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ked up in a stru
tured matrix algebra L(k), shares somesigni�
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2 C. DI FIORE, S. FANELLI, P. ZELLINIHessian approximations of type (1.1) were studied in the 
ase L(k) = L 8k, where L is a �xedspa
e, and the matrix Ak is the best approximation in the Frobenius norm of Bk in L [10℄.Su
h matrix Ak, denoted by LBk , inherites positive de�niteness from Bk. So, by the property(1.2), Bk+1 = '(LBk ; sk;yk) is a p.d. matrix (provided that sTk yk > 0). As a 
onsequen
e, theLQN methods of [10℄ yield a des
ent dire
tion dk+1.If L is de�ned as the set of all matri
es simultaneously diagonalized by a fast dis
retetransform U (L = sdU), then the time and spa
e 
omplexity of LQN is O(n logn) and O(n),respe
tively [10℄, [5℄. The latter result makes LQN methods suitable for minimizing fun
tionsf where n is large. In fa
t, numeri
al experien
es show the 
ompetitivity of LQN with Limited-memory BFGS, whi
h is an eÆ
ient method for solving large s
ale problems [5℄. Moreover, aglobal linear 
onvergen
e result for the 
lass of NS LQN methods is obtained in [10℄, [11℄, byextending the analogous BFGS 
onvergen
e result of Powell [15℄ with a proper use of some
ru
ial properties of the matrix LBk .The lo
al 
onvergen
e properties of LQN were studied in [9℄. It is proved, in parti
ular, thatLQN 
onverges to a minimum point x� of f with a superlinear rate of 
onvergen
e wheneverr2f(x�) 2 L. The latter result suggests that, in order to improve LQN eÆ
ien
y, one mightmodify the algebra L in ea
h iteration k, i.e. introdu
e the L(k)QN methods. This requires a
on
ept of \
loseness" of a spa
e L(k) with respe
t to a matrix Bk and the 
onstru
tion, atea
h iteration, of a spa
e L(k) as \
lose" as possible to Bk. Two important properties of Bkare that Bk is p.d. and Bksk�1 = yk�1. So, we 
an say that a stru
tured matrix algebra L(k)is \
lose" to Bk if L(k) in
ludes matri
es satisfying the latter properties, i.e. if� the set fX 2 L(k) : X is p.d. andXsk�1 = yk�1g is not empty.On
e su
h spa
e L(k) is introdu
ed, we 
an 
on
eive at least two L(k)QN algorithms, basedon the updating formula (1.1):Algorithm 1: (1.1) with Ak = L(k)sy ; where L(k)sy 2 L(k) is p.d. and solves the previous se
antequation Xsk�1 = yk�1.Algorithm 2: (1.1) with Ak = L(k)Bk ; where L(k)Bk is the best least squares �t to Bk in L(k).The present paper is organized as follows. In Se
tion 2 we re
all some basi
 notions onquasi-Newton methods in un
onstrained minimization and, in parti
ular, the BFGS algorithm(Broyden et al. '70) [8℄, [14℄. In Se
tion 3 we des
ribe the basi
 properties of the LQN methods,re
ently introdu
ed in [10℄. The latter methods turn out to be more eÆ
ient than BFGSand extremely 
ompetitive with L-BFGS for solving large s
ale minimization problems [5℄.In order to improve the LQN eÆ
ien
y, in Se
tion 4 we introdu
e the innovative L(k)QNalgorithms. Assuming that L(k) is the set of all matri
es diagonalized by a unitary matrix Uk,we translate the previous requirement � to a 
ondition on Uk (see (4.5)); then, we de�ne indetail the L(k)QN Algorithm 1. In Se
tion 5 we prove that matrix algebras L(k) satisfying �exist without spe
ial 
onditions on the algorithm. Moreover, we illustrate how to 
ompute su
hL(k), by expressing the 
orresponding matrix Uk as a produ
t of two Householder matri
es.In Se
tion 6 we introdu
