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AbstractÐWe propose solving nonlinear systems of equations by function optimization and we give an optimal algorithm which relies

on a special canonical form of gradient descent. The algorithm can be applied under certain assumptions on the function to be

optimized, that is, an upper bound must exist for the norm of the Hessian, whereas the norm of the gradient must be lower bounded.

Due to its intrinsic structure, the algorithm looks particularly appealing for a parallel implementation. As a particular case, more specific

results are given for linear systems. We prove that reaching a solution with a degree of precision " takes ��n2k2 log k
"�, k being the

condition number of AA and n the problem dimension. Related results hold for systems of quadratic equations for which an estimation

for the requested bounds can be devised. Finally, we report numerical results in order to establish the actual computational burden of

the proposed method and to assess its performances with respect to classical algorithms for solving linear and quadratic equations.

Index TermsÐComputational complexity, nonlinear systems of equations, parallel processing, terminal attraction dynamics.

æ

1 INTRODUCTION

LINEAR and nonlinear systems of equations are the basis
of many models in science and engineering and their

efficient numerical solution is critical to progress in these
areas. In particular, the efficient and robust solution of a
system of nonlinear equations can be a rather challenging
problemÐespecially in cases where only little a priori
information on the solution is available.

A well-known method for solving nonlinear equations is
the Newton method, an iterative scheme which is known to
converge quadratically, but only if the initial guess is
sufficiently close to the solution. Now, in order to extend
the convergence domain of Newton's method, some
globalizations are in common use, e.g., damped Newton
methods, Levenberg-Marquardt, and steepest descent
methods [1], [2], [3], [4], [5]. Based on the latter techniques,
some packages have been developed, e.g., the codes from
IMSL, NAG, and MINPACK [6].

There are also algorithms for finding zeros or fixed
points of nonlinear systems of equations that are globally
convergent for almost all starting points, i.e., with prob-
ability one. The essence of all such algorithms is the
construction of an appropriate homotopy map and then the
tracking of some smooth curve in the zero set of this
homotopy mapÐHOMPACK [7], for instance, provides
three qualitatively different algorithms for tracking the
homotopy zero curve: ordinary differential equation-based,
normal flow, and augmented Jacobian matrix. A similar
approach was introduced in [8] where the solutions of a
system of nonlinear algebraic equations are determined as
asymptotic values of trajectories of systems of ordinary

differential equations. More precisely, the numerical inte-
gration of the classical Cauchy problem associated to the
given system by means of Euler's equations allows the
construction of very efficient algorithms. A-stable methods
for the Cauchy problem lead, in fact, to the implementation
of quadratic or superlinear algorithms for the original
algebraic system. The idea of connecting the zeros of the
systems of algebraic equations to the solutions of differ-
ential equations was used also in [9]. Another classical
approach is based on the extension to nonlinear systems of
the algorithms of the so-called ABS class [10], [11]. The close
relationship between the ABS class and the well-known
Brent-Brown methods [12], [13], as well as the excellent
computational properties of both classes, lead to the
construction of an efficient technique based on the ideas
given in [14] (Section 7.4). More recently, a nonlinear
version of the Generalized Conjugate Gradient (NGCG) and
the corresponding global convergence results were intro-
duced in [15] under suitable assumptions. It is worth
mentioning that this method can be efficiently implemented
in conjunction with nonlinear preconditioning. Moreover,
by combining an approximate version of Newton's method
and NGCG, global convergence can be guaranteed under
rather general conditions. Finally, Newton type methods
are also used for the approximate solution of nonlinear ill-
posed operator equations.

Classical iterative methods for linear systems, such as
Jacobi iteration, can be accelerated considerably by Krylov
subspace1 methods like GMRES [16]. Inexact Newton
methods for nonlinear problems can be accelerated in a
similar way [17], leading to a general framework that
includes many well-known techniques for solving linear
and nonlinear systems. Inexact Newton methods are
frequently used in practice to avoid the expensive exact
solution of the large linear system arising in the (possibly
inexact) linearization step of Newton's process. Moreover,
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1. The Krylov subspace is the linear space span�ro; AAro; AA
2ro; . . . ; AAiro�,

with ro � bbÿAAxxo and xxo initial estimation for the linear system solution.

0018-9340/01/$10.00 ß 2001 IEEE



the solution of the nonlinear system can be approached
by solving a stream of linear systems, with slowly
varying righthand side and coefficient matrix. In [18], a
method is described which is also well-suited for parallel
implementation.

