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al experiments re-lated to a new global \pseudo-ba
kpropagation" algo-rithm for the optimal learning of feedforward neuralnetworks. The proposed method is founded on a new
on
ept, 
alled \non-suspi
iousness", whi
h 
an be seenas a generalisation of 
onvexity. The algorithm de-s
ribed in this work follows several adaptive strategiesin order to avoid possible entrapments into lo
al min-ima. In many 
ases the global minimum of the errorfun
tion 
an be su

essfully 
omputed. The paper per-forms also a useful 
omparison between the proposedmethod and a global optimisation algorithm of deter-ministi
 type well known in the literature.1. INTRODUCTIONThe aim of evaluating the global minimum of the errorfun
tion of a MLP-network or, more in general, of a su-pervised network is 
onsidered 
ru
ial in the literature.Several approa
hes are possible and pre
isely:i) determining the 
onditions under whi
h the errorfun
tion is lo
al minima-free. Suitable hypotheses re-garding both the network stru
ture and the learning en-vironment 
an be established(see [1℄,[4℄,[16℄,[17℄,[18℄).ii) 
omputing the matri
es of optimal weights bysolving in the least-squares sense a set of systems oflinear equations, derived by the 
ondition of perfe
tlearning ([13℄) with possible additional assumptions.iii) solving the inverse mapping problem asso
iatedto the Lyapunov fun
tion, updating the input ve
tordetermined by the pseudo-inverse of the gradient of thelatter fun
tion ([19℄)iiii) superimposing global optimisation algorithmsof deterministi
 type in the 
omputational s
heme of agradient des
ent method (see [8℄,[9℄)In [11℄ an approa
h of 
lass iiii) was utilised to de-rive a preliminary version of a \pseudo{ba
kpropagation"

algorithm. This approa
h is founded on a new de�-nition, involving both the mathemati
al properties ofthe error fun
tion and the behaviour of the learning al-gorithm. The 
orresponding hypotheses, 
alled \non{suspi
iousness 
onditions", represent a sort of gener-alisation of the 
on
ept of 
onvexity. Roughly speak-ing, a \non{suspe
t" minimisation problem is 
hara
-terised by the fa
t that, under general regularity as-sumptions on the error fun
tion, a \suitable" pseudo-ba
kpropagation algorithm is able to 
ompute the opti-mal solution, thereby avoiding unfair entrapments intolo
al minima.In [3℄ it was shown that the 
on
ept of non{suspe
tminimisation problem 
an be des
ribed in the frameof the theory of terminal attra
tors (see [2℄,[4℄,[20℄).However, in [11℄ we proved that with a proper 
hoi
eof the stepsizes the optimal algorithm 
an be obtainedby a 
lassi
al gradient des
ent-type s
heme.This work has the aim of re�ning the global algo-rithm introdu
ed in [11℄ in order to deal with multi-dimensional problems more eÆ
iently. A useful 
om-parison between the proposed approa
h and a globaloptimisation algorithm proved in [8℄, [9℄ is presented.The latter method is parti
ularly interesting sin
e itrepresents one of the few rigorous global algorithms ofdeterministi
 type known in the literature.2. THEORETICAL RESULTSLet us 
onsider the optimisation problem:minw2RnE(w) (1)where E(w) is the error fun
tion of an MLP -network,i.e. typy
allyE(w) = 12 PXp=1 mXi=1 �dpi � 11 + e�Pj wijopj �2 (2)