e the L(k)QN Algorithm 2, and we prove that the NS version ofsu
h algorithm is 
onvergent. Moreover, we dis
uss some possible improvements of Algorithms1 and 2. Finally, some preliminary numeri
al experien
es illustrated in Se
tion 7 show thatL(k)QN performan
es are parti
ularly en
ouraging.Copyright 
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LOW COMPLEXITY MINIMIZATION ALGORITHMS 32. QUASI-NEWTON METHODS FOR THE UNCONSTRAINED MINIMIZATIONWe have to minimize a fun
tion f , i.e. solve the problem:f(x�) = minx2Rnf(x); find x�: (2:1)Let us apply a quasi-Newton (QN) method to the gradient ve
tor fun
tion rf . Given x0 2 Rn ,B0 = n�n positive de�nite (p.d.), a QN method generates a sequen
e fxkg1k=0 
onvergent toa zero of rf , by exploiting a QN iterative s
heme, i.e. a Newton s
heme where the Hessianr2f(xk) is repla
ed by a suitable approximation Bk:xk+1 = xk + �kdk; dk = �B�1k rf(xk) (�k 2 R+ ): (2:2)The matrix Bk is 
hosen positive de�nite (p.d.) so that the sear
h dire
tion dk is always ades
ent dire
tion (rf(xk)Tdk < 0). How to 
hoose the next Hessian approximation Bk+1? InSe
ant methods Bk+1 satis�es the se
ant equation, i.e. maps the ve
tor sk into the ve
tor yk,where sk = xk+1 � xk and yk = rf(xk+1)�rf(xk):Bk+1sk = yk (Se
ant equation)Noti
e that for n = 1 the matrix Bk+1 is a s
alar and is uniquely de�ned as the di�eren
equotient of the derivative fun
tion f 0(x), i.e. we retrieve the ordinary se
ant method appliedto f 0. In the general 
ase (n > 1), the se
ant equation has many possible solutions and, as a
onsequen
e, several se
ant algorithms 
an be de�ned.In BFGS (Broyden et al. '70) [8℄, [7℄, [14℄, the matrix Bk+1 is de�ned as a rank-2perturbation of the previous Hessian approximation Bk:Bk+1 = '(Bk; sk;yk) (BFGS)where '(B; s;y) = B + 1yT syyT � 1sTBsBssTB: (2:3)By the stru
ture of ', 1) BFGS is a se
ant method 2) BFGS has the following property: ifBk is p.d. then Bk+1 is p.d. provided that the inner produ
t between yk and sk is positive.Thus: Bk p:d:sTk yk > 0 �) Bk+1 = '(Bk; sk;yk) p:d:: (2:4)The 
ondition sTk yk > 0 
an be assured by a suitable 
hoi
e of the step length �k [8℄. Inparti
ular, it is satis�ed if �k is 
hosen in the Armijo-Goldstein setAGk = f� 2 R+ : f(xk + �dk) � f(xk) + 
1�dTkrf(xk) &dTkrf(xk + �dk) � 
2dTkrf(xk)g;0 < 
1 < 
2 < 1:The BFGS method has a lo
al superlinear rate of 
onvergen
e and an O(n2) time andspa
e 
omplexity. As a 
onsequen
e, in un
onstrained minimization BFGS is often moreeÆ
ient than the modi�ed Newton algorithm. However, the implementation of BFGS be
omesprohibitive when in problem (2.1) the number n of variables is large. Su
h large s
ale problemsarise, for example, in the learning pro
ess of neural networks [5℄, [16℄.Copyright 
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4 C. DI FIORE, S. FANELLI, P. ZELLINI3. LQN METHODSThe aim of LQN methods [10℄ is to redu
e the 
omplexity of BFGS by maintaining as moreas possible a quasi-Newton behaviour. Several attempts were performed towards this dire
tion(see f.i. [2℄, [12℄, [13℄). The main idea in [10℄ is to repla
e Bk with a simpler matrix 
hosen in analgebra L. Let U be a n�n unitary matrix and de�ne L as the set of all matri
es diagonalizedby U (L = sdU):L = sdU := fUd(z)U� : z 2 C ng; d(z) = 264 z1 O. . .O zn 375 : (3:1)Pi
k up in L the best approximation of Bk in the Frobenius norm. Call this matrix the bestleast squares �t to Bk in L and denote it by LBk . Then apply the updating fun
