [1,+∞]. Then there exists a family of univalent mappings

Date: February 6, 2013.
Key words and phrases. Loewner theory, holomorphic PDE, evolution equations.
† Partially supported by the ERC grant “HEVO - Holomorphic Evolution Equations” n. 277691.
†† Partially supported by the NFR grant 209751/F20.

1



2 L. AROSIO, F. BRACCI, AND E. F. WOLD

(ft : D → CN ) of order d which solves the Loewner PDE

∂ft
∂t

(z) = −dft(z)G(z, t), a.a. t ≥ 0, ∀z ∈ D. (1.1)

Moreover, R := ∪t≥0ft(D) is a Runge and Stein domain in CN and any other solution to (1.1)
is of the form (Φ ◦ ft) for a suitable holomorphic map Φ : R→ CN .

We thank the referee for some useful comments which improved the original manuscript.

2. Generalized Loewner theory

In what follows we denote by R+ the semigroup of nonnegative real numbers and by N the
semigroup of nonnegative integer numbers. Let D ⊂ CN be a domain. Recall that a holomorphic

vector field H on D is semicomplete if the Cauchy problem
·
x (t) = H(x(t)), x(0) = z0 has a

solution defined for all t ∈ [0,+∞) for all z0 ∈ D. Semicomplete holomorphic vector fields on
complete hyperbolic manifolds have been characterized in terms of the Kobayashi distance (see,
e.g., [6]).

Definition 2.1. Let D ⊂ CN be a domain. A Herglotz vector field of order d ∈ [1,+∞] on D
is a mapping G : D × R+ → CN with the following properties:

(i) The mapping G(z, ·) is measurable on R+ for all z ∈ D.
(ii) The mapping G(·, t) is a holomorphic vector field on D for all t ∈ R+.
(iii) For any compact set K ⊂ D and all T > 0, there exists a function CT,K ∈ Ld([0, T ],R+)

such that

∥G(z, t)∥ ≤ CT,K(t), z ∈ K, a.a. t ∈ [0, T ].

(iv) D ∋ z 7→ G(z, t) is semicomplete for almost all t ∈ [0,+∞).

Herglotz vector fields are strictly related to evolution families:

Definition 2.2. Let D ⊂ CN be a domain. A family (φs,t)0≤s≤t of holomorphic self-mappings
of D is an evolution family of order d ∈ [1,+∞] if it satisfies

φs,s = id, φs,t = φu,t ◦ φs,u, 0 ≤ s ≤ u ≤ t, (2.1)

and if for any T > 0 and for any compact set K ⊂⊂ D there exists a function cT,K ∈
Ld([0, T ],R+) such that

∥φs,t(z)− φs,u(z)∥ ≤
∫ t

u
cT,K(ξ)dξ, z ∈ K, 0 ≤ s ≤ u ≤ t ≤ T. (2.2)

Remark 2.3. For all 0 ≤ s ≤ t the mapping φs,t : D → D is univalent (see e.g. [7, Proposition
2.3])

As a consequence of the main results in [9] and [6] we have the following solution to the
generalized Loewner ODE:
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Theorem 2.4. Let D be a complete hyperbolic domain in CN . Then for any Herglotz vector
field G(z, t) of order d ∈ [1,+∞] there exists a unique evolution family (φs,t) of order d over D
such that for all z ∈ D

∂φs,t

∂t
(z) = G(φs,t(z), t) a.a. t ∈ [s,+∞). (2.3)

Conversely for any evolution family (φs,t) of order d ∈ [1,+∞] over D there exists a Herglotz
vector field G of order d such that (2.3) is satisfied. Moreover, if H is another weak holomorphic
vector field which satisfies (2.3) then G(z, t) = H(z, t) for all z ∈ D and almost every t ∈ R+.

We now define the Loewner PDE and its solutions.

Definition 2.5. LetD be a complete hyperbolic domain in CN . The partial differential equation

∂ft(z)

∂t
= −dft(z)G(z, t), (2.4)

where G(z, t) is a Herglotz vector field of order d ∈ [1,+∞], is called the Loewner PDE. A
solution to (2.4) is a family of holomorphic mappings (ft) from D to a complex manifold Q of
dimension N such that

(i) the mapping t 7→ ft is continuous with respect to the topology in Hol(D,Q) induced by
the uniform convergence on compacta in D,

(ii) for all fixed z ∈ D the mapping t 7→ ft(z) is locally absolutely continuous in R+,
(iii) for all fixed z ∈ D equality (2.4) holds a.e. in R+.

The following proposition is a higher dimensional analogue of [11, Proposition 2.3] (see also
[7]), where similar results where proved for the case of the unit disc. The proof can be easily
adapted to our case and we omit it. Note that part (i) is the analogue of [11, equation (2.4)].

