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Abstract. LetM be a two-dimensional complexmanifold and letf :M →
M be a holomorphic map that fixes pointwise a (possibly) singular, com-
pact, reduced and globally irreducible curveC ⊂ M . We give a notion of
degeneracyof f at a point ofC. It turns out thatf is non-degenerate at
one point if and only if it is non-degenerate at every point ofC. Whenf is
non-degenerate onC, we define a residual index forf at each point ofC.
Then we prove that the sum of the indices is equal to the self-intersection
number ofC.

Introduction

In [2], C. Camacho and P. Sad introduced the index of a holomorphic vector
field relative to an invariant non-singular curve and proved an index for-
mula. Their result was generalized by A. Lins Neto [6] to the case of an
algebraic foliation and a (possibly) singular invariant curve in the complex
projective plane. Finally T. Suwa [7] gave a definition of index and proved
a formula when the invariant (singular) curve lies in a generic two dimen-
sional complex manifold. Recently M. Abate [1] (cf. also Sect. 1), studying
discrete dynamical systems, introduced an index for holomorphic self-maps
of a two dimensional complexmanifold fixing a smooth compact curve (and
non-degenerateon it), proving an analogue of the Camacho-Sad Theorem.
Here we generalize Abate’s result to the case of singular curves, finding an
analogue of Suwa’s Theorem.

� Partially supported by Progetto MURST di Rilevante Interesse NazionaleProprietà
geometriche delle varietà reali e complesse.
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LetM bea twodimensional complexmanifold andC ⊂M bea reduced,
globally irreducible and compact one dimensional subvariety. We consider
a holomorphic mapf : M → M , such thatf|C = id|C . Fixing a point
p ∈ C and localizing our study to the germs,fp andCp, of f andC at p,
we introduce a notion ofdegeneracyfor f onC atp. Roughly speaking, we
say thatf is degenerate onC at p ∈ C if one cannot distinguishCp just
looking at “how much”fp fixesCp (see Definition 2, 4). It turns out that
the non-degeneracy is a local property,i.e. if f is non-degenerate onC at
p ∈ C then there exists a neighborhoodU of p such that for anyq ∈ U ,
fq is non-degenerate onCq. SinceC is irreducible, this implies that iff is
non-degenerate onC at a pointp ∈ C, thenf is non-degenerate at every
point ofC (see Proposition 3).

If f is non-degenerate atp ∈ C, we define an index Ind(f, C, p) (see
Definition 5, 6) and we show that the sum of the indices Ind(f, C, p) is
equal to the self-intersection number ofC (see Theorem 2). The proof of
this result is quite similar to that in [7] for holomorphic vector fields.We take
a resolutionπ : M̃ →M of C. The mapf induces a holomorphic self-map
f̃ of M̃ which fixes the desingularizatioñC of C and is non-degenerate on
it. Then we compare the indices of̃f on C̃ andf onC and apply Abate’s
index formula forf̃ on C̃.

The actual effort made in this paper is to find a good definition for the
index of f on C at p ∈ C and prove that it is “natural”,i.e. it is well-
behaving under changes of variables and blow-ups. After that, we formally
have the same ingredients of [7], and we can argue following the same lines.
On the other hand the index here defined is not merely an application of
results on vector fields, since in general it is not possible to associate tof
a (global) foliation leavingC invariant. In conclusion, the analogy between
holomorphic vector fields with an invariant leaf and holomorphic self-maps
with a curve of fixed points which seems to comeout from [1] and this paper,
is pretty far from being really understood.

1 The smooth case

In this section we recall Abate’s work [1].
LetC be a compact one-dimensional (smooth) submanifold ofM , with

M being a two dimensional complex manifold. Supposef : M → M is
holomorphic andf|C = id|C . Letp ∈ C andchooseanadaptedlocal chartU
with coordinates(x, y)aroundp, i.e.such thatp = (0, 0),C∩U = {y = 0}.
In these coordinates we can write

f(x, y) =
{
f1(x, y) = x+ ymg(x, y)
f2(x, y) = b(x)y + yn+1h(x, y) (1)
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withm ≥ 1, n ≥ 1 andg(x, 0) �= 0 (orm = ∞ if g ≡ 0) andh(x, 0) �≡ 0
(or n = ∞ if h ≡ 0). We avoid considering the casef ≡ idM .

The compactness ofC implies thatb(x) ≡ b(f) is constant. The mapf
is saidnon-degenerateonC atp if m ≤ n. If b(f) = 1 or if M is the total
space of a line bundle overC, then Abate proves that iff is non-degenerate
onC atp, it is so independently of the adapted chart chosen and of the point
p ∈ C. In this situation Abate’s residual index is defined as

ιp(f, C) = Res(k(x)dx, 0),

where

k(x) = lim
y→0

f2(x, y) − b(f)y
y(f1(x, y) − x) .

