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laxations of convexity assumptions (like f.i. quasi{ orpseudo{convexity (see [3])) do not substantially enlargethe set of learning problems for which the optimal so-lution can be computed by an algorithm of Backprop-agation type. On the other hand, surprisingly enough,practitioners are able to perform optimal learning in avariety of problems, where the shape of the error func-tion is far from satisfying any weak form of convexity.It is, therefore, evident that there is a strong need todetermine theoretical conditions ensuring the optimalconvergence of \at least " some special form of gradi-ent descent algorithms. This work is a contributiontowards this aim.II. Smale's theory and foundations ofNumerical AnalysisTuring machines have played a central role in thefoundation of Computer Science and, particularly, inthe generalisation of the concept of algorithm, allow-ing, without ambiguity, the investigation of complexitylower bounds for every type of algorithm.The introduction of continuous machines, consideredas an idealisation of Turing's model, yields the \transla-tion in numerical terms " of the main concepts of Com-plexity Theory, thereby extending the classical �niteapproach of computation, according to the practical re-quirements of Numerical Analysis [4], [5]. In this way, itis possible to perform the error analysis independentlyof the particular solving algorithm. More precisely, itcan be proved (see [6]) that an algorithm de�ned bya continuous machine is able to solve an approximateproblem P (") in polynomial time if and only if:�("; y) � c1(dim(y) + log(") + log(@(y)))q1 ; (1)T ("; y) � c2(dim(y) + log(") + log(@(y)))q2 ; (2)where:� dim(y) is the number of bits requested to store theinput y;� " indicates the desired precision to compute thesolution associated to y;� @(y) is a function describing the \level ofdi�culty " of the problem;� �(�; �) represents the maximum acceptable propa-gation error (the stability);� T (�; �) indicates the number of steps used in thecomputation of the solution associated to the inputy (the complexity);



2� c1; c2; q1; q2 are constants depending solely on themachine.Although the formulas (1) and (2) are of theoreticaltype, they state that the complexity and the stabilityof a given algorithm are deeply related and, in gen-eral, bound its e�ciency and accuracy \with the sameintensity ".More exactly in [7] it was proved that, if the solv-ing algorithm of a problem P is constrained to satisfysome stability conditions, then the complexity lowerbounds of P can be signi�cantly modi�ed and moreeasily evaluated. Roughly speaking, it can eventuallyhappen that the \best algorithm " in terms of computa-tional complexity for P cannot be actually \the optimalalgorithm ".In the �eld of linear problems and, particularly, whendealing with the solution of linear systems (or matrixinversion), classical Numerical Analysis is not e�ectiveto quantify exactly the di�culty of the given problemin terms of matrix conditioning.It is often said that, if the matrix has a \low conditionnumber ", then the system can be solved both with e�-ciency (f.i. with complexity O �n3� or O �nlog2(7)�) andwith accuracy (with a satisfactory propagation error).However, a precise relationship between the function Tin (2) and the condition number of the matrix cannotbe in general achieved with classical tools. The wellknown results by Wilkinson [8], [9] gave a fundamen-tal contribution about the connection between stabilityand conditioning.As an example, we mention the following inequality,satis�ed by positive de�nite matrices of order n:�r(A�1) � 14:24�n5=22�s� k(A); (3)being� s the number of digits employed by the computer;� k(A) the condition number of A;� �r(A�1) the relative propagation error in the com-putation of A�1.The formula (3) shows that in any algorithm imple-mented for the inversion of a positive de�nite matrix,the theoretical function @ indicated in the general for-mula (1) can be substantially identi�ed with k(A).However, the determination of a practical relation-ship, in terms of an operational inequality, betweenthe computational complexity of a general class of al-gorithms for linear problems and conditioning is stillan open question.Remarkable contributions towards the latter aim, atleast in a probabilistic form, were given in [10], [11].It is important to cite, in particular, an interestingresult proved in [10]. Let IP be the set of all non{invertible real matrices of order n. Then, given a ma-trix A, the di�cult of its inversion can be expressed in