Proposition 2.6. Let D ⊂ CN be a complete hyperbolic domain, let Q be a complex manifold
of dimension N endowed with a Hermitian distance dQ. Let G(z, t) be a Herglotz vector field on
D of order d ∈ [1,+∞]. Let (ft : D → Q) be a solution to the Loewner PDE (2.4). Then

(i) the family (ft : D → Q) is of order d, that is for any compact set K ⊂ D and all T > 0,
there exists a function cK,T ∈ Ld([0, T ],R+) such that

dQ(fs(z), ft(z)) ≤
∫ t

s
cT,K(ξ)dξ, z ∈ K, 0 ≤ s ≤ t ≤ T,

(ii) there exists a set of zero measure E ⊂ R+ such that for all z ∈ D and all t ∈ R+ \E the
partial derivative ∂ft(z)/∂t exists and equality (2.4) holds,

(iii) if (φs,t : D → D) is the evolution family which solves the Loewner ODE (2.3), then the
following functional equation holds:

fs = ft ◦ φs,t, 0 ≤ s ≤ t. (2.5)

Remark 2.7. Any family of univalent mappings (ft : D → Q) satisfying the functional equation
(2.5) has growing images:

fs(D) ⊆ ft(D), 0 ≤ s ≤ t. (2.6)
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In fact, a family (ft : D → Q) of univalent mappings satisfying (2.6) and i) of Proposition 2.6
is called a Loewner chain of order d. By the results in [7], given any Loewner chain (ft : D → Q)
of order d ∈ [1,+∞] there exists an Herglotz vector field G(z, t) of order d on D such that (ft)
solves the Loewner PDE (2.4).

The following theorem collects various results in [6, 7] :

Theorem 2.8. Let D ⊂ CN be a complete hyperbolic domain and let G(z, t) be a Herglotz
vector field of order d ∈ [1,+∞] on D. Let (φs,t : D → D) be the evolution family (necessarily
of order d) which solves the Loewner ODE (2.3). If Q is a complex manifold of dimension N
and (ft : D → Q) is a family of univalent mappings satisfying the functional equation (2.5) then
(ft) is a solution of order d to the Loewner PDE (2.4). Furthermore there always exists a family
of univalent mappings (ft : D → R) satisfying the functional equation (2.5) with values in an
N -dimensional complex manifold R which depends on G(z, t).

The manifold R is constructed as the direct limit of the evolution family (φs,t) associated with
G(z, t) and satisfies R = ∪t≥0ft(D). If Q is an N -dimensional complex manifold and Φ: R→ Q
is a holomorphic mapping, then (gt := Φ ◦ ft) is a solution of order d to the Loewner PDE (2.4),
which is univalent if and only if Φ is univalent.

Conversely, if (gt : D → Q) is a family of holomorphic mappings which solves the Loewner
PDE (2.4), then by the properties of the direct limit there exists a holomorphic map Φ : R→ Q
such that (gt = Φ◦ft), and the mapping Φ is univalent if and only if (gt) is a univalent solution.
Therefore if (gt : D → Q) is any univalent solution to the Loewner PDE (2.4), the N -dimensional
manifold ∪t≥0gt(D) ⊂ Q is biholomorphic to R. For this reason the class of biholomorphism of
R is called the Loewner range of G(z, t) (or of (φs,t)).

The main open problem is thus the following: given a Herglotz vector field G(z, t) of order
d ∈ [1,+∞] on D, does there exist an univalent solution (ft : D → CN ) to the Loewner PDE
(2.4)? Or—given the previous discussion—equivalently, does the Loewner range R of G(z, t)
embed as a domain of CN?

Note that, if N = 1, then the Loewner range of any Herglotz vector field on the unit disc
is an increasing union of discs, thus it is a simply connected open Riemann surface and by the
uniformization theorem, it admits an embedding as a domain of C.

In higher dimension there is no uniformization theorems available, and thus we need to study
the union of increasing domains.

3. The union problem

Keeping in mind the discussion in Section 2, we are going to study the embedding in CN

of N -dimensional complex manifolds Ω which are the growing union of open connected non-
empty subsets Ωj biholomorphic to domains of CN . This problem turns out to arise naturally
in complex dynamics, and it is related to the so called Bedford conjecture (see, e.g. [17] and
[5]).

Definition 3.1. LetM be a nonempty open subset of a complex manifold M̃ . The pair (M, M̃)

is a Runge pair if O(M̃) is dense in O(M). A domain D ⊂ CN is Runge if (D,CN ) is a Runge
pair.



SOLVING THE LOEWNER PDE 5

It is known [15] that starlike domains are Runge. Now we define some more general domains,
which are easily seen to be Runge too.

