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Abstract

In this work the authors implement in a Multi-
Layer Perceptron (MLP) environment a new class
of Quasi-Newtonian (QN) methods. The algorithms
proposed in the present paper use in the iterative
scheme of a generalized BFGS-method a family of
matrix algebras, recently introduced for optimal
preconditioning. This novel approach allows to
construct methods having an O(nlog,n) complexity.

Numerical experiences compared with the
performances of the best QN-algorithms known in
the literature confirm the effectiveness of these new
optimization techniques.

1. Introduction

In [1],[8] two variants of QN-BFGS algorithms [4]
were introduced to perform optimal learning in a
MLP-network. Both methods, respectively named
OSS and OSSV, were essentially memory-less
modifications of the classical iterative procedure to
evaluate the Hessian matrix or its inverse.

The main advantage of OSS-OSSV's modified
scheme is to reduce the number of operations per
step from O(n?) to O(n) (being n the number of
neurons), by maintaining a suitable amount of
Second Order information.

On the other hand, by the very nature of the
memory-less approach, the number of steps £* to
obtain a satisfactory approximation of the Hessian
matrix (or equivalently of its inverse) can be
extremely large for some classes of learning
problems (see [8] for details). However, as
underlined before, since the alternative classical
BFGS method requires O(n?) operations per step,
by denoting with £** the corresponding number of
iterations of the BFGS procedure, the inequality:

k*O(n) << k**O(n?)
is always satisfied in general. In order to improve
the efficiency of BFGS methods, this paper takes
into account a preconditioning scheme inspired to
some preliminary ideas developed in [15].
An effective preconditioning technique to reduce
the number of steps of iterative methods for positive
definite linear systems Ax=bhb, consists in
determining the preconditioner in an algebra L of
matrices simultaneously diagonalized by a fast
transform (FFT, trigonometric or Hartley-type
[21,[51,[71,19]), structurally close to 4. If L 4 denotes
the best L-approximation of 4 in the Frobenius
norm, this technique guarantees, for particular
classes of matrices 4, a superlinear rate of
convergence of conjugate gradient methods for the
system preconditioned by L 4 (see [31,[7],[9]).

The principal aim of this paper is to show some
preliminary results concerning the implementation
of a new class of QN-methods with memory, named
LQN, involving suitable L4 approximations and
thus requiring O(nlog,n) operations per step.

Since the amount of Second Order information
utilized by LQN is considerably stronger than in
OSS-0OSSV, we expect that, by indicating with £***
the number of steps required by LQN to obtain the
desired precision, the inequality:

E¥**O(nlogyn) < k*O(n)
can be verified in several cases.

The preliminary numerical experiences illustrated
in Section 5 are in fact rather encouraging and
confirm that the innovative methods are effective
and have a strong flexibility.

Thus, they deserve further investigations (see [6]).



2. Optimal approximation by matrix
algebras

Let O be a nxn unitary matrix, i.e. Q"=0"1. Set
L={Qd(z)Q":ze C"}
where d(z)=diag(z;, i=1,...,n), z=[z,"'z,]7. For an
arbitrary matrix 4€C™" consider the minimum
problem
min || X=A|p )
XelL
where ||||p is the Frobenius norm, i.e. the norm
induced by the inner product (X,Y)=% x;; y;; on C™".
We know from preconditioning literature
(beginning with T.Chan [3]) that there exists a
unique matrix L4 in L solving (1); this is called the

best least squares (l.s.) fit to 4 from the space L.
Here below are listed some properties of L4 [7].

Ly =0d(z4)O", [24]i=(Qe)"4Qe; (2
Zyyr =d(0")Q"y, x,yeC" 3)

Li=% (Bl
bij:(‘]ia‘]j)a Ci:(‘]iaA)a lz]:Lana

4
(L)(XA+BB—OLLA+ﬁLB, a,peC, 4,BeC™", ®)]
AM=4 = (Ly)"=L,4 and
minA(4) < ML 4) < maxi(A4); (6)
A and Jy real = L4 real,
(7

where {Ji}y=1, n i a basis for L and A(X) denotes
the generic eigenvalue of X.

We are interested in cases where Q defines a fast
discrete transform (see Sections 3 and 4), i.e. when
the matrix-vector products Qz and Q"z are
computable in O(rlogyn) arithmetic operations. In
the following are reported some examples of such
particular matrices Q=(g;j)ij-1,.. » With a description
of the corresponding matrix algebras L (other
examples can be found in [2],[5],[7],[9]).

