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tIn this paper the authors des
ribe some use-ful strategies for non
onvex optimisation in or-der to determine the global minimum of the errorfun
tion of a Multi-Layer Per
eptron. The pro-posed approa
h is founded on a new 
on
ept, 
alled\non-suspi
iousness", whi
h 
an be seen as a gen-eralisation of 
onvexity.Relations both with 
lassi
al un
onstrained op-timisation results and with re
ent 
ontributions inthe �eld of supervised neural networks are exam-ined. The preliminary numeri
al experien
es showthat the ideas behind the illustrated algorithm areinteresting, although they require further investi-gations.1. Introdu
tionThe theoreti
al solvibility of the optimal learn-ing problem on Supervised Networks (SN) is stillan open question. From a mathemati
al point ofview, in fa
t, the 
onvexity of the error fun
tionis, in general, the only hypoythesis ensuring the
onvergen
e to the optimal solution of Ba
kProp-agation (BP) type algorithms. Apart from someweak relaxations of 
onvexity assumptions (like f.i.quasi- or pseudo-
onvexity (see [14℄)), few 
lassi
algeneral 
ontributions are known in the literatureand, unfortunately, with no pra
ti
al interest inthe �eld of SN. However, some interesting resultsspe
i�
ally oriented to the solution of the minimi-sation problem of the error fun
tion were provedin the last ten years. It is important to mention inparti
ular the general analysis for Multi-LayeredPer
eptrons (MLP) given in [12℄, in whi
h sometheoreti
al 
onditions in terms of learning envi-ronment and network ar
hite
ture guarantee lo
alminima free error surfa
es and the important 
on-tribution of [13℄, showing that the 
lassi
al XORproblem has no \real" lo
al minima. Further-more, the fundamental and innovative approa
hfounded on the \natural gradient", introdu
ed byAmari (see f.i. [1℄, [2℄, [17℄), was proved to bea powerful sto
hasti
 method to solve the 
riti-
al problem of es
aping from plateaus of the er-ror surfa
e, thereby ensuring an \e�e
tive steep-est des
ent" in any situation. Sin
e algorithmsbased on the natural gradient have lo
ally a Quasi-

Newtonian (QN) behaviour, Amari's theory rep-resents an outstanding 
ontribution towards thedetermination of the best algorithms for optimallearning, by utilising se
ond order probabilisti

omputational tools (Fisher Information Matrix).On the other hand, surprisingly enough, by asuitable use of 
lassi
al deterministi
 gradient te
hniques, pra
titioners are able to perform opti-mal learning in a variety of problems, where theshape of the error fun
tion is far from satisfyingany weak form of 
onvexity. It is trivial to ob-serve that, if the inizialisationweights are assumedin the neighbourhood of the global minimum, the
onvergen
e to the optimal solution is simply dueto the lo
al 
onvexity of the error surfa
e. How-ever, in some operational problems the latter 
on-dition does not hold. Consequently, there is ap-parently no mathemati
al eviden
e to justify thefavourable result of the optimisation algorithm inthese 
ases.Is it possible to give a theoreti
al and rigorousexplanation to this phenomenon ?In [11℄,[5℄ it was introdu
ed a new de�nitioninvolving both the mathemati
al properties of theerror fun
tion E(w) and the behaviour of the learning algorithm. The 
orresponding hypotheses,named \non-suspi
iousness 
onditions", representa generalisation of the 
on
ept of 
onvexity. Roughly speaking, a \non-suspe
t" minimisation problem is 
hara
terised by the fa
t that, under rea-sonable regularity assumptions on the error fun
-tion (mu
h more general than 
lassi
al 
onvexity!)a \suitable"gradient des
ent algorithm is able to
onverge to the optimal solution, thereby avoid-ing any possible entrapment in lo
al minima. Byapplying a parti
ular se
ond order gradient de-s
ent method, Powell (see [15℄) showed that, inorder to obtain a 
onvergen
e result, the essen-tial key is to ful�ll a boundness 
ondition involv-ing the two 
urrent di�eren
e ve
tors wk+1 �wk,rE(wk+1) �rE(wk) in ea
h iteration. The lat-ter 
ondition, whi
h represents a sort of \weakform of dis
rete 
onvexity", implies the same typeof regularity on the error fun
tion E if the non-suspi
iousness hypotheses hold. Sin
e in [10℄ itwas proved that Powell's approa
h 
an be gen-eralised to a wide 
lass of QN-methods, namedLQN , we have investigated further extensions ofPowell's results to 
lassi
al BP algorithms, by as-1



