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ABSTRACT

This paper presents some numerical experiments re-
lated to a new global “pseudo-backpropagation” algo-
rithm for the optimal learning of feedforward neural
networks. The proposed method is founded on a new
concept, called “non-suspiciousness”, which can be seen
as a generalisation of convexity. The algorithm de-
scribed in this work follows several adaptive strategies
in order to avoid possible entrapments into local min-
ima. In many cases the global minimum of the error
function can be successfully computed. The paper per-
forms also a useful comparison between the proposed
method and a global optimisation algorithm of deter-
ministic type well known in the literature.

1. INTRODUCTION

The aim of evaluating the global minimum of the error
function of a MLP-network or, more in general, of a su-
pervised network is considered crucial in the literature.
Several approaches are possible and precisely:

i) determining the conditions under which the error
function is local minima-free. Suitable hypotheses re-
garding both the network structure and the learning en-
vironment can be established(see [1],[4],[16],[17],[18]).

ii) computing the matrices of optimal weights by
solving in the least-squares sense a set of systems of
linear equations, derived by the condition of perfect
learning ([13]) with possible additional assumptions.

iii) solving the inverse mapping problem associated
to the Lyapunov function, updating the input vector
determined by the pseudo-inverse of the gradient of the
latter function ([19])

iiii) superimposing global optimisation algorithms
of deterministic type in the computational scheme of a
gradient descent method (see [8],[9])

In [11] an approach of class iiii) was utilised to de-
rive a preliminary version of a “pseudo—backpropagation”

algorithm. This approach is founded on a new defi-
nition, involving both the mathematical properties of
the error function and the behaviour of the learning al-
gorithm. The corresponding hypotheses, called “non-—
suspiciousness conditions”, represent a sort of gener-
alisation of the concept of convexity. Roughly speak-
ing, a “non suspect” minimisation problem is charac-
terised by the fact that, under general regularity as-
sumptions on the error function, a “suitable” pseudo-
backpropagation algorithm is able to compute the opti-
mal solution, thereby avoiding unfair entrapments into
local minima.

In [3] it was shown that the concept of non—suspect
minimisation problem can be described in the frame
of the theory of terminal attractors (see [2],[4],[20]).
However, in [11] we proved that with a proper choice
of the stepsizes the optimal algorithm can be obtained
by a classical gradient descent-type scheme.

This work has the aim of refining the global algo-
rithm introduced in [11] in order to deal with multi-
dimensional problems more efficiently. A useful com-
parison between the proposed approach and a global
optimisation algorithm proved in [8], [9] is presented.
The latter method is particularly interesting since it
represents one of the few rigorous global algorithms of
deterministic type known in the literature.

2. THEORETICAL RESULTS
Let us consider the optimisation problem:

min E(w) (1)

where E(w) is the error function of an M LP-network,
i.e. typycally
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being:

P the number of patterns

m the number of output units

dp, the desired output of unit ¢ for pattern p

op, the computed output of unit ¢ for pattern p

w;; the weight of the arc (j,1)

w = (w;;) the matrix of weights

Op, = T ey

Let us suppose that (1) has a solution w* (global
minimum) and let E,,;, denote the corresponding value
of the function E. Moreover, we will assume that
Enin = 0. Although the latter condition is restrictive,
it is usually satisfied for the majority of MLP-networks.
Let us now consider a general gradient descent scheme
associated to (1):

Wigt1 = Wi — )\kVEk7 VEk = VE(Wk) (3)

The following assumptions, named “non suspicious
ness conditions” were originally introduced in [5], [14]
and redefined in a more suitable form in [11].

Definition 1. The non-suspiciousness conditions hold
if I

1. Ve, € RY, Jes: ||VE|| > €5 during the gradient
descent, apart from k: E — Epin < €45

2. )\kHVEkHZ S €as

3. E € C? and has a limited Hessian (3H > 0 :
(W) < H).

The next theorem, proved in [14] and extended in
[11], gives an indication on the choice of the one-dimen
sional stepsize \;, guaranteeing the desired approxima-
tion €, and, consequently, the number of steps required
to reach the optimal solution of (1).

Theorem 1. Let the non-suspiciousness conditions
hold for problem (1). Then, Ve, € RT, the requested
approximation is reached by choosing one dimensional
stepsizes A, mo higher than

€q

)\** — 2
LH Rg
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where: Rg > E(wq)— Enmin, being wq the initialisation
weights.
Moreover, Ey++ — Epin < €, holds after
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steps of the gradient descent iteration scheme (3).

Remark 1. It is important to emphasise that the step-
size \** has to be considered as a function of the value
€qo- So, from an operational point of view, \** can be
suitably modified during the implementation of the al-
gorithm.

By assuming the non-suspiciousness conditions the
following inequation holds (see [6],[11]):

V2€,

> .
IVEL > mn cond(Hy,)

=€ >0 (6)

being Hi = H(wy,), cond(Hy) = |Hell[|H, ||

Remark 2. Once again, we underline that €, is ac-
tually a function of e,. It follows that also the lower
bound on the norm of VEy can be adaptively modified
during the algorithm.

