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Abstract

We introduce the notion of suspect families of loading prob-
lems in the attempt of formalizing situations in which clas-
sical learning algorithms based on local optimization are
likely to fail (because of local minima or numerical pre-
cision problems). We show that any loading problem be-
longing to a non-suspect family can be solved with opti-
mal complexity by a canonical form of gradient descent
with forced dynamics (i.e., for this class of problems no al-
gorithm exhibits a better computational complexity than a
slightly modified form of backpropagation). The analyses
of this paper suggest intriguing links between the shape of
the error surface attached to parametrical learning systems
(like neural networks) and the computational complexity of
the corresponding optimization problem.

Index Terms- Computational complexity, gradient descent,
local minima, suspiciousness.

1. Introduction

Most experiments with multilayer perceptrons (MLP)
and Backpropagation (BP) are performed in a sort of
“magic” atmosphere where one supplies data properly to
the network and begins learning without knowing whether
or not the experiment will be successful in terms of both
optimal convergence and generalization. As a matter of fact
one uses atrial and error scheme aimed at adjusting the ar-
chitecture in subsequent experiments so as to meet the de-
sired requirements. To some extent, this way of performing
experiments is inherently plagued by the suspect that the
numerical optimization algorithm might fail discovering an

optimal solution.
There are at least three reasons that may lead an experi-

ment to fail. First, the chosen architecture may not be able
to solve the given problem as no solution exists for perform-
ing the required mapping (a representational problem). Sec-
ond, the presence of local minima [4] may seriously limit
the chance of discovering an optimal solution (a problem in-
herent to local optimization techniques such as gradient de-
scent). Finally, because of the presence of plateaus or very
abrupt zones in the error surface, any “reasonable” choice of
the discretization step may be ineffective (a numerical pre-
cision problem). These potential sources of failure give rise
to a sort ofsuspiciousnessthat turns out to be the unpleasant
companion of every experiment.

In this paper we focus on classification tasks and we
formally introduce the classNS of families of non-suspect
loading problems, based on some conditions about the
shape of the error surface. We show that any loading prob-
lem in NS can be solved by a canonical form of gradi-
ent descent algorithm whose computational complexity is�(m n), beingm the number of weights andn the num-
ber of examples. To the best of our knowledge, this is a
novel theoretical result that emphasizes the role of neural
information processing systems. Basically, for this class of
learning problems, there is no algorithm which exhibits a
computational complexity better than neural networks.

2. The loading problem in parametrical sys-
tems

The learning machine we consider has the form of a gen-
eralparametrical systemY = S(U;W ); (1)



where the inputU 2 R` is mapped to the outputY 2 R by
means of the weight vectorW 2 Rm. Neural networks like
multilayer perceptrons and radial basis functions are spe-
cial interesting case of such parametrical systems. To make
explicit the two dimensions that characterize the network
(input size` and number of weightsm), we shall write in
the followingSm;`.

The given parametrical system is charged of learning a
conceptc defined as a partition of some (abstract) sample
spaceX into a positive setX+ and a negative setX�. The
elements ofX need to be represented as real vectors in or-
der to be used as input to the network. To this purpose we
introduce an injective operatorr`(�) : X ! R` that maps
an abstract entityx into a representationU = r(x). The
learning procedures determines a weight vectorW on the
basis of a set of examplesLn := �(Uq ; dq); Uq 2 R`; dq 2 �d�; d+	 ; q = 1 : : : n	
whered�, d+ 2 R are target values associated to the class,
i.e. dq = d+ iff r�1(Uq) 2 X+.

Given the pair(Sm;`;Ln), the output-target data fitting
is measured by means of a proper error function, defined as
following:E(Sm;`;Ln) := 1n  nXq=1 e(Yq(Uq;W )� dq)! ; (2)

where e(�) is some distance inR. Any loading prob-
lem can be compactly represented by the triplePm;n;` :=fSm;`;Ln; E(�; �)g, where the task is that of finding the
weights that minimize the functionE(�; �). We say that the
loading problem is approximately correctly solved with ap-
proximation� if the learning algorithm determines a weight
vector such thatE(Sm;`;Ln) < �. Note that such condition
allows us to limit the average error associated with each ex-
ampleq of Ln, but � and the fraction of correctly loaded
examples are not the same quantity.

