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Abstract. Let M be atwo-dimensional complex manifold andfetM —

M be a holomorphic map that fixes pointwise a (possibly) singular, com-
pact, reduced and globally irreducible cu&ec M. We give a notion of
degeneracyof f at a point ofC'. It turns out thatf is non-degenerate at
one point if and only if it is non-degenerate at every poinfoWhenf is
non-degenerate ofi, we define a residual index fgrat each point of”.

Then we prove that the sum of the indices is equal to the self-intersection
number ofC'.

Introduction

In[2], C. Camacho and P. Sad introduced the index of a holomorphic vector
field relative to an invariant non-singular curve and proved an index for-
mula. Their result was generalized by A. Lins Neto [6] to the case of an
algebraic foliation and a (possibly) singular invariant curve in the complex
projective plane. Finally T. Suwa [7] gave a definition of index and proved
a formula when the invariant (singular) curve lies in a generic two dimen-
sional complex manifold. Recently M. Abate [1] (cf. also Sect. 1), studying
discrete dynamical systems, introduced an index for holomorphic self-maps
of a two dimensional complex manifold fixing a smooth compact curve (and
non-degeneraten it), proving an analogue of the Camacho-Sad Theorem.
Here we generalize Abate’s result to the case of singular curves, finding an
analogue of Suwa’s Theorem.

* Partially supported by Progetto MURST di Rilevante Interesse NazidPalprieta
geometriche delle variatreali e complesse.
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Let M be atwo dimensional complex manifold afid— M be areduced,
globally irreducible and compact one dimensional subvariety. We consider
a holomorphic magpf : M — M, such thatf|, = id|c. Fixing a point
p € C and localizing our study to the germ§, andC,, of f andC atp,
we introduce a notion alegeneracyor f onC atp. Roughly speaking, we
say thatf is degenerate o6 atp € C' if one cannot distinguiskd, just
looking at “how much”f, fixes C), (see Definition 2, 4). It turns out that
the non-degeneracy is a local propeity, if f is non-degenerate ofi at
p € C then there exists a neighborhobdof p such that for any; € U,
fq is non-degenerate afi,. SinceC is irreducible, this implies that if is
non-degenerate off at a pointp € C, then f is non-degenerate at every
point of C (see Proposition 3).

If fis non-degenerate ate C, we define an index Ind, C,p) (see
Definition 5, 6) and we show that the sum of the indices(fad", p) is
equal to the self-intersection number@f(see Theorem 2). The proof of
this resultis quite similar to that in [7] for holomorphic vector fields. We take
aresolutionr : M — M of C. The mapf induces a holomorphic self-map
f of M which fixes the desmgularlzatlcﬁ of C' and is non-degenerate on
it. Then we compare the indices pfon C and f on C and apply Abate’s
index formula forf on C.

The actual effort made in this paper is to find a good definition for the
index of f on C atp € C and prove that it is “natural’i.e. it is well-
behaving under changes of variables and blow-ups. After that, we formally
have the same ingredients of [7], and we can argue following the same lines.
On the other hand the index here defined is not merely an application of
results on vector fields, since in general it is not possible to associdte to
a (global) foliation leaving” invariant. In conclusion, the analogy between
holomorphic vector fields with an invariant leaf and holomorphic self-maps
with a curve of fixed points which seems to come out from [1] and this paper,
is pretty far from being really understood.

1 The smooth case

In this section we recall Abate’s work [1].

Let C' be a compact one-dimensional (smooth) submanifolt/ofvith
M being a two dimensional complex manifold. Suppgse M — M is
holomorphic and| = id|c. Letp € C'and choose aadaptedocal chart/
with coordinatesx, y) aroundp, i.e.suchthap = (0,0),CNU = {y = 0}.
In these coordinates we can write

_J Alxy) =2+ y"g(x,y)
f@”y)—{ﬁ( y) = b@)y + v h(z,y) @
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withm > 1,n > 1 andg(z,0) # 0 (orm = oo if g = 0) andh(z,0) # 0
(orn = oo if h = 0). We avoid considering the cage= idy,.