suming the non-suspi
iousness 
onditions.In [4℄ the 
on
ept of non-suspe
t minimisationproblem was introdu
ed to address those learningpro
esses in whi
h there exists a 
anoni
al gradi-ent des
ent s
heme that turns out to be the opti-mal algorithm. The essential 
hara
teristi
 of this\spe
ial" gradient method is founded on a suitablelower bound �s on the norm of rE(wk), whi
h issatis�ed for a �nite number K0 of iterations untilall the fun
tion level sets be
ome 
onvex.The present paper shows that the latter prop-erty 
an be extended under non-suspi
iousness hy-potheses to 
lassi
al gradient des
ent algorithms.This extension is possible by applying the samepro
edure utilised for quadrati
 fun
tions in [6℄,thereby deriving an interesting formula for thelower bound �s. The latter formula, whi
h 
anbe seen as a generalisation of 
lassi
al Demmel'sdistan
e to the nearest ill-posed problem (see [8℄),shows a 
lear relationship between non-suspe
t problems and well-
onditioned non linear systems ofequations.Moreover, this work investigates the 
onne
-tions between the mathemati
al assumptions 
hara
terising the non-suspi
iousness 
onditions andthe 
omputational features of the LQN methods,re
ently applied to MLP-networks in [9℄,[7℄.2. Some results on Non
onvexOptimisationLet us 
onsider the general optimisation prob-lem: minw2RnE(w) (1)Let us suppose that (1) has a solutionw�(globalminimum) and let Emin denote the 
orrespondingvalue of the fun
tion E. Moreover, let us now
onsider the following gradient des
ent s
heme as-so
iated to (1):wk+1 = wk � �krEk (2)where : rEk = rE(wk)The following assumptions will be referred to inthis paper as \non-suspi
iousness 
onditions" (see[11℄,[5℄).De�nition 1. The non-suspi
iousness 
onditionshold if 9�k:

1. 8�a 2 R+ , 9�s: krEkk > �s during thegradient des
ent, apart from k: Ek �Emin < �a;2. �kkrEkk2 � �a;3. E 2 C2 and has a limited Hessian,(9H > 0 : kH(w)k � H).By assuming solely 
ondition 3., one 
an easilyprove the following resultTheorem 1. If E 2 C2, kH(w)k � H and0 < �� < 2H , the iterative s
heme:wk+1 = wk � ��rEk (3)is 
onvergent to a stationary point of E(w).In [4℄ it was shown that, if E(w) representsthe error fun
tion of an MLP-network or, equiv-alently, the error fun
tion of a dynami
 pro
essdes
ribed by a di�erential equation, the 
on
eptof non-suspe
t minimisation problem 
an be de-s
ribed in the frame of the theory of TerminalAttra
tors (see [18℄, [3℄). More pre
isely, a non-suspe
t problem 
an be asso
iated to the exis-ten
e of a parti
ular \
anoni
al gradient des
ent"s
heme that turns out to be the optimal algorithm.The next theorem, proved in [11℄, gives an indi
a-tion on the 
hoi
e of the one-dimensional stepsize�k guaranteeing the desired approximation �a and,
onsequently, the number of steps required by thisspe
ial gradient des
ent to rea
h the optimal so-lution of (1).Theorem 2. Let the non-suspi
iousness 
ondi-tions hold for problem (1). Then, 8�a 2 R+ ,the requested approximation is rea
hed by 
hoos-ing one-dimensional stepsizes �k no higher than��� = 2b �aH RE 
 (4)where: RE > E(w0)�Emin, being w0 the initial-isation weights.Moreover, Ek�� �Emin < �a holds afterk�� = 12d H R2E�a e (5)steps of the 
anoni
al gradient des
ent iterations
heme.Sin
e the 
ondition:�aRE < 1 (6)2




