EVOLUTION FAMILIES AND THE LOEWNER EQUATION I: THE
UNIT DISC
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ABSTRACT. In this paper we introduce a general version of the Loewner differential
equation which allows us to present a new and unified treatment of both the radial
equation introduced in 1923 by K. Loewner and the chordal equation introduced in 2000
by O. Schramm. In particular, we prove that evolution families in the unit disc are in one
to one correspondence with solutions to this new type of Loewner equations. Also, we
give a Berkson-Porta type formula for non-autonomous weak holomorphic vector fields
which generate such Loewner differential equations and study in detail geometric and
dynamical properties of evolution families.
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1. INTRODUCTION

In 1923, Loewner [17] developed a machinery to “embed” a slit domain of the complex
plane into a family of domains endowed with a certain order. The key idea was to represent
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such domains by means of a family (nowadays known as a Loewner chain) of univalent
functions defined on the unit disc and satisfying a suitable differential equation. Such a
machinery was then studied and extended to other types of simply connected domains by
Kufarev in 1943 and Pommerenke in 1965 (see, e.g., [11], [20], and [24]).

Since the original paper of Loewner, this method has shown to be extremely useful
when dealing with many different problems, especially those having some character of
extremality. In fact, in 1984 de Branges used (extensions of) Loewner’s theory to solve
the Bieberbach conjecture.

The classical radial Loewner equation in the unit disc D := {¢ € C : |(| < 1} is the
following non-autonomous differential equation

(1.1)

w = G(w,t) for almost every t € [s, 00)
w(s) =z

where s € [0, +00), G(w,t) = —wp(w,t) with the function p : D x [0,4+00) — C mea-
surable in ¢, holomorphic in z, p(0,¢t) = 1 for all ¢ > 0 and Rep(z,t) > 0. In fact
izggi for some continuous function
k :]0,+00) — OD. Write t — ¢, (z) for the solution of such a differential equation. Then
for 0 < s <t < +oo the maps ¢, are holomorphic self maps of D which verify the

following properties:

(1) Ps,s = idﬂ%
(2) Yst = pur 0o sy forall0 < s <u<t<+o0,
(3) ¢s¢(0) =0and ¢ ,(0) =e* " forall 0 < s <u <t < o0,

This family (¢s.) is an example of a more general object we introduce in this paper
and that we call an evolution family of the unit disc (see Definition 3.1).

The hypotheses G(0,t) = 0 and p(0,¢) = 1, which forces the evolution family (ps;)
to fix the origin and to have normalized first derivatives at 0, are strongly used in the
construction of the family itself (mainly in proving semicompleteness and holomorphicity)
because they allow to use distortion theorems.

Until the end of the XX century, there were only few papers where equation (1.1) was
studied assuming G(7,t) = 0 for some 7 € 9D. We cite the pioneering works of Goryainov
[12] and Goryainov and Ba [13]. After that, Schramm [25] and Lawler, Schramm and
Werner [15], [16] proved the Mandelbroit conjecture using a stochastic version of this
chordal Loewner equation. Also Bauer [2|, Marshall and Rohde [18] and Prokhorov and
Vasiliev [23] studied a similar chordal Loewner equation. In such a case, G(w,t) = (1 —

w)*p(w, t) where p(w,t) = m with g(w) = 7% and h : [0, +00) — R continuous.

1
Solutions to such an equation correspond to evolution families (¢,;) with boundary fixed
points and are usually stated in the half plane model.

In this paper we study general evolution families of the unit disc. Our method al-

lows to treat at the same time evolution families with inner fixed points and with no

Loewner himself studied the case when p(z,t) =
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interior fixed points. In particular, we can solve (1.1) in case of boundary fixed points
without assuming any particular form of G(z,t). More in detail, our aim is to completely
characterize evolution families by means of a differential equation of type (1.1). The key
observation on which our work is based, is that in all the previous studied cases, the
function w +— G(w,t) is a semicomplete vector field for all fixed ¢t > 0. And in fact we
prove that all evolution families of the unit disc are in one-to-one correspondence with
weak holomorphic vector fields which are infinitesimal generators for almost every time
(see Section 2 for definitions).

More precisely, we call Herglotz vector field of order d > 1 a function G : Dx [0, +00) —
C which is a weak holomorphic vector field of order d > 1 (in the sense of Carathéodory’s
theory, see Definition 4.1) and for almost every ¢ > 0 has the property that z — G(z,t) is
an infinitesimal generator. Also, an evolution family of the unit disc is said to be of order
d > 1if |ps(2) — pst(2)] is locally bounded by a non-negative function whose derivative
is in L¢ (see Definition 3.1).

Our main result is the following:

Theorem 1.1. For any evolution family (ps) of order d > 1 in the unit disc there exists
a (essentially) unique Herglotz vector field G(z,t) of order d such that for all z € D
s 1(2)

(1.2) 5 = G(psi(2),t) a.e. t €[0,+00).

Conversely, for any Herglotz vector field G(z,t) of order d > 1 in the unit disc there ezists
a unique evolution family (ps+) of order d such that (1.2) is satisfied.

Here essentially unique means that if H(z,t) is another Herglotz vector field which
satisfies (1.2) then G(-,t) = H(-,t) for almost every ¢ € [0, +00).

Infinitesimal generators have been characterized in several different ways. In particular,
in the proof of the above theorem we use a result of [5], from which it follows that
(dpp) 2wy (G(2,t),G(w,t)) < 0 for all ¢ > 0 and 2 # w, where pp is the hyperbolic
distance on . This estimate allows us to avoid considering displacement of fixed points
in order to obtain suitable bounds. In fact, a version of Theorem 1.1 holds more generally
on complex complete hyperbolic manifolds (see [6]).

The Berkson-Porta representation formula for infinitesimal generators implies that for
a.e. fixedt > 0

(1.3) G(zt) = (z = 7(0)(7(t)z = Dp(=,1),
with p(-,¢) : D — C holomorphic such that Rep(-,¢) > 0. What it is remarkable, and
non-trivial, is that such a representation is essentially unique and the function p(z,t),
which we call a Herglotz function of order d > 1 (see Definition 4.5), is locally in L¢ in
t >0 and [0,400) 3t — 7(¢) is measurable; and conversely, any vector field of the form
(1.3) is a Herglotz vector field (see Theorem 4.8 for a precise statement).

There is thus an (essentially) one-to-one correspondence among evolution families (s ¢)
of order d > 1, Herglotz vector fields G(z,t) of order d > 1, and couples (p, ) of Herglotz
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functions p(z,t) of order d and measurable functions 7 : [0, +00) — D. In what follows
we say that the couple (p, 7) is the Berkson-Porta data for (ps;).

Going back to Loewner equations, the previous two theorems can be combined saying
that the following differential equation

(1.4) { w=(w—71t)(T(t)w—1)p(w,t) fora.e. te[s,+00)
w(s) = z.
has a family of solutions (ys;) which form an evolution family of order d > 1 provided
p(w, t) is a Herglotz function of order d > 1 and 7 : [0, +-00) — D is a measurable function.
We point out that equation (1.4) contains all the Loewner type equations studied so
far in the literature, where in fact only Herglotz functions of order oo and 7 = const are
considered. In case 7 = const, evolution families of order d > 1 can be defined by means of
weaker conditions, such as properties of regularity of first derivatives (see Theorem 7.3).
The plan of the paper is the following. In Section 2 we collect some preliminary results
from iteration theory and semigroups theory. In Section 3 we deal with evolution families,
proving some results about continuity in the two parameters. In Section 4 we introduce
Herglotz vector fields and prove that they are semicomplete (Theorem 4.4). Then we
relate Herglotz vector fields with Herglotz functions (Theorem 4.8). In Section 5 we prove
Theorem 5.2 which shows that solutions of a Herglotz vector field form an evolution family
(proving thus one part of Theorem 1.1). In Section 6 we prove the other part of Theorem
1.1 (see Theorem 6.2). With such a result at hand, moving from evolution families to
Herglotz vector fields and Herglotz functions, we can prove some more regularity properties
of evolution families with respect to the two parameters (Theorem 6.4 and Theorem 6.6).
In particular, we show that

02 (e50) =~z )6l (2).

In Corollary 6.3 we show that all the elements of an evolution family must be univalent
and, in Corollary 6.5, that Herglotz vector fields are (almost everywhere) characterized
by their trajectories proving the essential uniqueness of the previous Theorems 1.1. In the

last two sections of the paper we get back to radial and chordal Loewner equations.
We thank prof. Laszlo Lempert for a useful suggestion which allowed us to prove directly
Lemma 4.7. Also, we thank the anonymous referee for helpful comments.

2. PRELIMINARIES

For a self-map f of D, a point p € ID is a (boundary) fixed point of f if Zlim,_,, f(z) =
p (as usual, Z—lim denotes the angular limit). If ¢ :== Zlim,_,,, f(z) € JD, then the angular

f(z)—q
=P
[22]). By the Schwarz-Pick lemma a holomorphic self-map of the unit disc, f € Hol(D, D),
f # idp may have at most one fixed point in D. If such a unique fixed point in D exists,

limit f'(p) := Zlim,_,, exists (possibly oo) and it is different from zero (see
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it is called the Denjoy-Wolff point and the sequence {f,} of iterates of f, defined as
fni= fo fa1, fi = f, converges to it uniformly on compacta whenever f is not a disc
automorphism.

If f has no fixed points in D, the Denjoy-Wolff theorem (see, e.g. [1]) guarantees the
existence of a unique boundary fixed point 7 € 9D such that the sequence of iterates { f,, }
converges to 7 uniformly on compacta. Such 7 is again called the Denjoy- Wolff point of
f. If 7 € 9D is the Denjoy-Wolff point of f, then f'(7) € (0,1] (see [22]).

A (one-parameter) semigroup of holomorphic functions is a continuous semigroups-
morphism ¢ : R™ 5 ¢ — &(t) = ¢; € Hol(D, D) between the semigroup of positive real
numbers endowed with the Euclidean topology and the semigroup of holomorphic self-
maps of the unit disc endowed with the topology of uniform convergence on compacta.

Given a semigroup ® = (¢;), it is well-known (see [26], [3]) that there exists a unique
holomorphic function G : D — C, called the vector field associated with ® or the infini-
tesimal generator of @, such that

0(2) B O (2)
o G (¢u(2)) = G (2) 9%

By the Berkson and Porta representation formula [3], a holomorphic function G : D — C
is the infinitesimal generator of a semigroup @ of holomorphic self-maps of D if and only
if there exist 7 € D and a holomorphic function p : D — C with Rep > 0 such that

Giz)=(r—2)(1—-72)p(z), =zeD.