The compactness @f implies thath(z) = b(f) is constant. The map
is saidnon-degeneraten C atp if m < n. If b(f) = 1 or if M is the total
space of a line bundle ovét, then Abate proves that ff is non-degenerate
onC atp, itis so independently of the adapted chart chosen and of the point
p € C. In this situation Abate’s residual index is defined as

[’P(fa C) = Reik(‘r)dwa 0)7

where

y=0 y(fi(z,y) — )
This index is independent of the local coordinates chosen, and the Abate’s
index formula is

Theorem 1 (Abate).LetC be a one dimensional compact submanifold of a
two dimensional complex manifold and letf : M — M be holomorphic
such thatf o = id|c. Assumé( f) = 1 orthat M is the total space of aline
bundleFE overC'. Assume moreover thgtis non-degenerate ofi. Then

> w(f.C) =b(f) (C-C).

peC

If C has a singularity gt € C, there are no adapted charts available at
p, and Abate’s theory doesn’t apply.

2 The residual index in the irreducible case

Let O, be the ring of germs of holomorphic functiongat M andO;, the
field of its invertible elements. Iff is a holomorphic map defined on a open
setU C M, thenH, € O, is the germ defined byf atp ¢ U. If H € O,
then(H), is the ideal generated k¥ in O, andV (H) is the germ of the
subvariety defined byi. If C, is a germ of a subvariety at thenZ(C,,) is
the ideal ofC), (see [4]).

Let C' be a (possibly singular) curve whose geriyis irreducible ap
M and letf be a holomorphic self-map @ff which pointwise fixe<’. We
avoid considering the cage= id,,;. LetU C M be a open neighborhood
of pand¢ : U — C? alocal chart such that(p) = (0,0).1f I € O, is a
defining function forC, atp, then

¢pofopt=Id+(lodp™" )G, 2

for some germG = (G1,Gs) of holomorphic self-map of? at (0,0),
G #Z0ong(S)andu > 1. Itis easy to see thatis independent op and!.
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Remark 1.We will omit to write explicitly the local chard in the formulae:
for instance we write simply’ = Id + [*G instead of (2). We denote by
H' the gradient off € O, in the given local chart and by H,G > the
scalar product of two germd, G of holomorphic self-map of2.

GivenH € O, expandingH o f — H we find that

w =< H',G > modZ(C,).

Definition 1. The mapf satisfying (2) is said to beon-degeneratat p on
the locally irreducible curve” if

lof—1
Ir
i.e.if <I',G >= 0 onthe gernC,,.

=0 modZ(C,),

Remark 2.Fork € O;‘, we have
(kl)o f — ki Ekl_“lof_l
(ki)" I

Thus the definition of non-degeneracy obn C' atp is independent of the
defining function.

modZ(Cp).

Remark 3.Assume thap is a smooth point fo€’'. As in the first section, we
can choose an adapted local chart with coordinateg) aroundp, so thatf
satisfies (1) angis a defining function fo€'. Sinceyo f —y = (b(z)—1)y+

y" 1 h(x,y), our definition ofnon-degeneracygoincides with Abate’s one
wheneveb(p) = 1. Inthe casé(p) # 1, the mapf is degenerate according
to Definition 1 butit could be non-degenerate according to Abate’s definition.
However, ifC' has a singularity at somge C and f is non-degenerate on
C at ¢ then—as a consequence of Lemma 2—it turns out thist non-
degenerate o’ at every pointp € C and in particulaib(p) = 1 at any
smooth point ofC'. Thereforejf C' is singular, f is non-degenerate o€
according to Definition 1 if and only if it is non-degenerate at one—and
hence any—smooth point according to Abate’s definition.