an be trivially assumed, from Theorem 1 we mayimmediately derive the following result, whi
h ex-tends Theorem 2 to 
lassi
al gradient des
ent al-gorithms.Theorem 3. Let the non-suspi
iousness 
ondi-tions hold for problem (1). Then, 8�a 2 R+ , therequested approximation is rea
hed by applying thegradient des
ent s
heme (2) with the stepsize ���given by (4).Remark 1. It is important to emphasise that thestepsize ��� has to be 
onsidered as a fun
tion ofthe value �a. So, from an operational point ofview, ��� 
an be suitably modi�ed during the im-plementation of the algorithm.Let us now study expressions of operational in-terest for the lower bound �s in 
ondition 1. ofDe�nition 1. Under the non-suspi
iousness 
ondi-tions, instead of 
onsidering (1), we may equiva-lently solve the following minimisation problemminw2Rn E(w) = minw2Rn 12krE(w)k2 (7)it follows rE(w)0 = rE(w)0H(w) (8)where 0 denote the transpose operator.Let us 
hoose �a > 0 and suppose Ek � Emin � �a,where : Ek = E(wk). As Emin=0 for the problem(7), then Ek � �a (9)so, if 8k, H(wk) is invertiblekrE(wk)kkH(wk)�1k � krEkk (10)hen
e krE(wk)k � p2�akH(wk)�1k : (11)By (8), the inequation (11) implieskrEkk � p2�akH(wk)kkH(wk)�1k = �s;k (12)By Theorem 2 and Theorem 3 there exists only a�nite set K0 of integers k:Ek �Emin � �a (13)therefore, by setting�s = mink2K0 �s;k � �0 (14)we obtain, being �0 arbitrarily smallkrEkk > �s: (15)

Remark 2. On
e again, we underline that �s isa
tually a fun
tion of �a. It follows that also thelower bound on the norm of rEk 
an be adaptivelymodi�ed during the algorithm.From inequality (11), whi
h is an extension of aresult proved in [6℄(see Lemma 4.1), and by 
on-dition 3 of De�nition 1 we have:krEkk � p2�aHkH(wk)�1k (16)The inequation (16) 
an be seen as a nonlineargeneralisation of 
lassi
al Demmel's distan
e for agiven matrix A [8℄:d(A; IP ) = kAkF
ond(A) � 1kA�1ks (17)where IP denotes the set of all non-invertible realmatri
es and k :kF , k :ks are the Frobenius andthe spe
tral norm, respe
tively.(16) 
learly indi
ates that the level of diÆ
ultyof problem (1) 
an be expressed as a fun
tion ofthe norm of inverse of the Hessian, thereby show-ing a relationship between well-posed problemsand non-suspe
t ones.Parti
ularly interesting is the 
ase in whi
hEmin=0. As a matter of fa
t, if Ek � �a, then, by(12), the 
ondition 1. of De�nition 1 is satis�edwhenever: p2�a
ond(Hk) � �a (18)being Hk = H(wk) and 
ond(Hk) = kHkkkH�1k k.3. Appli
ations to MLP-networksLet E in (1) be the error fun
tion of an MLP-network, i.e. typi
allyE(w) = 12 PXp=1 mXi=1 �dpi � 11 + e�Pj wijopj �2(19)where:P the number of patternsm the number of output unitsdpi the desired output of unit i for pattern popi the 
omputed output of unit i for pattern pwij the weight of the ar
 (j; i)3



w = (wij) the matrix of weightsbeing: opi = 11+e�Pj wijopj .It follows obviously that E � 0. Moreover, we willassume that Emin = 0. Although the latter 
ondi-tion is restri
tive, it is usually satis�ed for the ma-jority of MLP-networks. From an histori
al pointof view, it is interesting to observe that the origi-nal BP-method proposed in [16℄ suggested the useof a small and 
onstant learning rate �� duringthe implementation of the algorithm. Sin
e in theBP 
omputational s
heme learning rates representthe neural interpretation of stepsizes �k, the lattersuggestion was apparently in 
ontrast to the 
las-si
al gradient des
ent s
heme (2). The favourableresults obtained by pra
titioners 
an be rigorouslyexplained by Theorem 1, whi
h assures in a suit-able 
ompa
t set of the weight-spa
e the ful�lmentof the inequality �� < 2H .Given k, if Ek � �a and the inequality (18) isveri�ed for a suitable �a > 0, then a suÆ
ient
ondition to implement the optimal BP-algorithmis to determine �k :p2�aHkH�1k k � p2�a
ond(Hk) � krEkk �r �a�k (20)In this way, in fa
t, all the non-suspi
iousness 
on-ditions are satis�ed in the iteration k for the value�a > 0 and the inequalities (20) guarantee that :Ek � �a =) krEkk � �a (21)A

