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Abstract

We prove Freidlin-Wentzell Large Deviation estimates under rather minimal assump-
tions. This allows to derive Wentzell-Freidlin Large Deviation estimates for diffusions on
the positive half line with coefficients that are neither bounded nor Lipschitz continuous,
in particular for the CIR and the CEV models.
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1 Introduction

The classical Freidlin-Wentzell Large Deviation estimates are concerned with the asymp-
totics of a family of Stochastic Differential Equations of the type

dYE = b (YE)dt + eo-(YF)dB, (11)
Y=z |
as € — 0+. Usually (see [3] e.g.) they are stated for coefficients b. = b and 0. = o
non depending of € and under the requirement for b and o to be bounded and (globally)
Lipschitz continuous.
Recently applications to finance have attracted the attention to the study of models
that are based on diffusion processes whose state space is the positive half line. Instances
of these situations are e.g. the CEV model

dry = a(b—r¢)dt + pr] dBy, 19 >0 (1.2)

where % <~ <1 and in particular the CIR model that corresponds to the case v = % The
coefficients here are neither bounded nor Lipschitz continuous.

The problem of deriving Freidlin-Wentzell Large Deviations for diffusions of the form
(1.2) has been studied in [4], where the case of a diffusion coefficient of the form o(x) = py/x
and a general drift is taken into account.

In this paper we give two results. First we prove Freidlin-Wentzell estimates for co-
efficients b. 0. possibly depending on £ and under assumptions of local boundedness and
local Lipschitz continuity. These results are derived using an extension of the classical



transfer technique and are not entirely new, as they are based substantially on the work
of Priouret [5] and the refinements of [2]. Then, using these extended estimates we obtain
Freidlin-Wentzell estimates for positive diffusions including, among others, those of the type
(1.2).

To summarize our results for the case of positive diffusions, let X¢ the solution of the
SDE with values in R

dX; =b(X;)dt +eo(X;)dBy, X;=z>0 (1.3)
We make the following assumption:

(A1.1) a) The diffusion coefficient o : [0, +oo[— R is Holder continuous with exponent
v > %, is locally Lipschitz continuous on |0, +oc[, vanishes at 0 and has a sublinear growth
at oo.

b) The drift b : [0, +00[— R is locally Lipschitz continuous, has a sublinear growth at
oo and b(0) > 0.

Remark that Assumption (A1.1) implies the existence of 6 > 0, 5 > 0 such that o(x) < d\/x
and b(x) > f respectively in a right neighborhood of 0. (Al.1) ensures that (1.3) has a
unique pathwise solution (see Theorem 3.5, chap.XIX [6]). Our main result is

Theorem 1.2 Let X¢ be the solution of (1.3) in the time interval [0, T with x > 0. Then
under (A1.1) it holds

limsupe?logP(X® € F) < — inf J(¢) (1.4)
e—0 PYeF

N 2 e i

hrarl}élf€ logP(X® € G) > 711}1612 J () (1.5)
for every closed set F C €,(]0,T),RT) and open set G C 6,([0,T],R"), where
17T (4 = b())?

J = / ———dt 1.6
@) 2 Jo U(¢t)2 (16)

(with the understanding J(¢) = 400 if 1 is not differentiable).

In order to make a comparison with the above mentioned result of [4], we are able to consider
a more general class of diffusion coefficients but we need to assume that the starting point
x is strictly positive, whereas in [4] the case x = 0 was taken into account. Also we need to
assume b(0) > 0, whereas in [4] the weaker assumption b(0) > 0 was required.

Remark finally that the technique developed here can possibly be applicable in more
general situations (multidimensional diffusions on a wedge e.g.).

The plan of the paper is as follows. In §2 we prove general Freidlin-Wentzell estimates
for coefficients that are not necessarily Lipschitz continuous and bounded. They are also
allowed to depend on e. In §3 we apply the results of §2 and prove Freidlin-Wentzell
estimates for diffusions on the half-line as stated in Theorem 1.2. Finally, in order to be
self-contained, we put some proofs in §4.

2 Large Deviation estimates

In this section we give a proof of the Freidlin-Wentzell Large Deviation estimates with
the aim of making the assumptions as weak as possible. The idea which was originally
of Azencott [1] reduces to the remark that Ito’s mapping, associating the Brownian path
to the corresponding path of the solution of a Stochastic Differential Equation, is not, in
general, continuous but is regular enough to develop a kind of contraction procedure.