tion ' to LBk :Bk+1 = '(LBk ; sk;yk): (LQN)If Bk is p.d. then LBk is p.d.. This fa
t is a simple 
onsequen
e of the following expressionof the eigenvalues of LBk :LBk = Ud(zk)U�; (zk)i = [Uei℄�Bk[Uei℄: (3:2)Thanks to this property, we have also for LQN methods that Bk+1 inherites p.d. from Bkwhenever sTk yk > 0; moreover, under the same 
ondition sTk yk > 0, LBk+1 inherites p.d. fromLBk : Bk p:d: ) LBk p:d:sTk yk > 0 �) Bk+1 p:d: ) LBk+1 p:d:: (3:3)Thus we have two possible des
ent dire
tions.1. The �rst one in terms of Bk+1, leading to a Se
ant method:dk+1 = �B�1k+1rf(xk+1) (S LQN)(Bk+1sk = yk sin
e '(A; sk ;yk)sk = yk, 8A ).2. The se
ond one in terms of LBk+1 , leading to a Non Se
ant method:dk+1 = �L�1Bk+1rf(xk+1) (NS LQN)(LBk+1 does not map sk into yk, in general).In [10℄, [11℄ it is proved that NS LQN has a linear rate of 
onvergen
e, whereas numeri
alexperien
es in [5℄ show that S LQN has a faster 
onvergen
e rate.Moreover, ea
h step of any LQN method 
an be implemented so that the most expensiveoperations are two U transforms and some ve
tor inner produ
ts. This fa
t 
an be easily provedby examining the identityzk+1 = zk + 1sTk yk jU�yk j2 � 1zTk jU�skj2 d(zk)2jU�skj2 (3:4)and the Shermann-Morrison-Woodbury inversion formula (see [10℄, [5℄ for details). Thus, if Ude�nes a fast dis
rete transform (L stru
tured), then LQN 
an be implemented withCopyright 
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LOW COMPLEXITY MINIMIZATION ALGORITHMS 5
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Figure 1. HQN and L-BFGS applied to a fun
tion of 1408 variablesSPACE COMPLEXITY: O(n) = memory allo
ations for U , for ve
tors involved initeration (3.4) and in 
omputing dk+1,TIME COMPLEXITY (per step): O(n logn) = 
ost of U � z .Numeri
al experien
es on large s
ale problems [5℄ have shown that S LQN , L = H �Hartley algebra= sd U , Uij = 1pn (
os 2�ijn +sin 2�ijn ) [6℄, [3℄, [4℄ has a good rate of 
onvergen
eand is 
ompetitive with the well known Limited-memory BFGS method (for L-BFGS see[13℄, [14℄, [1℄). For example, in Figure 1 is reported the time required by S LQN , and byL-BFGS, m = 13; 30; 90, to minimize the error fun
tion asso
iated with a 34-38-2 neuralnetwork for learning the ionosphere data (see [16℄). Here the number of variables n is 1408(for more details see [5℄). We re
all that the L-BFGS pro
edure is de�ned in terms of the mpairs (sj ;yj), j = k; : : : ; k�m+1. Thus Figure 1 shows that strong storage requirements areneeded (m = 90) in order to make L-BFGS 
ompetitive with LQN .4. L(k)QN METHODSThe idea in LQN methods is to repla
e Bk in Bk+1 = '(Bk ; sk;yk) with a suitable matrix Akof a stru
tured algebra L. In [10℄ this matrix Ak is the best approximation in the Frobeniusnorm of Bk = '(Ak�1; sk�1;yk�1). In the present paper, we try to satisfy the se
ant equationXsk�1 = yk�1 (4:1)by means of a suitable approximation Ak of Bk where Ak belongs to an algebra L. It is 
learthat in order to implement this new idea, the spa
e L and therefore the stru
ture of L must
hange at ea
h iteration k. The innovative L(k)QN methods obtained in this way 
an better�t the Hessian stru
ture, thereby improving the rate of 
onvergen
e of the algorithm. As amatter of fa
t, some theoreti
al and experimental results reported in [9℄ had already suggestedCopyright 
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6 C. DI FIORE, S. FANELLI, P. ZELLINIthat an adaptive 