Moreover, if G is not identically zero, then such a representation is unique. In fact, the
point 7 is the Denjoy- Wolff point of all the functions of the semigroup. We denote by
Gen(DD) the set of all the infinitesimal generators of semigroups of holomorphic self-maps
of the unit disc. It is well-known that Gen(DD) is closed in Hol(D,C) and a real convex
cone in Hol(D, C) with vertex at 0 (see, for example, [1] and [26]). A useful example of
infinitesimal generator is given by G = ¢ —id for ¢ € Hol(D, D) [26, Corollary 3.3.1]. The
following two facts, related to the continuity of the so-called Heins map (see [14] and [4])
might be known but, since we do not have a reference, we sketch here their proofs.

forall z€e D and t > 0.

Proposition 2.1. Endow Gen(D) and Hol(D, C) with the compact-open topology, and
let 0 denote the zero function, 0(z) = 0 for all z € D. For all F € Gen(D), using the
Berkson-Porta representation we write F(z) = (z — 1) (Trz — 1)pr(2),2 € D. Then the
following two maps are continuous

BP; : Gen(D) \ {0} — D, Gen(D)\ {0} > F +— BP.(F) :=1r

BP, : Gen(D) \ {0} — Hol(D, C), Gen(D)\ {0} > F + BP,(F) := pr.
Proof. By the uniqueness of the Berkson-Porta representation, the maps BP; and BP,
are well-defined. We only prove continuity of BP,, the other being similar. Let {F,} C

Gen(D) \ {0} converging to F' € Gen(D) \ {0}. Let {7, := BP,(F,,)} converge to some
a € D. Since {w € C : Rew > 0} is hyperbolic, the family {p, := BP,(F,) : n € N}
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is a normal. Hence, up to subsequences, we can assume 7,, — « and p,, — p for some
p € Hol(D, C) with Rep > 0. Therefore F'(z) = (2 — a)(@z — 1)p(z), and by uniqueness
of the Berkson-Porta representation, we conclude that @ = 7 as wanted. O

Lemma 2.2. Let {G,,} be a sequence in Gen(D) such that there are two different points
20,21 € D and two sequences {u,} and {v,} in D with lim,u, = zy and lim, v, = z
such that sup,, |G, (u,)| < +00 and sup,, |Gp(v,)| < +00. Then there exists a subsequence
{Gp,} converging to an infinitesimal generator G € Gen(D).

Proof. By Berkson-Porta’s theorem, G, (z) = (2 — 7,)(Tnz — 1)pn(2) with 7,, € D and
Rep, > 0. Up to subsequences, we can assume 7, — 7 € D. The family {p,} is normal,
hence we have only to prove that it is not compactly divergent. Arguing by contradiction,
suppose {p, } compactly diverges to co. Since zy and z; are different, we may assume that
T # 2zp. Then we have lim,, |G, (u,)| = lim, [(u, — 70) (Tnun — Dpn(un)| = (20 — 7) (T2 —
1) lim,, |p,(u,)| = 400, which contradicts sup,, |G, (u,)| < +00. O

Remark 2.3. Tt is worth noticing that the above lemma would not be true if we only assume
that there is only one point z; € D and one sequence (u,) in D with lim,, u, = 2o such
that sup,, |G (un,)| < +00. For example, consider the sequence of infinitesimal generators
given by G, (z) := —nz, for all z € D (G, is the infinitesimal generator of the semigroup
wi(z) = e ™M2).

In what follows we will use this auxiliary lemma whose simple proof based on the
Cauchy formula is omitted:

Lemma 2.4. Let f : D — C be holomorphic. Then, for all 0 <r <1 and |z|, |w| <,
|f(z) = f(w)] < 4|z — wlsup [ f(C)]

where the supremum is taken over || < (1+1)/2.

3. EVOLUTION FAMILIES IN THE UNIT DISC

Definition 3.1. A family (¢st)o<s<t<+oo (also denoted ¢(z,s,t)) of holomorphic self-
maps of the unit disc is an evolution family of order d with d € [1,+0o0] (in short, an
Li-evolution family) if
EF1. Ps,s = ’idﬂ),
EF2. @51 = pui0psy forall 0 <s <u <t < +o0,
EF3. for all z € D and for all 7" > 0 there exists a non-negative function k,r €
L([0,T],R) such that forall 0 < s <u <t <T

[Pen(z) — @ar(2)] < / ke r(€)de.

Remark 3.2. Clearly, by the very definition, if (¢s+)o<s<t<too 18 an evolution family of
order d then it is also an evolution family of order d’ for all 1 < d' < d.
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Example 3.3. Let d > 1. Let A : [0,+00) — R be an absolutely continuous increasing
function such that A € L{ ([0, +00),R) but A & Lf ([0, +00),R) for any k > d. Then

loc loc
©st(2) == exp(A(s) — A(t))z is an evolution family of order d which is not of order k for

any k > d.

Example 3.4. Let (¢;) be a semigroup of holomorphic self-maps of D. Let s := ¢y
for 0 < s <t < +oo. From |¢,_s(2) — ¢r_s(2)| = fut:z B%S(Z) d{" it follows easily that ()
is an evolution family of order oco.

Throughout the paper, we denote by pp(z,w) the hyperbolic distance in the unit disc
between two points z,w € D.

Proposition 3.5. Let d > 1 and let (ps.) be an evolution family of order d in the unit
disc. The map (s,t) — @5, € Hol(D,C) is jointly continuous. Namely, given a compact
set K C D and two sequences {s,}, {tn} in [0,+00), with 0 < s, < t,, S, — S, and
tn, — t, then lim,_.o s, 1, = Pst uniformly on K.

Proof. Let {s,}, {t,} be two sequences in [0, +oc) with 0 < s,, < t,,, s, — s and t,, — .
Since the set {¢yp : 0 < u < v} is bounded in Hol(D, C), by Vitali’s theorem, it is enough
to show that lim, ., @s, 1, (2) = ws+(2) for all fixed z in the unit disc. Fix z € D. We may
(and we do) assume that the sequences {s,} and {t,} are in one of the following three
cases:

Case I: s, <t, < s for all n.

Case II: s < s,, for all n;

Case III: s,, < s <*t,, for all n;

In case I, we have that s = t. Therefore, using EF3, we take the corresponding function
k., € L4([0,T],R) and

|(psn7tn (Z) - ()Os7t(z)| = |()03n7tn (Z) - Z‘ - |<105natn <Z> - SOSn,sn (Z>|

</ oy (€)dE 5 0,

where the last limit is zero because the measure of the interval [s,, t,]| tends to zero as n
goes to oo.
If we are in case II, then

PPt (2); 05,4(2)) < PD(Ps0,t0 (2); Pt (2)) + PO(P512,(2), 05,6(2))
= P (Psn tn (2); Pontn (Ps,60(2))) + P0(Ps 1, (2), Ps.4(2))
< pp(z, Ps,8n (2)) + pD(W&tn (2), vs,(2)),
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while in case III,

PD(Psn it (2), 05,4(2)) < PD(Psp 0 (2), P50 (2)) + PD(512,(2), P5t(2))
= P (Ps,tn (Psn,5(2)); Pt (2)) + P (P51, (2), Ps6(2))
< pp(Psn,s(2), 2) + pp(Ps 1, (2), Ps.t(2)).

Therefore, since ¢s:(z) and z belong to D, it is enough to show that the sequence
{@s.t,(2)} converges to ¢s:(z) and {5, s(2)} (or {¢ss,(2)}) converges to z as n — +o0.

Let T > sup, t,. Let k.7 € L%([0,T],R) be the function given by EF3. Since k,r €
LY([0,T],R),

euan() = @) < [ k(s = 0,

if s <'s, for all n,

Prin(2) = 21 = lposn () — pes(al] < [ (@ — 0,

while, if s, < s for all n,

[Pensle) = 21 = [0nnal2) = Punin )| < [ K@) — 0,

and we are done. O

Lemma 3.6. Let (ps4) be an evolution family of order d > 1 in the unit disc D. Then for
each 0 < T < 400 and 0 < r < 1, there exists R = R(r,T) < 1 such that |¢s:(2)| < R
forall0 <s<t<T and |z| <.

Proof. Assume the result is false. Then there exist three sequences {z,}, {sn}, {tn}
such that |z,| < r, z, — 20, Sp,tn € [0,T], 8 < tn, Su — S0, tn, — to, and
| @5 tn(2n)] — 1. Since the map s, 4, is a contraction for the hyperbolic metric, we
have that p]]])(gpsn,tn<zn)v Psn,tn (ZO)) S pID)(Zna ZO) — 0. Then |905n,tn (ZO)| — 1. Moreover

pD((po,tn(zo)7 (psnytn (ZO)) = pD(SOSn,tn(SOO,Sn (ZO))7 (psnytn (20))
< pp(¥0,5,(20), 20) = pp(P0,s(20), 20) < +00.

Again this implies that |po,(20)] — 1. But o4, (20) — @o+(20) € D by Proposition 2.1.
A contradiction. O

Proposition 3.7. Let (ps:) be an evolution family of order d > 1 in the unit disc D.

(1) For all z € D and for all s > 0, the map [s,00) 3 t — @.(2) € C is locally
absolutely continuous, that is, for all T > s, the map [s,T] > t — ps4(2) € C is
absolutely continuous.

(2) For all z € D and for all T > 0, the map [0,T] 3 s — @sr(2) € C is absolutely
CONntinuous.
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Proof. (1) It follows immediately from EF3.
(2) Fix z € D and T > 0. By Lemma 3.6, there exists r := R(z,7) < 1 such that
st(2) < rior a < s <t <7T. Let := sup bT . Hence, by Lemma
24,if0<a<b<T,
| 00,7(2) = ar(2)] = lonr(2) = Cor(ap(2))] < 4M |z = @ap(2)].
Now, let k, 7 € L%([0,T],R) be the non-negative function given by EF3. Hence

b
[our() = pur(2)] < AM190a() = 2uae)| < AM [ ke )
Since k., r € L*([0,T],R), the map s € [0,T] — ¢s7(2) is absolutely continuous. O

4. WEAK HOLOMORPHIC VECTOR FIELDS AND HERGLOTZ VECTOR FIELDS

Definition 4.1. Let d € [1, +00]. A weak holomorphic vector field of order d on the unit
disc D is a function G : D x [0, +00) — C with the following properties:

WHVF1. For all z € D, the function [0, +00) 3 t — G(z,t) is measurable;
WHVEF2. For all t € [0, +00), the function D 3 z — G(z,t) is holomorphic;
WHVEF3. For any compact set K C ID and for all T" > 0 there exists a non-negative function
ki € L]0, T],R) such that
G (2,8)| < kxr(t)
for all z € K and for almost every ¢ € [0, 7.

Lemma 4.2. Let G be a weak holomorphic vector field of order d > 1 on the unit disc .
Ihen for any compact set K C ID and for all T > 0, there exists a non-negative function
kxr € LU0, T],R) such that

G (2, 1) — G(w, )| < krr(t)]z — wl
for all z,w € K and for almost every t € [0,T).

