
Solving Linear Systems by a Neural Network Canonical Form of E�cientGradient DescentM. Bianchini1, S. Fanelli2, M. Gori3, Member IEEE, and M. Protasi21Dipartimento di Sistemi e Informatica, Universit�a di Firenze (Italy)monica@mcculloch.ing.uni�.it2 Dipartimento di Matematica, Universit�a di Roma \Tor Vergata" (Italy)fanelli@mat.utovrm.it3 Dipartimento di Ingegneria dell'Informazione, Universit�a di Siena (Italy)marco@mcculloch.ing.uni�.itAbstractIn this paper the authors describe a novel terminal attractor al-gorithm for solving linear systems, named ELISA. The methodhere presented is based on a special neural network continu-ous form of gradient descent, approaching the minimum of aquadratic function in a constant time, depending solely on theinitial value of the residual function. The algorithm is foundedon a new concept, called non{suspiciousness, which can be seenas a generalisation of convexity. Under general hypotheses itis proven that ELISA has O(n2) as computational complexityand therefore is theoretically optimal. The preliminary nu-merical experiences clearly assess ELISA's e�ciency both bydominant operation counting and in terms of CPU{time.1 IntroductionFunction optimisation seems to be an ubiquitous formula-tion of an impressive number of di�erent problems. Opti-mal learning in multilayer perceptrons or in recurrent net-works may directly be framed in an optimisation scenery.In this paper we introduce the concept of non suspicious-ness to address typical situations arising from continuousfunction optimisation.The above concept is strictly related to the absenceof local minima, i.e. to the classic case in which there isno suspect that properly designed numerical algorithmsget stuck and fail reaching the optimal solution. Fromthis point of view non{suspiciousness can be seen as ageneralisation of convexity.We prove that there are some intriguing links betweensuspiciousness and complexity, allowing us to identify aclass of non{suspect problems for which we can providea lower bound on its complexity. Such a lower boundleads to establish the computational burden of an optimi-sation linear solver which is extremely competitive withthe classical iterative methods. As a particular case, weprove here that, under suitable hypotheses, the solution oflinear systems can be obtained by solving a non{suspectminimisation problem with an O(n2) algorithm.

The paper is organised as follows. In the next sec-tion we introduce a special continuous form of gradientdescent for function optimisation, that can be properlydiscretised. In the same section we give conditions un-der which the discretisation error can be kept arbitrar-ily close to zero. Moreover, we introduce the concept ofnon{suspiciousness, establishing an upper bound for thenumber of steps required by the discrete iteration scheme.In Section 3 we deal with the resolution of linear sys-tems in an optimisation frame, by describing a new al-gorithm ELISA (E�cient LInear Systems Algorithm) anddiscussing its computational requirements. In Section 4are reported some numerical examples in order to compareELISA's performances with classical methods. We show,in particular, that ELISA is competitive with Gauss al-gorithm for systems involving hundreds of equations andoutperforms it for problems exceeding one thousand vari-ables. Finally, in Section 5, conclusions and work in prog-ress are brie
y discussed.2 Non{suspect problems of optimisationThe theoretical background of this paper relies on a gen-eral property of gradient descent algorithms for functionoptimisation that will be described in this section.We consider a parametrical systemY = S(U;W ); (1)where the input U 2 IRl is mapped to output Y 2 IR bymeans of the weight vector W 2 IRn. Neural networkslike multilayer perceptrons and radial basis functions arespecial interesting cases of such parametrical systems.Let 
 � IRn be and E : 
! IR+ be the error functionassociated to the parametrical system (1). Assuming E 2C1, the minimisation of E can be carried out by followingthe di�erential schemedWdt = �
rWE = f(t;W );where W 2 
 is the weight vector.1