\1/n @06, C\={X:XP\=P X},
\n p-le-DGD, C_={X:XP_|=P_X};
\2/(n+1) sin(ijn/(n+1)), 1={X-XM=MX};
T (cos2(i-1)(i—~D)/n) = sin(i~ 1)~ )/n)) ,
H=C,S+JP,C,5K;
T (cos((i=1)(2j~D)n/n) = sin((i~1)(2j~D)/n)) ,
K=C_S+JP_,C_5K [5];
N2 sin(Qi~1)2j-D)w/2n)) j=1,....o(n—1)/2,
(~1)~\T/n = (n+1)/2 (1 0dd),
N2 cos(Ri-1)2j-D)n/(2n)) j=e(n+3)/2v,...n,
p=C_5+JC_;5 [51[7].
Here, p=e ", o=p?, CyS={X[1Cy;:XT=X},
Co S8 =X, XT==X}, J= (B pe1—ijt.mo

R
Pe 0 1
€0 .0

and M=Py+P,".

C; is the space of circulant matrices, while the
matrix Q defining C, is the well known discrete
Fourier transform F. The matrices Q defining 1, H
and K, denoted, respectively, by S, O, and Q_, are
known as the discrete sine, Hartley and skew-
Hartley transforms.

If L is closed under transposition and 4=AT, then
L4=(L4)T (by the uniqueness of Ly). If L=C,, this
remark leads to a useful formula for (Ci)g,
alternative to (2) [6]:

A=AT = (Ce)4=Q:d(W ) 0., (®)
where Wy=(1/2)R. Y, d(Q."4e)0."e,, R,=I+JP,
and R_=[+J;, observe that

Wyyt=(1/2)R.d(Q.Tx)Q.x and
nyT+yxT :Rid(QiTX)QiTY7 Xayecn- (9)

One can also have some information about the
quality of the approximation to 4 of L4, L=C;, C_,
H, K, p. In particular, if 4=AT, then Hyq (K4, py), is
a better fit than (Cy)4 ((C_))4), because the latter
matrix is symmetric and thus belongs to H (K,p).
Moreover, if A=AT=JAJ, then the following result
holds [7]:

lug=Allr < [[Kq=Allr.

3. The methods BFGS, OSS-OSSV and
alternative strategies

Let £ R®>R be and consider the following basic
algorithms 1a and 1b for the minimization of f;

Given x,eR", define: gy=Vf(xy), sg by (1a)
ApSg=gy or by (1b) sy=—Byg;, Ay and B, real
symmetric positive definite (r.s.p.d.) matrices, and
Ao=suitable initial guess.

Then, for /=0,1,..., define:
* Py,

Xk 1™ Xkt P

if f{xy1)>@of(X1): A=p3Ay and go to *,

1=V (Xki1),

Yi=8i+1—8ko

Ski1 DY
(1) Ay;1Sk1=8ks1, Where

A=A + Ay TPOYYE -~

(U/p A p)Apipi A, (10)
or by
(1b) Sy, 1=—By;18k1, Where

Bi=By — (1y"p)(By yip™+Piyi "By ) +
(1+yi "By yi/vi"pr) (v "ppipi”, (1)
M1 =01 -



Here {4} and {B,} are two sequences of r.s.,
possibly p.d. matrices, built from the sequences

{A\} and {B,} or arbitrary, and ¢; are fixed real
numbers such that ¢,>1, 0<@;<I, @;>1.

The algorithms 1a and 1b are two examples of
secant methods because the matrices A,,; and
Bi,,7! in (10),(11) solve the secant equation
Xp,=yi. Notice that if B=4,"! and B, =4,!, then,
by the Sherman-Morrison-Woodbury formula [4,
chapter 8], By, ;=4y.,"!, that is, the procedures 1a
and 1b coincide. In particular, for A=A, and By
=By, 1a and 1b yield the well known BFGS method
[4] while, for A=B, =I, they yield two "memory-
less" methods named OSS-OSSV [1],[8].

The matrices Ay,; and By,; in (10),(11) are
obviously r.s.. A necessary and sufficient condition
for Ay, (By,)) to be p.d. is that y,Tp,>0, provided
that 4, (B ) is p.d. (see [4]). Thus, if y,Tp,<0, the
line search s;,; proposed by la (1b) may be an
increasing direction. In this case, one could redefine
Si.1 as a decreasing direction and go on. However,
since A, (By) can be indefinite, we proceed as
follows.

If the proposed s,,; and A, are such that
S X1 A 18k (X 1), then (without checking the
reason, Ay,; too large or/and s,,; increasing
direction) redefine s,,; as a sure decreasing
direction by

Sk 1=8x41 (algorithms 1ag and 1bg)

or, alternatively, when {4, } and {B, } are p.d., by
ASis1=8xs1 (algorithm 1ag ) and
Ske1=Bx Zip1 (algorithm 1bg ),

and then do backtracking along this direction.