hoi
e of L during the minimization pro
ess is perhaps the best way to obtainmore eÆ
ient LQN algorithms.Both the previous and the innovative pro
edures are shown in the following s
heme:BFGS : � xk+1 = xk � �kB�1k rf(xk)Bk+1 = '(Bk; sk;yk)#LQN : Approximate Bk with a matrix of an algebra LPrevious . & Presentwith LBk with the matrix of Lthe best least squares �t to Bk solving the se
ant equ. Xsk�1 = yk�1Let us introdu
e a basi
 
riterion for 
hoosing L(k), by assumingL(k) = sdUk := fUkd(z)U�k : z 2 C ng; Uk n� n unitary; (4:2)at the generi
 step k.Let Ak denote the matrix of L(k) that we have to update. SoBk+1 = '(Ak; sk;yk): (4:3)We require(i) Ak is p.d.,(ii) Ak solves the se
ant equation in the previous iteration, i.e. Aksk�1 = yk�1.Note that the latter 
onditions may yield a matrix Ak whi
h is not the best approximation inFrobenius norm of Bk in L(k) (i.e. Ak 6= L(k)Bk , in general).Sin
e Ak must be an element of the matrix algebra L(k), it will have the form Ak =Ukd(wk)U�k , for some ve
tor wk. Then, the se
ant 
ondition (ii) 
an be rewritten in orderto determine wk via U�k , i.e.(wk)i = (U�kyk�1)i(U�k sk�1)i ; (U�k sk�1)i 6= 0; 8i: (4:4)Finally, the positive de�niteness 
ondition (i) is veri�ed if (wk)i > 0. So, the basi
 
riterionfor 
hoosing L(k) is the following one:� Choose Uk su
h that (wk)i = (U�kyk�1)i(U�k sk�1)i > 0; 8i (4:5)and de�ne L(k) as in (4.2).Copyright 
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LOW COMPLEXITY MINIMIZATION ALGORITHMS 7Noti
e that (4.5) is equivalent to say that 9 Uk unitary and (wk)i > 0 su
h that the se
antequation Ukd(wk)U�k sk�1 = yk�1 is veri�ed. By multiplying on the left by sTk�1 the latterequation, we �nd that sTk�1yk�1 > 0 is a ne
essary 
ondition for the existen
e of Uk satisfying(4.5).On
e Uk is found, the 
orresponding spa
e L(k) in
ludes the desired matrix satisfying (i) and(ii). Denote this matrix by L(k)sy and de�ne the new Hessian approximation Bk+1 by applying' to L(k)sy : Bk+1 = '(L(k)sy ; sk;yk); L(k)sy sk�1 = yk�1: (L(k)QN)The two possible des
ent dire
tions are:dk+1 = ( �B�1k+1rf(xk+1); (I)�L(k+1) �1sy rf(xk+1): (II)Noti
e that both dire
tions (I) and (II) are de�ned in terms of matri
es satisfying the se
antequation.The following questions arise: There exists a unitary matrix Uk satisfying the 
ondition(4.5)? Can this matrix be easily obtained?5. PRACTICAL L(k)QN METHODSWe have observed that sTk�1yk�1 > 0 is a ne
essary 
ondition for the existen
e of a unitarymatrix Uk satisfying (4.5). A
tually, the following result holdsTheorem 5.1. The existen
e of a matrix U�k satisfying (4.5) is guaranteed i�yTk�1sk�1 > 0 (5:1)Observe that (5.1) is the 
ondition required to obtain a p.d. matrix Bk = '(Ak�1; sk�1;yk�1),i.e. (5.1) is already satis�ed (remember that the inequality sTk�1yk�1 > 0 
an be obtained by
hoosing the step-length �k�1 in the AGk�1 set).Let H(z) denote the Householder matrix 
orresponding to the ve
tor z, i.e.H(z) = I � 2kzk2 zz�; z 2 C n (5:2)(H(0) = I). In order to prove Theorem 5.1, we need a preliminary result whi
h turn out to beuseful for the expli
it 
omputation of U�k .Lemma 5.2. Given two ve
tors s;y 2 Rnnf0g, let r; x 2 Rn be su
h that krkkxk 6= 0,ri 6= 0 8i and the 
osine of the angle between r and x is equal to the 
osine of the anglebetween s and y, i.e. rTxkrkkxk = sTykskkyk : (5:3)Set u = s� y � �kskkrkr� kykkxkx�, p = H(u)s� kskkrkr = H(u)y � kykkxkx andU� = H(p)H(u): (5:4)Copyright 