This index is independent of the local coordinates chosen, and the Abate’s
index formula is

Theorem 1 (Abate).LetC be a one dimensional compact submanifold of a
two dimensional complex manifoldM and letf :M →M be holomorphic
such thatf|C = id|C . Assumeb(f) = 1 or thatM is the total space of a line
bundleE overC. Assume moreover thatf is non-degenerate onC. Then∑

p∈C

ιp(f, C) = b(f) (C · C).

If C has a singularity atp ∈ C, there are no adapted charts available at
p, and Abate’s theory doesn’t apply.

2 The residual index in the irreducible case

LetOp be the ring of germs of holomorphic functions atp ∈M andO∗
p the

field of its invertible elements. IfH is a holomorphic map defined on a open
setU ⊆ M , thenHp ∈ Op is the germ defined byH atp ∈ U . If H ∈ Op

then(H)p is the ideal generated byH in Op andV(H) is the germ of the
subvariety defined byH. If Cp is a germ of a subvariety atp, thenI(Cp) is
the ideal ofCp (see [4]).

LetC be a (possibly singular) curve whose germCp is irreducible atp ∈
M and letf be a holomorphic self-map ofM which pointwise fixesC. We
avoid considering the casef ≡ idM . LetU ⊂ M be a open neighborhood
of p andφ : U → C

2 a local chart such thatφ(p) = (0, 0). If l ∈ Op is a
defining function forCp atp, then

φ ◦ f ◦ φ−1 = Id+ (l ◦ φ−1)µG, (2)

for some germG = (G1, G2) of holomorphic self-map ofC2 at (0, 0),
G �≡ 0 onφ(S) andµ ≥ 1. It is easy to see thatµ is independent ofφ andl.
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Remark 1.Wewill omit to write explicitly the local chartφ in the formulae:
for instance we write simplyf = Id + lµG instead of (2). We denote by
H ′ the gradient ofH ∈ Op in the given local chart and by< H,G > the
scalar product of two germsH,G of holomorphic self-map ofC2.

GivenH ∈ Op, expandingH ◦ f −H we find that

H ◦ f −H
lµ

≡< H ′, G > modI(Cp).

Definition 1. The mapf satisfying (2) is said to benon-degenerateat p on
the locally irreducible curveC if

l ◦ f − l
lµ

≡ 0 modI(Cp),

i.e. if < l′, G >≡ 0 on the germCp.

Remark 2.Fork ∈ O∗
p we have

(kl) ◦ f − kl
(kl)µ

≡ k1−µ l ◦ f − l
lµ

modI(Cp).

Thus the definition of non-degeneracy off onC atp is independent of the
defining functionl.

Remark 3.Assume thatp is a smooth point forC. As in the first section, we
can choose an adapted local chart with coordinates(x, y) aroundp, so thatf
satisfies (1) andy is a defining function forC. Sincey◦f−y = (b(x)−1)y+
yn+1h(x, y), our definition ofnon-degeneracycoincides with Abate’s one
wheneverb(p) = 1. In the caseb(p) �= 1, the mapf is degenerate according
toDefinition1but it couldbenon-degenerateaccording toAbate’sdefinition.
However, ifC has a singularity at someq ∈ C andf is non-degenerate on
C at q then—as a consequence of Lemma 2—it turns out thatf is non-
degenerate onC at every pointp ∈ C and in particularb(p) = 1 at any
smooth point ofC. Therefore,if C is singular,f is non-degenerate onC
according to Definition 1 if and only if it is non-degenerate at one—and
hence any—smooth point according to Abate’s definition.

Definition 2. We say thatH ∈ Op is transverseto (f, Cp) if

H ◦ f −H
lµ

�≡ 0 modI(Cp),

i.e.< H ′, G >�≡ 0 onCp.

Thereforef is degenerate onCp atp if and only if a defining function ofCp

—and hence any— is transverse to(f, Cp).
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Proposition 1. Supposef is non-degenerate onCp at p and letl ∈ Op be
a defining function forCp. A germH ∈ Op is transverse to(f, Cp) if and
only if det(H ′, l′) �≡ 0 modI(Cp).

Proof. Let f = I + lµG, as in (2). We havedet(H ′, l′) ≡ 0 modI(Cp) if
and only ifH ′ ≡ kl′ modI(Cp) for somek ∈ Op. Now if < H ′, G >≡ 0
onCp then, sinceG �≡ 0 onCp, it follows thatH ′ = kl for somek ∈ Op. On
the other hand, ifH ′ ≡ kl′ modI(Cp) then< H ′, G >≡ k < l′, G >≡ 0
onCp for f is non-degenerate onCp.