2.1 The main result

For T > 0, let €™ = €([0,T],R™) denote the space of continuous paths on [0,7] taking
values in R™, endowed with the topology of uniform convergence. We set €, as the closed
hyperplane of the paths starting at x € R™. Let .2 = .([0,T],R™) be the subspace of
¢y" of paths that are absolutely continuous and whose derivative is square integrable on
[0,T] and endowed with the Hilbert norm | |1, that is

T
Bt =l = [ Vo
Let us set, for h € €™ For h € " we set

1) = {;\hﬁ if h e A*

+00 otherwise

The classical Schilder’s theorem [7] states that I is the rate function of the Large Deviation
Principle on ‘ﬁd‘“ satisfied by a Brownian motion with a small parameter. Let, for f € €™,

Iflle = sup [fsl, NIl =1flz,  B(f,p) ={g,llg — fll < p}
0<s<t

For ¢ > 0, let b, : R™ — R™ and 0. : R — R™ x R* families of vector and matrix
fields respectively. Let B a k-dimensional Brownian motion on some probability space
(Q,.7, (%), P) and Y* the solution of the Stochastic Differential Equation (SDE) (1.1).
Let us consider the following assumption.

(A2.3) There exist a vector field b : R™ — R™ and a matrix field o : R™ — R™ x R¥ such
that
a) for every h € % and x € R™ the ordinary differential equation

ge = blge) + o(ge) (2.7)
go =1

has a unique solution on [0,T].

b) Let S,(h) denote the solution of (2.7). Therefore S, : #* — €™. For any a > 0,
the restriction of Sy to the compact set K, = {|h|1 < a} is continuous with respect to
the uniform norm: for any {h,}, C K, such that |h, — h| —n—eo 0 with h € K, then
||Sx(hn) B Sx(h)H —n—oo 0.

¢) (The quasi-continuity property) For every R > 0,p > 0,a > 0,c > 0 there exist
€0 > 0,a > 0 such that, if € < €y,

P(|Ye = g]| > p,lleB - hl| < a) <e R/ (2.8)
uniformly for |h|; < a and |x| < ¢, where g = Sy (h).

Assumption (A2.3) c¢) means that if the Brownian path is such that ||eB — h| < «a, then
the corresponding path of the diffusion Y¢ is near the path g = S,(h) with a probability
converging to 1 as € — 0 at a high exponential rate. If b;,0. do not depend of ¢ then
(A2.3) ¢) would be trivially true if Ito’s mapping, associating the Brownian path to the
corresponding path of the solution of a SDE were continuous, which is the case in some
situations, mostly in dimension 1. It can be viewed as a weak continuity property of Ito’s
mapping. For this property to be true it will be necessary that the coefficients b., 0. converge
suitably to b, o respectively. Then



Theorem 2.4 Suppose that b, 0. are locally Lipschitz continuous and the SDE (1.1) has
a strong solution for every € > 0. Then if (A2.3) holds, the family {Y<}. satisfies a Large
Deviation Principle on €™ with inverse speed €2 and (good) rate function

Ag) = inf {I(h); Su(h) = g},

with the understanding A(g) = +oo if {I(h); Sz(h) = g} is empty. This means that

limsupe?log P(X® € F) < — inf A(¢)) (2.9)
e—0 Yel

liminf 2 log P(X® € G) > — inf \(¢)) (2.10)
e—0 PYeG

for every closed set F C €,([0,T]),R™) and open set G C €,([0,T],R™) and that the level
sets of A are compact.

The idea of exploiting the quasi-continuity properties of Ito’s mapping goes back to Azencott
[1]. For a proof of Theorem 2.4 at this level of generality one can refer to Priouret [5] or to
Baldi and Chaleyat-Maurel [2]. In order to be self contained we give a sketch of the proof
in §4.

In the next section we give exlicit conditions on the coefficients b., 0. that ensure that
Assumption (A2.3) is satisfied.

2.2 The Large Deviation transfer

Let us first give conditions ensuring that (A2.3) a) and b) hold.