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8 C. DI FIORE, S. FANELLI, P. ZELLINIThen U�s = kskkrkr , U�y = kykkxkx andwi = (U�y)i(U�s)i = kykkrkxikskkxkri :Proof. First observe that if p = v � kvkkzk z, v 2 Rn , z 2 Rnnf0g, thenH(p)v = kvkkzk z(in fa
t, p�vkpk2 = 12 ). As a 
onsequen
e, for any unitary matrix Q we havep1 = Qs� kskkrkr; r 6= 0 ) H(p1)Qs = kskkrkr;p2 = Qy � kykkxkx; x 6= 0 ) H(p2)Qy = kykkxkx:Now 
hoose Q su
h that p1 = p2 or, equivalently,Q(s� y) = kskkrkr� kykkxkx: (5:5)Su
h 
hoi
e is possible provided that ks � yk = k kskkrkr � kykkxkxk from whi
h we dedu
e the
ondition (5.3) on r and x. A matrix Q satisfying (5.5) is H(u), u = s� y � �kskkrkr� kykkxkx�.�Now, in order to 
onstru
t U�k satisfying (4.5), we need to prove the e�e
tive existen
e ofr; s 2 Rn su
h that (5.3) holds with rixi > 0.Proof of Theorem 5.1. Given the two ve
tors sk�1 and yk�1, an example of ve
tor pair(x; r) su
h that rTxkrkkxk = sTk�1yk�1ksk�1kkyk�1k �p�k�1; rixi > 0 8i: (5:6)is the following: x = [1 � � � � �℄T ; r = [� � � � � 1℄T ; � = �(p�k�1);where �(p�) = p�1 +p1� �(n� 1) +p�(n� 2) :In fa
t, �(p�) > 0 if 0 < p� � 1. So, under the 
ondition (5.1), we have that x and r havepositive entries. On
e x and r have been introdu
ed, de�ne the two ve
tors u and p as inLemma 5.2, in terms of sk�1, yk�1, r, x, and 
onsider the 
orresponding Householder matri
esH(u) and H(p). Then the matrix U�k is H(p)H(u). In fa
t, H(p)H(u) maps sk�1 and yk�1into two ve
tors whose dire
tions are the same of r and x, respe
tively. So, by the 
onditionrixi > 0, the ratio of the two transformed ve
tors has positive entries:(wk)i = (U�kyk�1)i(U�k sk�1)i = kyk�1kkrkxiksk�1kkxkri > 0 8i: (5:7)�Copyright 
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LOW COMPLEXITY MINIMIZATION ALGORITHMS 9Noti
e that if we de�ne U�k as the produ
t of the two Householder matri
es H(p) andH(u) (as above suggested), then the 
orresponding L(k)QN method 
an be implemented withonly O(n) arithmeti
 operations per step and O(n) memory allo
ations. This result is easilyobtained from the identity (method (I))dk+1 = �'(Ukd(wk)U�k ; sk;yk)�1rf(xk+1)by applying the Shermann-Morrison-Woodbury formula. Obviously, the method (II) 
an beimplemented with the same 
omplexity.6. ALTERNATIVE L(k)QN METHODSIn this se
tion an alternative L(k)QN method is obtained in order to regain the best leastsquares �t 
ondition.Let Uk be a unitary matrix satisfying the 
ondition (4.5), so that the 
orresponding matrixalgebra L(k) in
ludes a p.d. matrix L(k)sy solving the previous se
ant equation Xsk�1 = yk�1.Pi
k up in L(k) the best approximation L(k)Bk in the Frobenius norm of Bk and apply ' toL(k)Bk . So: Bk+1 = '(L(k)Bk ; sk;yk): (Alternative L(k)QN)Sin
e Bk p:d: ) L(k)Bk p:d:sTk yk > 0 �) Bk+1 p:d: ) L(k+1)Bk+1 p:d:;the latter de�nition of Bk+1 leads to two possible des
ent dire
tions whi
h are expressed interms of Bk+1 and in terms of L(k+1)Bk+1 , respe
tively. The former leads to a Se
ant method, thelatter to a Non Se
ant one:dk+1 = ( �B�1k+1rf(xk+1) S L(k)QN�L(k+1) �1Bk+1 rf(xk+1) NS L(k)QNSin
e NS L(k)QN is a BFGS-type algorithm where ~Bk = L(k)Bk (see [10℄) and, by (3.2), L(k)Bksatis�es the 
onditions detBk � detL(k)Bk and trBk � trL(k)Bk , we 
an apply Theorem 3.2 of[10℄, thereby stating the following 
onvergen
e results.Theorem 6.1. If the NS L(k)QN iterates fxkg, de�ned with �k 2 AG, satisfy the 
onditionkykk2yTk sk �M; (6:1)for some 