A typical way of solving nonlinear systems is that of
framing the problem in an optimization scheme. Basically, a
cost function is defined which collects the residual-errors.
This approach is quite general and can also be applied to
the resolution of linear systems (see, e.g., [19], [20]).
Nevertheless, apart from the convex case, the fundamental
drawback of descending the cost surface by gradient-based
algorithms is their susceptibility to local minima. Recently,
some authors have independently introduced new optimi-
zation algorithms in the area of neural networks that are
based on the properties of terminal attractors and repellers
[21], [22], [23]. Although there is no theoretical assurance
that the global solution can be reached via this kind of
algorithms, apart from the convex case or when starting in
the domain of attraction of the global minimum, never-
theless the terminal attraction dynamics allows us to reach
the (eventually local) solution in finite time.2 In this paper,
we propose two algorithms, referred to as CGD (Canonical
Gradient Descent)3 and CGD-BP (Canonical Gradient Descent-
Boosting Precision), respectively, which are based on
terminal attraction. In the case of local minima free error
functions or when starting the optimization in the basin of
attraction of the desired minimum, we prove that the
optimal solution is reached in a number of steps which is
independent of the cost function. Most importantly, these
algorithms allow us to determine the time required for
finding the optimal solution. We prove that reaching the
solution in the linear case takes ��n2k2 log k

"�, where n is the
system dimension, k is the condition number, and " is the
required accuracy. In practice, those problems for which the
condition number is independent of the matrix dimension
can be solved optimally with a given degree of precision.
Related, but more significant, results can also be devised in
the quadratic case just by directly extending the concept of
system conditioning for nonlinear problems. Finally, it is
worth mentioning that the proposed methodology is well-
suited for parallel implementations since the proposed
algorithms are based on gradient computation.

This paper is organized as follows: In the next section,
we define a canonical form of gradient descent and give the
notation used throughout the paper. In Section 3, we
describe how the canonical gradient descent can be used for
solving linear systems by quadratic optimization of the
residual-error function. Section 4 is devoted to the more
general problem of solving systems of quadratic equations.
In Section 5, some results are given concerning linear
system solving and quadratic optimization. In the quadratic
case, for generalized Rosenbrock and tridiagonal Broyden

functions [24], CGD-BP shows a noticeable increase of
performance with respect to the Powell hybrid and
Levenberg-Marquardt methods. Finally, in Section 6, we
draw some conclusions. In order to improve readability, the
proofs of the main theoretical results are collected in the
Appendix.

2 CANONICAL GRADIENT DESCENT

Let us consider the nonlinear system of equations

F�xx� � 0;

where xx 2 
 � IRn. Of course, this equation can be solved
by optimizing

E � jjF�xx�jj2:
The optimization of function E can be carried out by means
of the differential scheme

dxx

dt
� f�t; xx� � ÿ �

rxxEj jj j2rxxE; �1�

where xx 2 
 is the unknown vector. Based on this scheme,
the dynamics of the error function becomes

dE

dt
� rxxE� �T dxx

dt
� rxxE� �T ÿ �

rxxEj jj j2rxxE

 !
� ÿ�; �2�

where � is the rate of convergence. The function E decreases

to zero by means of a terminal attractor dynamics, that is, in

the finite time te, the transient beginning from E�0� � Eo
reaches the equilibrium point E � 0, which is a terminal

attractor. Finally, if we choose � � Eo
� , then the solution is

reached for te � �, independently of the function at hand,

being E�t� � Eo ÿ Eo
� t.

This analysis holds for continuous computational models
and one might wonder whether this nice property of forcing
the dynamics still holds when using the discrete counter-
part. The continuous canonical gradient descent model is
indeed ideal, as no problem either due to accuracy or
limited energy has been taken into account. This kind of
problem may occur particularly in very flat and very abrupt
zones of the error function. The use of a quantization step
that is not small enough may generate errors due to
undersampling, as well as problems of numerical repre-
sentation. Nevertheless, there are a couple of reasons for
choosing the special dynamics of (2). First, its dynamics is
that of a terminal attractor and, in particular, it allows us to
determine, in a very simple mathematical form, the time
required for approaching the solution. Second, its simple
form is also desirable in order to evaluate the errors arisen
from the discretization process.

Let us now consider the following discrete version of (1),
which represents Euler's approximation to the unknown
dynamics:

xxi�1 � xxi ÿ �� rEi
rEij jj j2 ; �3�

where the iteration index i is related to the continuous time
t and to the quantization step � by t � i� .
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2. Moreover, terminal attractor algorithms may escape from the
basins of attraction of local minima because of numerical errors which
produce random jumps in the unknown space, thereby providing a
restart in the trajectory to the solution. This instability behavior turns
out to be a positive feature of the algorithms which makes them
useful for practical applications.

3. The terminal attractor dynamics allows us to end up with a canonical
differential equation which makes it possible to find the solution
independently of the function.



Definition 2.1. The Eulerian approximation (3) is consistent
with the continuous equation (1) provided that 8 "a > 0, 9 � >
0 such that 8 t � i�; E�t� ÿEij j � "a.

The following theorem gives a suggestion on the choice
of the quantization step � which guarantees the desired
approximation "a and, consequently, allows us to estimate
the number of steps i� required for the optimization.