being:P the number of patternsm the number of output unitsdpi the desired output of unit i for pattern popi the 
omputed output of unit i for pattern pwij the weight of the ar
 (j; i)w = (wij) the matrix of weightsopi = 11+e�Pj wijopj .Let us suppose that (1) has a solution w� (globalminimum) and let Emin denote the 
orresponding valueof the fun
tion E. Moreover, we will assume thatEmin � 0. Although the latter 
ondition is restri
tive,it is usually satis�ed for the majority of MLP-networks.Let us now 
onsider a general gradient des
ent s
hemeasso
iated to (1):wk+1 = wk � �krEk; rEk = rE(wk): (3)The following assumptions, named \non{suspi
iousness 
onditions" were originally introdu
ed in [5℄, [14℄and rede�ned in a more suitable form in [11℄.De�nition 1. The non-suspi
iousness 
onditions holdif 9�k:1. 8�a 2 R+ , 9�s: krEkk > �s during the gradientdes
ent, apart from k: Ek �Emin < �a;2. �kkrEkk2 � �a;3. E 2 C2 and has a limited Hessian (9H > 0 :kH(w)k � H).The next theorem, proved in [14℄ and extended in[11℄, gives an indi
ation on the 
hoi
e of the one{dimensional stepsize �k guaranteeing the desired approxima-tion �a and, 
onsequently, the number of steps requiredto rea
h the optimal solution of (1).Theorem 1. Let the non-suspi
iousness 
onditionshold for problem (1). Then, 8�a 2 R+ , the requestedapproximation is rea
hed by 
hoosing one{dimensionalstepsizes �k no higher than��� = 2b �aH RE 
 (4)where: RE > E(w0)�Emin, being w0 the initialisationweights.Moreover, Ek�� �Emin < �a holds afterk�� = 12d H R2E�a e (5)steps of the gradient des
ent iteration s
heme (3).Remark 1. It is important to emphasise that the step-size ��� has to be 
onsidered as a fun
tion of the value�a. So, from an operational point of view, ��� 
an besuitably modi�ed during the implementation of the al-gorithm.

By assuming the non-suspi
iousness 
onditions thefollowing inequation holds (see [6℄,[11℄):krEkk > mink p2�a
ond(Hk) = �s > 0 (6)being Hk = H(wk), 
ond(Hk) = kHkkkH�1k k.Remark 2. On
e again, we underline that �s is a
-tually a fun
tion of �a. It follows that also the lowerbound on the norm of rEk 
an be adaptively modi�edduring the algorithm.An operational way to utilise the inequality (6) isto try to verify the latter inequation 8 k. As a matterof fa
t, if Ek � �a, then, by (6), the 
ondition 1. ofDe�nition 1 is satis�ed whenever:p2�a
ond(Hk) � �a (7)Moreover, given k, if Ek � �a and the inequality (7) isveri�ed for a suitable �a > 0, then a suÆ
ient 
onditionto implement the optimal BP-algorithm is to determine�k : p2�aHkH�1k k � p2�a
ond(Hk) � krEkk �r �a�k (8)In this way, in fa
t, all the non-suspi
iousness 
ondi-tions are satis�ed in the iteration k for the value �a > 0and the inequalities (8) guarantee that :Ek � �a =) krEkk � �a (9)By (9) any possible entrapment in lo
al minima is avoidedif �a is not too small.A

ording to [11℄ let A:G: be the Armijo-Goldsteinset of all � > 0 su
h that:� E(wk + �dk) � Ek + 
1�rE0kdk;rE(wk + �dk)0dk � 
2rE0kdk: (10)being 0 < 
1 < 
2 < 1 proper 
onstants. Clearly A:G:is not empty whenever dk is a des
ent dire
tion.In [15℄ it was introdu
ed a new algorithm of 
onjugate-gradient-type, based on the automati
 adaptability oflearning rate and momentum term. This algorithm in-
orporated the 
omputation of a \�rst order term" �khaving the following form:�k = a(n) EkkrEkk2 (11)being a(n) a s
aling parameter, dimension dependent.In the neighbourhood of the global minimum or, moregenerally, if the error fun
tion value Ek is suÆ
ientlysmall, (11) is pra
ti
ally identi
al to the 
ondition 2.