onstant M , then a subsequen
e of the gradients 
onverges to the null ve
tor. If,moreover, the level set I0 = fx : f(x) � f(x0)g is bounded, then a subsequen
e of fxkg
onverges to a stationary point x� of f and f(xk)! f(x�).Corollary 6.2. Let f be a twi
e 
ontinuously di�erentiable 
onvex fun
tion in the level setI0. Assume I0 
onvex and bounded. Then all the assertions of Theorem 6.1 hold, moreoverf(x�) = minx2Rn f(x).Copyright 
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10 C. DI FIORE, S. FANELLI, P. ZELLINIIn the next se
tion, experimental results (where the number of variables is n � 32) will
learly show that the novel NS L(k)QN outperforms the previous NS LQN [10℄ in whi
h thespa
e L is maintained un
hanged in the optimization pro
edure.So we have introdu
ed two di�erent L(k)QN methods. In the �rst one, in the de�nitionBk+1 = '(Bk; sk;yk), the matrix Bk is repla
ed with L(k)sy , i.e. the matrix of L(k) solving these
ant equation. In the se
ond one, Bk is repla
ed with L(k)Bk , i.e. the best l.s. �t in L(k) of Bk.Both methods exploit the same 
riterion � for 
hoosing L(k).Open problem: Is it possible to 
ompute an approximation Ak (in L(k)) whose eigenvaluesare linked to those of Bk and whose stru
ture is 
lose to a solution of the se
ant equation? Ifone is able to �nd a stru
tured (or low 
omplexity) matrix algebra L(k) su
h thatL(k)sy = L(k)Bk ;the 
orresponding L(k)QN algorithm would be the optimal one.We may summarize the main ideas of the present paper in the following s
hemeBFGS : � xk+1 = xk � �kB�1k rf(xk)Bk+1 = '(Bk; sk;yk)#L(k)QN : Approximate Bk with a matrix of a stru
tured algebra L(k) satisfying �Now . & Nowwith L(k)Bk with L(k)sythe best least squares �t to Bk solving the se
ant equ. Xsk�1 = yk�1& .L(k)Bk = L(k)sy ?7. PERFORMANCE OF L(k)QN METHODSWe have 
ompared the performan
es of L(k)QN and LQN methods in the minimization ofsome simple test fun
tions f taken from [8℄. The LQN method is implemented with L = H,where H is the Hartley algebra. The matri
es Uk utilized in L(k)QN methods are the produ
tof two Householder matri
es, as suggested in Se
tion 5.Table I reports the number of iterations required by NS LQN (Se
tion 3) and NS L(k)QN(Se
tion 6) to obtain f(xk) < �, � = 10�4; 10�6; 10�8 . It is 
lear that the rate of 
onvergen
e ofNon Se
ant methods may be 
onsiderably improved by 
hanging the spa
e L at ea
h iterationk. Re
all that NS methods are 
onvergent.The same set of ben
hmarks is exploited to study the behaviour of the algorithms S LQN(Se
tion 3), S L(k)QN (Se
tion 6) and L(k)QN (I) (Se
tion 4). Table II shows that the lattermethods are faster than the NS algorithms. Moreover, S L(k)QN and L(k)QN (I) turn outto be superior to S LQN in most 
ases.Copyright 
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LOW COMPLEXITY MINIMIZATION ALGORITHMS 11f upd.matr. 10�4 10�6 10�8Rosenbro
k n = 2 L 364 535 677L(k) 75 112 149Heli
al n = 3 L 447L(k) 62 83 114Powell n = 4 L 338 >2000L(k) 87 165 269Wood n = 4 L 277 439 623L(k) 121 188 223Trigon. n = 32 L 48L(k) 29Table I. Performan
e of Non Se
ant methodsf upd.matr. 10�4 10�6 10�8Rosenbro
k n = 2 L 11 13 16L(k) 14 15 15L(k)sy 19 21 22Heli
al n = 3 L 22 29 36L(k) 23 25 28L(k)sy 23 25 27Powell n = 4 L 29 47 175L(k) 32 56 62L(k)sy 20 21 36Wood n = 4 L 49 67 95L(k) 54 78 80L(k)sy 24 41 45Trigon. n = 32 L 22L(k) 20L(k)sy 27Table II. Performan
e of Se
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