Theorem 2.1. Let � � "a
� . Then, 8 "a 2 IR�, the Eulerian

approximation is consistent with the continuous evolution of
the error dynamics in the domain

D"a �: xxi 2 IRn : Ei > "af g;
when choosing quantization steps lower than or equal to

�� � 2�
"2
s"a
HE2

o

; �4�

where � � Eo
� , jjrEijj � "s in D"a (i.e., "s is a lower bound for

the norm of the gradient in D"a ) and the Hessian matrix H�xx�
is such that, 8xx, H�xx�j jj j � H (i.e., H is an upper bound for
the norm of the Hessian).

Proof. See the Appendix. tu
Corollary 2.1 (Number of steps for terminal solutions). If

we adopt the terminal condition Ei� � "a, then a residual error
E�xxi� � bounded by "e �: 2"a is reached after no more than

i� � HE2
o

"2
s"e

� �
�5�

steps of (3).

Proof. See the Appendix. tu

It can promptly be seen that the number of steps
explodes when forcing the terminal condition to yield
arbitrarily high precision ("e ! 0).

Definition 2.2. The degree of approximation carried out in (3) is
defined by

� �: "e
Eo
;

which is referred to as the approximation ratio.

Remark 2.1. Note that the number of steps of (5) depends
on the required residual tolerance "e. In particular, it can
be conveniently expressed by means of

i� � HEo

� "2
s

� �
:

The following algorithm can be used to determine the
required solution.

Algorithm 1: CGD

Input:

Function F�xx�;
Approximation ratio �.

Output:

A parameter vector xxi� such that E�xxi� � � "e.
begin

Choose a random initial point xxo;

Eo  E�xxo�;
H  max

xx
jjH�xx�jj;

"s � min
xx2D"a

jjrE�xx�jj;

i�  dHEo� "2
s
e;

for i 1; � � � ; i� do

xxi�1  xxi ÿ Eo
i�
rEi
krEik2 ;

return xxi� ;
end

Remark 2.2. The integration step � is independent of the

special function E��� involved and is only related to H,

Eo, �, "s.

3 THE SPECIAL CASE OF LINEAR SYSTEMS

The CGD algorithm proposed in the previous section can be

nicely specialized to the case of linear systems in which

F�xx� � AAxxÿ bb. We consider the following error index:

E�xx� �: 1
2�
jjAAxxÿbbjj2
jjbbjj2 ; jjbbjj 6� 0; � > 0;

E�xxo� � 1
2�; for xxo � 0:

(
�6�

The following lemma allows us to determine a lower

bound for the norm of the gradient when the discrete

residual-error is greater than the threshold "a.

Lemma 3.1 Let us consider the error function (6). Then, 8 � > 0,

we can choose

"s�:
���
�

2

r
�

jjAAÿ1jj jjbbjj
such that rEij jj j � "s holds 8xxi 2 D"a .

Proof. See the Appendix. tu

We can now establish how the number of steps i� given

by Corollary 2.1 depends on the system parameters.

Theorem 3.1. The number of steps i� required by Algorithm 1 to

reach the condition E�xx�� � "e is given by

i� � k2�AA�
�2

� �
;

where k�AA� �: jjAAjj � jjAAÿ1jj is the condition number of AA.

Proof. See the Appendix. tu

So far, we have considered a stopping criterion involving

solely the residual-error. However, the relative-error of the

solution could be more informative, especially for ill-

conditioned systems.

Lemma 3.2. Let E�xx� be defined as in (6) and consider the value

xxi� such that Ei� � "a. Then, the relative error of the solution

is bounded by

" �: jjxxi� ÿ x̂xjjjjx̂xjj �
���
�

2

r
k�AA�; �7�

where x̂x is the exact solution.
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Proof. See the Appendix. tu
Theorem 3.2. The number of steps i� required by Algorithm 1 to

reach relative accuracy " is given by

i� � k6�AA�
4 "4

� �
:

Proof. See the Appendix. tu

Either Theorem 3.1 or Theorem 3.2 clearly indicate that
Algorithm 1 allows a computational complexity of

�
k6�AA�
"4

n2

� �
; �8�

which is optimal when k�A� is independent of the matrix
dimension.4 Although theoretically interesting, the depen-
dence on " and k�AA� given in (8) suggests that Algorithm 1
can hardly meet typical precision requirements of practical
applications in reasonable time.

Remark 3.1 (Sparse matrices). Equation (8) gives the
computational complexity of the CGD algorithm in the
general case of dense matrices. If AA is sparse, the method
can be adapted in order to ªfitº the matrix structure.
Therefore, the computational burden due to gradient
calculation remains proportional to the number of
nonzero entries of AA.

Remark 3.2 (Parallel implementation). Thanks to its

intrinsic modular structure, the CGD algorithm can be

easily rewritten following a parallel scheme. In fact, CGD

can significantly benefit from a parallel computation of

the gradient. In particular, when either the condition

number k�AA� or the accuracy " are given, the complexity

of a parallel implementation of CGD is the same as that

of computing the gradient. Since rE � � AAT �AAxxÿbb�
jjbbjj2 , the

parallel computation just consists of the parallelization of

matrix-vector multiplications, which has been the subject

of massive research (see, e.g., [25], pp. 160-168). The

matrix-vector product heavily depends on the density of

the matrix and, eventually, on its particular sparsity

pattern. Some interesting results on the parallelization of

iterative methods for large and sparse linear systems are

found in [26], [27], [28], [29].