Lemma 2.5 If b and o are locally Lipschitz continuous and have a sublinear growth at

infinity, then (A2.3) a) and (A2.3) b) hold. Moreover, for every compact set K C R™ and
a > 0 there exists H > 0 such that

sup sup ||Sz(h)|| < H. (2.11)
2€K h:|h|1<a

Proof. Existence and uniqueness of the solutions of (2.7) are standard facts. Let us prove
(2.11), which will follow from a standard application of Gronwall lemma. Let Cy > 0 be
such that |b(x)| < Co(1 + |z|), |o(x)| < Co(1 + |z|). Setting g = Sz(h), we have by the
Cauchy-Schwarz inequality

t t _
ol < |mr+co/ (1+|gs)d5+co/ (1+ [ga]) s] ds <
0 0
t 1/2 t
<lal + VT ([ (4 lguPds) " + Coa( [ (14 lgu)? ds)
0 0

1/2

Taking the square and denoting by R the radius of a sphere centered at the origin and
containing the compact set K,

t
? < 20al? + 2C3(VT + a)? /0 (1 + lgs])? ds <

t
< 2R? +4C3T(VT + a)® + AC3(VT + a)z/ lgs[* ds
0



so that Gronwall lemma gives the bound
lg:)* < (2R* + 4C3T(VT + a)?) exp (403(\/? + a)2T> =H

for every t € [0, 7.

Let us prove (A2.3) b). Let hi,he € K, = {|h|s < a} and ¢g; = Sy(h;), i = 1,2. From
(2.11) we have ||g;|| < H. Recall also that in the ball of radius H and centered at the origin
b and o are bounded (constant M) and Lipschitz continuous (constant L). Then,

g1(t) — g2(t) =

t

t .
= /0 (b(91(5)) — bg2())) ds + | (o(gn(s)) — o(ga(s))n(s) dst (21

0

- "o (ga($) (s (5) — ha(s) ds

By the next Lemma 2.6 if |hi|1 < a, |he|1 < a, for every £ > 0 there exists 6 > 0 such that
if ||hy — hol| < §

‘ /Ota(92(8))(ﬁ1(s) — hg(s)) ds’ <e

Therefore
lg1(t) — 92(7?\ <
<e+L/ e ds+L/ g2(s) — <> i (5)]ds <
0
1/2 2.13
<5+L/ 101(5) — ga(s \ds—i—L/]gl 9lds)’ /h1 )las) " < (2.13)

1/2
<€—|—L\F+a /|g1 (3)|2ds)
Therefore, if |hy — hal| < 9,
t
910 = 920 <22 4 22T + P [ lga(s) = gas) P s (214
0

and by Gronwall lemma
91(8) = ga(1) < 25%PH VTR

which allows to conclude.

Lemma 2.6 Let ¥ be a bounded (constant M ) Lipschitz function (constant L) and hy,hy €
HF, go = Sip(ha) with |hi|y < a, |ha|1 < a. Then for every e > 0 there exists § > 0 such
that if |hy — ha|| < 0

‘ /Ot W (ga(s))(hi(s) — ha(s))ds| < e



Proof. Let us assume first that ¥ is differentiable. As |¥/(x)| < L, ¥ being Lipschitz
continuous, we have integrating by parts,

[ #an(o i)~ o) ] =
= @000 o)~ [ W) a(5) ~ ) | <
< My = hall + Ll hall [ a5 ds <
< = hall (M + [ olan(s)) + olaals)hats)| d5) <
<y — o) (M + LMT + LM/Ot ha(s)| ds) <

< M|[h1 — ho|| (1 + LT + LVT |ha|1) < M|[h1 — hal|(1 + L(T + aV'T))

and the statement is proved. In general ¥ is not differentiable but it is easy to approximate
it with a regular function. Let ¢ € C* such that [p, ¢ = 1, ¢(z) = 0 if |2| > 1 and
0<¢<1. Forn>0,set ¢,(x) = n%c]b(%) Then ¢, is a mollifier and if

U, (x) =V x*¢y(x) = /

Rm™m

\I/(z)gbn(x—z)dy:/ V(x — 2)py(2) dz

m

then W, is differentiable (C*°, actually). W, is still Lipschitz continuous with Lipschitz
constant equal to L, as

W, (2) — Wy ()] < /

and also bounded with the same bound M as W, so that by the first part of the proof

W(z — =) — Uy — 2)|én(z) dz < Lz — ] / bnlz) dz = Liz — |
m Rm
| /0 (g2 (5) — ha()) ds| < Ml — hal] (1 + L(T + aV/T)) (2.15)

Remark that the bound in the right hand side only depends on L and M (and not on 7).
It is straightforward that |V, (z) — W(x)| < Ln so that