Proof. Fix a compact set K C D and 7' > 0. Take 0 < r < 1 such that K C D(r) := {¢ €
C:[¢] <} Let kgiy1y/or € L([0,T],R) be the function given by WHVF3. Hence,
using Lemma 2.4, for all z,w € K
|G<Z7t) - G(w7t)| < 4|Z - w| sup |G<C7t>| < 4kﬁ((r+1)/2),T<t>|Z - w'?
[C1<(1+7)/2

and we are done. O

By the Carathéodory theory of ODE’s (see, for example, [8]), it follows from the above
lemma that if G is a weak holomorphic vector field on D, then for any (z, s) € D x [0, +00),
there exist a unique /(z,s) > s and a function x : [s, I(z,s)) — D such that

(1) z is locally absolutely continuous in [s, I(z, s)), that is, x is absolutely continuous
in[s,T] for all s <T < I(z,s);



10 F. BRACCI, M. D. CONTRERAS, AND S. DIAZ-MADRIGAL

(2) x is the solution to the following problem:
&(t) = G(a(t),1)
x(s) =z

for almost all ¢ € [s, I(z, s)) with respect to the Lebesgue measure.
(3) The interval [s, I(z,s)) is maximal. Namely, if y : [s, /) — D is a locally absolutely
continuous function satisfying

{ y(t) = Gy(t), 1)
y(s) ==

for almost all ¢t € [s, ), then I < I(z,s) and x(t) = y(t) on [s, ).
Such a map x is known as the positive trajectory of the vector field G at the pair (z, s).

The number [(z, s) is known as the escaping time for the couple (z,s). We say that the
weak holomorphic vector field is semi-complete if 1(z, s) = 400 for all (2, s) € Dx [0, +00).

Definition 4.3. Let G(z,t) be a weak holomorphic vector field of order d € [1,+o0]
on the unit disc D. We say that G is a (generalized) Herglotz vector field (of order d)
if for almost every t € [0, +o00) it follows G(-,t) € Gen(D). Namely, for almost every
fixed t € [0,400) it follows G(z,t) = (z — 7(t))(7(t)z — 1)p(z,t) for some 7(t) € D and
holomorphic function p(-,t) : D — C such that Rep(z,t) > 0.

In Theorem 4.8 we prove the non-trivial fact that the dependence of p(z,t) and 7(t) on t
is measurable and p(z, t) has some L?-type bound. But we first examine semicompleteness:

Theorem 4.4. Let G : D x [0, +00) — C be a Herglotz vector field of order d € [1,+00).
Then G is semicomplete.

Proof. Denote by ¢ . the positive trajectory associated with the Cauchy problem
(t) = G(z(t),1)
z(s) = z,
and let I(z, s) be the corresponding escaping time. We have to show that
(4.1) I(z,5) = +oc0 forall ze€D and s > 0.
In order to prove (4.1), we first show that for all z,w € D and 0 < s < t <
min{/(z, s), I(w, )}
(4.2) P (@s,2(1); Ps,0(t)) < pp(z, w).

Assume that I(z,s) < I(w,s) and consider the function h(t) := pp(¢s.(t), psw(t)) de-
fined for ¢t € [s,(z,s)). By Caratheodory’s ODE’s theory, such a function is absolutely
continuous and differentiable almost everywhere. On the other hand, by definition of Her-
glotz vector field, fixed a point ¢, the map D 5 z — G(z,t) is the infinitesimal generator
of a semigroup of holomorphic self-maps of the unit disc for almost every ¢ € [0, +00).
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Therefore (dpp) g, _(1).ps.u(ty) (CG(@s2(1), 1), G(sw(t), 1)) < 0 for almost every ¢ € [0, +00)
by [5, Thm. 0.2]. Hence, for almost every ¢ > 0,

) = ),y (25000100
- (d,OD)(%’Z(t)@S’w(t)) (G(gbs,z(t)) t)’ G(gbs,w(t)’ t)) S O

Thus, h(t) < h(s) for all t € [s, I(z,s)), proving (4.2).
Now, we prove that

(4.3) I(z,s) = I(w,s) forall z,weDands>0.

Fix s > 0. Suppose that there are two points z, w such that I(z, s) < I(w, s). Thus, letting
t — I(z,s), we have ¢, .(t) — 0D, while ¢, (t) stays compact inside D. In particular,
pp(@s,2(t), Psw(t)) — oo, which contradicts (4.2). Thus I(z,s) > I(w,s). Swapping the
role of z,w in the previous argument, we have (4.3).

Next, let I = 1(0,0). We prove that

(4.4) 1(0,s) =1 forall s <I.

Let s < I and z = ¢p(s) € D. Take s <t < min{/, I(0,s)}. By (4.3), I(z,s) = 1(0, s) so
¢s.-(t) is well-defined and belongs to D. Therefore, by uniqueness of solutions of ODE’s it
follows that ¢, .(t) = ¢s.¢00(s)(t) = Poo(t). Moreover, by (4.2),

pD(¢S,0(t)’ ¢0,0(t)) = pD(¢S,0(t)7 ¢s,z(t)) < pD(Ov Z) = pD(07 ¢0,0(S))'

¢ From this, arguing as in the proof of (4.3), equation (4.4) follows.
Finally we prove that there exists 6 > 0 such that

(4.5) I1(0,s) > s+ forall s€[0,1).

Fix 0 < r < 1 and let K = {|([ < r}. Let kg2, kxrsa € LU[0,1 + 2], R¥) be the
functions given by WHVF3 and Lemma 4.2. By the absolutely continuity of integrals,
there exists 0 < 6 < 1 such that for all s € [0,1 + 1] it holds f;” kg ri2(t)dt < r and
fs+5 kk 1+o(t)dt < r. Moreover, if f : [s,s + §] — K is measurable, then [s,s + 6] 3 £ —
G(f(€),€) is integrable and

t
df‘ / GO e < [ ucrsal€)ds <.
Therefore, for s € [0, I + 1], we can define by induction

Tso(t) =0
(46) { xsm(t) = fst G(xs,n—1<§>’§)d§
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for t € [s, s+ d] and n € N. Now, since |z, (t)| < r, we have

|%Aw—xm1@ns/WGmw1@xo—G@mj@xous
s/Zkamuww@—quawx

< max |Ts,-1(8) — Ts 2 |/ ki r+2(€
£€[s,5+4]

ST maX |$sn 1(5)_‘%511 2(
£€[s,s+4d

JFrom this inequality, we deduce that {xsn} is a Cauchy sequence in the Banach space
C([s, s+ d]) of continuous complex functions from [s, s + J], endowed with the supremum
norm. Therefore, it converges uniformly on [s,s + J] to a function = € C([s,s + J]).
Since |G($Sn 1( ) T)| < kg 1+2(7), the Lebesgue dominated converge theorem implies
f G(x(£),&)d¢ for all t € [s,s + 0]. Therefore, ¢59 = x on [s, s + d], which proves

that 1(0, s) 2 s —|— J, proving (4.5).
Equation (4.1) follows immediately from (4.3), (4.4) and (4.5), and we are done.  [J

As we will see, Herglotz vector fields in the unit disc can be decomposed by means of
Herglotz functions (this the the reason for the name). We begin by giving the following
definition:

Definition 4.5. Let d € [1,+00]. A Herglotz function of order d is a function p : D X
[0, +00) — C with the following properties:

HF1. For all z € D, the function [0, +00) 3 ¢ +— p(z,t) € C belongs to LY ([0, +o0), C);
HF2. For all ¢ € [0, +00), the function D 5 z +— p(z,t) € C is holomorphic;
HF3. For all z € D and for all ¢ € [0, +00), we have Rep(z,t) > 0.

Proposition 4.6. Let d € [1,00]. A function p : D x [0, +00) — C is a Herglotz function
of order d if and only if it satisfies HF2, HF'3 and the following two statements:
(1) for all z € D, the function [0,400) 3 t +— p(z,t) € C is measurable;
(2) there ezists zg € D such that the function [0,400) > t — p(20,t) € C belongs to
Lie([0, +00), ©).

Proof. We have to prove that if p satisfies HF2, HF3 and (1) and (2), then it satisfies
HF1. Let z € D. Fix ¢t > 0. Since D 3 w + p(w,t) € C is holomorphic, by [20, pages

39-40],
(e < TR0 < 1 )

Now, since the function [0, +oo) > t — p(z0,t) belongs to L{ ([0, +00),C) and [0, +00) >
t — p(z,t) is measurable, the above inequality implies that the function [0, +00) 3 t
p(z,1) also belongs to L& ([0, +o0), C). O

loc
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We are going to show that there is essentially a one-to-one correspondence between
Herglotz vector fields and Berkson-Porta data. To this aim we need a lemma:
Lemma 4.7. Let G : D x [0,400) — C be a function such that
(1) For allt > 0 the map D 3 z — G(z,t) is holomorphic.
(2) For all z € D the map [0,+00) >t — G(z,t) is measurable.
Then the map [0, +00) 3 t — G(-,t) € Hol(D, C), from the set [0,+00) endowed with the
Lebesgque measure to the Fréchet space Hol(D, C), is measurable.
Proof. Since Hol(D, C) is a metrizable and separable topological space, it is enough to
show that, given f € Hol(D,C) and € > 0, the set {t € [0,+00) : dy(G(-,t), f) < €} is
measurable; where here dg(-,-) denotes the Fréchet distance in Hol(D, C).
Fix t > 0. Since G(-,t) is holomorphic in I there exists a sequence {g,(t)} C C such

that .
t) = Z gn(t)z

The functions [0,4+00) 5 ¢ +— ¢, (t) are measurable. Indeed, go(t) = G(0,t) is measurable
by hypothesis (2). By induction, assume that g () is measurable for k=0,...,n. Then

_Gn-i-l (0 t) . 1 Gk(O,t) k

Gny1(t) = W flg% ptl [G(h, 1) — Zk:O k! ]
N e W T
m—o0 m’ — m”

which proves that t — g¢,,11(t) is measurable, concluding the induction.

Let G(z,t) :== Y ", gn(t)2z". Since the map C™ > (ag,...,am) — Y 2" €
Hol(D, C) is continuous, and ¢t +— g,(t) is measurable for all n € N, then [0, +00) >
t — Gp(,t) € Hol(D,C) is measurable for all m € N. Moreover, {G,,(-,t)} converges
to G(+,t) in Hol(D, C). Therefore, dy(G(-,t), f) = limy, 0o dg(Gm(-, 1), f), and hence it
follows easily that

{t € [0,4+00) : du(G(-,1), f) < €}

o0 o0 o0
1

=UU M€ 0400 s dG,0), /) < el = )}

p=1n=1m=n
Since {G,,(+,t)} are measurable, {t € [0,4+00) : dg (G (-, 1), f) < (l—m)} is measurable
and this proves the result. U

Theorem 4.8. Let 7 : [0, +00) — D be a measurable function and let p : Dx [0, +00) — C
be a Herglotz function of order d € [1,400). Then the map G, : D x [0, +00) — C given
by

(4.7) Grp(2,t) = (z = 7(1))(7(H)2 = Dp(2, 1),
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for all z € D and for allt € [0, +00), is a Herglotz vector field of order d on the unit disc.