ording to [7℄, [10℄ let A:G: be the Armijo-Goldstein set of all � > 0 su
h that:� E(wk + �dk) � Ek + 
1�rE0kdkrE(wk + �dk)0dk � 
2rE0kdk: (22)being 0 < 
1 < 
2 < 1 proper 
onstants. ClearlyA:G: is not empty whenever dk is a des
ent dire
-tion.Let �
 be an estimated value of quasi-
onvexityfor the fun
tion E(w), i.e. su
h that the level setsfw : E(w) � �
g are 
onvex. Moreover, let � be asuÆ
iently small value.By using the inequalities (12), (18) and (20), we
an therefore state the following heuristi
 optimalBP-algorithm:

Given w0, 
ompute rE(w0), H(w0)�1.For k = 0; : : : :
hoose �a � 2[
ond(Hk)℄2IF Ek � �a OR �
 < Ek < �aTHEN(dk = �rEk~wk+1 = wk + �akrEkk2dkwk+1 = wk + �dk; � 2 A:G:; � � �akrEkk2IF E( ~wk+1) < EkTHENwk+1 = ~wk+1,IF E( ~wk+1) � Ek AND k ~wk+1 �wkk > �THENwk+1 = wk+1IF E( ~wk+1) � Ek AND k ~wk+1 �wkk � �THENwk+1 = ~wk+1k=k+1)ELSE(dk = �H�1k rEkwk+1 = wk + �kdk, �k 2 A:G:k=k+1UNTIL krEk+1k < TOL)It is important to point out that, when �akrEkk2is below a 
ertain threshold Æ, the values �k mustbe evaluated by simply setting �k 2 A:G:. Thedes
ribed algorithm is essentially based on the fol-lowing 
omputational s
heme:�) if Ek � �a, Ek � �
, by (21) any possible en-trapment in lo
al minima is avoided if �a is nottoo small (non-suspe
t problem).�) if Ek < �
 the 
onvergen
e to the global min-imum is guaranteed and 
an be a

elerated byan eÆ
ient QN-method, if �a is not satisfa
torilysmall.
) if 8k � k0, �
 � Ek < �a, in a �nite number ofiterations the 
ase �) 
an be applied.If the problem is non-suspe
t, then 9C > 0 su
hthat 
ond(Hk) � C for a suÆ
ient number of iter-ations and the 
orresponding values f�s;kg, de�nedin (12), are bounded below by a \satisfa
tory" �s.Moreover, a non-suspe
t problem is 
hara
terised by a favourable stru
ture of lo
al minima. More pre
isely, the 
ardinality and the lo
ation of lo-
al minima must be su
h that with a proper 
hoi
eof �a the 
orre
t values of �k 
an be e�e
tively de-termined. So:4



Remark 3. The values of �a asso
iated to the se-quen
e f�s;kg, de�ned in (12), represent the 
ru-
ial point for a su