Note that, ifCp is smooth atp, then the regular curves transverse (in the
usual sense) toCp atp are actually transverse to(f, Cp).

SinceCp is irreducible, it admitsa local uniformization (see [5]).Namely,
thereexists ahomeomorphismϕ : ∆→ Cp (where∆ = {ζ ∈ C : |ζ| < 1})
such thatϕ(0) = p, ϕ is holomorphic on∆ − {0} andϕ′(ζ) �= 0 for all
ζ ∈ ∆ − {0} (ϕ′(0) �= 0 if and only if Cp is smooth atp). We denote by
Γ ∈ H1(Cp − {p},Z) the class ofϕ(∂∆), where∂∆ is given byθ �→ ρeiθ

for θ ∈ [0, 2π] and a fixed0 < ρ < 1.

Definition 3. Supposef is non-degenerate onC at p, withCp reduced and
irreducible atp. Let l ∈ Op be a defining function forCp andτ ∈ Op be
transverse to(f, Cp). Theresidual indexof f with respect toCp is

Ind(f, C, p) :=
1

2πi

∫
Γ

l ◦ f − l
l · (τ ◦ f − τ)dτ.

Remark 4.If Cp is smooth atp and f is non-degenerate onCp, then
Ind(f, C, p) = ιp(f, Cp), the Abate’s index. Indeed, choosing adapted local
coordinates such thatCp = V(y), we can takel = y, τ = x. The cycleΓ is
given by the curvey = 0, x = ρeiθ, for someρ > 0 small andθ ∈ [0, 2π].
Therefore

Ind(f, C, p) =
1

2πi

∫
Γ
k(x)dx = ιp(f, Cp).

Lemma 1. The index Ind(f, C, p) is well-defined,i.e. it is independent of
the defining functionl ∈ Op and the transverseτ ∈ Op.

Proof. Letf = I+lµG, as in (2) and letϕ : ∆→ Cp be a local uniformiza-
tion ofCp. Sincef is non degenerate onCp then< l′, G >≡ 0 modI(Cp).
Namely< (l′ ◦ϕ), (G ◦ϕ) >≡ 0 on∆. Together with< (l′ ◦ϕ), ϕ′ >≡ 0
on∆, and since we may assumel′ ◦ ϕ �≡ 0 on∆ − {0}, this implies that
there existsγ ∈ O∗(∆− {0}) such that

G ◦ ϕ(ζ) = γ(ζ)ϕ′(ζ) ∀ζ ∈ ∆− {0}. (3)
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Let h(ζ) := l◦f−l
lµ+1 ◦ ϕ(ζ) for ζ ∈ ∆ and letk ∈ O∗

p. Using (3) we get∫
Γ

(kl) ◦ f − kl
kl(τ ◦ f − τ)dτ =

∫
Γ

l ◦ f
l

k ◦ f − k
k(τ ◦ f − τ)dτ +

∫
Γ

l ◦ f − l
l(τ ◦ f − τ)dτ

=
∫

Γ

< k′, G >
k < τ ′, G >

dτ +
∫

Γ

l ◦ f − l
lµ+1

dτ

< τ ′, G >

=
∫

∂∆

< (k′ ◦ ϕ), (G ◦ ϕ) >
(k ◦ ϕ) < (τ ′ ◦ ϕ), (G ◦ ϕ) >

d(τ ◦ ϕ)

+
∫

∂∆

h

< (τ ′ ◦ ϕ), (G ◦ ϕ) >
d(τ ◦ϕ) =

∫
Γ

dk

k
+
∫

∂∆

h

γ
dζ =

∫
∂∆

h

γ
dζ,

as wanted.

Example 1.LetCp = V(l(0,0)), with l(x, y) = x2 − y3, and letf(x, y) =
(x + 3x(x2 − y3), y + 2y(x2 − y3)). ThenCp is a irreducible germ of a
curve with singularity at(0, 0), and it is easy to see thatf is non-degenerate
onCp. A local uniformization ofCp is given byϕ(ζ) = (ζ3, ζ2). Therefore
a straightforward calculation gives

Ind(f, C, (0, 0)) =
1

2πi

∫
Γ

6 − 3y3

3x
dx =

1
2πi

∫
∂∆

6
ζ
dζ = 6.

3 The residual index in the reducible case

We letC = ∪N
α=1Cα be a germ of a reduced curve atp, Cα irreducible in

Op for α = 1, . . . , N and letf be a germ of holomorphic map atp fixing
C.