Let us choose 
 := 	(E)jjrWEjj2 ;being 	 a non{negative continuous function of E. Basedon this choice of 
, the dynamics of the error functionbecomes dEdt = (rWE)T dWdt = �	(E); (2)which forces the cost function E to continuously decreaseto zero and approaching the �nal solution, which is a ter-minal attractor [Wang and Hsu, 1991] in �nite time. Nev-ertheless, when 
 is unde�ned, the substitution of dWdt isnot allowed in (2). Such a situation occurs whenever alocal minimum is reached. Local minima are attractorsfor the di�erential equation (2), which describes the errorevolution only in the basin of attraction of each minimum.This way of forcing the system dynamics has beensuggested in the �eld of Automatic Control for SlidingModes [Slotine and Sastry, 1983] and, more recently, inNeural Networks for learning the weights of multilayerperceptrons (see e.g.: [White, 1990, Wang and Hsu, 1991,Bianchini et al., 1994, Parlos et al., 1994]).The latter contributions, exploiting the idea of forc-ing a gradient descent dynamics for numerical issues, arestarting points for a theoretical investigation on the rela-tionship between numerical e�ciency and computationalcomplexity.2.1 Linear descentLet 	(E) = � be. If E = 0 is the optimal solution,� = E0=� allows approaching the terminal attractor so-lution for te = � independently of the function at hand,being E(t) = E0 � E0� t, E(0) = E0. The correspondingdi�erential equation becomesdWdt = �� rWEjjrWEjj2 : (3)We underline that, by the singularity of the terminalattractor, one must be aware of numerical instability inthe neighbourhood of the optimal solution. Therefore, thegradient descent must be carefully investigated wheneverthe magnitude of the gradient goes below a given thresh-old. Basically, one has to stop the dynamics of di�erentialequation (3) before instability takes place, but this can bedone in such a way to get arbitrarily close to the opti-mal solution. As pointed out in [Bianchini et al., 1994],however, the system trajectory (3) is attracted to any lo-cal minima and, consequently, the nice gradient descentdescribed by equation (2) takes place in the basin of at-traction of any local minimum. Hence, the reduction ofthe dynamics incorporated in equation (2) holds, providedthat the trajectory will never be trapped into singularpoints, in which jjrEW jj = 0.

The absence of local minima is an obvious case inwhich the reduction of the dynamics described by equa-tion (2) takes place with no trouble. In the general caseof multimodal functions, the error evolution according toequation (2) can not be guaranteed.2.2 From continuous to discrete modelsIn this section we address the problem of providing an ar-bitrarily close approximation of the continuous dynamicsof equation (3). Although the analysis we present is ofnumerical nature, it is not intended to address numeri-cal issues, but mainly to discover bounds on the numberof steps required to reach the solution. The basic ideacomes from the analysis of the previous section, where ithas been pointed out that gradient descent equation (3)for local minima free functions converges in a time inde-pendent of the function at hand, thus suggesting that theoptimisation process has the same computational require-ments for any function of the latter type.Let us now consider the following discrete version ofequation (3) which represents the Euler's approximationto the weight dynamicsWk+1 = Wk � � �rEkjjrEkjj2 ; (4)where the iteration index k is related to the continuoustime t and to the quantization step � by t = � k.De�nition 1 The Euler's approximation is consistent tothe continuous equation (3) provided that� 8 "a > 0, 9 � > 0 : 8 t = k�; jE(t)� Ekj < "a.Observe that, while in the typical convergence andconsistence de�nition on di�erential equations (see e.g.:[Golub and Ortega, 1992, Lambert, 1991]) the discretisa-tion is performed for function W (t), we require that theapproximation holds for the error function E(W ).Lemma 1 Suppose E is local minima free. Then "s >0 exists such that, using the discrete updating equation(4), the inequality jjrtE(W )jj � "s holds only when Wapproaches global minima.ProofThe proof follows straightforwardly by contradiction.This lemmaguarantees that the updating equation (4)meets the chosen stopping criterion only when approach-ing a global minimum.The following discretisation analysis is based on someassumptions that will be referred to as non{suspiciousnessconditions (see [Frasconi et al., 1997]).De�nition 2 The non{suspiciousness conditions hold if:1. 8 "a 2 IR+, jjrEkjj > "s during the gradient descent,apart from k : jEk �Eminj < "a;



2. given �, � � "a� ;3. E 2 C2 and has a limited Hessian, ( 9H > 0 :jjHjj < H).The following theorem gives an indication on the choiceof the quantisation step � that guarantees the desiredapproximation "a of continuous equation (3) and, conse-quently, the number of steps required to reach the optimalsolutions.Theorem 1 Let the non{suspiciousness conditions holdfor the di�erence equation (4). Then, 8 "a 2 IR+, the Eu-ler's approximation is consistent to the continuous evolu-tion of the error dynamics in the domain D"a := fW 2 IRn : jE(W ) � Eminj > "a g, choosing quantization stepsno higher than �� = 2� "2s"aH�RE � ; (5)where RE � E0 �Emin.Moreover, jEk� � Eminj � "a holds after at leastk� = 12 �HR2E"2s"a � (6)steps of the discrete iteration scheme.Proof: (see [Frasconi et al., 1997]).Remark 1 The theorem gives a suggestion on the choiceof the quantisation step � that guarantees the "a{approx-imation to the continuous equation. � is independent ofthe special function involved and related to few parame-ters only. Thus, a class of functions E exists whose opti-misation takes a number of steps that can be bounded bythe same value.3 Solving linear systems by an O(n2)algorithmThe problem of solving a linear systemAx = b; A 2 IRn;n, x; b 2 IRn (7)can be easily reformulated as an optimisation problem.As a matter of fact, if the linear system admits a solution,it can be discovered by minimising the error | residual| function E(x) := 12 jjAx� bjj2jjbjj2 ; jjbjj 6= 0: (8)As previously stated, the absence of local minima isan obvious case in which the reduction of the dynamicsdescribed by (2) takes place with no trouble and, for equa-tion (8), this is just the case, being the resulting residualerror a convex function. Moreover, note that a solutionfor the optimisation problem can be computed even in