Negative results have been established in the literature
concerning the intractability of the loading problem [5].
These results, however, do not take into account the degrees
of freedom available to a designer when attempting to solve
the original concept learning problem. These degrees of
freedom are: 1) the choice of the input representation; 2)
the choice of the architecture; 3) the choice of the training
examples (when possible). In order to formalize the practi-
cal situation faced when designing an adaptive network for

concept learning, instead of asingle loading problem we
consider afamily of loading problemsinduced by the con-
ceptc: F�c := fPm;n;` : Pm;n;` = �(c); �(�) 2 �g
where�(�) is a function that transforms a conceptc into
a particular loading problem, by making choices about in-
put representation, architecture and training examples (such
a function is usually “computed” by a designer faced with
the problem of having a machine to learnc). The family
of loading problems is described by picking up�(c) from
a family � of “design rules.” The rules in� specify how
scale up̀ , m, andn (and, eventually, how to modify the
connectivity of the network). Typically, such rules should
also aim to guarantee a satisfactory generalization to new
examples. Thus, as an example, the design rules family�
might be constrained to contain all those loading problems
in which the number of training samplesn is at least equal
to the sample complexity, as computed in the PAC learning
framework [1].

3. Canonical form of gradient descent learning

Let us consider the following learning schemedWdt = �
rWE = f(t;W ); (3)

whereE(W ) denotes the value taken on by the error func-
tionE(Sm;`;Ln) (for a fixed architecture and a fixed train-
ing set) for a given weight vectorW 2 Rm. Let us choose
 as 
 := 	(E)k rWE k2 ; (4)

being	 a non-negative continuous function ofE. Based
on this choice of the learning rate, the dynamics of the error
function becomesdEdt = (rWE)T dWdt= (rWE)T �� 	(E)k rWE k2rWE�= �	(E); (5)

which makes the error function continuously decreasing to
zero. As pointed out in [6], the choice of the adaptive learn-
ing rate produces aforced dynamicsfor the error function



that, to some extent, is equivalent to the choice of a linear
“sliding surface” in Sliding Mode Control [8].

In this paper, we are interested in finding terminal attrac-
tors and, particularly, in minimizing the timete required to
approach the optimal solution. For this reason, the choice
of 	(E) = � fulfills our needs. In particular,if we choose� = E0=�, then the terminal attractor is approached forte = � independently of the problem at handand the corre-
sponding weight updating equation becomesdWdt = �E0� rWEjjrWEjj2 : (6)

As shown in the following sections, this way of forcing
the learning dynamics leads us to establish intriguing links
between non-suspiciousness and computational complexity.

4. Discretization of the learning trajectory

The analysis carried out in the previous section holds for
continuous computational models. Let us now consider the
following discrete version of equation (6)Wk+1 =Wk � � �(rWE)(Wk)jj(rWE)(Wk)jj2 ; (7)

where the discrete timek is related to the continuous timet and to the quantization step� by t = �k. Although far
away from representing the best numerical approximation
of equation (6), this simple discretization process turns out
to be adequate for our theoretical purposes.
Definition 1 Difference equation (7) is aconsistent ap-
proximationof differential equation (6) provided that8�a >0 9� > 0 such that8t = k�; jE(t) � Ekj < �a, beingE(t) andEk the functions associated with the differential
and difference equations, respectively.
Definition 2 A weight initialization algorithmOsi is called
a strong initialization oraclefor discrete equation (7),
provided that it can predict an initial valuêW such that8�e > 0; 9�s > 0 such that8j = 1; : : : ;m, the condi-
tion j@E(Wj;k)@Wj;k j > �s (whereWj;k denotes thej-th weight

at thek-th iteration) is met everywhere1, apart fromk such
thatE(Wk) � �e. �s is referred to as thegradient stopping
parameter.

1In order to establish the asymptotic results (n ! 1) of section 5,
this assumption can slightly be relaxed. In that case, one needs that this
conditions holds for a number of gradient coordinates�(m) such thatlimm!1 �(m)=m = 1.

An algorithm Owi which can only guarantee thatjj(rWE)(Wk)jj > �s (i.e., in norm instead of component-
wise) is met everywhere during the learning trajectory will
be referred to as aweak initialization oracle. Unlike the
strong one, for whichjj(rWE)(Wk)jj > �spm holds 2

during the learning trajectory, there is no scaling up of the
norm of the gradient with the dimension of the learning sys-
tem.