Definition 4. Wesay thatf isnon-degenerateonC atp if it is non-degenerate
onCα for α = 1, . . . , N .

Let l = l1 · · · lN be a defining function ofC with V(lα) = Cα. Let Γα be
the cycle forCα given by the local uniformization.

Definition 5. If f is non-degenerate onC then we define theresidual index
of f onC with respect toCα as

Ind(f, Cα, C, p) :=
1

2πi

∫
Γα

l ◦ f − l
l · (τ ◦ f − τ)dτ,

whereτ ∈ Op is transverse to(f, Cα).

Recall that one of many equivalent definitions of the(local) intersection
numberatp of Cα andCβ for α �= β is

(Cα · Cβ)p =
1

2πi

∫
Γα

dlβ
lβ
.
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The following relation between Ind(f, Cα, p) and Ind(f, Cα, C, p)—from
which it follows that Ind(f, Cα, C, p) is well defined—holds (cfr.Proposi-
tion (1.4) of [7]):

Proposition 2. If f is non-degenerate onC at p then

Ind(f, Cα, C, p) = Ind(f, Cα, p) +
∑
β �=α

(Cα · Cβ)p (4)

Proof. Let f = Id+ lµG as in (2). Up to reordering, we can assumeα = 1.
Then

l ◦ f − l
l

=
l1 ◦ f
l1

· · · lN−1 ◦ f
lN−1

· lN ◦ f − lN
lN

+
l1 ◦ f
l1

· · · lN−2 ◦ f
lN−2

· lN−1 ◦ f − lN−1

lN−1
+ . . .+

l1 ◦ f − l1
l1

.

Let τ ∈ Op be transverse to(f, C1). Since
lj◦f
lj

= 1 onC1, we get

1
2πi

∫
Γ1

l ◦ f − l
l · (τ ◦ f − τ)dτ =

N∑
j=2

1
2πi

∫
Γ1

lj ◦ f − lj
lj · (τ ◦ f − τ)dτ +

1
2πi

∫
Γ1

l1 ◦ f − l1
l1 · (τ ◦ f − τ)dτ.

By definition the last term is Ind(f, Cα, p). As for the other terms, note first
thatdet(l′j , l

′
1) �≡ 0 onC1 for j �= 1, and thereforelj is transverse to(f, C1)

for j �= 1 by Proposition 1. Thus< l′j , G >�≡ 0 onC1. Arguing as in the

proof of Lemma 1 for the calculation of the integral
∫
Γ

k◦f−k
k(τ◦f−τ)dτ , we find

1
2πi

∫
Γ1

lj ◦ f − lj
lj · (τ ◦ f − τ)dτ =

1
2πi

∫
Γ1

dlj
lj

= (C1 · Cj)p.

From this we get the formula.

Definition 6. We let Ind(f, C, p) :=
∑N

α=1 Ind(f, Cα, C, p).

4 The index formula

Let f : M → M be a holomorphic map of a two dimensional complex
manifoldM . Let C ⊂ M be a connected compact reduced and globally
irreducible curve such thatf|C = id|C . We say thatf is non-degenerateon
C if f is non-degenerate on everyp ∈ C.
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Lemma 2. LetM be a two dimensional complex manifold andC a con-
nected and locally irreducible curve inM . If f :M →M is a holomorphic
map such thatf|C = id|C thenf is non-degenerate onC (i.e.at any point
ofC) if and only if it is non-degenerate at just one point.

Proof. Supposef is non-degenerate onC at q ∈ C. Let U be a (small)
neighborhood ofq and l ∈ O(U) be a defining function forC on U , i.e.
I(C)p = (l)p for anyp ∈ U ∩ C (this is possible for the sheaf of ideals of
C is coherent, see [4]). Supposef = Id + lµG in U , with µ,G as in (2).
By hypothesis< l′, G >≡ 0 mod I(C)q, thus< l′, G >≡ 0 mod I(C)p

for anyp ∈ C ∩ U by the identity principle. Thereforef is non-degenerate
on C at p for any p ∈ C ∩ U . SinceC is connected, it follows thatf is
non-degenerate on all ofC.

SinceC globally irreduciblemeans thatC−Sing(C) is pathwise connected,
the previous lemma implies:

Proposition 3. LetM be a two dimensional complex manifold,f : M →
M a holomorphic map andC ⊂ M a connected, reduced, globally ir-
reducible curve. Thenf is non-degenerate onC if and only if it is non-
degenerate at just one point ofC.

Now we can state our main theorem.