the case in which A is a singular matrix, whereas mostnumerical methods fail in this circumstance.Therefore, the fundamental result that must be provedis that the non{suspiciousness conditions hold for the op-timisation problem minx2
E(x); (9)with E(x) de�ned in (8).Note that establishing the non{suspect nature of thelinear system resolution would lead to an iterative linearsolver with O(n2) as computational complexity, since thisis indeed the computational burden due to the gradientevaluation. Obviously, this is also the lower bound forthe problem (7) and, therefore, the algorithm based onequation (3) would be a candidate optimal algorithm.Lemma 2 Let E be de�ned as in (8). Then, 8 "a 2 IR+,"s exists, "s := p2"ajjA�1jj jjbjj, such that using the discreteupdating equation (4), the inequality jjrEkjj > "s holds8xk 2 D"a . Therefore the non{suspiciousness condition1. holds for (9).ProofLet us choose "a > 0 and suppose jEk � Eminj � "a. AsEmin = 0 for the problem (8){(9), thenjEk �Eminj = Ek = 12 jjAxk � bjj2jjbjj2 � "a: (10)Starting from (10), an upper bound for the norm of thegradient may be evaluated as follows:jjrEkjj = jjAT (Axk � b)jjjjbjj2 = jjA�T jj jjAT (Axk � b)jjjjA�1jj jjbjj2� jjAxk � bjjjjA�1jj jjbjj2 � p2"a jjbjjjjA�1jj jjbjj2 = p2"ajjA�1jj jjbjj;which represents an admissible value for "s in order toverify the �rst non{suspiciousness condition in De�nition2.Remark 2 The non{suspiciousness condition 2. is obvi-ously veri�ed.Lemma 3 Let E be de�ned as in (8). Then, if the matrixA has a limited spectral norm and the right hand side bis di�erent from the null vector, E has a limited HessianH. Therefore the non{suspiciousness condition 3. holdsfor (9).ProofFor the optimisation problem (8){(9)H = ATAjjbjj2holds, and thus the above statement directly follows.



From Lemmas 2 and 3 and Remark 2 we can imme-diately derive, by De�nition 2, that problem (9) is nonsuspect. We are now interested in showing that the aboveestimations for "s and H guarantee the existence of aniterative algorithm such that in a �nite, dimension inde-pendent, number of steps k�, the solution of the linearsystem (7) can be "a{approximated. This result is as-sured by Theorem 1. However, in order to build up analgorithmwhich is not only theoretically optimal, but alsonumerically robust, the problem of reaching su�cient pre-cision, simultaneously avoiding numerical instability,mustbe carefully addressed. The nature of the terminal attrac-tor algorithm suggests the choice of a suitable \smooth "stopping rule (i.e. in the range of values 0.05{0.1 of theeuclidean norm of the relative error).4 Numerical examplesThe test has the aim of establishing the range of ELISA'sapplicability, in terms of matrix dimension, by showing itsperformances w.r.t. Gauss Direct Algorithm. The choiceof the latter method as a comparison is justi�ed by thefact that other well known iterative algorithms (f.i. Ja-cobi or Gauss{Seidel) are competitive only if the matrixhas special structures and do not converge for matrices ofgeneral type.Table 1: Symmetric matrices with k(A) = 6. Relativeerror norm tolerance 7%System Complexity ELISA Gaussdimension ratio E/G run{time run{time500 3.43 10 3000 101000 1.75 60 80 50001500 1.16 130 2600 310 30001800 0.96 150 4800 560 3000Numerical results clearly assess ELISA's quadraticcomputational cost, which directly follows from dominantoperation counting, while bearing in evidence, via run{time measurements, its appealing \global " performancebehavi-our vs. Gauss classical method. We emphasisethat, although the precision obtained by Gauss algorithmis outstanding and certainly the strongest in general, thereis no way of relaxing the accuracy requirements and, con-sequently, reducing its computational cost by the very na-ture of direct methods. Therefore, ELISA is strongly rec-ommended if one desires a fast e�cient resolution of lin-ear systems of large size.5 ConclusionsThe canonical discretised form of gradient descent illus-trated in the present paper has the dynamics of a terminalattractor and, in particular,if the problem is non suspect,allows determining, in a simple mathematical form, the
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