3.1 Boosting Precision

A careful analysis of Algorithm 1 shows that most of the
computational resources are dissipated whenever we need
a high degree of accuracy. One can, however, circumvent
this problem by simply reducing the error to a certain
fraction of the initial value (e.g., to its half), restoring the
initial value, and then repeating the gradient descent for
s steps until the desired degree of accuracy is reached.

First of all, let us calculate the number of steps required
for reducing the initial value of the error function to its half.

Corollary 3.1. If we adopt the terminal condition
E�xxi�

1=2
� � Eo=2ÿ "a, then Ei�

1=2
� Eo=2 after no more than

i�
1=2
� i� 1� �

2

� �
steps of (3).

Proof. See the Appendix. tu

Note that, unlike Corollary 2.1, in the case of halved-
solutions we need not choose a small value for "a since we
are only interested in reaching an error less then Eo=2. For
instance, we can choose "a � Eo=4 (� � 1=2) so that the
number of steps which guarantees E�xxi�

1=2
� � Eo=2 becomes

i�
1=2
� 3

2

HEo

"2
s

:

In particular, in the case of linear equations, from
Theorem 3.1, we derive that

i�
1=2
� 3k2�AA�: �9�

Note that i�
1=2

can be established once we know in advance

that our equation has a bounded value of k�AA�. Alterna-

tively, when no such information is given, k�AA� can

optimally be estimated with an O�n2� computational

burden.5

A formal statement of the proposed idea is given by the
following algorithm for linear systems6:

Algorithm 2: CGD-BP (CGD-Boosting Precision)
Input:

Matrices AA and bb;
Approximation ratio �.

Output:

A solution ~xx such that E�~xx� � 1
2�
kAA~xxÿbbk2

kbbk2 � "e.
begin

xxo  0; {set the starting guess}
s 0;
Es
o  E�xxo�;

Compute k�AA�;
i�

1=2
 3k2�AA�; {see (9)}

Es  Es
o ;

while Es

E0
o

> � do

begin

for i 1; � � � ; i�
1=2

do

xxi�1  xxi ÿ Es
o

i�
1=2

rEs
i

krEs
i k2 ;

s s� 1;

Es  1
2�
jjAAxx

i
�
1=2
ÿbbjj2

jjbbjj2 ;
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4. In fact, in this case, the computational complexity of Algorithm 1
equals the cost of loading the data, i.e., the matrix bfA.

5. The problem of having an economical method for estimating the
condition number of AA, which is obviously analogous to that of
approximating jjAAÿ1jj, has been widely debated. Since 1979, when the
LINPACK package was released, the same authors have proposed an
approximating algorithm involving O�n2� floating-point operations and
assuring a reliable indication for the order of magnitude of k�AA� [30]. After
such a proposal, several researchers attempted to enhance the previous
result [31], [32] until, in 1984, Hager suggested a new technique for
estimating the l1 condition number with an error under 5o=oo and a
probability higher than 0.97 [33]. Finally, it is worth mentioning that,
because of the very nature of the approximation method, all such
algorithms calculate an underestimation of the actual condition number.

6. The algorithm can easily be extended to the general case of nonlinear
equations.



Es
o  4Esÿ1

i�
1=2

; f"a � Eo=4g

end

return ~xx;
end

Now, let us estimate the number of steps s required to

attain the desired accuracy. The following theorem gives an

answer to this problem:

Theorem 3.3. The number of steps s required by Algorithm 2 to

reach relative accuracy " is bounded by

s � 2 log2

k�AA����
2
p

"

� �
:

Proof. See the Appendix. tu

From this theorem and (9), we can immediately see that

Algorithm 2 provides a solution in

� k2�AA� log2

k�AA�
"

n2

� �
�10�

steps.

4 SYSTEMS OF QUADRATIC EQUATIONS

Let us consider the quadratic system

F�xx� � 0; where
Fj�xx� � 1

2xx
TAAjxx� xxTbj ÿ cj � 0;

AAj symmetric;

(
j � 1; . . . ; n;

to which the following error index can be attached:

E�xx� � 1

2
F�xx�j jj j2� 1

2

Xn
j�1

�Fj�xx��2: �11�

As for linear systems, we need to find an upper bound of

the Hessian matrix and a lower bound of the gradient.