IN

[ Wlaa(s))a(s) ~ hao)) ds = [ W (gas))hn(s) = halo)) s
0 0

IN

< /0 U (ga(s)) — Wy (ga(s))] - i (s) — ha(s)|ds < LT lh — haly
< 277La\/f

therefore, by the first part of the proof,
t
‘ / U(g2(s))(h1(s) — ha(s)) ds| < M||hy — hol|(1 + L(T + aV'T)) + 2nLav/T
0

and 7 being arbitrary the proof is complete.
O

We now tackle the problem of giving reasonable conditions under which Assumption (A2.3)
c¢) holds. A natural set of hypotheses (we dot claim that it is the only one) is



(A2.7) b and o are locally Lipschitz continuous, have a sublinear growth at infinity and

are such that .
lim [b:(y) — b(y)| =0
e—0+

I —a(y) =
Jim. Joe(y) —o(y)| =0

(2.16)

uniformly on compact sets.

We prove now that Assumption (A2.7) implies Assumption (A2.3) c¢). In order to do this
we recall the following result.

Lemma 2.8 Let ¢,c. : [0,T] x R™ — R be vector fields such that

lee(s,z)| + |e(s,x)| < @(s), 0<s<T (2.17)
lc(s,y) — (s, 2)| S Y(s)ly— 2], 0<s<T (2.18)
for some function ¢ € L([0,T)]) and ¢ € L*([0,T)) respectively and such that
T

lim sup |ce(s,y) — c(s,y)|ds =0 (2.19)
y

e—0 0

Let 0., 0 be k x m matriz fields such that o is Lipschitz continuous, bounded (bound M)
and such that (2.16) holds uniformly in y € R™. Let X¢, ~ the solutions of

t ¢
X; = x—f—/ ce(s, X3) ds—i—s/ oc(s, X5)dBs
0 0

t
V=T +/ c(8,7s) ds (2.20)
0

respectively. Then for every R > 0, p > 0, a1 > 0 there exists g > 0, > 0 such that for
every x € R™ and ¢, such that

oll2 <a1, ol < a,

we have ,
P(IX* =3l > p, ] < a) < e~z

for every e < eg.

Lemma 2.8 is actually Proposition 1.2 in Baldi and Chaleyat-Maurel [2]. In order to be self
contained we sketch its proof in §4.

We can now state the following theorem, which is an extension of Theorem IIT 2.4 of
Azencott [1] (see also Priouret [5] or Baldi and Chaleyat-Maurel [2]).

Theorem 2.9 Under (A2.7), for every R > 0,p > 0,a > 0,¢ > 0 there exist e > 0, > 0
such that, if € < eg, ,
P(IYe = gll > p,|l2B — b < a) < & R/e (2.21)

where h € A% and g = Sy (h), uniformly for |h|; < a and |z| < c. Moreover if b and o
are bounded and the convergence in (2.16) is uniform in y, then (2.8) is uniform in (the
starting point) x.



Proof. Let

1 /T, I
Lezexp(g/ hSst—QEQ/ \hs|2ds>
0 0

and P the probability on (€2, %) having density L. with respect to P. By Girsanov’s
theorem, under P¢ the process By = B; — % h; is a Brownian motion for 0 < ¢ < 7T and Y*¢

solves
AYF = c.(t,YE) dt + o (YE)dB;
Yi=c
where c.(t,y) = b-(y) + o-(y)hs. We set c(t,y) = b(y) + o(y)hs and suppose, at first,

that o and b are bounded (constant M), Lipschitz continuous (constant L) and that the
convergence in (2.16) is uniform. Then

le=(s,2)| + |e(s, )] < 2M (L + |hy])
le(s,y) = e(s,2)| < L(L+ |hs|)ly — 2]

and

sup le<(5,y) — e(s,y)] < (1+ |hs]) St;p{!bs(y) —b(y)| + |oely) — o (y)[}

Then the hypotheses of Lemma 2.8 are verified and for every R’ > 0 there exists g > 0, a >
0 such that if € < g9 and

A = {IIY* =gl > pe, |eB7]| < a}

then

/

PE(A,.) < exp(—s—z) . (2.22)

dP 1T, T (T
=L;'= <_7 sdBs + — s 2 ) =
Tpe . exp 5/0 hsd +2€2/0 |hs|” ds
1T, T
- exp<—/ hedBE — — |hs|2ds)
g Jo 252 0
from Cauchy-Schwarz’s inequality

P(A.) :/ L7V dPe < PE(A)V2ES[(L71H)Y2, (2.23)

€

E® being the expectation under P¢. Now

E°[(L-1)?) :Es[exp<—z/0Thsst+;/OT|jLs|2ds>} _

T T
e [exp(—i/o hsst+:2/0 haf?ds)] xexp(LnR) = (224)

= exp(L[nl3) )

Therefore, for every h with |h|; < a,

R —a? 1)

P(A;) < exp(— 5 =

8



which actually gives (2.8).