terms of \the minimum distance dist(A; IP ) between Aand IP" with the formula:dist(A; IP ) = jjAjjFk(A) ; (4)where jj � jjF denotes the Frobenius norm. By (4), ifA=jjAjjF is uniformly distributed in the unitary hyper-sphere, it follows that:c �1� 1x�n2�1x � P [k(A) � x] � 2 �1 + 2nx �n2� 1!;(5)being c > 0 a constant proportional to the volume (n2�1){ dimensional of the IP{manifold contained in theunitary hypersphere.The formula (5) determines the connection betweenthe size n of a matrix and its condition number. Even if(5) is impractical in many cases, it points out an impor-tant probabilistic inequality involving the conditioningof the problem and its dimension and hence, indirectly,the computational complexity of a given algorithm.We shall see in Section IV how the ful�llment of cer-tain \non{suspiciousness conditions " allow to estab-lish in the linear case a precise deterministic relation-ship between k(A) and the computational complexityof a canonical form of gradient descent, which is theo-retically optimal.III. Extending the border between finite andinfinite problemsThe dichotomy between Computer Science and clas-sical Numerical Analysis has been for many decades themain obstacle to the development of \eclectic computa-tional tools ". With the latter term, we indicate the ca-pability of implementing algorithms properly adaptedto particular computational requirements. Typical ex-amples can be found in the �eld of neural networks,where the simple application of classical gradient de-scent techniques (even in the most e�cient form) faildiscovering the optimal solution in many cases. Al-though it is well known that gradient methods guaran-tee in general the convergence to a stationary pointonly, one might expect that for particular problems(such as f.i. the minimisation of the error function) thedetermination of the optimal solution be within reachunder suitable operational conditions.The antithesis between Discrete and ContinuousMathematics is even stronger from a computationalpoint of view.Classical algorithms for problems on discrete sets(graphs, integer variables and so forth) are charac-terised by a procedure formalized in a �nite numberof steps, while the Numerical Calculus techniques are



3based in the majority of cases on the convergence ofa sequence to the optimal solution. Proper stoppingrules on the truncation error reduce the latter compu-tational scheme to a �nite process, but, unfortunately,a precise forecast on the number of iterations requestedto achieve the desired approximation cannot be in gen-eral obtained in advance. On the other hand, the realborder between �nite and in�nite computational pro-cedures is not theoretically established by the type ofthe variables associated to the problems.Linear Programming, Convex Quadratic Program-ming or the simple minimisation of a symmetric posi-tive semide�nite bilinear form are continuous problemsthat can be exactly solved with a �nite number of steps.This proves that the distinction between algorithmsand in�nite numerical procedures is not always char-acterised respectively by the discrete or the continuousrange of the variables of the problem.More precisely, it is not clear if quadratic convexproblems represent the real boundary separating the�nite continuous optimisation problems from the in�-nite ones.Most of Numerical Analysis is based upon the appli-cation of Fixed Point Theorem [12], which assures theconvergence of the iterative procedures by means of acontraction of the distance between successive terms ofthe sequence approximating the optimal solution. Typ-ically, the minimisation of the error function E(W ) ofa neural network can be carried out by following thedi�erential scheme:dWdt = �
rWE = f(t;W );W (0) = W0; (6)whose discretisation, Euler's approximation of (6), is:Wk+1 = Wk � 
� (k)rEk = �(Wk);W (0) = W0: (7)The formula (7) represent gradient descent's stan-dard iterative method. The convergence of the se-quence Wk to a stationary point for E(W ) is guaran-teed by classical Lipschitz's condition for the problem(6), assuring the existence of a �xed point for the op-erator �(�) in (7).In [13] it was pointed out by Zak that there exist sin-gular solutions of the di�erential equation (6), named\terminal attractors ", violating Lipschitz's condition.The main characteristic of these singular solutions liesupon the fact that they can be reached in �nite time.So, at least from a theoretical point of view, the com-putation of the optimal solution could be performedwith a �nite number of steps. If we choose in (6):
 :=  (E)jjrWEjj2 ; (8)