Lemma 4.1. Let us consider the error function (11). Let

~A�xx� � a1�xx�; a2�xx�; . . . ; an�xx�� � � JT �xx� 2 IRn;n;

with aj�xx��: AAjxx� bj. If ~A�xxi�
� �ÿ1

exists, then

jjrEijj �
��������
2 "a
p

~A�xxi�
� �ÿ1
��� ������ ��� ;

holds 8xxi 2 D"a .
Proof. See the Appendix. tu
Remark 4.1. The bound on the norm of the gradient

depends on the point actually reached in the descending

procedure. When a good estimation of the solution is

available, the above inverse matrix can be roughly

estimated using the starting guess xxo:

"s �
��������
2 "a
p

~A�xxo�
� �ÿ1
��� ������ ��� : �12�

If xxo is not a good approximation of the solution, we can
use the value of "s for a limited number of steps and then
recalculate ~A�xxo�

� �ÿ1
again.

An estimation for H can be obtained as follows:

jjH�xxi�jj �
Xn
j�1

F
0
j�xxi��F

0
j�xxi��T � Fj�xxi�F00

j�xxi�
h i�����

�����
�����

�����
�

Xn
j�1

F
0
j�xxi��F

0
j�xxi��T

�����
�����

�����
������ Xn

j�1

Fj�xxi�AAj

�����
�����

�����
�����

� ~A�xxi�� ~A�xxi��T
��� ������ ���� F�xxo�j jj j max

1�j�n
jjAAjjj:

If xxo is close to x̂x,

H � C ~A�xxo�
�� ���� ��2; �13�

with C � 1� jjF�xxo�jj
jj ~A�xxo�jj2 max1�j�n jjAAjjj.

As for Theorem 3.1, we can now estimate the number
of steps i� for attaining the desired precision. In fact,
based on (5),

i� � C ~A�xxo�
�� ���� ��2

�2

~A�xxo�� �ÿ1
�� ���� ��2

266666
377777

�
C ~A�xxo�
�� ���� ��2 ~A�xxo�

� �ÿ1
��� ������ ���2
�2

26666
37777

� C k2 ~A�xxo�
ÿ �
�2

& '
;

where k� ~A�xxo�� �: jj ~A�xxo�jj � jj� ~A�xxo��ÿ1jj is the condition
number of ~A�xxo�, provided that (12)-(13) allow valid
estimations for "s and H, respectively.

In particular, adopting the terminal condition,
E�xxi�

1=2
� � Eo=2ÿ "a, then Ei�

1=2
� Eo=2 approximately after

i�
1=2
� 3C k2 ~A�xxo�

ÿ �� �
steps of (3).

Therefore, CGD-BP is expected to approach the solution
in

� n2
Xlog2 1=�d e

s�1

k2 ~A�xxso�
ÿ � !

steps.

Remark 4.2. It is worth mentioning that, as for the linear
case, CGD-BP behaves optimally in the sense that its
computational complexity reaches the ��n2� lower
bound.

5 EXPERIMENTAL RESULTS

5.1 Example 1: Linear Systems

In this section, we report some numerical results aimed at
comparing CGD-BP with classical Gauss algorithm. The
comparison with Gauss algorithm makes sense since
CGD-BP can actually deal with random dense matrices.
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For these experiments, we consider AA matrices,

AA � PTDP; P � Iÿ 2
vvT

vTv
;

which are constructed by applying orthogonal Householder
reflections to a diagonal matrix with fixed condition number.
We choose matrix D in such a way that its minimum
eigenvalue is �min � 1 and its maximum eigenvalue is
�max � k2

�AA�. In so doing, jjAAjj
2
� �max and jjAAÿ1jj

2
� �min.

Hence, k
2
�AA�, the 2-norm condition number, has the

prescribed value. All the entries bj of the righthand side
are randomly generated in the interval �0; 1�.

In Table 1, the experiments carried out on matrices with
constant condition number are summarized. In the first
column, the matrix dimension is reported, whereas, in the
second one, the ratio between CGB-BP and Gauss sig-
nificant operations is given. Multiplications, divisions, and
comparisons between floating-point numbers are taken into
account. The third and fourth columns contain the values of
the final residual-error and of the relative-error gained by
CGD-BP. Finally, the runtime measurements, obtained on a
Spark 10 Sun Station,7 for both the methods are shown in
the last two columns.

Our numerical results clearly assess the quadratic
computational cost of CGD-BP, which directly follows from
counting the dominant operations. Moreover, the elapsed-
time measurements show that the practical implementation
on the computer yields even better scaling with respect to
less significant operations, not considered in the CGD-BP/
Gauss ratio.

Note that the total number of steps for the iterative
procedure is

i�tot � i�1=2 � s � 3k2�AA� log2

1

�

� �
:

When assuming k
2
�AA� � 5, � � 0:0625, we find that

i�tot � 300.
It is worth noting that the Gaussian elimination (in single

precision) obviously guarantees a higher precision w.r.t.
CGD-BP. Nevertheless, when the time factor is critical,
especially in solving very large systems, CGD-BP yields a
good solution in a shorter time w.r.t. Gaussian elimination,
also being less sensitive to round±off errors. Finally, if we
stress precision requirements with respect to the experi-
ments reported in Table 1, choosing � � 0:015625, the
CGD-BP method becomes more expensive. For instance,
for n � 1; 800, the ratio CGD-BP/Gauss � 1:51. On the other
hand, t�CGD-BP�=t�Gauss� � 0:5777, which indicates that
CGD-BP is already practically more efficient.