It remains to drop the hypotheses of boundedness and global Lipschitz continuity for
b and o and of the uniformity of the convergence in (2.16). This can be done easily using
the following localization argument. The idea is very simple: the event {||Y* — g|| > p}
only depends on the value of the coefficients in a neighborhood of the path g, therefore in
a bounded set, where they are Lipschitz continuous and bounded.

Indeed recall that by Lemma 2.5 the set of paths g that solve (2.7) as h varies in
{|h]1 < a} and z in a compact set K C R™, remains inside an open ball of radius H and
centered at the origin in R™. Now let

() = be(y) if ly| <H+2p
T 0 (L H) iy > H +2p

ly]

and in a similar way b, 6. and 6. The new coefficients b, b, . and & are obviously bounded,
Lipschitz continuous and of course

lim [b(y) ~ bly)| = lim 152(y) — 3(3)| = 0

uniformly in y € R™. Moreover, let Y¢ and § denote the solutions of
Yi =2 —I—/ b:(YS)ds +/ eo:(Ys)dBs
0 0
t t _
gi=o+ [ Ma)ds+ [ o(g)huds
0 0

respectively. Then of course g = g and, as b = b, and 6. = o, in the ball of radius H + 2p,
Y¢ and Y* coincide up the exit from this ball and

{IYs =gl > p} = {1V = gll > p}
Therefore,
{IYe =gl > p.||eB—h| <} ={||Y* =gl > p,||eB — h|| < &}

which concludes the proof.

It should be stressed that in this section we proved Freidlin-Wentzell estimates under rather
minimal assumptions. In particular

e it is not necessary for the coefficients to be bounded or globally Lipschitz continuous.
Only local Lipschitz continuity is needed. Of course in this case some additional assumption
is needed in order to ensure the existence of global solutions. The assumption of sublinear
growth for b can be removed in presence of assumptions (of the type of contractivity)
ensuring that there is no explosion and that the solutions of the system (2.7) remain inside
a compact set as h remains in a bounded set of 7% and z in a compact set of R™. Large
Deviation estimates can also been obtained in the case of explosion, (see [1] e.g.), but this
is beyond the scope of these notes.

e Both coefficients of Y¢ can depend on € and it is not required for them to enjoy uniform
(in €) properties of regularity or of boundedness or of sublinear growth. They only need
to be locally Lipschitz continuous and to ensure that the SDE (1.1) has a unique strong
solution for every ¢.



3 Pathwise Large Deviations for positive diffusions

In this section we prove Theorem 1.2. Under Assumption (Al.1) it is clear that the rate
function

Mg) = inf{3 |h]1, Sa(h) = g}

is given by (1.6), as S,(h) = g is equivalent to h; = (g — b(g))/o(g¢). Theorem 1.2 is
therefore a consequence of Theorem 2.4, as soon as we show that (A2.3) is satisfied.

Proposition 3.10 Let X¢ the solution of (1.3) and assume that Assumption (A1.1) is
satisfied. Then Assumption (A2.3) holds.

Proof. Suppose that we can prove that there exists a compact set K CJ0, +oo[ such that
for every h € H'([0,T]) with |h|; < a and for every = in some compact set of |0, +-oc[ the
corresponding solutions g of (2.7) remain in K. Let § > 0 such that the neighborhood of
radius 8, K9, of K is such that Ko CJ0, +o0[, then the same localization argument as at
the end of the proof of Theorem 2.9 would allow to conclude. We already know (Lemma
2.5) that these solutions remain in a bounded set. We must therefore only prove that there

exists n > 0 such that g; > n for every t < T'. This is proved in the next Proposition 3.11.
Proposition 3.11 Under (A1.1) the equation
b = () + o (i) by (3.25)
Yo = xo

for h € HY0,T)], 2o > 0, admits a unique solution for t € [0,T] for every T > 0. Moreover
for every compact set K C RY and a > 0 there exists n > 0 such that 1y > n for every
zo € K, and |h|; < a.

The proof of this proposition follows from the following elementary computations of calculus
of variations.