essful implementation of thedes
ribed algorithm.On the other hand:Remark 4. The estimation of a suitable value �
is useful to improve the eÆ
ien
y of the algorithmbut it is not essential.The exa
t 
omputation of Hk and H�1k , whi
his required in ea
h iteration, 
an be eÆ
iently ap-proximated by utilising a parti
ular QN-method,belonging to a 
lass named LQN , re
ently intro-du
ed in [10℄ and applied to MLP-networks in[9℄,[7℄. Noti
e that all the LQN methods havean O(n logn) 
omputational 
omplexity per step(see[10℄).In parti
ular, the sequen
e of Hessian inversesfH�1k+1g in the above algorithm 
an be repla
edwith the sequen
e fBk+1g de�ned by the iterativeformulaBk+1 =LBk � 1y0ksk (LBkyks0k + sky0kLBk)+�1 + y0kLBkyky0ksk � sks0ky0ksk (23)
being sk = wk+1 � wk, yk = rEk+1 � rEkand LBk the best least squares �t to Bk from aspa
e L of matri
es simultaneously diagonalisedfy a fast unitary transform. A similar formula 
anbe utilised for the (eventual) 
omputation of thesequen
e of Hessian fHkg.By assuming thatkykk2y0ksk � H (24)and by adding few simple additional hypotheses,liminf krEkk = 0 for the \nonse
ant" LQN algo-rithms (see [10℄ Lemma 5.2). We underline that ifE 2 C2 the inequality (24) implies the 
ondition3. of De�nition 1.4. Preliminary numeri
al resultsLet us 
onsider the same test-problem studiedin [3℄, i.e. the one- dimensional error fun
tionE(w) = w6 � 2w4 + 2827w2 (25)

whi
h has a global minimum in w = 0 and twosymmetri
al lo
al minima in w = �p6+2p23 ��1. By perturbing the 
oeÆ
ients, the shape ofE(w) 
an be suitably modi�ed. Here, as a prelim-inary investigation, we apply the algorithm to thefun
tion 30E(w) with two di�erent inizialisationweights.Sin
e w 2 R1 , 8k, by (18) �a must satisfy theinequation �a � 2 (26)Moreover, we assume � = 0:1 and we set �
 = 1,even if other 
hoi
es are of 
ourse allowed.Table 1 shows the performan
es of our algo-rithm for w0 = �1:048.
Table 1: w0 = �1:048k wk Ek rEk0 -1.048 1.537 -16.4781 -.926 1.469 10.3362 -1.041 1.429 -14.0053 -.937 1.37 9.1664 -1.03 1.303 -10.695 -.843 2.567 14.696 -.979 1.113 2.2697 -.999 1.11 -2.1048 -.049 0.075 -3.0429 -4.6e-4 6.7e-6 -.02810 -3.8e-10 .0 -2.3e-8The 
onvergen
e to the global minimum is a
hieved in 10 iterations. At iteration 8 the algorithmes
apes from the neighbourhood of the lo
al min-imum w = �p6+2p23 . In the iterations 9 and10 the LQN -method is utilised to speed up the
onvergen
e; sin
e w 2 R1 , obvously the LQN -method is equivalent to 
lassi
al Newton pro
e-dure.By applying the following threshold 
riterionIF ( �akrEkk2 ) < Æ THEN �k 2 A:G: (27)being Æ = 2e�2, the 
onvergen
e 
an be furtherlya

elerated, as shown in Table 2.5



Table 2: w0 = �1:048k wk Ek rEk0 -1.048 1.537 -16.4781 -1.002 1.115 -2.6412 -.244 1.652 -11.863 .233 1.514 11.5794 -.215 1.313 -11.0775 .144 .62 8.2586 .011 .004 0.7067 5.6e-6 9.9e-10 3.5e-4Iterations 6 and 7 are performed with the LQN -method. Finally, in Table 3 are illustrated theresults of our algorithm for w0 = �2.Table 3: w0 = �2k wk Ek rEk0 -2. 1084.4 -3964.41 1.786 462.54 2015.32 -1.473 91.638 -573.63 1.187 8.665 96.8884 -.995 1.103 -1.1375 .158 .742 8.9136 .014 .007 .9327 1.3e-5 5.3e-9 8.1e-4In the above table the 
riterion (27) is used inthe �rst three iterations.In the general 
ase of w 2 Rn the behaviour ofthe values �a � 2[
ond(Hk)℄2 (28)is 
ru
ial to distinguish non-suspe
t problemsfrom \suspe
t"(i.e. diÆ
ult) ones. On
e again,we stress that the values of the sequen
e �akrEkk2in the neighbourhood of lo
al minima play an im-portant role.Numeri
al experien
es regarding the multi-dimensional 
ase are the obje
t of our 
urrent resear
hand will be des
ribed in a future work.Referen
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