Table 2 summarizes some results obtained for matrices in
which the condition number grows according to
k

2
�AA� � ���

n4
p

. The meaning of the columns is the same as in
Table 1, apart from column two, where the total number of
iterations is reported.

When choosing � � 0:031250, for n � 1; 500, we obtain
CGD-BP/Gauss � 2:33, while

t�CGD-B�=t�Gauss� � 0:88672:

The CGD-BP algorithm has been tested on two well-

known benchmarks [24], namely the extended Rosenbrock

function and the Broyden tridiagonal function. For the

extended Rosenbrock function, in the first test, a starting

guess is selected which closely approaches the solution.

Then, for both types of functions, a starting guess which

does not represent a ªgoodº estimation of the solution is

chosen so that the number of steps i�
1=2

is estimated. The
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TABLE 1
Experimental Results for Symmetric Matrices with k2�AA� � 5 and � � 0:0625

The total number of steps for CGD-BP is i�tot � 300.

TABLE 2
Experimental Results for Symmetic Matrices with k2�AA� � ���

n4
p

and � � 0:125

7. The measurements are obtained using the Unix command time which
times the execution of a script.



computation of i�
1=2

requires estimating the condition

number of the matrix ~A�xx�, which takes O�n2�. Never-

theless, as will be shown later on, in both cases k ~A�xx�ÿ �
can

be computed even more efficiently.

5.2 Example 2: Extended Rosenbrock Function

The benchmark we consider is:

F2jÿ1�xx� � 10�x�2j� ÿ x�2jÿ 1�2�;
F2j�xx� � 1ÿ x�2jÿ 1�;
xxo � ��i; i � 1; 2;

where
�1�2jÿ 1� � 0:98; �1�2j� � 1:02;
�2�2jÿ 1� � ÿ1:2; �2�2j� � 1:0;

�
j � 1; . . . ; n=2;

F�xx� � 0 at �1; . . . ; 1�:

8>>>>>><>>>>>>:
In this case, ~A�xx� is a block-diagonal matrix of the form:

~A�xx� �

~A1�xx� . . . . . .

� � � ~A2�xx� . . .

� � � . . . . . .

. . . . . . ~An=2�xx�

0BBBB@
1CCCCA;

~Aj�xx� �
ÿ20x�2jÿ 1� ÿ1

10 0

� �
;

where k ~A�xx�ÿ �
is constant in the matrix dimension.8

Therefore, every time the condition number must be

evaluated, this will be done for matrices of dimension

n � 2.

The experiments for the extended Rosenbrock function

were carried out on systems of dimension 2 (Rosenbrock

function), 10, 50, 150, 100, and 200, imposing �1 � 0:5 (case in

which xxo is close to the solution) and �2 � 4:8828E ÿ 4 (case

in which xxo is far away from the solution). In Tables 3 and 4,

the total number of iterations and the relative-error gained

by CGD-BP procedure are listed, together with the elapsed-

time for the Powell hybrid (PH), the Levenberg-Marquardt

(LM), and the canonical gradient descent algorithms, using

Fortran code9 and obtained on a Spark 10 Sun Station.
Starting from ��2, the stopping criterion E�xx� � E�xxo� �

4:8828E ÿ 4 is verified after 11 evaluations of the condition

number k� ~A�xx��, with n � 2.
Notice that, in the nonlinear case, a relationship between

� and ", which is independent of xx, can hardly be devised.

Nevertheless, augmenting the precision requirements on

the residual-error obviously guarantees a decrease of the

relative-error.

Remark 5.1. Following elapsed-time measurements in

Tables 3 and 4, as a matter of fact, the canonical gradient

descent algorithm shows a linear computational cost.

This is due to the fact that, because of the special block

structure of matrix ~A�xx�, the gradient can be optimally

calculated with O�n� operations. In the general frame-

work previously described, this means that only the

entries of matrix ~A�xx� different from zero are taken into

account. It can easily been shown that such entries are

exactly 3
2 n.

5.3 Example 3: Broyden Tridiagonal Function

The benchmark we consider is:

Fj�xx� � �3ÿ 2x�j��x�j� ÿ x�jÿ 1� ÿ 2x�j� 1� � 1;
j � 1; . . . ; n;
where x�0� � x�n� 1� � 0;
xxo � �ÿ1; . . . ;ÿ1�:

8>><>>:
~A�xx� is a tridiagonal matrix of the form:

~A�xx� �
3ÿ 4x�1� ÿ1 . . . . . . . . .
ÿ2 3ÿ 4x�2� ÿ1 . . . . . .
. . . . . . . . . . . . . . .
. . . . . . . . . ÿ2 3ÿ 4x�n�

0BB@
1CCA;
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TABLE 3
Experimental Results for the Extended Rosenbrock Function

�1�2jÿ 1� � 0:98, �1�2j� � 1:02, j � 1; . . . ; n=2; �1 � 0:5 (case in which xxo
is close to the solution).