Lemma 3.12 For any absolutely continuous paths ¥ with a square integrable derivative,
let )

(¥ — b))
20(¢)?

where b and o are strictly positive continuous functions on |0,4o0o[ (Jpr = 400 possibly).
Let

T . .
Jr(9) —/0 LY, ) dt, LY, ) =

V(z) = inf inf J 3.26
() = inf inf Jr(y) (3.26)
Yr=x
the associated free time cost function, where xo > 0 is a fized starting point. Then for
0 < x <z it holds

V(z) = —2/1 o) 4, (3.27)

o(2)?
Proof. Let )
= — z,v)) = suplv —7(1)_6(];))
H(x,p) _32§(vp L(x,v)) = veﬂg( P 20 (@)? ) (3.28)

the associated Hamiltonian. A straightforward computation yields

H(z,p) = bo)p + 5 o()p”

10



the supremum in the right hand side of (3.28) being attained at v* = o(x)?p + b(x). This
implies that
H(xz,p)+ Z(x,v) > vp, forevery v,pand z >0 (3.29)

and
H(z,p) + ZL(z,v) =vp, ifv=10"=0c(z)’p+bx) (3.30)

Let us denote by V; the right hand side of (3.27). Then it is immediate that, for < x,
V1 is the largest solution of the Hamilton-Jacobi equation

H(z,w") =0
{w(wo) i) (3.31)
that is 1 9
{w () (b(z) + 3 o(2)*w/(x)) = 0 (3.32)
w(zg) =0

Let 0 < x < o and let us first prove that Vi(x) < V(z). Let ¢ an absolutely continuous
path such that ¥y = xg, Yr = . We can assume that ¢y # x( for every ¢t > 0. Otherwise
we replace 1) by the path ¥ defined byjﬁvt = yyp+, t* being t* = max{t,1); = xo}. Then the
new path v satisfies ¥y = Yy = g, Yp_p+ = , Yy # xo for t > 0 and Jp_p= (V) < Jp(v),
as the integrand . is positive. By the same argument we can also assume that ; # x for
every t < T.

As 1) takes its values in the interval [z, z¢] and V; is differentiable with bounded deriva-
tive in this interval, the function ¢ — Vi(¢;) is absolutely continuous for ¢ € [0,77] and
% Vi(¢) = V] (¢¢)hr. Thanks to (3.29) applied to x = s, p = V{(¢s), v = s,

T T .
W) = [ v ds= [ Vi) <

<[ (10 i+ 200 do = 10

=0

(3.33)

This being true for every absolutely continuous path i with a square integrable derivative
and such that ¢y = xg, ¥ = x and for every T > 0, this proves that

e _ |
Vi(2) < inf ﬁ(l)nfm () =V(z)
T=x

In order to obtain the opposite inequality, let £ the solution of

{ét = —b(&)

§o = o

As b is assumed to be strictly positive, there exists T' > 0 such that {&r = x (recall that
x < xp). It is immediate that

0(55)2‘/1/(&5) + b(fs) - _b(é‘s) = és

so that, thanks to (3.30),
Vf(fé‘)és = H(&s, ‘/1/(55)) + 3(5&55) :

11



The same argument as in (3.33) gives now an equality, that is

Vi(z) = Jr(§) -

Therefore Vi(xz) > V(x) which completes the proof of (3.27).

In particular, if b(z) = f > 0 and o(z) = py/z, we find
B x
o) log —

V(iz)=-2
(@) p o

which implies that for every absolutely continuous path 1 joining zg to < x¢ in the time
interval [0, 7], we have

LT Wb s 9B
2/0 I dt > 2p2 log - (3.34)

Remark that this quantity diverges as z — 07.

Proof of Proposition 3.11. We must prove that the solutions of (3.25) for |h|; < a stay
away from 0. This will be a consequence of Lemma 3.12 (and in particular of (3.34)) and
of a comparison argument.

Let z > 0 such that b(x) > f > 0 and o(x) < dy/z for some 5 > 0,5 > 0 and for
x € [0,Z] (recall Assumption (A1.1)). For a compact set K C|0,+oo[, possibly taking a
smaller value for Z, we can assume also that z < zq for every zg € K.