of De�nition 1. On the other hand, in the basin ofattra
tion of a lo
al minimum the term (11) plays thetypi
al role of a repeller (see [8℄,[9℄). More in general,when the value of �a=(krEkk2) is too small and hen
eby (7), when Hk is ill-
onditioned, the upper boundon �k derived by the right inequality in (8) 
an be\relaxed" by utilising (11).The 
onstants 
1 and 
2 in (10) 
an be also modi�edto strengthen the 
apability of es
aping from lo
al min-ima. When �a=(krEkk2) is below a 
ertain thresholdÆ, the values �k must be evaluated by simply setting�k 2 A:G:. Clearly, the latter 
riterion is a possiblealternative to (11).It is important to point out that a non-suspe
t prob-lem is 
hara
terised by a proper stru
ture of lo
al min-ima. More pre
isely, it is suÆ
ient to verify 
ondition(9) for a suitable subsequen
e fkig su
h that the 
orre-sponding subsequen
e E(wki) des
ribes a quasi-
onvexfun
tion approximating the error fun
tion E(w).Figure 1 shows an example of a favourable situa-tion. From one hand, the basins of attra
tion of allthe lo
al minima are so narrow that jumping out fromtheir neighbourhood 
an be easily performed by proper
hoi
es of the values �k. On the other hand, the globalminimum is lo
ated in a wide and steep basin guar-anteeing the desired 
onvergen
e. The fun
tion illus-trated is:E(w) = w + 0:2w8 + 1 sin 1w sin 1w � 1:5 + 0:82
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Figure 1: a non{suspe
t 
ase3. THE ALGORITHMLet �
 be an estimated value of quasi-
onvexity forthe fun
tion E(w), i.e. su
h that the level sets fw :E(w) � �
g are 
onvex. Moreover, let a be a suitable
onstant dimension dependent and assume that � be asuÆ
iently small value.By using (7), (8), (10), (11), we 
an therefore de�nea novel heuristi
 optimal BP-algorithm.Given w0, 
ompute rE(w0), H(w0)�1.For k = 0; : : ::
hoose �a � 2[
ond(Hk)℄2

IF Ek � �a OR �
 < Ek < �aTHEN(dk = �rEk~wk+1 = wk + �akrEkk2dkwk+1 = wk + �kdk; �k 2 A:G:; �k � �akrEkk2wk+1 = wk + �kdk; �k 2 A:G:w�k+1 = wk + a EkkrEkk2dkIF E( ~wk+1) < EkTHENwk+1 = ~wk+1,IF E( ~wk+1) � Ek AND k ~wk+1 �wkk > �THENwk+1 = wk+1IF E( ~wk+1) � Ek AND k ~wk+1 �wkk � �THENIF �akrEkk2 < ÆTHENIF kw�k+1 �wkk > kwk+1 �wkk THENwk+1 = w�k+1ELSEwk+1 = wk+1IF �akrEkk2 � Æwk+1 = ~wk+1k=k+1)ELSE(dk = �H�1k rEkwk+1 = wk + �kdk, �k 2 A:G:k=k+1UNTIL krEk+1k < TOL)The des
ribed algorithm is essentially based on thefollowing 
omputational s
heme:�) if Ek � �a, Ek � �
, by (9) any possible entrapmentin lo
al minima is avoided whenever �a is not too small(non-suspe
t problem).�) if �akrEkk2 is less than a suitable (small) a

eptablethreshold, then, by (11), the algorithm is able to es-
ape from a possible entrapment. Typi
ally, the latterproblem takes pla
e whenever Hk is ill-
onditioned and
an be e�e
tively over
ome if Ek >> Emin.
) if Ek < �
 the 
onvergen
e to the global minimumis guaranteed and 
an be a

elerated by an eÆ
ientQuasi-Newtonian (QN) method, if �a is not satisfa
to-rily small.Æ) if 8k � k0, �
 � Ek < �a, in a �nite number ofiterations the 
ase 
) 
an be applied.The exa
t 
omputation of H�1k and the eventualevaluation of Hk (when H is not a satisfa
tory up-per bound) 
an be e�e
tively approximated by utilisinga parti
ular QN-method, belonging to a 
lass namedLQN , re
ently introdu
ed in [12℄ and applied to MLP-networks in [7℄, [10℄. We underline that the LQN meth-ods de�ne inverse Hessian approximations in O(n log n)