Conversely, if G : D x [0,400) — C is a Herglotz vector field of order d € [1,400)
on the unit disc, then there exist a measurable function T : [0,4+00) — D and a Herglotz
function p : D x [0,+00) — C of order d such that G(z,t) = G, ,(z,t) for almost every
t €10,+00) and all z € D (here G, is given by (4.7)).

Moreover, if 7 : [0, +00) — D is another measurable function and p : D x [0, +o0) — C
is another Herglotz function of order d such that G = Gz for almost every t € [0, +00)
then p(z,t) = p(z,t) for almost every t € [0,400) and all z € D and 7(t) = 7(t) for
almost all t € [0, 4+00) such that G(-,t) # 0.

Proof. Assume (1,p) be given. By the Berkson-Porta representation formula, for each
fixed ¢t € [0,400) the function D 3 z +— G, ,(2,1) is an infinitesimal generator. Thus we
need to prove that G-, is a weak holomorphic vector field of order d on D.

On the one hand, it is clear that for all z € D, the function [0, +00) 3 t — G, ,(2,t) is
measurable and that for all ¢ € [0, +00), the function D 3 2z — G, ,(,t) is holomorphic.
That is, G, satisfies WHVF1 and WHVF2. On the other hand, fix a compact set K C D
and 7" > 0. Let 0 < r < 1 be such that K C D(r) ={( € D: || < r}. Fix z € K and
t € [0,T]. By [20, pages 39-40],

|Gz, 0) = [(z = 7(8) (T(8)z — V)] [p(z, £)| < 4]p(2, )]
< 41 + 2|
—1— |7

147
[p(0, )] < 43—Ip(0, 1)].

Since the function [0,4+00) 3 t — p(0,t) belongs to L{ ([0, +00),C), writing ki r(t) =
47 |p(0,t)| we conclude that G, satisfies WHVF3 and it is a weak holomorphic vector
field of order d.

Conversely, let G be a Herglotz vector field. Hence z — G(z, s) belongs to Gen(ID), for
almost every s € [0, +00). Therefore, by the Berkson-Porta representation formula, we can
find oy € D and p, € Hol(D, C) with Rep, > 0 such that G(z, s) = (z — o) (@z — 1)ps(2),
for all z € D and almost every s € [0, +00). By WHVF1 for each fixed z € D the function
[0,400) 5 t — G(z,t) is measurable. By Lemma 4.7, the map ¥ : [0, +00) 3 t — G(-,t) €
Hol(D, C) from the set [0, +00) endowed with the Lebesgue measure to the Fréchet space
Hol(D, C), is measurable.

Note that if G(-,s) = 0 then necessarily ps(-) = 0 and in such a case o, can take any
value. We set oy = 0 if G(-,5) = 0. Let £ := {s € [0,400) : G(-,s) =0} that is, s € E if
and only if G(-,s) = 0. Note that since E = ¥~({0}), the set F is a measurable subset
of [0,+00). Hence, ay = 0 for s € E and ay = BP; o ¥(s) for s € [0,+00) \ E. Since
E is measurable, ¥ is measurable, BP; is continuous by Proposition 2.1 and Gen(DD) is
a closed subset of Hol(D,C), it follows that ay is a measurable mapping from [0, +00)
into .
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Similarly, being ps(z) = 0 for s € E and p,(z) = BP, o ¥(s) for s € [0,400) \ £ and
being B P, continuous by Proposition 2.1 we deduce that ps is a measurable map from
[0, +00) into Hol(D, C).

We are left to check that ps is a Herglotz function of order d. By Proposition 4.6 this
is equivalent to show that there exists a point zy € D such that the mapping [0, +00) >
s+ p,(0) € C belongs to L{ ([0, +00),C).

Let A := {s € [0,400) : |a| > £}. Since A = a;}(D\ D(1/2)), we see that A is a
Lebesgue measurable subset of [0, +00). Moreover, when s € A clearly a # 0 and

o) = G2 < 2160.0).
Hence [0, +00) 3 s +— xa(s)ps(0) € C belongs to L& ([0, +00),C), where xa(s) = 1 for
s € A and x4(s) = 0 otherwise.
Moreover, by the very definition of A, when s € [0,4+00) \ A,

|G(3/4,s)] = [3/4 — a,| [a3/4 — 1] [ps(3/4)]

3 1 3 1
> - —_ = = — .
> (§-3) (1) i = 55 /)
Hence [0, 4+00) 3 s — X[o,+00n4(5)ps(3/4) € C belongs to L{ ([0, +00), C).

loc

By the distortion theorem for Carathéodory functions [20, pages 39-40], for every s €

[0, +00),
1 4
0) < T 3] = T3/

Therefore, [0, 400) 3 s — X[, +00n4(5)ps(0) € C belongs to L ([0, +0c), C). Thus ps(0) €
L¢ ([0, +c0),C), and we are done.

The statement about uniqueness follows at once from the uniqueness of the Berkson-

Porta representation formula. O

The representation of Herglotz vector fields by means of Herglotz functions given by
Theorem 4.8 will turn out to be a very powerful tool, because it allows to use distortion
theorems for Carathéodory’s function, a tool which is not available in higher dimensions
(see [6]).

5. FROM HERGLOTZ VECTOR FIELDS TO EVOLUTION FAMILIES

For the sake of clearness, we begin by recalling the well-known Gronwall’s Lemma as
needed for our aims.

Lemma 5.1. Let 0 : [a,b] — R be a continuous function and k € L'([a,b],R) non-
negative. If there exists C' > 0 such that for all t € |a, b

t b
0®§0+/9@M&% Wwﬂ@§0+[9@M&@,
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hen
| 0(t) < Cexp ( / t k(&)d&) (resp., 6(t) < Cexp ( / bk(é)d§> )

Theorem 5.2. Let G : D x [0, +00) — C be a Herglotz vector field of order d € [1,+00).
For all s > 0 and z € D, let ¢, . be the solution of the problem

{ :vEt)) = G(x(t),t) for a. e. t € [s,+00)

Let ps4(2) := ¢s.,(t) for all0 < s <t < 400 and for all z € D. Then (ps;) is an evolution
family in the unit disc of order d.

Proof. By Theorem 4.4, the Herglotz vector field GG is a semi-complete weak holomorphic
vector field on the unit disc. Therefore, the value ¢; ,(t) is well-defined for all 0 < s <
t < +o00 and for all z € D. Moreover, by uniqueness of solutions of ODE’s, it follows that
Vst = Put © psy for all 0 < s < u <t < 4o00. Thus EF1, EF2 hold, and we are left to
prove EF3 and the holomorphicity of ¢ ;.

We prove that ¢, : D — D is holomorphic for all 0 < s < u <t < +o00. First, we claim
that for each 0 < T < +o0 and 0 < r < 1, there exists R = R(r,T) < 1 such that

(5.1) [psi(2)| < R

forall 0 < s<t<Tand |z] <.

Seeking for a contradiction, assume (5.1) is not true. Then there exist three sequences
(zn), (sn), and (t,) such that |z,| <7, z, — 20, Sn,tn € [0,T], sp < tn, Sn — S0, tn — to,
and |@s, ¢, (zn)| — 1. Since the map s, ¢, is a contraction for the hyperbolic metric (see
the proof of Theorem 4.8), we have that pp(@s, ¢, (2n): ©s,.t.(20)) < pp(2n, 20) — 0. Then
|©s,, £, (20)] — 1. The map t — g +(20) is continuous (because ¢y ., is a positive trajectory
of the semi-complete vector field G). Moreover,

pD(SOO,tn(ZO)a (psnytn (ZO)) = pD(@Sn,tn(SOQSn(ZO))’ (psnytn (ZO))
< (0,5, (20): 20) = p(0,5(20), 20) < +00.
Again this implies that |pg.,(20)] — 1. But ¢o4,(20) — @o:(20) € D. A contradiction.

Hence (5.1) holds.

Fix s <tand z € D. Let |z] <7 <1, T >t and let R = R(r,T) be given in (5.1).
Write R = (R+1)/2. Let k:RyT,ER,T € L4([0,T],RT) be the functions given by WHVF3
and by Lemma 4.2.

The map u — G'(z,u) is clearly measurable. Thus, the function t — G'(ps4(2),1) is

also measurable. Therefore,
G(& u 2R
/ N (6 —) d§| < kR,T(U) .
co.hyr €~ Psul?) 1-R

1
o

|G (ps.u(2),u)
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Hence, the map u — G'(¢s.(2),u) belongs to L4([s,T],R). Once we know that this
function is integrable, we claim that

lim PeeEHR) = 00al2) _ ( / G2, u)du) .

h—0 h

To simplify the notation we write H(u) := exp( f Gl (pse(z §)d§) . Moreover for

|h| < R — |z| we define 0(u) := |psu(z + h) — psu(2)] and fr,(u) = eos,u(z+h})L 2s0(2) W
have

f)(u):\m[c:(wsgmh) e~ [ Glonetz dﬁ‘
<Ihl+ [ 0(€knr(€)ds =05 + [ 0O Rna(€)at

Lemma 5.1 implies that

o) < 005 exp ([ 1) =1 exo ( [ Tnrterac).

That is, | fa(u)| < exp (fS“ER,T(g)dg) . In a similar way, for all 0 < s < v < u <, we
have that

/Ggosgz—i—h e — /G%ﬁ d§'<¢9 /e(g)%R,T(g)dg.

Using again Lemma 5.1, we have that

(Pan(2 1 1) = @sn(2)] < |Poulz+h) = Poul(2)] exp ( / ER,T@dg) forall 5 < v <u<t

In particular,

(52) 1< ol +) = (el e [ t Frr(€)ic).

This means that if A # 0, then ¢, ,(z + h) # @su(2) for all u € [s,t]. Fix h > 0. Then
there is a set A = A(h) of zero measure such that for all u € [s,T]\ A(h), we have

Doz + 1) = D, (2)
fulw) = .

_ Glpsulz £+ h), U}i — Gesulz)w) _ G (psu(2),u) fn(u) + Ln(u)

where
G(SOS,U(Z + h): u) - GT,P(SOS,u(Z)a u)
SDS,U<Z + h) - QOS,u(Z)

Lh(u) :fh(u) G/ (Sosu( ) ) :
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Note Lj(u) is well-defined because ¢, (2 + h) # ¢s.(2). Then, by the very definition of
H, it holds

WD) _ () fy () — H@)G () ) o) = B L) o on u € [s.1].