Let £, 0 < € < Z, such that —25% log% > a? and let us prove that if |h|; < a then ¢ > ¢
for every t < T. Actually, otherwise, there would exist two times ¢; < t2 such that ¢y, =%
for some t1 < T, 9y, = € and ¢y < T for t1 <t <ty (recall that £ < T < xp). Then

LT (4 — b(ty))? L[ (¢ — b(er))?
2 4 Z
=g ), )
As b(z) > 8> 0 and o(x) < §/z for x < Z, by Lemma 3.12,
L ("2 (g — b(t))? ¢ b(y) B B T
2/t1 () dtZ_Q/f J(y)2dy22 . %dy——2ﬁ10g5>a

which is in contradiction with the assumption |h|; < a. This proves also that the solution v
stays away from 0, so that it has a unique solution, as the coefficients b and ¢ are assumed
to be Lipschitz continuous on |0, 4+00).

4 Appendix: proofs of Theorem 2.4 and Lemma 2.8
Proof of Theorem 2.4. Thanks to Assumption (A2.3) b) in the definition

Mg) = inf {5 |hll1; Sz(h) = g},
the infimum is attained unless \(g) = +o00. Actually if A\(¢g) = a, then we have also

Ag) = inf {5 |hll1; Se(h) = g, 5 |hl1 < a+1},
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and it suffices now to remark that in the uniform norm the set {S;(h) = g} is closed thanks
to (A2.3) b), {|h|l1 < a+ 1} is compact and h — 1 |h|; is lower semi continuous.

The same argument proves that X is lower semi-continuous with compact level sets, as
{\ < a} turns out to be the image of C, = {4 |||y < a}, which is compact in the uniform
norm, through the transformation S;, whose restriction to C, is continuous in the uniform
norm.

We must prove the lower and upper bounds: if, for every Borel set A C €,([0,T],R"),

A(A) := inf A\(g)

geA
then we must prove that
hmjélp e?logP(Y*® € F) < —A(F) (4.35)
&
Jim inf e2logP(Y¢ € G) > —A(G) (4.36)

for every closed set F' C €,([0,T],R") and open set G C %,([0,T],R™")

Lower bound. Let 6 > 0 and g € G such that A(g) < A(G) + 6 and h € #* such that
Sz(h) = g and % |h|3 = A(g). Thus if p > 0 is such that the neighborhood of radius p of g
in €;" is contained in G, then for every o > 0

P(Y*e @) = P(|Y° —g <p) 2P(IY" =gl <p,lleB=h]| <a) =
=P(lleB —h| <o) = P(|Y* =gl > p.[leB - hl| < a)

Now for every o > 0, thanks to the classical Schilder estimate [7],
. 2 1 2
lur(l]s logP(|[eB - h| < a) > —3 |hli = —A(g) = —A(G) — ¢ .
e—

By (A2.3) ¢), for @ > 0 small enough,

lim sup &2 logP([|[Y* —g| > p,leB—h| <a) <-R
e—0

with R > A(G) + 1, so that
111%52 logP(Y° € G) > —A(G) -6
e—

which, § being arbitrary, allows to conclude.

Upper bound. If A(F) = 0 there is nothing to prove. Otherwise let 0 < a < A(F) and
consider the compact sets (in €™ and 67 respectively)

K,={9€ %" \g) <a}
Co={heE;L|h} <a}

Then K,NF = () and, F being closed and K, compact, for every g € K, there exists p = p,
such that B(g,p) N F = (). For every h € C, the path g = S,(h) belongs to K, and, by
(A2.3) c), there exists o = oy, such that

P(|Y® = g]| > p.lleB - hl| < a) <e R/

13



for e <eg =egp. The balls B(h,ap), h € Cy, form an open cover of C, which is compact,
so that there exist hq, ..., h, such that B(h;,a;), i =1,...,r is a finite subcover of C,. Let
A =J;_; B(hi,a;) and g; = Sy(h;). Then

P(Y* € F)<P(Y° € F.eBec A) + P(¢B € A°) (4.37)

Now, again thanks to Schilder estimates ([7]), as A€ is a closed set such that 3 |h|? > a for
every h € A, ,
P(EB € AC) < e /e

for small e whereas, if g; = Sy (h;),

T
P(Y € FleB€ A) <> P(Y € F,||eB - hi|| < a;) <
i=1

T
<SPV = gill > pislleB — Il < o)
=1

so that, again for small € and a possibly smaller «;,

P(YE € A) < re B/ | gma/e”
which, for R > a gives

lim sup €2 logP(Ye e A) < —

e—0

for every a < A(F'), which allows to conclude.