TABLE 4
Experimental Results for the Extended Rosenbrock Function

�2�2jÿ 1� � ÿ1:2, �2�2j� � 1:0, j � 1; . . . ; n=2; �2 � 4:8828E ÿ 4 (case in
which xxo is far away from the solution.

8. k ~A�xx�ÿ �
is constant in the matrix dimension because of the choice of

the starting guess and of the block structure of ~A�xx�.

9. Subroutines hybrj1 and lmder1 are extracted from MINPACK [1], [34]
at the GAMS (Guide to Available Mathematical Software) web site http://
math.nist.gov/. In particular, hybrj1 finds a zero of a system of n nonlinear
functions in n variables by a modification of the Powell hybrid method,
whereas lmder1 calculates a minimum of the sum of the squares of m
nonlinear functions in n variables by a modification of the Levenberg-
Marquardt algorithm. In both cases, the user must provide a subroutine
which calculates the functions and the Jacobian.



having a condition number which increases very slowly
with the dimension. We also conjecture that the
condition number k ~A�xx�ÿ �

is asymptotically bounded
for all xx. For instance, with the suggested starting
guess, k� ~A�xxo�� � 1:8648, 2:3934, 2:4948, 2:4987, 2:4994,
2:4997, 2:4998, 2:4999, 2:4999, r e s p e c t i v e l y , f o r
n � 3; 10; 50; 100; 150; 200; 300; 400; 500. Therefore, even in
this case, using an estimation for the condition number on a
ªsmallº ~A�xx� (e.g., n � 50) does not produce significant
errors.

The experiments for the Broyden tridiagonal function
were carried out on systems of dimension 3 (Broyden
function), 10, 50, 100, 150, and 200, respectively, by imposing
� � 1:5259E ÿ 5. The stopping criterion was verified after
16 evaluations of the condition number k� ~A�xx��, with
n � 50. In Table 5, the total number of iterations and the
relative-error gained by the CGD-BP procedure are listed,
together with the elapsed-time for the Powell hybrid, the
Levenberg-Marquardt, and the canonical gradient descent
algorithms.

Remark 5.2. For the Broyden tridiagonal function, evaluat-
ing the condition number is just the most expensive
calculation; about 1700 of elapsed-time for n � 50. Also,
for n � 3; 10, the measured elapsed-time (4:800) is
exclusively due to the condition number estimation.

6 CONCLUSIONS

This paper presents a new approach for solving nonlinear
systems of equations by function optimization which is
based on terminal attractors. The algorithm can be applied
under certain assumptions on the function to be optimized,
that is, an upper bound must exist for the norm of the
Hessian, whereas the norm of the gradient must be lower
bounded.

As a particular case, more specific results are given for
linear systems. We prove that reaching a solution with
degree of precision " takes ��n2k2 log k

"�, k being the
condition number of AA and n the problem dimension. Since
computing k takes O�n2�, one can actually exhibit an
optimal algorithm which returns the solution with any
degree of precision " fixed in advance. The quadratic case is
also treated in detail. We give results which are very similar

to the case of linear systems, but, unfortunately, we can only

provide an estimation of the required bounds on the

Hessian matrix and the gradient. The theoretical results

given in the paper are supported by numerical experiments

which definitely confirm the optimal scaling-up with the

system dimension.
Moreover, it is also pointed out that the proposed

approach is very well-suited to parallel implementations.

Finally, it is worth mentioning that the given methodology

is likely to provide optimal algorithms in a number of

different domains whenever a given problem is naturally

put in the framework of function optimization. Possible

candidates are linear and quadratic programming and

computational geometry problems [35].

APPENDIX

Proof of Theorem 2.1

When updating the parameters from xxi to xxi�1 according to

(3), the error function changes from Ei to Ei�1 and the

variation can be calculated by using Taylor's expansion in

xxi. Hence,

Ei�1 � Ei � �rEi�T �xxi�1 ÿ xxi�
� 1

2
�xxi�1 ÿ xxi�TH���i��xxi�1 ÿ xxi�;

with ��i 2 �xxi; xxi�1�. When updating xxi according to (3), we

get

Ei�1 � Ei ÿ �� � 1

2
�xxi�1 ÿ xxi�TH���i��xxi�1 ÿ xxi�: �14�

Since E�t� � Eo ÿ �t, the chosen approximation gives rise to

an error in (14) that involves the second-order term only.10

Once xx�t� is restricted to D"a , the correspondent function

f�t; xx� in (1) has a bounded partial derivative with respect

to its second argument xx, whereas xx�t� has a bounded

second derivative. Under this condition, the Eulerian

approximation (3) of (1) converges to the exact solution as

� ! 0 (see [36], p. 26). therefore, the algorithm is stopped

after a number of steps i � i� such that Ei�ÿ1 > "a and Ei� �
"a and, by the terminal attraction hypothesis, i� � te

� . Hence,

Ei� � Eo ÿ i���
� 1

2
�xxi� ÿ xxi�ÿ1�TH���i�ÿ1��xxi� ÿ xxi�ÿ1� � . . .