Definition 3.2. We will say that a domain D ⊂ CN is starshapelike if there exists an α ∈
Authol CN such that α(D) is starlike.

In the following, we will use this result:

Theorem 3.3 (Andersén-Lempert, [2]). Let D be a starshapelike domain in CN for N ≥ 2, and
let φ : D → CN be a biholomorphism onto a Runge domain φ(D). Then there exists a sequence
(ϕj) in Authol CN such that ϕj → φ uniformly on compact subsets of D.

The proof of our main theorem is based on the following result:

Theorem 3.4. Let Ω be a complex manifold of dimension N ≥ 2. Let {Ωj}j∈N be a family of
open connected non-empty subsets of Ω such that Ωj ⊂ Ωj+1 for every j ∈ N and Ω = ∪j∈NΩj.
Suppose that:

(1) each pair (Ωj ,Ωj+1) is a Runge pair, and
(2) each Ωj is biholomorphic to a Stein starshapelike domain in CN .

Then Ω is biholomorphic to a Runge and Stein domain in CN .

Proof. It is clear that Ω is Stein. Let {Uj}j∈N and {U ′
j}j∈N be two families of open connected

non-empty subsets of Ω such that (U ′
j ,Ωj) is a Runge pair, Uj ⊂⊂ U ′

j ⊂⊂ Ωj and Ω = ∪jUj

(such a construction can be made using a plurisubharmonic exhaustion function since Ωj is
biholomorphic to a Stein domain of CN by assumption). Also choose compact sets Kj ⊂ Ωj

with U ′
j ⊂⊂ K◦

j . Make sure also that U ′
j ⊂⊂ Uj+1. Fix a sequence of biholomorphisms (φj :

Ωj → CN ) onto starshapelike domains. We will inductively construct a sequence of embeddings
(ψj : Ωj → CN ) satisfying for all j ∈ N (for an ϵ to be specified),

(0j) ψj(Ωj) is a starshapelike domain,
(1j) ∥ψj − ψj−1∥Kj−1 < ϵ · 2−j for j ≥ 1,
(2j) ψj(Ui−1) ⊂⊂ ψi(U

′
i) for 1 ≤ i ≤ j,

(3j) ψi(U
′
i) ⊂⊂ ψj(Ui+1) for 0 ≤ i < j.

We start by setting ψ0 := φ0. Assume by inductive hypothesis that for all 0 ≤ j ≤ m we have
constructed embeddings ψj : Ωj → CN satisfying the previous conditions.

To construct ψm+1, notice that ψm = ψm ◦ φ−1
m+1 ◦ φm+1. Consider now the biholomorphic

mapping φm+1 ◦ ψ−1
m : ψm(Ωm) → φm+1(Ωm). Its domain of definition is starshapelike by as-

sumption 0m, and its image is Runge since the pair (φm+1(Ωm), φm+1(Ωm+1)) is Runge by
assumption (1), and the domain φm+1(Ωm+1) is Runge, being starshapelike. By Theorem 3.3
there exists a sequence (ϕsm+1) in Authol CN such that (ϕsm+1)

−1 → φm+1 ◦ ψ−1
m uniformly on

ψm(Km) as s → ∞. Thus, it follows that ϕsm+1 → ψm ◦ φ−1
m+1 uniformly on φm+1(Km) (see,

e.g., [12, Thm. 5.2]).
Therefore ψs

m+1 := ϕsm+1 ◦ φm+1 → ψm uniformly on Km as s → ∞, and so by choosing a

large enough s̃ and defining ψm+1 := ψs̃
m+1, we get (1m+1). It is easy to see that (2m+1) and

(3m+1) also hold if s is large enough and (0m+1) is true for any s.
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Now it follows from (1m) that the sequence ψj converges uniformly to a map ψ : Ω → CN .
And if ϵ is chosen small enough, depending on φ0, it follows by Hurwitz that ψ is injective. By
taking the limit as j → ∞ in (2m) and (3m) we see that

ψ(Ui−1) ⊂ ψi(U
′
i) ⊂ ψ(Ui+1),

for all i ≥ 1, and so {ψi(U
′
i)} is an exhaustion of ψ(Ω). Since (ψi(U

′
i), ψi(Ωi)) is a Runge pair

and ψi(Ωi) is starshapelike in CN—and hence Runge in CN—it follows that ψ(Ω) is Runge in
CN . �

Remark 3.5. A result similar to Theorem 3.4 was stated in [28], where each Ωj is assumed to
be biholomorphic to CN and the conclusion is that Ω is biholomorphic to CN .