It is worth mentioning that the requirementj @E@Wi j >�s8i can be slightly relaxed. It suffices indeed that such
requirement be met for any set of parameters obtained
by a rotation ofW . For, let W 2 Rm be the orig-
inal vector of parameters and~W 2 Rm be a vector
obtained by a rotation according tôW = PW , beingP�1 = P 0. The gradients with respect to these vec-
tors are related by(rWE)( ~W ) = P 0(rWE)(W ), which
implies jj(rWE)( ~W )jj � jjP 0jj jj(rWE)(W )jj, that isjj(rWE)( ~W )jj � jj(rWE)(W )jj, beingjjP 0jj = 1. Con-
sequently, if an oracle guarantees one of the two norm in-
equalitiesjj(rWE)( ~W )jj > �s, jjrWE)( ~W )jj > �spm
then the same inequalities hold for the gradient with respect
toW .

A special case in which the oracles can be trivially found
is the case of local minima free error functions (it suffices
to generate a random point in the weight space). In this
context, the research, recently carried out in ([4]), aimed at
determining conditions that guarantee the absence of local
minima turns out to be interesting.

The following discretization analysis is based on some
assumptions that will be referred to asnon-suspiciousness
conditionsfor difference equation (7).
Definition 3 We say that difference equation (7) isstrongly
non-suspectif

1. there exists a strong initialization oracleOsi capable of
guessing the initialization of equation (7), whose com-
plexity is independent ofn andm;

2. there existh > 0 such thatj @2E@Wi@Wj j < h 8i; j = 1; : : : ;m
holds uniformly withn andm.

2Since k (rWE)(Wk) k= Pmi=1( @E@Wi )2 � m�2s we havek(rWE)(Wk) k� �spm.



Weak non-suspiciousness can be similarly defined.
Theorem 1 Let us assume that the difference equation (7)
is strongly non-suspect. Then,8�e > 0, difference equa-
tion (7) is a consistent approximation of differential equa-
tion (6) in domainD�e := fW 2 Rm : E(W ) > �eg,
when choosing quantization steps no higher than�� = 2� � �2s�ehE20 � : (8)

Moreover,E(Wk� ) � �e holds after at leastk� iteration
steps of equation (7), beingk� = 12 �hE20�2s�e � : (9)

Proof: When updating the parameters fromWk to Wk+1,
according to equation (7), the corresponding discrete form
of the error function changes fromEk toEk+1. This varia-
tion can be evaluated as follows by using Taylor’s theorem
in WkEk+1 = Ek (10)+ (rWE)(Wk)0(Wk+1 �Wk)+ 12(Wk+1 �Wk)0H(�k)(Wk+1 �Wk);

where 0 denote the transpose operator and�k is a proper
value in a neighborhood ofWk . Because of equation (7),
we getEk+1 = Ek � �� + 12(Wk+1 �Wk)0H(�k)(Wk+1 �Wk):

SinceE(t) = E0 � �t, the chosen approximation gives
rise to an error in the above equation that involves the
second-order term only3.

OnceW (t) is restricted toD�e , the correspondent func-
tion f(t;W ) of differential equation (6) has a bounded par-
tial derivative with respect to its second variableW , and
its solution has a bounded second derivative. Under these
condition Euler’s approximation (7) of equation (6) con-
verges to the exact solution as� ! 0 (see [3], p. 26).
SinceE 2 C2, functionE inherits the convergence ofW
and, therefore, the condition of consistent approximation of
equation (1) holds.

3Note that this property holds because of the special choice of function	(E). In general a discretization error is introduced also concerning the
first-order term.

We can always choose� such that the algorithm is
stopped ink� � te=� steps. To obtain a bound on� , observe
that the following inequality must hold for the approxima-
tion error�a := �e:12 te� maxk (jj(Wk+1 �Wk)0H(�k)(Wk+1 �Wk)jj) � �e:

(11)
According to the hypotheses, there exists a strong oracleOsi
guaranteeing thatjj(rWE)(Wk)jj > pm �s holds during
the gradient descent, apart from absolute minima configu-
rations, and therefore12 te� maxk (jj(Wk+1 �Wk)0H(�k)(Wk+1 �Wk)jj)� 12 te� maxk (jjWk+1 �Wkjj jjH(�k)jj jjWk+1 �Wkjj)� 12 te� H � ���spm�2 � 12 te� m h� ���spm�2 :

(12)
Hence, inequality (11) holds if� is chosen according to

(8). The previous inequalities are based on the assumption
of using the Euclidean norm in the weight space and the
induced spectral norm for the Hessian matrix. From the last
one we can immediately determine the limit value of the
quantization step��, given by equation (8). Finally, given
the value of��, we can easily derive the number of steps
given by equation (9). �

The condition that seems to be more demanding in this
theorem is the one which involves the existence of an ini-
tialization oracle. An intriguing conclusion is that the quan-
tization step for attaining the desired approximation isin-
dependent of the special error function involvedand is re-
lated to a few parameters only(�e; �s; E0; h). Note that,
because of Definition (2), the error has an upper bound in-
dependently ofn and, since we consider the case of one
output only, because of the squashing function in the out-
put neuron, the error is also bounded independently of the
number of parametersm. In general, bounding uniformly
the coordinates of the Hessian is not as simple and must be
carefully analyzed ([2]).