Integrating on u € [s,t], we obtain H(t)fy(t) — 1 = fst H(u)Ly(u)du. Moreover
| H (u) Li(u)| <

e (= [ G2, 06 | oo [ Tnr(€1ae ) [Rrr) + k)
Since this bound does not depend on h and

li G((ps,u<z + h)7 u) B G(@s,u(z)u U)
1m
h—0 908,u<z + h) - QDS,U<Z)

by the Lebesgue dominated convergence theorem, we have limj_.q fs "H (u)Lp(u)du = 0.
Therefore,

2R
r—11|"

<

= G/(Qpau(z)» u),

lim Psu(z +h) — psulz) _ 1 ’
h—0 h H(t)
proving that ¢, ,(z) is holomorphic for all 0 < s <t < +o0.
To end up the proof we need to check property EF3. Let 0 < s <u <t <T, z€ D
and let R = R(T,|z|) be the number given by (5.1). Then

/uv Pac(2)dE /j G(%,g(z),g)dg‘ < /uv knr(€)de.

Note that this also implies that if G' is of order d for some d € [1, +00], then (¢;,) is also
of order d. 0

|908,u(z) - ¢S,U(Z)| =

6. FROM EVOLUTION FAMILIES TO HERGLOTZ VECTOR FIELDS

In this section we prove the converse of Theorem 5.2. Part of the proof relies on the
following result on measurable selections:

Theorem 6.1. [7, Theorem II1.30, page 80] Let (€2, %, 1) be a positive o-finite complete
measure space, [X,d] a separable and complete metric space and T' a multifunction from
Q to the subsets of X. Assume that:

(1) For every w € Q, I'(w) is a closed non-empty subset of X.

(ii) For every x € X and everyr > 0, {w € Q: T'(w) N B(x,r) # 0} € X. (As usual,
B(x,r) denotes the open unit ball in X with center x and radius r).

Then T' admits a measurable selector o : Q — X ; namely, for every w € Q, we have
o(w) € I'(w) and the inverse image by o of any borelian in X belongs to 3.

Now we are going to prove the main result of this section:
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Theorem 6.2. Let (yp,,) be an evolution family of order d in the unit disc. Then there
exists a Herglotz vector field G which has positive trajectories (¢s.); namely, for any
(z,5) € D x [0, 4+00), the positive trajectory of the vector field G with initial data (z,s) is
exactly [s,+00) Dt — @s4(2).

Proof. The proof of this theorem is rather long and has three main parts which will be
exposed separately. In short: (a) construction of a candidate function G : Dx [0, +o0) — C
verifying that G(-,s) € Gen(D), for all s > 0; (b) checking that G is a weak holomorphic
vector field; (c) verification of the assertion of the theorem.

Part (a): We are going to apply Theorem 6.1 to a suitably chosen T' : [0, +00) —
2HOlP.C) " wwhere the set [0, +-00) is endowed with the Lebesgue measure and Hol(ID, C) has
its natural structure of Fréchet space.

Fix 2 € Dand T > 0. Let k := k. € L%[0,T + 1],R) be the non-negative function
given by EF3. We extend k to all of R by setting zero outside the interval [0, T+ 1]. Then
for 0 < s <T and every n € N

1

n 90(27 S,8 4+ _) - C,O(Z,S, 8)
n

s+1/n
<n / K(€)dE < Maxy(s),

where

1

Maxy(s) := sup {m /k(g)dﬁ : I is a closed interval of the real line and s € I}
I

is the so-called maximal function associated with k. Since k& € L'(R,R), by Hardy-

Littlewood maximal theorem there exists a subset N(T,z) C [0,+00) of zero measure

such that Max(s) < +oo for every s € [0,T]\ N(T, z). Let N(z) := UpenN(m, z). Then

for all s € [0,400) \ N(z)

1
n(p(z, 8,5+ —) — 2)| < +oo.

6.1
(6.1 sup .

n

Let M := N(0) U N(1/2). Clearly, M is a subset of [0, +00) of zero measure. We let

[:[0,+00) — QHIDC) gy, [(s) = { ?Téfns) i i %:

where g, s = n(@ss+1/n — id) € Hol(D,C) and ac(gys) denotes the accumulation points
of the sequence {g, s} in the metric space Hol(ID, C). The multifunction I' is well-defined
and, since Hol(ID, C) is a metric space, I'(s) is a closed subset of Hol(DD, C) for every s > 0.

Next step is to prove that I'(s) is non-empty for all s > 0. This is true by definition if
s € M. Thus, fix s € [0,400)\ M. As recalled in Section 2, ¢ 51/, —id belongs to Gen(DD)
for all n € N. Moreover, Gen(D) is a real cone in Hol(DD, C), thus {g,} is a sequence in
Gen(D). By the definition of M, max{sup,, |¢gn.s(0)|,sup,, |gn.s(1/2)|} < 4o00. Hence, we
can apply Lemma 2.2 and conclude that the sequence {g, s} has accumulation points in
Hol(D, C), so that I'(s) is not empty. Thus I" satisfies hypothesis (i) of Theorem 6.1.
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In order to check condition (ii) in Theorem 6.1 for I', we fix f € Hol(D,C) and r > 0.
Since M has zero measure, we have only to prove that

Ap, ={s€0,400)\ M : 3g € ac(gn,s) with dy(f,g) <r}

is Lebesgue measurable, where dy is the canonical Fréchet distance defining the topology
of Hol(DD, C). Bearing in mind Lemma 2.2 and the argument above, we see that

Agy = UE VU s € 0400\ D+ () <7 (1= 7))

Hence, it is enough to prove that, for every k € N, every s > 0 and every r* > 0, the
subset By j, :={s € [0,400) \ M : du(f, grs) < r*} is Lebesgue measurable. Since the
functions [0, 4+00) 3 5 — @, s11/& € Hol(D, C) are continuous (see Proposition 3.5), then
[0,400) 3 s — Pi(s) := grs € Hol(D,C) is also continuous for every k € N. Therefore,
the inverse image by Py of B(f,r*) (the open ball in Hol(D, C) with center f and radius
7*) is an open subset of [0,+00). Since By ;. = P, (B(f,7*)) \ M, the set By j,~ is
Lebesgue measurable.

Therefore, the multifunction I' satisfies the hypotheses of Theorem 6.1. Thus there exists
a measurable selector o : [0, +00) — Hol(D, C) for I'. We define G : D x [0, +00) — C by
G(z,s) := o[s](z), for z € D and s > 0. Hence, for every s € [0,4+00) \ M, there exists a
strictly increasing sequence {n(s)} of natural numbers such that, for all z € D,

(6.2) G(z,s) = klggo nk(s)(e(z, 8,5+ 1/n(s)) — 2)

and the convergence is uniform on compacta of D. In particular, because Gen(D) is a
closed subset of Hol(D,C) (see [1, Consequence of Theorem 1.4.14] or [26, p.76]), we
see that z — G(z,s) belongs to Gen(D), for every s € [0,400) \ M. Moreover, since
z +— G(z,8) = z, for every s € M, we deduce that z — G(z,s) belongs to Gen(D), for
every s € [0, 400).

Part (b): According to Definition 4.1, we have to check WHVF1, WHVF2 and WHVF3.
Fixing z € D, we see that by definition, [0,+0c0) 3 s — G(z, s) € C is the composition of
the measurable selector o and the continuous functional of Hol(DD, C) given by evaluation
at z. Thus, WHVF1 holds. Also, WHVF2 holds trivially.

To prove property WHVF3, we argue as follows. Fix z € D and 7' > 0. By EF3, there
exists k, € L4([0, T + 1], R) non-negative such that

t+1/n
dettd ) - eeen| < [ k@

for 0 <t < T and every n € N. The map s — f;H/ "k, (&)d¢ is differentiable with
derivative k(s) in [0,7] outside a set Ny(z,T) of zero measure. Let N(z,T) := M U
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No(z,T). Then for every s € [0,T]\ N(z,T),

5+1/mk(s)
n4(5)(0(2 5, 5 + 1/ni(s)) — 2)| < ma(s) / ko (6)d.

Taking limit in &, by (6.2), we conclude that
(6.3) |G (2, 8)] < ka(s)

for almost every s € [0, T].

Now fix 7 € (0,1) and T > 0. By Part (a), we know that z +— G(z,s) belongs to
Gen(D), for every s € [0, +00). By [26, Section 3.5], there exist a; € C and ¢5 € Hol(D, C)
with Req, > 0 and G(z,s) = a, — @;2* — 2q5(2), for z € D, s > 0. Since G(0,s) = a,
equation (6.3) provides a function kg € L%([0,T],R) such that |a, — @;22| < 2k(t), for
s € [0,7) and |z| < r. Again by (6.3), we can find another function k5 € L([0,T],R)
such that |G(1/2,s)| < kiy2(s), for s € [0,T]. Therefore, for s € [0,T], we have

1
45 (1/2)] < 2a; — Ja| +2|G(1/2, 5)| < 3ko(s) + 2k a(s)-

Since s +— G(z,s) is measurable for all fixed z € D, it follows that both maps s — as
and s — ¢4(1/2) belong to L%([0,T],C). Now, the distortion theorem for Carathéodory
functions [20, pages 39-40] shows that, when |z| < r and s € [0, 7]

629 < 2ha(s) + 0.2 < 2ho(s) + 1 0:0)
< 2hals) 0 (L] S 2h(e) + 1 Oh(s) + Ohia(9)

showing WHVF3.

Part (¢): We have to prove that, given (z,s) € D x [0, +00), the positive trajectory of
the weak holomorphic vector field G with initial data (z,s) is [s,+00) 2 t — ©(z, s,1).
Recall that by Proposition 3.7, this function is absolutely continuous in [s,+o00) and
©(z,8,8) = z. Thus we have only to show that for almost every t € (s, +00)

aa—f(z, 1) = lim Pz s b+ hg PE5Y s s.0),0),
Let us fix z € D and s > 0. Let Ny(z,s) C [s,+00) be a set of zero measure such that
[s,+00) Dt — ¢(z,s,t) is differentiable for every t € (s,+00) \ Ni(z,s). Let M be the
set of zero measure defined in Part (a). Then, for every t € (s, +00) \ (N1(z,s) U M),

0p ooz st 1 ng(t)) — (2,8, t)
—(z,8,t) = hllcrn ne(t)

ot
= h’?lnk(t) (QO(QO(Z, 57t>7t7t + 1/nk(t)) - (:O(Z7 Svt))
= G(p(z,s,t),t),
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and we are done. U
As a consequence of the previous results we have the following interesting fact®:

Corollary 6.3. Let (ps¢) be an evolution family of order d > 1 in the unit disc. Then,
every s 15 univalent.