An operational way to utilise the inequality (6) is
to try to verify the latter inequation V k. As a matter
of fact, if E; > €,, then, by (6), the condition 1. of
Definition 1 is satisfied whenever:

2¢€,

W(/Hk) > €q (7)

Moreover, given k, if Ey > €, and the inequality (7) is
verified for a suitable €, > 0, then a sufficient condition
to implement the optimal BP-algorithm is to determine

Ak -
vV 2€, vV 2€, €4
< <|IVER|| <4/ +— 8

HHH];lH —= COﬂd(Hk) = || k” =~ Ak ( )

In this way, in fact, all the non-suspiciousness condi-
tions are satisfied in the iteration k for the value ¢, > 0
and the inequalities (8) guarantee that :

Ep > ew = [[VE]| 2 €a (9)

By (9) any possible entrapment in local minima is avoided
if €, is not too small.

According to [11] let A.G. be the Armijo-Goldstein
set of all A > 0 such that:

{ E(Wk + Adk) S Ek + ClAvE]’cdlm (10)

VE(Wk + /\dk)/dk > CQVE]lcdk.

being 0 < ¢; < ¢y < 1 proper constants. Clearly A.G.
is not empty whenever dy is a descent direction.

In [15] it was introduced a new algorithm of conjugate-
gradient-type, based on the automatic adaptability of
learning rate and momentum term. This algorithm in-
corporated the computation of a “first order term” Ay
having the following form:

Ej,

Ak = a(n) 7”ka||2

(11)
being a(n) a scaling parameter, dimension dependent.
In the neighbourhood of the global minimum or, more
generally, if the error function value Ej is sufficiently
small, (11) is practically identical to the condition 2.



of Definition 1. On the other hand, in the basin of
attraction of a local minimum the term (11) plays the
typical role of a repeller (see [8],[9]). More in general,
when the value of €, /(||VEg|?) is too small and hence
by (7), when Hj, is ill-conditioned, the upper bound
on )\, derived by the right inequality in (8) can be
“relaxed” by utilising (11).

The constants ¢; and ¢ in (10) can be also modified
to strengthen the capability of escaping from local min-
ima. When €,/(||VE||?) is below a certain threshold
0, the values A\p must be evaluated by simply setting
A € A.G.. Clearly, the latter criterion is a possible
alternative to (11).

It is important to point out that a non-suspect prob-
lem is characterised by a proper structure of local min-
ima. More precisely, it is sufficient to verify condition
(9) for a suitable subsequence {k;} such that the corre-
sponding subsequence F(wy,) describes a quasi-convex
function approximating the error function E(w).

Figure 1 shows an example of a favourable situa-
tion. From one hand, the basins of attraction of all
the local minima are so narrow that jumping out from
their neighbourhood can be easily performed by proper
choices of the values A;. On the other hand, the global
minimum is located in a wide and steep basin guar-
anteeing the desired convergence. The function illus-
trated is:

w+ 0.2 . .
——— sin — sin
wd +1 w w— 1.

E(w) = E +0.82
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Figure 1: a non suspect case

3. THE ALGORITHM

Let €. be an estimated value of quasi-convexity for
the function E(w), i.e. such that the level sets {w :
E(w) < €.} are convex. Moreover, let a be a suitable
constant dimension dependent and assume that € be a
sufficiently small value.

By using (7), (8), (10), (11), we can therefore define

a novel heuristic optimal BP-algorithm.

Given wq, compute VE(wyq), H(wo) L.
For k=0,...

choose ¢, 2

< [cond(Hr)]?

IF E; > ¢, OR €. < E < €,
THEN
(dgy = —VE
Wil = Wi + ez ds
Wit1 = W + A\pdp, A € AG, A <
%’H»l =wi + Aedp, A\ € AG.
Wi =wWpta Hv%—’zuzdk
IF E(Wgy1) < Ej
THEN
Witl = Wi,
IF E(‘i/k+1) > E, AND ||‘X/k+1 — WkH > €
THEN
Wil = Wiyt
IF E(‘x’lﬁ-l) Z Ek AND ||‘i/'k+1 - Wk” S €
THEN
IF HVET"’CHQ <4
THEN
IF [w}yy — wall > [Wes1 — wel] THEN
Wil = Wiy

€a
IVEL]?

ELSE
Wil = Wil
IF o= 29
Wil = W41
k=k+1)
ELSE

(dr = —H, 'VE;

Wiir1 = Wi + A\gdg, A € A.G.
k=k+1

UNTIL |V Egs1|| < TOL)

The described algorithm is essentially based on the
following computational scheme:

a) if E, > €4, Er > €., by (9) any possible entrapment
in local minima is avoided whenever ¢, is not too small
(non-suspect problem).