being  a non{negative continuous function of E, thedynamics of the function E(W ) in (6) becomes:dEdt = (rWE)T dWdt = � (E): (9)In this way, the function E is forced to continuouslydecrease to zero and approaching the optimal solution,which is a terminal attractor.Unfortunately, there are two main di�culties in theimplementation of algorithms of this type:1. By the singularity of the terminal attractor, onemust be aware of numerical instability in theneighbourhood of the optimal solution.2. The system trajectory is in general attracted toany local minimum (see [14]), in contrast to theresults claimed in [15].It is therefore natural to de�ne a special class of func-tions for which the above di�culties can be overcome.IV. Non{suspiciousness: definitions and mainresultsLet us now consider equation (7), where the iterationindex k is related to the continuous time t and to thequantisation step � by t = � k.De�nition 1: The Euler's approximation (7) is con-sistent to the continuous equation (6) provided that� 8 "a > 0, 9 � > 0 : 8 t = k�; jE(t)�Ekj < "a.Observe that, while in the typical convergence andconsistence de�nition on di�erential equations (see e.g.:[16], [17]) the discretisation is performed for functionW (t), we require that the approximation holds for theerror function E(W ).Lemma 1: Suppose E is local minima free. Then"s > 0 exists such that, using the discrete updatingequation (7), the inequality jjrtE(W )jj � "s holds onlywhen W approaches global minima.Proof: (see [18]).This lemma guarantees that the updating equation(7) meets the chosen stopping criterion only when ap-proaching a global minimum.The following assumptions will be referred to as\non{suspiciousness conditions " (see [18]).De�nition 2: The non{suspiciousness conditionshold if:1. 8 "a 2 IR+, jjrEkjj > "s during the gradientdescent, apart from k : jEk � Eminj < "a;2. given �, � � "a� ;3. E 2 C2 and has a bounded Hessian H,(i.e. 9H > 0 : jjHjj < H).The next theorem gives an indication on the choiceof the quantisation step � that guarantees the desired



4approximation "a of continuous equation (6) and, con-sequently, the number of steps required to reach theoptimal solution.Theorem 1: Let the non{suspiciousness conditionshold for the di�erence equation (7). Then, 8 "a 2 IR+,Euler's approximation is consistent to the continuousevolution of the error dynamics in the domainD"a := fW 2 IRn : jE(W )�Eminj > "a g ;choosing quantization steps no higher than�� = 2 "2s"aH�RE ;where RE � E0 �Emin.Moreover, jEk� � Eminj � "a holds after at leastk� = �HR2E2 "2s"a� (10)steps of the discrete iteration scheme.Proof: (see [18]).Remark 1: The quantisation step � is independentof the special function involved and is related to fewparameters only. Thus, a class of functions E existswhose optimisation takes a number of steps that can bebounded by the same value.Particular interesting is the case of a quadratic op-timisation problem or, in other words, the study of alinear gradient descent dynamics [19]. In the latter sit-uation, the problem of solving a linear systemAW = b; A 2 IRn;n; W; b 2 IRn (11)can be easily reformulated as an optimisation problem.As a matter of fact, if the linear system admits a solu-tion, it can be discovered by minimising the error |residual | functionE(W ) := 12 jjAW � bjj2jjbjj2 ; jjbjj 6= 0: (12)As previously stated, the absence of local minima isan obvious case in which the reduction of the dynamicsdescribed by (9) takes place with no trouble and, forequation (12), this is just the case, being the resultingresidual error a convex function. Moreover, note that asolution for the optimisation problem can be computedeven if A is a singular matrix, whereas most numericalmethods fail in this circumstance.Therefore, the fundamental result that must beproved is that the non{suspiciousness conditions holdfor the optimisation problemminW2
E(W ); (13)