Definition 2. We say thaf{ € O, is transverséo (f, Cp) if

Hof-H
(K

i.e.< H',G >#0onC,,.

# 0 modZ(C,),

Thereforef is degenerate ofi), atp if and only if a defining function o,
—and hence any— is transverse( Cy,).
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Proposition 1. Supposegf is non-degenerate off,, atp and letl € O, be
a defining function foC,. A germH < O,, is transverse tq f, C,) if and
only ifdet(H’,1") # 0 modZ(C,).

Proof. Let f = I + "G, asin (2). We havdet(H',l") = 0 modZ(C,) if
and only ifH' = kI’ modZ(C,) for somek € O,. Now if < H',G >= 0
onC), then, since&s # 0onC,, it follows thatH’ = kI for somek € O,. On
the other hand, iff’ = kI’ modZ(C,) then< H',G >=k <l',G >=0
onC), for f is non-degenerate afi,.

Note that, ifC), is smooth afp, then the regular curves transverse (in the
usual sense) t0’, atp are actually transverse {¢, Cp).

SinceC), isirreducible, itadmits alocal uniformization (see [5]). Namely,
there exists ahomeomorphigm A — C, (whereA = {¢ € C: [(| < 1})
such thatp(0) = p, ¢ is holomorphic onA — {0} and¢’(¢) # 0 for all
¢ e A—{0} (¢'(0) # 0if and only if C}, is smooth ap). We denote by
I' e Hi(C, — {p},Z) the class ofp(0A), Wherec’)A is given byf — pe'?
for 0 € [0, 27r] and a fixed) < p < 1.

Definition 3. Suppos¢ is non-degenerate ofi at p, with C), reduced and
irreducible atp. Let! € O, be a defining function fo€, andr € O,, be
transverse tq f, C;,). Theresidual indesof f with respect ta’), is

1 lof—1

—————dr.
2w Jpl-(tof—1) ’

Ind(f,C,p) :==

Remark 4.1f C), is smooth atp and f is non-degenerate of’,, then
Ind(f, C,p) = 1,(f,Cp), the Abate’s index. Indeed, choosing adapted local
coordinates such that, = V(y), we can také = y, 7 = x. The cyclel is
given by the curvey = 0, z = pe'?, for somep > 0 small and¥ € [0, 27].
Therefore

Ind(f, C, p) = ;Ti/Fk(x)dm — L (f,C).

Lemma 1. The index Indf, C, p) is well-definedi.e. it is independent of
the defining function € O, and the transverse € O,,.

Proof. Let f = I+"G,asin(2)andlep : A — C), be alocal uniformiza-
tion of C,,. Sincef is non degenerate ari, then< I’ G >= 0 modZ(C,).
Namely< (I’ o ¢), (G o p) >= 0 on A. Together with< (I’ o ¢), ¢’ >=0
on A, and since we may assurtie> ¢ # 0 on A — {0}, this implies that
there existsy € O*(A — {0}) such that

Gop(C) =7(Q)¢'(¢) V¢eA-{0}. ®3)
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Let h(¢) := 2I5t 0 p(¢) for ¢ € Aand letk € O3 Using (3) we get
(kl) o f — ki /lof ko f—k / lof—1
P M dr = d —d
/rkl(fof—f) Bl A Ty e R AN TCRY s i
_/ <k’,G>dT+/lof—l dr
k<TG > r <G>

_ (K" 0p), (Goy) > o
/8A(k080) < (7o), Goso d( °)

+/8A<(T’Og0)h(Gogp d(rop) / /adC Mzdc,

as wanted.

Example 1.Let C;, = V(I(o ), With I(z,y) = 2 — »°, and letf(z,y) =
(z + 3z(2? — y3),y + 2y(2? — y?)). ThenC, is a irreducible germ of a
curve with singularity at0, 0), and it is easy to see th#tis non-degenerate
onC,. Alocal uniformization ofC,, is given byy(¢) = (¢3, ¢?). Therefore
a straightforward calculation gives

Ind(f, C, (0,0)) = 1,/ 63y = L [ Sgc_s.
I

2mi 3z 21t Jan C

3 The residual index in the reducible case

We letC = UY_, C,, be a germ of a reduced curveratC, irreducible in
O, fora=1,...,N and letf be a germ of holomorphic map atffixing
C.