Proof. By Theorem 6.2 the elements of the evolution family (¢s,) are trajectories of a
weak holomorphic vector fields. By inequality (5.2) they are univalent in the unit disc. O

Theorem 6.4. Let (ps:) be an evolution family of order d > 1 in the unit disc.

(1) For every s > 0, there exists a set M(s) C [s,+00) (not depending on z) of zero
measure such that, for every t € (s,400) \ M(s), the function
D> 2— 8_90(2’ S,t) — lim Sos,t-‘rh(z) — (ps,t(z) cC
ot h—0 h
1s a well-defined holomorphic function on D and the limit is uniform on compacta.
(2) Let G : D x [0,400) — C be a Herglotz vector field whose positive trajectories are
(pst). Fiz s > 0. Then there exists a set M(s) C [s,+00) (not depending on z) of
zero measure such that, for everyt € (s,+00)\ M(s) and every z € D
Oy

(64) E(za S8y t) = G(Sps,t(z)’ t)‘

Proof. (1) Fix s > 0. By Proposition 3.7 the map [s,+00) > t — ¢(z,s,t) € C is
absolutely continuous in [s,+o00) for all fixed z € D. Thus there exists a set of zero
measure N(z,s) C [s,400) such that, for every ¢t € (s, +00) \ N(z,s) the following limit
exists

Das(2) = %—f(z,s,t} _ ,1113(1) o(z,s,t+ h})L o(z, s,t)'
Now, define N(s) := |J,~; N(:15,5). The set N(s) has zero measure and it is independent
of z. We are going to show that lim,_o(p(z,s,t + h) — ¢(z,s,t))/h exists for all ¢ €
(s,+00) \ N(s) uniformly on compacta of D.

First of all we show that for every ¢ € (s, +00)\N(s), the family F s := {3 (@5 4h—@ss) :
0 < |h| <t — s} is relatively compact in Hol(ID, C). To this aim there are two cases to be
considered, namely, 0 < h <t —s and s —t < h < 0. The proofs being similar, we only
consider the first case. Since h > 0 and by EF2, Fy; = {frops: : 0 < h <t — s}, where
fn = %(gput% —id) € Hol(DD, C). Since ¢ is holomorphic in D, and by Montel’s theorem,
we only need to check that F7, := {fs : 0 < h <t — s} is a bounded subset of Hol(ID, C).
Assume this is not the case. Then there exists a sequence {f,} (with f,, := fp,) in F},
and r € (0,1) such that
(6.5) lim max {|f.(2)| : |2] <r} = +o0.

n—oo

IWith some work one can even prove this result directly, without using Theorem 6.2.



EVOLUTION FAMILIES I. THE UNIT DISC 23

Since the sequence {@;syn, — id}, belongs to H>*(D), we may assume that lim, s, = 0.
Moreover, letting z; := ¢(1/2,s,t) and 2o := ©(1/3,s,t), then z; # 2z, because @, is
univalent (see Corollary 6.3). Hence, since h,, > 0 and t ¢ N(1/2,s)

o(1/2,s,t + hy) — @(1/2,s,1)

D;4(1/2) = lim 2
i PP/2,8,0), 88+ o) = (1/2, 5, )
B h
= lim @(Zl’t’t; fin) — 21 = lim f,(z1).

Similarly, one can check the existence of lim,, f,(22). Now, note that F;, C Gen(ID) since
h > 0. Therefore, we can apply Lemma 2.2 to the sequence { f,,} and the two points zg, 21,
contradicting (6.5).

Thus the family F;, is relatively compact in Hol(D, C). Let ¢, ¢ be two of its limits
By the definition of N(s), stt(m+r1> = w(mLH) = ¢(m+1) for every m € N. But {15}
is a sequence accumulating at 0, hence by the identity principle ¢ = ¢. This shows that
limy, ¢ @(ZSHh) 25t oxists, for all ¢ € (s,400) \ N(s) uniformly on compacta of D,
ending the proof of (1).

(2) Fix s > 0. By part (1), there exists a set Ny(s) C [s,+00) of zero measure (not
depending on z) such that, for every ¢ € (s, +00) \ Ny(s), the function D 5 z — 5‘5(2 s, 1)
is a well defined holomorphic function on D. Let {z,} be any sequence converging to 0.
Then for all n € N there exists a set of zero measure N(z,, s) such that

dp
ot

for all t € [s,+00) \ N(2,,s). Let N(s) = No(s) UlJ, N(zn,s). Then N(s) has measure
zero and for all ¢ € [s,+00) \ N(s) equation (6.6) holds. By the identity principle for
holomorphic maps, the two holomorphic functions %—f(-, s,t) and G(¢(-, s,t),t) are then

equal on D, proving (2). O

(6.6) —(2n, 8,t) = G(p(2n, s,1),1)

Corollary 6.5. If G, G are Herglotz vector fields with the same positive trajectories then
G(z,t) = G(z,t) for almost every t € [0, +00) and all z € D.

Proof. By Theorem 5.2 the positive trajectories of G and G are evolution families of
the unit disc. In particular they are univalent by Corollary 6.3. The claim follows then
from (6.4). O

The next result studies the dependence of evolution families with respect to the “s
variable”.

Theorem 6.6. Let (ps:) be an evolution family of order d > 1 in the unit disc.
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(1) For every t > 0, there exists a set N(t) C [0,t] (not depending on z) of zero
measure such that, for every s € (0,t) \ N(t), the function

DSz — g_f(z’ S,t) — }ILE% SDSJrh,t(Z)h Sos,t(z) ceC
s a well-defined holomorphic function on D and the limit is uniform on compacta.
(2) Let G : D x [0,+00) — C be a Herglotz vector field whose positive trajectories are
(pst). Fizt > 0. Then, there exists a set N(t) C [0,t] (not depending on z) of zero

measure such that, for every s € (0,t) \ N(t) and every z € D
9]
(6.7) (e, t) = ~Glz.5)¢,(2).

Proof. (1) Fix t > 0. By Proposition 3.7 the map [0,t] 3 s — ¢(z,s,t) € C is absolutely
continuous in in [0, ¢], for all fixed z € D. Thus there exists a set of zero measure Ny(z,t) C
[0,¢] such that, for every s € (0,t) \ Ni(z,t), the following limit exists

0 . Z,S+h7t — (2, s,t
D y(z) = a—i(z,s,t) — fllli% a 2 o( )

Moreover, let {r,} C (0,1) be a sequence converging to 1. For R > 0, let D(R) = {C €
C : |¢] < R}. By Lemma 3.6, for all n € N there exists R,, := R(r,,t) € (0,1) such that
A, =A{p(z,u,v) 2] <1y, 0<u<ov<t+1} CD(R,).

Let G : D [0,400) — C be a Herglotz vector field whose positive trajectories are (¢s+)
(see Theorem 6.2). Let k, := kg,, € L%([0,t + 1], R) be the non negative function given
by property WHVE3 in Definition 4.1. There exists a set Na(n,t) C [0,t] of zero measure

such that k,(s) = lim,_q ¢ fserh kn(n)dn for every s € (0,t) \ Na(z,t). Let us define

V() = (UEa i 0) U (U Nalr )

Obviously, N(t) is a subset of [0,¢] of zero measure, independent of z. We prove that
limy, g “"(Z’Hh’t}z_”(z’s’t) exists uniformly on compacta of D for all s € (0,¢) \ N(¢).

First of all we show that for every s € (0,¢) \ N(t) the family F; := {F), := 3 (Pssht —
wst) 0 < h<t—sor —s < h <0} is relatively compact in Hol(ID, C). To this aim there
are two cases to be considered, namely 0 < h <t — s and —s < h < 0. We only consider
the first case, the proof of the second being similar.

Fix r € (0,1). Let n € N be such that r,, > r, and let p,, € (0,1) be such that p, > R,.

Set z, := ¢(z, 8,5+ h). Then, for every |z| < r, the point 2, € A, and

1
B = [ (ol +0) = oliplerss + 1)+ 1)
1] 1 / 1 1 1 |z — 2]
— = £,s+h,t< - )df‘g—n .
W2t Jorion Ne—2 e B (pn — 1) (pn — Ro)
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Setting C' := C(r,t) = Pn > 0 and recalling the definition of A,,, we have
- (IOTL - Tn)(pn - Rn)
that there exists C' > 0 such that

1 1 s+h
I < OFlpless 1) =2 = O3 | [ Gleteus .90

h

where the last inequality follows from s ¢ Ny(n,t). Hence, sup{|Fn(z)| : |z] <7, 0 < h <
t — s} < +oo as wanted.

Now, arguing as in the last part of the proof of part (1) of Theorem 6.4 we can see that
limy,_o(@(2,s + h,t) — p(z,s,t))/h exists for all s € (0,¢) \ N(¢) uniformly on compacta
of D, concluding the proof of (1).

(2) Fix t > 0. Let N7 C [0,400) be the set of zero measure given by Theorem 6.4.(1)
such that %—f(z,O,u) = G(p(z,0,u),u) for all u € (0,400) \ Ny and for all z € D. Let
Ny := Ny(t) C [0,t] be the set of zero measure prescribed by part (1) of this theorem.

1 s+h B
<ol / kn(€)d€ < € < +oo,

Let N := N; U N,. Differentiating with respect to wu the identity ¢(z,0,t) =
o(p(z,0,u),u,t), for z € D and u € (0,¢) \ N and taking into account that the ¢, ,’s are
univalent, we get the result. O

Now we are going to show that the 7, appearing in the Berkson-Porta type decomposi-
tion formula for Herglotz vector fields are related to Denjoy-Wolff points of the elements of
the associated evolution families as in the classical Berkson-Porta formula for semigroups:

Theorem 6.7. Let (¢s:) be an evolution family of order d > 1 in the unit disc, let
G(z,t) be the Herglotz vector field of order d > 1 which solves (1.2) and let G(z,s) =
(z — 75)(Tsz — 1)p(z, s) be its Berkson-Porta type decomposition (1.3). Let Z = {s €
[0,400) : G(-,s) # 0}. Then for almost every s € Z there exists a decreasing sequence
{tn(s)} converging to s such that v, (s) # idp and, denoting by 7(s,n) the Denjoy- Wolff
point of sy, (s), it holds T, = lim,, o 7(s,n).

Proof. By (6.2) there exists a set of zero measure M C [0,+00), such that for every
s € (0,400) \ M there exists a strictly increasing sequence of natural numbers {ny(s)}
such that, defining fi(z,s) := ng(s)(¢(z, 8,5 + 1/nk(s)) — 2), it follows that G(z,s) is
the uniform limit on compacta of D of the sequence {fi(z, s)}. Note that by the classical
Berkson-Porta formula, G(-,s) € Gen(D) for s > 0 fixed and also fi(-,s) € Gen(D) for
s > 0 fixed and all & > 0 (see Section 2).