The adaptive reset of the line search adopted in
algorithms 1ag, 1bg (see also the end of Section 4),
is similar to the procedure described in [12] and
was exploited in [8] to introduce OSSV as an
improvement of OSS [1]. In the latter method the
direction sy, is restarted to —g,,; every n steps.

If the sequence {4y} ({By}) is built from the

sequence {4} ({By}) — Ay and B, may be suitable,
for instance least squares, approximations of 4, and
By —, then an interesting alternative to the basic
methods 1a and 1b can be introduced by defining,
for any k (k >-1), s,; by

(2a) Ay 1Sk1=8ks1
or by

(2b) sy 1=—Bus1 Bisr-
The basic algorithms 2a and 2b so obtained may
require in general more iterations to converge than
la and 1b because they are not secant methods.
However, each step of the former algorithms might
be cheaper in terms of computation time (see

Section 4). A possible decreasing direction for 2a
and 2b, in an adaptive reset of the line search, is
Sk 1=8i41 (algorithms 2ag and 2bg).

4. Updating the best l.s. fit to the Hessian
approximation

By (6) of Section?2, if 4 is a real symmetric
matrix, then Ly, i.e. the best ls. fit to 4 from
L={0d(z)O": zeC"}, Q unitary, is hermitian and
such that:

minA(4) < ML 4) < maxi(4).
In particular Ly is p.d. whenever A is p.d..

This result suggests the choices 4, =Ly4, and B
=Lp, in the basic algorithms 1a, 1b, 2a and 2b of
the previous Section. In particular, the new
algorithms 1a and 1b so obtained appear as a sort
of compromise between the BFGS and the OSS-
OSSV  methods, in which, respectively, the
proposed direction s;,; depends and does not
depend explicitely upon the old "Hessian
approximation" A4, (=B, ~!). All the new methods
are referred here as LQN.

From now on we assume A~k:LAk and By =Lp, in
(10) and (11). We also assume that L is spanned by
real matrices so that, if 4y (By) is r.s. then also L,
(Lp,) and therefore Ay, (By,1) in (10) ((11)) are r.s.
(see (7) in Section 2).

Six possible new minimization methods follow
from the arguments of Section 3:

I. 1ag for 4,=Ly,, 1 1bg for B, =Lp,,

II. 1ag for A;=L 4, +x;, II'. 1bg for B, =Lp,+v;»
111. 2ag for A, =Ly, ,, with 4, as in (10), and
II". 2bg for By, =Lp,,, with B, as in (11).

The matrix Xy (¥) in II (II') is null if L4, (Lp,) is
p.d.; otherwise it is chosen such that 4, (B, ) is p.d..

For example X,=oy/ (Y,=P\/) with oy (By) zero or
sufficiently large.

Notice that since the matrices L4 and Ly~ are
generally not equal, the apostrophized methods
differ from the non apostrophized ones.

We show now that each one of the methods I, I',
IL, IT', I, IIT' requires at each step the computation
of two transforms involving the matrix Q plus O(n)
arithmetic operations (a.o0.); thus, if Q defines a fast
discrete transform (for instance Q is one of the
matrices listed in Section 2), then O(nlog,n) a.o. are
sufficient to perform a step. Since the BFGS and
the OSS-OSSV methods require, respectively,
O(n?) and O(n) a.o. per step, in order to evaluate
the competitivity of the new LQN methods one
should study their rate of convergence. See



Section 5 where some experimental results are
reported, and [6].

By the linearity (5) of L, the identities (10) and
(11) yield, respectively,

241724, + (VY POZyy T —
(l/kaLAkpk)ZLAkpk( L_Ak pT
and
2By =2B — (I ykTpk)(ZLBkYkka + Zp( Ly yoo) *
I+ LY POy POZpypy T

(see the definition (2) of Section 2). Then the
expression for ZyyT in (3) leads to the following

relations which imply that Ly, (Lp,) is
computable from Ly, (Lp,) in O(nlogyn) a.o..
2y 724+ (V)Y Ts)| Oy, > -
(Vzg MO (24 P10, (12)
ZBi1™ 2By ~
(1/yi"s)[2Re(d(zp)d(QPy) O"si) —
(Ouctzp MO PNTS)I0sP]. (13)

Here |z|? is the vector whose ith entry is |z
Moreover, one can write formulas for the
directions s, in 1a and 2a. These are, respectively,

QHsk+l: _d(ZAk_l)QHng +
[_(xk+(ZAk71)T‘QHYk|2/ YkTSk)(SkTgk+1/ YkTSk) +
(4O, OV /Y, s, | OFsy +

[si T /v si]d(z4, ) 0Py, (14)
QHsk+1: _d(ZAk+ 1_1)QHgk+l
(15)

where z~! denotes the vector whose ith entry is z ..
By simply replacing, in (14), z4,~' with zp,, and, in
(15), z4,,,! with zp, ,,, we also obtain the formulas
representing the directions sy, in the algorithms 1b
and 2b. All these formulas state that the new
direction sy, is computable from the old one, sy, in
O(nlogyn) a.o..