Remark 3.6. Without assumption (1), Theorem 3.4 is false: indeed Fornæss [16] gave an
example of a non-Stein manifold Ω which is the growing union of open connected non-empty
subsets Ωj biholomorphic to the ball BN , N = 3. In this example the pair (Ωj ,Ωj+1) is not
Runge for all j ∈ N. In [28] the third author gave an example of a non-Stein manifold Ω which
is the growing union of open connected non-empty subsets Ωj biholomorphic to C2.

Remark 3.7. In [17], Fornæss and Stensønes proved that the direct limit Ω (also called abstract
basin of attraction or tailspace) of a sequence of univalent mappings (φj,j+1 : BN → BN )j∈N all
satisfying

a∥z∥ ≤ ∥φj,j+1(z)∥ ≤ b∥z∥, (3.1)

for 0 < a < b < 1, embeds as a Runge and Stein domain in CN . It is not hard to see that
condition (3.1) allows us to rescale the ball in such a way that φj,j+1(BN ) is Runge for all j ∈ N
(giving us an isomorphic direct limit). Denoting (fj : BN → Ω) the canonical morphisms, one
has that fj = fj+1 ◦ φj,j+1 for all j ∈ N, and thus (fj(BN ), fj+1(BN )) is a Runge pair. Hence
Fornæss’ and Stensønes’ theorem follows from Theorem 3.4.

4. The proof of Theorem 1.1

Recall the following definition by Docquier and Grauert [13, Definition 20].

Definition 4.1. Let M be a nonempty open subset of a complex manifold M̃ . Then M is
semicontinuously holomorphically extendable to M̃ by means of a family (Mt)0≤t≤1 of nonempty

open subsets of M̃ iff the following holds:

(0) Mt is a Stein manifold for all t in a dense subset of [0, 1],

(1) M0 =M and
∪

0≤t<1Mt = M̃ ,

(2) Ms ⊂Mt for all 0 ≤ s ≤ t ≤ 1,
(3)

∪
0≤t<t0

Mt is a union of connected components of Mt0 , for 0 < t0 ≤ 1,

(4) Mt0 is a union of connected components of the interior part of
∩

t0<t≤1Mt, for 0 < t0 ≤ 1.

The following result is proved in [13, Satz 17-Satz 19].

Theorem 4.2. If M and M̃ are Stein manifolds and M is semicontinuously holomorphically
extendable to M̃ , then (M, M̃) is a Runge pair.
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Let D ⊂ CN be a starlike complete hyperbolic domain. Let G(z, t) be a Herglotz vector field
of order d ∈ [1,+∞] on D. By Theorem 2.8 there exists a univalent solution (ft : D → R) to the
Loewner PDE (2.4), where R = ∪t≥0ft(D) is the Loewner range of G(z, t). According to what
we stated in Section 2, it is enough to prove that R can be embedded as a Runge and Stein
open subset of CN .

Recall that by Remark 2.7 one has fs(D) ⊂ ft(D) for all 0 ≤ s ≤ t. We claim that for
all n ∈ N the manifold fn(D) is semicontinuously holomorphically extendable to fn+1(D) by
means of the family (fn+t(D))0≤t≤1. Indeed (0),(1) and (2) are trivial, and (3) and (4) easily
follow from i) of Definition 2.5 (note that the sequence of inverse maps is a normal family due to
hyperbolicity). Thus Theorem 4.2 yields that (fn(D), fn+1(D)) is a Runge pair for any n ∈ N.

Since D is a Stein domain, we can apply Theorem 3.4 to R = ∪fn(D) and we obtain that R
is biholomorphic to a Runge and Stein domain in CN .

5. Embedding in evolution families

Recall [6, Question 3]: if φ : BN → BN is an univalent self-mapping of the unit ball, does
there exists an evolution family (φs,t : BN → BN ) of order d ∈ [1,+∞] such that φ0,1 = φ?

The next proposition shows that without assuming that φ(BN ) is Runge the answer is nega-
tive.

Proposition 5.1. Let D be a complete hyperbolic domain in CN . Let (φs,t : D → D) be an
evolution family of order d ∈ [1,+∞]. Then (φ0,1(D), D) is a Runge pair.

Proof. Set fs := φs,1 for all 0 ≤ s ≤ 1. Then φ0,1(D) is semicontinuously holomorphically
extendable to D by means of the family (φs,1(D))0≤s≤1. Since D is a Stein domain, Theorem
4.2 gives the result. �

This answers also a question in [3, Section 9.4]: we recall it briefly. With notations as in
Remark 3.6, let fj : BN → Ωj be a biholomorphism and set φj,j+1 := f−1

j+1 ◦ fj for all j ∈ N.
Is the family (φj,j+1 : BN → BN ) embeddable in an evolution family (φs,t : BN → BN ) of order
d ∈ [1,+∞]? The answer is negative: φ0,1(BN ) is not Runge since by construction the pair
(Ω0,Ω1) is not Runge.
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