5. Non-suspect Loading and the connectionist
assumption

Definition 4 Let us consider a family of loading problemsF�c induced by a conceptc. We say that this family is



strongly non-suspect,F�c 2 NS, if 9 ~m; ~n such that for anyPm;n;` with m > ~m;n > ~n, the difference equation (7) is
non-suspect.
Note that this definition has an asymptotic nature and that
it assumes practical relevance once the number of parame-
ters is chosen in such a way that a satisfactory generaliza-
tion to new examples is guaranteed. In fact, growing the
network size has a favorable impact on the quality of the
error function. In the limit case of a two-layered network
having as many hidden neurons as training example, the er-
ror function can be proven to be local minima free (see e.g.
[7, 9]). Thus, if the class of design choices� would contain
rules that tend to produce relatively large networks for rel-
atively limited number of examples, the family of loading
problems would always be non-suspect. Of course, such a
design strategy would have very little practical significance.
We have a less trivial case of local minima free error func-
tions when the training examples are linearly separable [4].
Linearly separable patterns may be obtained by increasing
the input dimensioǹ (for example using polynomial pre-
processing); clearly, this may be another design strategy
not compatible with generalization, unless plentiful training
data is available.

Finding initialization oracles with the required compu-
tational constraints in cases in whichE(Sm;`;Ln) is mul-
timodal seems to be hard and is an open problem. Let us
focus on the case of multilayer perceptrons.
Theorem 2 Let F�c be a strongly non-suspect family of
loading problems induced by conceptc. Then, for any load-
ing problemPm;n;` 2 F�c the algorithm (7) with stopping
criterionE(W ) < �e is optimal and takes�(m n).
Proof: Under the assumption of the theorem, the number of
steps required for meeting the stopping criterion is indepen-
dent of the problem at hand, being difference equation (7)
strongly non-suspect and, consequently,h independent ofm;n. In the case of multilayer perceptrons, the gradient
can exactly be computedby using Backpropagation, which
takes�(m n) (see e.g. [4])4 . Moreover, no algorithm can
load the weights ofNm with complexity lower than that re-
quired by difference equation (7), since all then examples
must be inspected by any candidate loading algorithm, that
must also take all them weights into account for minimiz-
ing the error function. �

4Note that ordinary numerical approximations based on weight pertur-
bation would takeO(m2 n).

Note that the bound�(m n) comes out from exploiting
the structure of feedforward networks for which the gra-
dient can be computed by Backpropagation. Unfortunately,
the optimality property of equation (7) seems to be lost once
relying onweakinitialization oracles. In that case, the same
analysis of Theorem 2 leads us to conclude that the solu-
tion of loading problems according to canonical gradient
descent takesO(m2 n), since those oracles can only en-
sure thatk (rWE)(Wk) k> �s during the gradient de-
scent ([2]).

Theorem 2 has straightforward consequences that arise
from considering some theoretical results on non-suspect
families of loading problems. If a given familyF�c 2 NS,
then we obtain the complexity bound�(m n) for that fam-
ily. For instance, it can be proven that a strongly non-
suspect family of loading problems can be created for learn-
ing the weights of a single layer perceptron ([2]).

6. Conclusions

In this paper, we have shown that there are some intrigu-
ing links between the computational complexity of the load-
ing problem and the form of the associated error surface. In
particular, we have proven that loading problems giving rise
to unimodal error functions can be solved optimally by an
MLP with lower bound on the complexity of�(mn) which
holds, for instance, in the case of learning linearly separable
patterns.

Moreover, once there is evidence on the intractability of
a given loading problem, our theoretical results allow us
to conclude that such problem is suspect. This is nothing
special, apart from the way the face of the computational
complexity is revealed for this class of problems. The sus-
piciousness becomes a more straightforward concept to un-
derstand where troubles arise and, hopefully, a concept that
could help face them more effectively.
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