B) if ToEE 18 less than a suitable (small) acceptable
threshold, then, by (11), the algorithm is able to es-
cape from a possible entrapment. Typically, the latter
problem takes place whenever Hy, is ill-conditioned and
can be effectively overcome if Ey >> E,,ip.

v) if Ej < €. the convergence to the global minimum
is guaranteed and can be accelerated by an efficient
Quasi-Newtonian (QN) method, if €, is not satisfacto-
rily small.

0) if Vk > ko, e < Ep < €,, in a finite number of
iterations the case ) can be applied.

The exact computation of ’H,;l and the eventual
evaluation of H; (when H is not a satisfactory up-
per bound) can be effectively approximated by utilising
a particular QN-method, belonging to a class named
LN, recently introduced in [12] and applied to MLP-
networks in [7], [10]. We underline that the LQ N meth-
ods define inverse Hessian approximations in O(n logn)



flops per step, by utilising matrices of suitable spaces
L, diagonalized by fast unitary transforms (see [12]).

4. NUMERICAL EXPERIMENTS

Let us consider firstly the well known 6-Hump Camel-
back Two-Dimensional Function (6HCTD)

E(wy,wy) = (4 —2.1w} + w}/3)w? + wiws+
+(4w? — 4)w3 + 1.1.

Such function, originally studied in [8], is particularly
interesting for the location of its critical points. In
particular, it has six different local minima and the
global minimum is achieved both in (—.0898,.7126) and
in the symmetrical point (.0898,—.7126). Moreover,
Ein = 0, s0 E(w;,ws) can be used in the benchmark
study. We have implemented our algorithm by using
the same initial weights indicated in [8]. The corre-
sponding results are illustrated in Tables 1-2.

El Ex (Wi (wi)2 [[VER]
0| 6.873 -2 -1 12.353
1| 5.525 -1.93 -.948 12.055

813208 -1.58 -534 395

913202 -1.63 -.08 279
10 | 1.332  -.26 .052 1.985
17| .068  -.089 716 053
18 | .068 -.0898 .7126 017

Table 1: 6HCTD, wo = (~2, 1)

It is important to point out that at iteration 9 the
algorithm escapes from the local minimum (—1.61,.56)
by simply using the value A; derived by the condition
2 od Definition 1 (Non suspiciousness) and is able to
converge to the global minimum in the successive de-
scent.

k| E, (Wi (W) [[VER
163.9 3. 2. 304.46
1] 162.3 2.99 1.995  300.57

15| 3.2 -1.62  -.574 15
16 | 2.96 93 .46 2.8
22 | 1.88 .63 571 3.83
23 | 1.86 .63 572 3.83
24| .35 18 .688 1.06

29 | .068  -.090 715 .053

Table 2: 6HCTD, wg = (3,2)

At iteration 24 the value \j, is computed by util-
ising (11). It appears, in fact, that in this case the
entrapment around the point (.63,.57) is due to the
low value of €, (ill-conditioned Hessian). Notice that
the function value Ej is sufficiently larger than E,,;p,
thereby allowing an efficient escape. Similar results are
obtained by utilising wo = (=3, —2) (see [8] for a useful
comparison).

Let us consider now the classical N-dimensional
Test Function (N-dT) [8], or, more precisely, a slightly
modified version given by :

1 n
E(wy,...,wy) = 3 Z (w} — 16w + 5w;)) — con

j=1

being ¢y a fixed constant value.

This function has 2" local minima and a global min-
imum in w = (—2.90354.., —2.90354.., ..., —2.90354..).
In Figure 2 we have depicted the 2-dimensional case.

Figure 2: 2-d Test Function

This is a typical example of a suspect problem. The
location and the structure of the local minima is in fact
such that the algorithm is not always able to compute
the global minimum even for low values of n. In the 2-d
case, by using the initial weights (1.,1.) the algorithm
succeeds in escaping from two different entrapments be-
fore converging to the global minimum. The next Table
3 shows instead an unfavourable case, corresponding to
the initial weights (.5,-.5).

k|l Ex (W) (wi)2  [[VE]
0| 74.41 5 -5 13.36
11| 72.79 .55 -.65 13.36
2| 72.28 .58 -.68 13.87
3| 71.77 .59 -.71 14.36

12 | 85.97 .72 -4.27 17.81
13 | 23.37  2.48 -3.53 35.33
18 | 14.16  2.75 -2.91 .29
19 | 14.15  2.75 -2.9 A1

Table 3: 2-dT, wg = (.5, —.5)



It can be easily seen that the sequence generated by
the algorithm is in this case trapped in the neighbour-
hood of the point (2.75,-2.90).

Final important remark For high-dimensional non—
suspect problems (n > 1000) we suggest the following
procedure:

Step 1. Determine a suitable initial vector wqo (f.i.
near a “good” local minimum) by using an algorithm
of LN -type ([7],[12]), which is particularly efficient
for large values of n.

Step 2. Apply the present algorithm to evaluate the
global minimum.
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