Theorem 2. LetM be a two dimensional complex manifold,f :M →M
a holomorphic map andC ⊂ M a compact, reduced, globally irreducible
curve of fixed points off . If f is non-degenerate onC then∑

p∈C

Ind(f, C, p) = C · C ,

whereC · C is the self-intersection number ofC.

Note that
∑

p∈C Ind(f, C, p) is actually a finite sum sinceC is compact.
In order to prove the theoremwe need some local analysis. SupposeU is

a (small) open neighborhood of a singular pointp ∈ C andC is irreducible
at p. Let V ⊆ U be a open neighborhood ofp such thatf(V ) ⊆ U . Let
π : Ũ → U be a quadratic transformation of the pointp. That isŨ is a
two dimensional complex manifold,π : Ũ → U is a proper holomorphic
map,D := π−1(p) is a projective line andπ : Ũ − D → U − {p} is
a biholomorphism. We let̃C := π−1(C − {p}) be the strict transform of
C. ThusC̃ ∩ D = {p̃} and the total transform ofC underπ is given by
π−1(p) = C̃ + mD, for m = (C̃ · D)p̃, themultiplicity of C at p. The
mapf naturally induces a holomorphic map̃f : π−1(V ) → Ũ such that
f̃|D = Id|D andπ ◦ f̃ = f ◦π (see [1]). In particular̃f|C̃ = Id|C̃ . Note that
sincef is non-degenerate onC ∩ U andπ is a biholomorphism out ofD
thenf̃ is non-degenerate oñC.
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Lemma 3. In the above situation we have

Ind(f, C, p) = Ind(f̃ , C̃, p̃) +m2. (5)

Proof. Let {l = 0} be a local defining function forC at p. We can choose
local coordinates(x, y) onU and(u, v) on Ũ such thatl(0, y) �≡ 0, p =
(0, 0), p̃ = (0, 0) andπ(u, v) = (u, uv). Then l̃ := l ◦ π is a defining
function of the total transformπ−1(C) andl̃(u, v) = l(u, uv) = umt(u, v),
wheret(0, 0) = 0, t(0, v) �≡ 0 andt is a defining function of̃C. In particular
t(u, v) = u−m(l ◦ π). Note thatu is transverse to(f̃ , C̃) at p̃ and that ifΓ̃
is the cycle forC̃ at p̃ given by the local uniformization thenπ∗(Γ̃ ) = Γ ,
the cycle forC atp. We are now ready to calculate Ind(f̃ , C̃, p̃):

2πi Ind(f̃ , C̃, p̃) =
∫

Γ̃

t ◦ f̃ − t
t(u ◦ f̃ − u)du

=
∫

Γ̃

(l ◦ f ◦ π)
(l ◦ π)

u−m ◦ f̃ − u−m

u−m(u ◦ f̃ − u)du

+
∫

π∗(Γ̃ )
(π−1)∗

(
l ◦ π ◦ f̃ − l ◦ π
l ◦ π(u ◦ f̃ − u)du

)

= −m
∫

Γ̃

du

u
+
∫

Γ

l ◦ f − l
l(x ◦ f − x)dx = 2πi(−m2 + Ind(f, C, p)).

Now we are in the position to prove Theorem 2.

Proof ofTheorem2.Takeaglobal resolutionπ : M̃ →M of thesingularities
of C. The total transform ofC can be written as

C̃ +
N∑

j=1

mjDj ,

where (1)C̃ is a compact connected non-singular curve andπ|C̃ : C̃ → C

is a resolution of singularities ofC, (2) eachDj is a projective line and
mj a positive integer, (3)π is biholomorphic out of the exceptional divisor
D := ∪N

j=1Dj , (4)C̃ intersectsD at a finite number of pointswhich are non-
singular points ofD and each intersection is transverse. The mapf induces
a holomorphic map̃f on M̃ with f̃|C̃ = id|C̃ andf̃ non-degenerate oñC.
UsingProposition2andLemma3 it is easy tosee that ifp ∈ C is asingularity
of C,U a (small) open neighborhood ofp such thatC ∩U = ∪N

α=1Cα with
Cα irreducible, then

Ind(f, Cα, C, p) = Ind(f̃ , C̃α, qα) +
M∑

j=1

mj(Dj · C̃α)qα , (6)
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whereC̃α is the strict transform ofCα, and(Dj · C̃α)qα = 0 or 1 according
whetherDj intersectsC̃α at the pointqα ∈ π−1(p) or not. By (6) the sum∑

p∈C Ind(f, C, p)equals
∑

p̃∈C̃ Ind(f̃ , C̃, p̃)+
∑
mj(Dj ·C̃). ByTheorem

1 and the projection formula we get the result.
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