Definition 4. We saythaf isnon-degeneran(C atpifitis non-degenerate
onC,fora=1,...,N.

Let! = [y --- I be a defining function of’ with V(I,,) = C,. Let I, be
the cycle forC,, given by the local uniformization.

Definition 5. If f is non-degenerate off then we define theesidual index
of f on C with respect ta’,, as

1 lof—1
| s T A,
nd(f,C,,C,p) := 22/ l'(TOf—T)dT
wherer € O, is transverse tq f, Cy ).

Recall that one of many equivalent definitions of {hecal) intersection
numberatp of C,, andCps for a # 3 is
1 dlg
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The following relation between Irid, C,, p) and Ind f, C,,, C, p)—from
which it follows that Ind f, C,, C, p) is well defined—holds (cfiProposi-
tion (1.4) of [7]):

Proposition 2. If f is non-degenerate off' at p then
INd(f, Ca, C,p) = Ind(f, Cayp) + Y (Ca - Cg)p 4
Ba

Proof. Let f = Id+ "G asin (2). Up to reordering, we can assuime: 1.
Then

lof—l_llof lN_lof lNOf—
l o IN-1 In

_i_llof”.lN—2of'ZN—lof_lN—l P llof—ll
ll lN,Q lel ll
LetT € O, be transverse tof, C1). Since% = 1onCy, we get
N
1
L _defol Z BULY Sull S
211 Jpy Lo (o f—1) 271 Jp Uy (To f—1)
1 Lhof—1

B R e | S
omi Jp b (rof—7)

By definition the last term is INdf, Cy, p). As for the other terms, note first
thatdet(I7, 1) # 0 onC; for j # 1, and thereforé; is transverse tof, C)
for j # 1 by Proposition 1. Thus< l’ G >z 0 on ;. Arguing as in the

proof of Lemma 1 for the calculatlon of the integrfal kkof k sdr, we find
1 Liof—1; 1 d
LY R P Rl B A Oy -G
%ﬁ/llT(Tof—T)T omi J, 1, GG

From this we get the formula.

Definition 6. We let Ind f, C, p) := S>Y_, Ind(f, C, C, p).

4 The index formula

Let f : M — M be a holomorphic map of a two dimensional complex
manifold M. Let C' C M be a connected compact reduced and globally
irreducible curve such thai- = id|c. We say thaff is non-degeneraten

C if fis non-degenerate on everye C.



488 F. Bracci, F. Tovena

Lemma 2. Let M be a two dimensional complex manifold afida con-
nected and locally irreducible curve W/ If f : M — M is a holomorphic
map such thafic = id|c then f is non-degenerate of (i.e. at any point
of C) if and only if it is non-degenerate at just one point.

Proof. Supposef is non-degenerate off atq € C. Let U be a (small)
neighborhood of; andl € O(U) be a defining function fo€ on U, i.e.
Z(C), = (1), foranyp € U N C (this is possible for the sheaf of ideals of
C'is coherent, see [4]). Suppoge= Id + I*G in U, with u, G as in (2).
By hypothesis< I, G >= 0 mod Z(C),, thus< I',G >= 0 mod Z(C),,
foranyp € C' N U by the identity principle. Thereforg is non-degenerate
onC atpforanyp € C' nU. SinceC is connected, it follows thaf is
non-degenerate on all 6f.

SinceC globally irreducible means thét— Sing(C) is pathwise connected,
the previous lemma implies:

Proposition 3. Let M be a two dimensional complex manifold; M —
M a holomorphic map and” C M a connected, reduced, globally ir-
reducible curve. Therf is non-degenerate o@' if and only if it is non-
degenerate at just one point 6f

Now we can state our main theorem.