Fix s € Z \ M. Therefore there exists m(s) € N such that ¢(-,s,s + 1/ng(s)) # idp
and fi(-,s) #Z 0 for kK > m(s). We show that such a sequence {s + 1/1(5)}x>m(s) (which
we relabel {t,(s)}) is the one we are looking for. Let 7(s, k) be the Denjoy-Wolff point of
©s,5+1/ny(s)- We claim that BP;(f(-,s)) = 7(s, k) for all k. Once this is proved the result
follows at once from Proposition 2.1.
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In case 7(s, k) € D then clearly fr(7(s,k),s) =0 and hence BP.(fi(-,s)) = 7(s, k), as
wanted. In case 7(s, k) € 0D, then Zlim, .,z fr(2,5) = 0, so 7(s, k) is a boundary crit-
ical point for the generator fi (-, s) (see [9] for further details about critical points). Since
7(s,k) € 0D is the Denjoy-Wolff point of ¢ si1/n,(s), it follows Zlim, -5 ¢'(2, 5,5 +
1/nk(s)) € (0,1]. Hence

Z lim  fi(z,8) =ng(s) (Z lim ¢'(z,8,5 4+ 1/nk(s)) — 1) € [0, +00).

z—7(s,k) z—7(s,k)

According to [9], this implies that BP.(fx(-,s)) = 7(s, k), as needed. O

7. EVOLUTION FAMILIES WITH A COMMON FIXED POINT

Theorem 7.1. Let (ps:) be an evolution family of order d > 1 of the unit disc with
Berkson-Porta data (p,T). Suppose that T(t) = 7 € D is constant. Then there erists a
unique locally absolutely continuous function X : [0, +00) — C with X' € L¢ ([0, +00),C),
A0) = 0 and ReA(t) > ReA(s) > 0 for all 0 < s < t < 400 such that ¢ (1) =
exp(A(s) — A(t)) for all s < t. Moreover, if T € D, then

A=) [ D€ for all 1> 0,

while, if T € 0D, then

A(t) = /Ot <4 tim 217 :'Tg(j’g)) dé  for all t > 0.

Z—T

Proof. Case 7 € D. Up to conJugatlon with a fixed automorphism mapping 7 to 0, we
can assume 7 = 0. We write A(¢ fo (0,€)d¢ for all t > 0. Fixed s < t we have only to
prove that ¢ ;(0) = exp(A(s) — )\(t))

Claim 1. For all z € D and for all 0 < s < t, the function [s,t] 2 & — p(pse(2),€)
belongs to L%([s,t],C). Moreover,

(71) puld) = so (- [ tp(sos,g(Z),ﬁ)C%) |

‘Pst

Assuming the claim, since ¢/ ;(0) = lim._ ) by (7.1) we are left to prove that

(7.2) tim [ plpuc(=), e = / (0,6)d

z—0
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Fix £ If Rep(z,€&) = 0 for some z € D then p(-, &) = ia, for some a; € R. If Rep(+, &) > 0,
p(2,£)—p(0,§)

sends the unit disc into itself and fixes 0. Then
p(37€)+p(07€)

the holomorphic map D 3 z —

p(z, &) = p(0,9)] < |2 |p(2,€) +p(0,6)| < [2lp(z, €)| + |2]|p(0, &)

1+ |2| 2|z
0

< |7]

p(0,&)] + [2[[p(0, )| =

where in the last inequality we have used [20, pages 39-40]. Therefore,

IP(pse(2),€) — p(0,6)] <

Since the function [s, ] 3 € — p(0, ) belongs to L4([s,t],C), we have

2]
1—|z]

/S plnc(2), E)dE ~ / tp<o,§>d§‘ < / p(0.6)] de

and (7.2) follows from the dominated convergence theorem.
2 we define a family

Case 7 € OD. Conjugating with the Cayley transform T’ : z — ==
Gsi =Ty 0 s, 0 T-1 of holomorphic self maps of H := {w € C : Rew > 0}. For w € H
and t € [0, +00) we let P(w,t) := 2p(T~(w), t).

Claim 2. For all w € H and for all 0 < s <t the function [s,t] 5 £ — %’iz;’@ €
L%([s,t],C). Moreover, )

"Re P(¢s,€(w>v 5)
Re ¢s,5(w)

(7.3) Re ¢s¢(w) = Rewexp </8

and oo 1s the Denjoy- Wolff point of ¢ ;.

We assume that Rep(w,£) > 0 for all w and for all £ > 0 (leaving to the reader the
obvious modifications in case Rep(-,§) = agi, az € R for some ). By the Julia-Wolff-
Carathéodory theorem (see, e.g., [1]), the number

X(f) = inf{w:w GH} =/ lim M — / lim Re P(w, )

df) for allw e H

Rew w—oo W W—00 Re w

is well-defined for all £&. Moreover, the function £ € [0, +00) +— /)\\(S) is measurable since
A(&) = lim, @ and £ — P(w,€) is measurable for all w € H. In addition, since
[0, +00) 3 € — Re P(1,€) belongs to L ([0, +00)) and 0 < A(€) < Re P(1,&), we conclude

loc

that the function [0, +00) 3 & — A(€) also belongs to L{ ([0, 4+00)). By (7.3)

loc

@ (T)"t = lim Redui(n) =exp< lim / t ReP(d)S»ﬁ(”),é)dé‘).

n—-+oo n n—+oo Re ¢S7§ (n)
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Now, for all fixed n € N

/X(f)df—/ inf{%:weﬂ} dgg/ Regéisi(&))’g)df-

Thus, fst X(f Yd€ < limy, 4o fst %dﬁ . Moreover, since oo is the Denjoy-Wolff point

of the function ¢, we have that Re ¢s,(n) > n and, by [21, (3.2)] and [20, pages 39-40]
we have

Re P(¢s¢(n).6) _ ReP(n,§)
Re (ﬁs,g(n) o n

Then, the sequence of measurable functions [s,t] 3 £ —
a L

< 4Re P(1,¢).
%("’g) is uniformly bounded by

¢ ([0, +00))-function and converges pointwise to X. Thus, the dominated convergence
theorem shows that

, "Re P(¢s¢(n),§) , ‘ReP(n,&) .. ['(,. ReP(n§) IR ARY
hrrln/s Re 0nc(1) dfghgln/s Td{—/s (hranT) df—/s A(&)dE.

Summing up, we have ¢/ ,(7) = exp (— f;X(g)dﬁ) as wanted. Now, we are left to prove
Claim 1 and Claim 2.

Proof of Claim 1. Fix z and 0 < s < t < 400. Since the function & — p(z,§) is
measurable and § — ¢, ¢(2) is continuous by Proposition 3.5, it follows that the function
[5,t] 2 & — p(pse(2), ) is measurable. Moreover, for all £, by [20, pages 39-40], we have

1+ Jpse(2)] 2
P(#s,6(2), )| < == IP(0, )] < p(0,€)]
¢ 1 —Jpse(2)] 1= ||
Therefore, the map [s,t] 2 & — p(pse(2),6) € L(Js,t],C). Hence, the function
¢(u) = zexp(— ["p(pse(2),€)dE) is absolutely continuous in [s,¢] and ¢'(u) =
—o(u)p(psu(2),u). Assume that z # 0. By (6.4) and (4.7), recalling that 7 = 0, it
follows &pg—z(z) = —5u(2)p(su(2),u) almost everywhere, thus 2 ((p‘fgﬁ;) = 0 for al-

most every u € [s,t] (notice that since @, is univalent then ¢ (0) = 0 and the above
quotient is well-defined for z # 0). Therefore, there exists ¢ such that ¢, ,(z) = co(u) for
all u. But, ¢ (2) = z and ¢(s) = z. Hence, ¢ = 1 and the claim is proved.

Proof of Claim 2. A direct computation shows that equation (6.4) translates to H in

aqbs,t (w)
ot
which holds for almost every ¢ and every w € H.

Fix w and 0 < s < t < +o0o. Since the function & — P(w,§) is measurable and
£ — ¢s¢(2) is continuous by Proposition 3.5, the function [s,t] 3 & — P(¢s¢(2),§) is

(7.4)

= P(¢s,t(w)7 t)a
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measurable. Moreover by the distortion theorem for Carathéodory functions (see [21]),
for each & € [s, ],

Re P(¢se(w) &) _ |se(w) + 1]
(7.5) Red ) S (BeorcqypRe -6
Fix a compact set K in H. By Lemma 3.6, the set {¢s¢(w) : w € K, € [s,t]|} is compact
in H. Since the function [s,#] 3 £ — Re P(1,£) € L4([s,t],C), equation (7.5) shows that
[s,t] 2 & — M belongs to L4([s, t],C).

Re ¢, (w)
Hence, the function ¢(u) := Rewexp (]‘u Re P(¢s.6(w),£)

df) is absolutely continuous in

Re (bs 5 ’LU)
[s,t] and ¢'(u) = ¢(u)% for almost every u € [s,t]. By (7.5), & (Reis(:‘i)(wJ =0
for almost every u € [s,t]. That is there exists ¢ such that Re ¢;,(w) = co(u) for all w.
But, Re ¢ s(w) = Rew = ¢(s). That is, ¢ = 1 and the claim is proved. O

Corollary 7.2. Let (vs4) be an evolution family of the unit disc with Berkson-Porta data
(p, 7). Suppose T is constant. Then for all 0 < s <t < +oco either T is the Denjoy- Wolff

point of (st) or wss = id.
Proof. Tt follows at once from Claim 1 and Claim 2 in the proof of Theorem 7.1. U

Our next result shows that a nice behavior of the derivative at the common fixed point
7 allows us to replace the topological property EF3 in the definition of evolution family by
a much weaker hypothesis. In order to understand the naturality of our hypothesis on the
first derivative at the Denjoy-Wolff point, we remark that if (¢s.) is an evolution family
on the unit disc with common Denjoy-Wolff point 7 € D, then by univalence, g ,(7) # 0
for all ¢ > 0. If 7 € OD then the same (as angular limit) is true by the classical Julia
lemma (see, e.g., [1]).

Theorem 7.3. Let (ps:) be a family of holomorphic self-maps of the unit disc having
a common Denjoy-Wolff point 7 € D. Assume that (pst) satisfies EF1 and EF2 and
©0.+(T) # 0 for allt > 0. Then the following are equivalent:
(1) (pst) is an evolution family of order d > 1.
(2) The following properties are satisfied:
2.1 the map [0,+00) > t +— pu(t) := ¢;,(7) is absolutely continuous and j' €
leOC([O’ +w)7 R)?
2.2 If T € ID, there exists a point zg € D such that for all T > 0 there exists a
non-negative function k., 7 € L([0,T],R) such that for all0 < s <u <t <T

(Pealz0) — @uslz0)] < / b (6)dE.