Now, by using (12), (13), (14), (15) one is able to
give an explicit form to the algorithms I, I', II, IT,
III, 1T'. Only LIII are described here in detail. I' and
III' are obtained analogously. In the algorithm II,
notice that the choice 4y, ;=L4,, +Xi., 1S equivalent
to the redefinition of z4, , in (12) as a positive
vector:

Z i 1724y +Y> VER® such that (z4,,)>0,Vi.

An identical remark holds for II'. For more details
on IIIILILIT see [6].

The algorithms LIII are shown with the same
adaptive reset of the line search adopted in [8]. For
sake of simplicity 4y=/ and then Ly =/ (z4,~e=

[11- - 1]7), i.e. the first line search direction is
so=—Vf(xp). However, if x, is in the neighbourhood
of a minimum for £, it could be more convenient to
choose A, as an "approximation" of the Hessian
V2f(x,) in order to increase the quasi-newtonian
properties of the methods. In this case, it is useful to
know that, if Q is one of the matrices listed in
Section 2 and if 4 is structured (for example A4 is
a low-rank perturbation of a Toeplitz plus Hankel
matrix), then the complexity of the computation of
Z4, is at most O(nlogyn) [7],[9] — as the complexity
of the generic step — while it is O(n?) for an
arbitrary 4.

Given xo€R", define: g,=Vfixy),
ZA0:e5QHSOZ_QHg05 So=8o0, Sdg:FALSEa
Ag=suitable initial guess. Then, for /=0,1,..., define:
P MeSko
Xg+1=Xk+Pxo
IF fi.1>1.05f, THEN (IF sdg THEN

(ZAk:ea QHsk:_QHgka Sk=8k
sdg=FALSE)
REPEAT
M=0.7hy, P Sk
Xg+1= Xk Pk

UNTIL NOT f;,>1.05f),
1=V (Xit1)s
Y= 8k+1— 8k
IF fi1<fc AND p Ty 20 THEN
((12),
(14) or (15),
Sk =0(0%sy,), sdg=TRUE, Xy,;=1.05M,)
ELSE

(ZAkH:e, OMsi 1 ==0Mgii 1 Sk =8k
SdgiFALSE, }"k+1:0'7}"k)'

Here sdg (s different from gradient) is a boolean
variable and fi=f(x).

If the matrix Q is not real, then the algorithms I, I',
IL, IT', I, III' use complex arithmetic to generate
real  vectors. In  the particular  cases
qij:(1/|n)0)(i*1)0*1) and qij:(1/|n)pi’1co(i*1)0*1) (see
Section 2) one could rewrite the methods so that
only real operations are needed, by using the
analogs of formulas (12), (13), (14), (15) derived
from (5),(8),(9) of Section 2 [6].

4. Numerical results

The following tables illustrate the number of steps
required by the OSSV and by the LQN methods I
Imn, 0=90.,0.,S,F, to verify the inequality
[|0Ax)I0 <10, £=3,4,5,6, where f(x) is the error
function of a I-H-O network for learning a set of
functions v=v(u), ueR, veRO, and x is the vector



of weights (A;=0.1, [Xo]; random in [-1,1]). The
benchmarks considered are the same selected in
[81,[10] (see [8] for other references). Performances
of LQN-methods are clearly competitive in these
preliminary experiences.

2-2-1, XOR
103 10 105 106
0SSV |84 86 88 90
0, 41 45 48 51
0 59 63 65 68
s 42 47 53 200
F 49 53 60 62

8-16-3, v (u)=(u uytusustusustuqug)/4,
Vo(W)=(uy+urtustusrustugtu+ug)/8,
v3(u)=(1-v;(u))"2 (50 random points in (0,1)®)

103 | 104 | 105
OSSV 469 1675 7038
(OR 452 1797 8551
o 447 1745 6041
S 338 1082 6223
F 373 1102 7533

1-2-1, v(u)=.5sin(ru/5)+.5sin?(mu/10) (in1, i=1....20)

103 [10*  [105 [10°

OSSvV 69 144 4022 5840
0, 41(68) 57(73) 1943 2826
0. 42(59)  45(308) 2283 2686
S 43 (64)  61(154) 2357 5111
F 42 (69) 52 (75) 3243 5523

1-2-1, v(u)=3.95u(1-u) (@51, i=1,..,50)

103 [10* |10 106
0SSV [40 43 47 50
0, 39 41 50 53
0. 89 292 409 502
g 108 110 937 1041
F 33 39 41 43
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