with E(W ) de�ned in (12). Note that establishingthe non{suspect nature of the linear system resolutionwould lead to an iterative linear solver with O(n2) ascomputational complexity, since this is indeed the com-putational burden due to the gradient evaluation. Ob-viously, this is also the lower bound for the prob-lem (11) | O(n2) represents also the cost of thedata{acquisition phase | and, therefore, the algorithmbased on equation (6) would be a candidate optimal al-gorithm.Lemma 2: Let E be de�ned as in (12). Then,8 "a 2 IR+, "s := 1k(A) p2"a jjAjjjjbjj exists, such that us-ing the discrete updating equation (7), the inequalityjjrEkjj > "s holds 8Wk 2 D"a . Therefore the non{suspiciousness condition 1. holds for (13).Proof: (see [19]).Remark 2: The non{suspiciousness condition 2. isobviously veri�ed.Lemma 3: Let E be de�ned as in (12). Then, ifthe matrix A has a bounded spectral norm, E has abounded Hessian H. Therefore the non{suspiciousnesscondition 3. holds for (13).Proof: (see [19]).From Lemmas 2 and 3 and Remark 2 we can im-mediately derive, by De�nition 2, that problem (13) isnon{suspect.Hence, we can establish the following important:Theorem 2: Given a linear systemAW = b; A 2 IRn;n; W; b 2 IRnand the quadratic functionE(W ) := 12 jjAW � bjj2jjbjj2 ; jjbjj 6= 0;then, 8 "a 2 IR+, the inequalityjjrEkjj > 1k(A) p2"a jjAjjjjbjjis satis�ed 8Wk 2 D"a .Remark 3: Theorem 2 states, in particular, that if asequence of matrices An satis�es the condition:k(An) � x; 8n;then there exists a linear gradient descent dynamicswith O(n2) as computational complexity.The iterative linear solver shown in the present pa-per belongs to the class of parameter{free methods,i.e. the iterates are computed by using information



5obtained solely by the iteration steps. Such methodsare f.i. the well known Jacobi and Gauss{Seidel pro-cedures, several generalized Conjugate Gradients [20],[21], [22], [23],error minimising and conjugate Krylovsubspace [24], [25] and quasi{minimal residual algo-rithms [26], [27]. Attempting to apply iterative meth-ods to general inde�nite non{symmetric matrices, dur-ing the last two decades a considerable part of the re-search has been devoted to the study and implementa-tion of the Generalised Minimum RESidual (GMRES)algorithm [28]. Unfortunately, although GMRES andrelated schemes generate at each iteration optimal ap-proximate solutions of the linear system , storage re-quirements per iteration grow linearly and, therefore,are too expensive for large size full matrices. For thisreason, more recently, research in non{symmetric ma-trix iterations has focused mainly on possible imple-mentations with low and roughly constant storage periteration [29]. The main advantage of the present iter-ative linear solver is that it can be applied to any well{conditioned matrix independently of its structure andwith the minimum e�ort in terms of non{arithmeticoperations and storage.V. ConclusionsThe non{suspiciousness conditions are a generalisa-tion of the concept of convexity and, therefore, it ispossible to apply this theory to the resolution of nonlinear problems. If E(W ) represents the error func-tion of a neural network, non{suspiciousness impliesthe optimality of the Backpropagation algorithm basedon the updating rule derived by equation (7). On theother hand, in the frame of foundations of NumericalAnalysis, the theoretical results gained can be seen asa new approach to the numerical solution of particularclasses of non linear systems. Consequently, our futureaim will be the investigation of possible improvementsand generalisations of the classical Newton{Raphsonmethod. More precisely, we will try to discover if thereexist particular classes of non convex functions whichsatisfy the non{suspiciousness conditions, thereby al-lowing an e�cient resolution of the corresponding nonlinear system of the stationary equations.References[1] R. Michalsky, J. Carbonell, and T. Mitchell, MachineLearning, an Arti�cial Intelligence Approach, vol. 1/2. SanMateo: Morgan Kaufmann, 1983.[2] M. Minsky and S. Papert,Perceptrons | Expanded Edition.Cambridge: MIT Press, 1988.[3] M. Minoux,Mathematical Programming: Theory and Algo-rithms. Wiley and Sons, 1986.[4] L. Blum, M. Shub, and S. Smale, \On the theory ofcomputation and complexity over the real numbers: NP{completeness, recursive functions and universal machines,"Bull. Amer. Math. Soc., vol. 21, pp. 1{46, 1989.
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