Theorem 2. Let M be a two dimensional complex manifofd; M — M
a holomorphic map and’ C M a compact, reduced, globally irreducible
curve of fixed points of. If f is non-degenerate ofi then

> Ind(f,C,p)=C-C,

peC
whereC - C is the self-intersection number 6f.

Note thatzpec Ind(f, C,p) is actually a finite sum sinc€' is compact.

In order to prove the theorem we need some local analysis. Suppigse
a (small) open neighborhood of a singular pgirg C andC' is irreducible
atp. LetV C U be a open neighborhood pfsuch thatf (V) C U. Let
7 : U — U be a quadratic transformation of the pojntThat isU is a
two dimensional complex manifold; : U — U is a proper holomorphic
map, D := 7~ !(p) is a projective line andr : U — D — U — {p} is
a biholomorphism. We lef’ := 7—1(C — {p}) be the strict transform of
C. ThusC N D = {p} and the total transform af’ undern is given by
7~ 1(p) = C + mD, form = (C - D);, themultiplicity of C at p. The
map f naturally induces a holomorphic map: 71'_1~(V) — U such that
fip =Idjpandro f = for(see[l]).In particulagf‘@ = Idlé. Note that
since f is non-degenerate off N U andr is a biholomorphism out oD
then f is non-degenerate afl.
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Lemma 3. In the above situation we have
Ind(f, C.p) = Ind(f, C. ) +m?. (5)

Proof. Let {{ = 0} be a local defining function fof’ atp. We can choose
local coordinategz,y) on U and (u,v) on U such that/(0,y) # 0, p =
(0,0), p = (0,0) and7(u,v) = (u,uv). Thenl := [ o 7 is a defining
function of the total transform—1(C) andi(u, v) = I(u, uv) = u™t(u,v),
wheret(0,0) = 0,£(0,v) # 0andt is a defining function of’. In particular
t(u,v) = u~™(l o w). Note thatu is transverse t¢f,C) atp and that it
is the cycle forC at given by the local uniformization then, (I° M) =T,
the cycle forC atp. We are now ready to calculate Ih C, p):

omri |nd(f,é,;5):/ﬁt(tof_t du

wo f —u)
:/ (ZOfOW)u_mof—u_mdu

r (om) wm(uo f—u)
iy (lomof—lom
+/ (7T ) (loﬂ-(uof U)d>
:_m/ o / xof—:z:d‘r:2m<_m2+|nd(f’c’p))'

Now we are in the position to prove Theorem 2.

Proof of Theorem Zlake a global resolution : M — M ofthe singularities
of C'. The total transform of’ can be written as

N
C’ + Z mij,
j=1

where (1)C is a compact connected non-singular curve a@d: C—C
is a resolution of singularities af', (2) eachD; is a projective line and
m; a positive integer (3¥ is biholomorphic out of the exceptional divisor
D= UN 1D, (4)C intersectd at a finite number of points which are non-
smgular points ofD and each intersection is transverse. The rhagluces
a holomorphic mag’ on M with f|c = Zd|C and f non-degenerate of.
Using Proposition 2and Lemma 3 itis easyto see thatfC is asmgularlty
of C, U a (small) open neighborhood ptuch that' N U = UX_, C,, with
C, irreducible, then
M
Ind(f, Ca, C, p) = Ind(f, Ca, qa) + Z mj(Dj ) Ca)qaa (6)

=1
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whereC, is the strict transform of’,,, and(D, - C,),, = 0 or 1 according
whetherD; intersects’,, at the pointqa € 7~ 1(p) or not. By (6) the sum

Zpeclnd(f,(] p)equalsy .~ Ind( (f,C,p)+>.m;(D;-C). By Theorem
1 and the projection formuiO a we get the result.
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