ops per step, by utilising matri
es of suitable spa
esL, diagonalized by fast unitary transforms (see [12℄).4. NUMERICAL EXPERIMENTSLet us 
onsider �rstly the well known 6-Hump Camel-ba
k Two-Dimensional Fun
tion (6HCTD)E(w1; w2) = (4� 2:1w21 + w41=3)w21 + w1w2++(4w22 � 4)w22 + 1:1:Su
h fun
tion, originally studied in [8℄, is parti
ularlyinteresting for the lo
ation of its 
riti
al points. Inparti
ular, it has six di�erent lo
al minima and theglobal minimum is a
hieved both in (�:0898; :7126) andin the symmetri
al point (:0898;�:7126). Moreover,Emin � 0, so E(w1; w2) 
an be used in the ben
hmarkstudy. We have implemented our algorithm by usingthe same initial weights indi
ated in [8℄. The 
orre-sponding results are illustrated in Tables 1-2.k Ek (wk)1 (wk)2 krEkk0 6.873 -2 -1 12.3531 5.525 -1.93 -.948 12.055.. .. .. .. ..8 3.208 -1.58 -.534 .3959 3.202 -1.63 -.58 .27910 1.332 -.26 .052 1.985.. .. .. .. ..17 .068 -.089 .716 .05318 .068 -.0898 .7126 .017Table 1: 6HCTD, w0 = (�2;�1)It is important to point out that at iteration 9 thealgorithm es
apes from the lo
al minimum (�1:61; :56)by simply using the value �k derived by the 
ondition2 od De�nition 1 (Non{suspi
iousness) and is able to
onverge to the global minimum in the su

essive de-s
ent. k Ek (wk)1 (wk)2 krEkk0 163.9 3. 2. 304.461 162.3 2.99 1.995 300.57.. .. .. .. ..15 3.2 -1.62 -.574 .1516 2.96 .93 .46 2.8.. .. .. .. ..22 1.88 .63 .571 3.8323 1.86 .63 .572 3.8324 .35 .18 .688 1.06.. .... ... .... ....29 .068 -.090 .715 .053Table 2: 6HCTD, w0 = (3; 2)

At iteration 24 the value �k is 
omputed by util-ising (11). It appears, in fa
t, that in this 
ase theentrapment around the point (:63; :57) is due to thelow value of �a (ill-
onditioned Hessian). Noti
e thatthe fun
tion value Ek is suÆ
iently larger than Emin,thereby allowing an eÆ
ient es
ape. Similar results areobtained by utilising w0 = (�3;�2) (see [8℄ for a useful
omparison).Let us 
onsider now the 
lassi
al N -dimensionalTest Fun
tion (N-dT) [8℄, or, more pre
isely, a slightlymodi�ed version given by :E(w1; :::; wn) = 12 nXj=1 �w4j � 16w2j + 5wj)�� 
0nbeing 
0 a �xed 
onstant value.This fun
tion has 2n lo
al minima and a global min-imum in w = (�2:90354::;�2:90354::; :::;�2:90354::).In Figure 2 we have depi
ted the 2-dimensional 
ase.
-2.9 0.15 2.74

w1

-2.9
0.15

2.74

w2

0
14.14
28.27

78.72

-2.9 0.15 2.74Figure 2: 2-d Test Fun
tionThis is a typi
al example of a suspe
t problem. Thelo
ation and the stru
ture of the lo
al minima is in fa
tsu
h that the algorithm is not always able to 
omputethe global minimum even for low values of n. In the 2-d
ase, by using the initial weights (1.,1.) the algorithmsu

eeds in es
aping from two di�erent entrapments be-fore 
onverging to the global minimum. The next Table3 shows instead an unfavourable 
ase, 
orresponding tothe initial weights (.5,-.5).k Ek (wk)1 (wk)2 krEkk0 74.41 .5 -.5 13.361 72.79 .55 -.65 13.362 72.28 .58 -.68 13.873 71.77 .59 -.71 14.36.. ... ... ... ...12 85.97 .72 -4.27 17.8113 23.37 2.48 -3.53 35.33.. .. .. .. ..18 14.16 2.75 -2.91 .2919 14.15 2.75 -2.9 .11Table 3: 2-dT, w0 = (:5;�:5)



It 
an be easily seen that the sequen
e generated bythe algorithm is in this 
ase trapped in the neighbour-hood of the point (2.75,-2.90).Final important remark For high-dimensional non{suspe
t problems (n > 1000) we suggest the followingpro
edure:Step 1. Determine a suitable initial ve
tor w0 (f.i.near a \good" lo
al minimum) by using an algorithmof LQN-type ([7℄,[12℄), whi
h is parti
ularly eÆ
ientfor large values of n.Step 2. Apply the present algorithm to evaluate theglobal minimum.5. REFERENCES[1℄ M.Bian
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