� 1

2
�xx1 ÿ xxo�TH���o��xx1 ÿ xxo�

� Eo ÿ i��� � 1

2
i� max

0�i�i�ÿ1
�xxi�1 ÿ xxi�TH���i��xxi�1 ÿ xxi�
��� ���:

The maximum error is bounded in D"a provided that

1

2

te
�

max
0�i�i�ÿ1

�xxi�1 ÿ xxi�TH���i��xxi�1 ÿ xxi�
��� ��� � "a:

Since, during the gradient descent, rEij jj j � "s, we have
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TABLE 5
Experimental Results

for the Broyden Tridiagonal Function; � � 1:529E ÿ 5

10. Note that this property holds because of the special choice of the error
dynamics. In general, a discretization error is introduced also concerning
the first-order term.



1

2

te
�

max
0�i�i�ÿ1

�xxi�1 ÿ xxi�TH���i��xxi�1 ÿ xxi�
��� ���

� 1

2

te
�

max
0�i�i�ÿ1

H���i�j jj j xxi�1 ÿ xxij jj j2
h i

� 1

2

te
�
H

��

"s

� �2

� "a:

Finally, we can easily see that, since te � Eo
� , the quantiza-

tion step �� guarantees the required approximation accord-

ing to (4). tu

Proof of Corollary 2.1

If we adopt the stopping criterion Ei� � "a, then E�xxi� � �
"e �: 2 "a and this holds after no more than d�=��e steps,

which gives rise to the value i� of (5). tu

Proof of Lemma 3.1

Let us consider "a > 0 and let Ei � "a. If we calculate the

gradient rEi and consider its 2-norm,11 the thesis follows

from

rEij jj j � � AAT �AAxxi ÿ bb�
�� ���� ��

jjbbjj2 � � �AAT �ÿ1
�� ���� �� AAT �AAxxi ÿ bb�

�� ���� ��
jjAAÿ1jj jjbbjj2

�
����������
2�"a
p

jjAAÿ1jj � jjbbjj �
���
�

2

r
�

jjAAÿ1jj jjbbjj :
tu

Proof of Theorem 3.1

From Corollary 2.1 and, particularly, from (5), we derive

that i� only depends on H and "s. The Hessian can be

computed precisely, whereas, for the gradient, we can use

the bound of Lemma 3.1. Hence:

i� �
1
2�

2 AATAAj jj j
jjbbjj2

1
2

�2 �2

AAÿ1j jj j2 jjbbjj2

26666
37777 �

jjAAjj2 AAÿ1
�� ���� ��2
�2

& '
� k2�AA�

�2

� �
:

tu

Proof of Lemma 3.2

Algorithm 1 guarantees that Ei� � "a upon return and,

consequently, the following inequalities hold�������
2"a
�

r
� AAxxi� ÿ bbj jj j

bbj jj j � AAxxi� ÿAAx̂xj jj j
bbj jj j � xxi� ÿ x̂xj jj j

AAÿ1
�� ���� �� bbj jj j ;

which implies

jjxxi� ÿ x̂xjj
jjx̂xjj �

�������
2"a
�

r
AAÿ1
�� ���� �� bbj jj j

x̂xj jj j �
�������
2"a
�

r
AAÿ1
�� ���� �� AAx̂xj jj j

x̂xj jj j

�
�������
2"a
�

r
AAÿ1
�� ���� �� AAj jj j x̂xj jj j

x̂xj jj j �
�������
2"a
�

r
k�AA�;

and, finally,

" �
�������
2"a
�

r
k�AA� �

���
�

2

r
k�AA�:

tu

Proof of Theorem 3.2

The thesis follows straightforwardly from Theorem 3.1 and

Lemma 3.2. tu
Proof of Corollary 3.1

The time required by continuous gradient descent to go

below Eo=2ÿ "a is

t
1=2
� � Eo=2� "a

Eo
:

Hence, the number of steps required to meet the desired

stopping criterion is bounded by:

i�1=2 �
�

��
1� �

2
� i� 1� �

2
;

which yields the thesis. tu
Proof of Theorem 3.3

In order to reduce the error from Eo to �Eo, the number of

steps s required by Algorithm 2 is bounded by

s � log2

1

�

� �
:

Therefore, from (7),

� � 2"2

k2�AA� ;

which, in turn, yields the thesis. tu
Proof of Lemma 4.1

Let us consider "a > 0 and let Ei � "a. Then,

rEij jj j �
Xn
j�1

Fj�xxi�F0
j�xxi�

�����
�����

�����
����� � ~A�xxi�F�xxi�

�� ���� ��
�

�������
2"a
p

~A�xxi�
� �ÿ1
��� ������ ��� ;

being F
0
j�xxi� � aj�xxi�. tu
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