Proof. By Theorem 7.1 and the definition of evolution family, (1) implies (2).
Conversely, assume (2). Again we have to split up the inner and boundary cases.
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Firstly, suppose that 7 € D. Up to conjugation, we may assume 7 = 0. Fix 0 < T' < +o00.
Since u(t) # 0 for all ¢, there exist two absolutely continuous functions a, b : [0, +00) — R
such that u(t) = e2®+®® for all ¢ and o', b € LL ([0, +00),R). By the chain rule for

derivatives, o ,(7) = u(t)/p(s) for all 0 < s <t < 400 and since |/ ,(0)| = [u(t)/p(s)| =

e®®=a(s) < 1 the map a is decreasing. Let hy.(2) := (%)t—(bf))) for z € D\ {0} and
e =os)) z
he:(0) := e®®=2) for all 0 < s < t. The map h,, is holomorphic and Re (1 — h,;) > 0.

Therefore, by [20, pages 39-40],
1+ |z|
1— 2|

1+

1 _ eal)—a(s)

1= hea(2)] <

1 — 1 (0)]

_ LB o) — ety < LE 2] ) pate)  gatt
1—|z| 1—|z|
whenever z € Dand 0 < s <t <T.Now, fixz€Dand 0 < s <wu <t <T. On the one
hand, if p,,(2) = 0, then @54 (2) — vs(2)| = |Put(Psu(2))] = |put(0)] = 0. On the other
hand, if w := p,,(z) # 0, then
Sﬁu,t(w)

[£aa(2) = usle)] = 0 = )] < |1 = 22402

1
et (b(t)=b(w))

Pu,t (w)

_1‘

1 . ,
+ |w|€—a(T)(ea(u) _ o0 4 ‘ezb(t) B ezb(u)‘

1w
< 1 + ;Z:G_a(T)(ea(u) _ a0 4 |€ib(t) B eib(u)‘ .
— |z

In any case, we have that
1+ 2]

- |Z|6—a(T) ((ea(u) _ 6a(t)) + leib(t) . 6ib(u)‘) '

|¢s,u(z) - st,t(z>| <

Then, the function

Itz ey D e e
k.r(§) = = |z|€ i (e + ‘e D

belongs to L4([0,7T],C)) and

|Sps,u(z> - (Ps,t(z)‘ < / kZI(f)dfv

proving the result in this case.

Next, suppose that 7 € dD. Again by the chain rule for angular derivatives, ¢ ,(7) =
p(t)/u(s) for all 0 < s <t < 400 and, since ¢ (1) € (0,1], it follows that 0 < pu(t) <
p(s) < 1 for all 0 < s < t. Without loss of generality we assume z; = 0. Again, we
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move to the right half-plane by means of the Cayley transform 7, given by T;(z) = :—J_’j
and we let (¢5) be the family of holomorphic self-maps of the right half-plane given by
Gsi =Ty o ps 0Tt for all 0 < s <t < +oo. The Denjoy-Wolff point of ¢, is co with
multiplier 1/¢/, ,(7) = u(s)/u(t). Thus the function Re [¢ ¢ (w) — ) 15) > 0 for all w € H.

p(t)
Then, by [20, pages 39-40],

)| el )
S S P T P ol
Therefore,

)| g o e = 1

_ < | s _ 1)
0= ous(u)) < 1= 205+ 6uul1) - 20,
Fix 0 < T < 4o00. By hypothesis and arguing as in the proofs of Proposition 3.5 and
Lemma 3.6, there is a number R such that |ps:(0)] < R for all 0 < s <¢ < T and then
the set {¢s+(1) : 0 < s <t < T} is a compact subset of the right half-plane.

Now fix w € H. If 0 < s <t < T, then pg (¢s:(w), ps+(1)) < pm (w,1). Hence there is
a compact set K in H such that ¢,(w) € K for all 0 < s <t¢ < T. Therefore there exists

M > 0 such that
|@s.(w) + 1] + |Ps 1 (w) — 1 }
. 7 s i S M-
2 ol (B

Fix 0 <s <wu<t<T. Write v = ¢, (w). Then

lw+ 1] — |w — 1|

) = o ooy < |1 O = )
‘st,u(w) ¢s,t( )l ’ ¢u,t( )‘ S 1 /,L(t) ' ‘ ‘ + ‘U 4 1| . ’U _ 1‘ ¢u,t(1) u(t)
() _
<M <2 ‘1 0 + [ue(1) 1’)
i o U |§0u,t(0)|
<81 i )~ + 152 W)

2 1
<M | — |u(t) — + —— |put(0)] | -
<01 (2 ) = ) + 12 o))
JFrom this inequality, one can easily finish the proof arguing as in the previous case. [J

Remark 7.4. We point out that hypothesis 2.2 is not needed in case 7 € D. While,
in case 7 € OD hypothesis 2.2 in Theorem 7.3 is necessary: the family ¢,.(2) =
T~ (T(2) +ic(s) —ic(t)) with ¢ : [0,400) — R continuous but not absolutely con-
tinuous and T'(z) = £ satisfies EF1, EF2 and 2.1 (being p = 1) but it is not an
evolution family according to our definition.

Classically, evolution families that comes out from Loewner types equations are those
(¢s,) with a common fixed point 0 and such that ¢f,(0) = e~ (see, e.g., [17], [19], [20],
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and [24]). The above result shows that EF3 is not necessary in the classical case: it follows
automatically from the normalization hypothesis on the first derivative at 0.

We end up this section with a technical result which better relates the “classical evo-
lution families” in Loewner’s theory with the definition introduced in this paper.

Proposition 7.5. Let (ps+) be an evolution family on the unit disc. Then for all r < 1
and for all T < 400, the set of functions {[0,T] 3t — o+(z) € D : |z| < r} is uniformly
absolutely continuous.

Conversely, assume (ps;) is a family of holomorphic self-maps of the unit disc which
satisfies EF1 and EF2 and has a common Denjoy- Wolff point 7 € D. Assume moreover
that py,(1) # 0 for allt > 0. If for all ¥ < 1 and for all T < +o00, the set of functions
{[0,T] 5t — @ou(2) € D : |z| < r} is uniformly absolutely continuous then (ps:) is an
evolution family.

Proof. By Lemma 3.6, there exists R > 0 such that |ps.(2)] < Rforall0 < s <t <T
and |z| < r. Let G(z,t) be the Herglotz vector field which solves (1.2), and let krr €
L'([0,T],R) be the function given by WHVF3. Then

n

0
SUpZI%bk — P00, ()| = sup Y / %5 dé‘

lz|<r 23 lz1<r 2

n

bk
gsupZ/ |G (poe(2) \d§<2/ krr(€

|Z‘§”w k=1

Conversely, assuming 7 = 0, it is not difficult to see that the absolutely continuity and
Cauchy formula imply that [0, +00) > t +— g ,(7) is absolutely continuous. Hence the
result follows from Theorem 7.3. O

8. EVOLUTION FAMILIES IN THE HALF PLANE

In this section, we examine evolution families with a common Denjoy-Wolff point at the
boundary of D. By means of a conjugation with a Cayley map, we can transfer everything
to the right half-plane H := {w € C : Rew > 0}. As a matter of notation, we say that a
family (¢s.) of holomorphic self-maps of H is an evolution family of order d > 1 if there
exists a biholomorphic map T : H — D such that (T o ¢, 0 T~') is an evolution family of
order d in . Similar definition are given for Herglotz vector fields and Herglotz functions.

Translating Theorems 6.2 and 5.2 to the right half-plane, we can state the following
result

Theorem 8.1. Let (¢s;) be a family of holomorphic self-maps of the right half-plane H.
Then (¢s4) is an evolution family of order d > 1 in the right half-plane with co as common
boundary fized point if and only if there exists a Herglotz function P(w,t) of order d in
the right half-plane such that, given s > 0, there ezists a set M = M(s) C [s,+00) (not
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depending on w) of zero measure such that, for everyt € (s,+00)\ M and every w € H,
it holds that
Os 1(w)

Z) — Plgualw). ).

Let P be a Herglotz function of order d > 1 in the right half-plane. For all s > 0 and
w € H, let 5., be the solution of the problem

{ zI;Et)) iP(w(t),t) for a. e. t € [s,+00)

Then defining ¢s1(w) = s, (t) for all 0 < s <t < 400 and for all w € H, the family
(¢s.t) s an evolution family of order d in the right half-plane with oo as common boundary
fixed point.

JFrom the very beginning of this century, there have been many authors interested
on a very particular case of Herglotz functions in the right half-plane (see, [25], [18],
[23]). Namely, let A : [0,+00) — iR be a measurable function (in fact, those papers

always assume that h is continuous). Then P(w,t) = m is a Herglotz function in H
1

of order oo since |P(w,t)| < z— for all w € H and ¢ > 0. Moreover, it is clear that

Z lim P8 — ¢ for all €. Therefore, by Theorem 8.1, if (¢ ) is the evolution family in

w—00

the right half-plane with Herglotz function P, then all the functions ¢, are parabolic,
that is, Z lim $atw) _ q By Claim 2 in the proof of Theorem 7.1, we have that for all

w—00 w

w € H and for all 0 < s < ¢, the function [s,t] 5 £ — % belongs to L>([s, ], C)
and . ’
P(os ;
¢si(w) = wexp / Mdﬁ for all w € H.
’ S ¢s7£<w)
t
Now, write k(w) = %df for all w € H. Since ¢s¢ is a parabolic function

with Denjoy-Wolff poirslt oo, if w € HN R, then |¢s¢(w)| > Redse(w) > w. Therefore,

w0 | 1 for all € and  lim  w?P%e™O — 1 Then, by the dominated
d’s,&(w) wER,w—+00 (;55’5(11))
converge theorem, we have
t—s= li 2h(w) = i 2(eF™) 1) = 1 si(w) —w).
5 weR,gll—i-oow <w) wER,iun—{-&-oow (6 ) wER,}uH—{-i-OOw((b ’t<w) w>

Thus, by Lehto-Virtanen theorem, Z lim,, o0 (¢s¢(w)—w) =0 and  Zlimy e w(gs(w)—
w) =t —s. That is, ¢s+(w) = w+ t_TS + Y5t (w) where Zlim,,_,o wys(w) = 0 and the
functions of the evolution family satisfies the so called hydrodynamic normalization.
Following the terminology introduced by the last two authors and Pommerenke in [10],
this means that if (¢5,) is the corresponding evolution family in the unit disc with fixed
point 7, then there exist the second and third angular derivatives of ¢,; at 7 and, in fact,

PLa(r) = 0 and gll(r) = §(s — 7>
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