Proof of Lemma 2.8. We have
t t t
X, —m= /0 ce(s, X5) — (s, X5)ds +/0 c(s, X5) —c(s,vs)ds + 8/0 0:(X5) dBs
For small ¢, thanks to (2.19),
‘/ ce(s, X5) —c(s, X5) ds} < ge_‘”T
whereas (2.18) gives
\/ els, X) — els,7.) ds| / [B(s)IIXE = ] ds </ [B(s)] - 11X = 7]l ds
(recall that || X® — v|[s = sup, <4 | XS — 7s|). Therefore, if Uc(t) = z—:fot 0e(Xs) dBs
I =< S ol + [ 1)1 =1 ds
and from Gronwall Lemma, for ||¢| 1 < aq,

p
1X° =l < 5 +1Ueff e

Thus
P([|X* =~ > p, [eB|| < @) <P(|U:]| > §e ", [leB|| < a)

The conclusion comes now from Lemma 4.13 below.

14



Lemma 4.13 (Assumptions and notations of Lemma 2.8) Let U.(t) = afot oe(

above. Then for every R > 0, p > 0 there exist g, a > 0 such that, if € < g
e? log P(|U-]| > p, [leB|| < o) < —R
Proof. For every n > 0 let
to=0t1 =2 ty=E t, =T
be a discretization of [0,7] and define the approximations
X" = Xp if bty <t <tppy .

We have
(U]l > p, leB| < a} c AUBUC

where
A={||X° - X°"|| > B}

sup‘ / oe(X —JE(Xj"))

t<T

> 4. 1x° = x="| < 8}

¢ ={owple [ ouxemam| > g1x7 - X7 < 5,18 < o)

t<T

In order to give an upper bound for P(B) we split B = B; U By U B3 where

b

> 81X - X°) < 8}

)

As, thanks to (2.16), for every n > 0 there exists g9 > 0 such that for ¢ < gg

2= fou - [ (o.065) — o1x0)

t<T

By = {sup s/ot (o(XE) — o (X5™))

t<T

m= o [ (0.6 = ox57)

t<T

sup |oc(y) —o(y)| <n,
Yy

the exponential inequality gives for small n

21
P(B;) < 2mexp(—729n2 6—2) < e B/

21
P(Bs3) < 2mexp(— 722,?72 €—2> < e B

X;)dBs as

Then, as o is supposed to be Lipschitz continuous (constant K,) on By it holds |o(X¢) —

o(Xs™)| < KLB and again the exponential inequality gives, for small 3,
2

p 1 —-R 2
P(B2) < 2mexp (= rrir 5) <o
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Thus ,
P(B) < 3¢~ 1i/e (4.38)

for € < g9 and small g, independently of n. As for C, on the set {||[eB|| < a} it holds

-1

t n
‘6/ Us( 8’ ) s| = ‘EZO tk Btk+1/\t Btk/\t)‘ S 2Mno
0 k=0

which gives C =0 if a < . As for A

4Mn

P([[X* -

(U{ sup |Xt€_Xt6k| >B}> <

T <t<tpt1

t t
/cg(s,Xg)ds‘+ sup E‘/ 0.(X?) dBs
12

7 L <t<tpi+1

te <t<tp41 }

n—1
< Z{P( sup
k=0
By Cauchy-Schwarz inequality

‘/ttCE(S’XE)dS‘ < \/z(/OT‘d)(s”zdS)l/? <ar \/Z

so that for n > ng large enough, independently of ¢, the events

t
/ cs(s,Xg)ds‘ > é}, k=0,....n—1
th 2

{ sup
T <t<tg41

are empty. Moreover, from the exponential inequality of martingales

t 2
B nBc 1
P( su E‘/ o.(X¢ > —) < 2mex (—7 —) .
tk§t<1t)k+1 th (%) 2 PUT8neT 22
Thus, for n > ng and € > 0,
2 logP(HXE — X" > B) < £2log(2mn) — np?
- SM2T

and the quantity in the right hand side, for a possibly larger value of ng, is smaller than
—R for every € < 1. This together with (4.38) allows to conclude.

References

[1] R. Azencott. Grandes déviations et applications. In Ecole d’Eté de Probabilités de St.
Flour VIII-1978, Lect. Notes Math. 774. Springer, 1980.

[2] P. Baldi and M. Chaleyat-Maurel. An extension of Ventsel’-Freidlin estimates. In
Stochastic analysis and related topics (Silivri, 1986), volume 1316 of Lecture Notes in
Math., pages 305-327. Springer, Berlin, 1988.

[3] A. Dembo and O. Zeitouni. Large deviations and applications. In Handbook of stochastic
analysis and applications, volume 163 of Statist. Textbooks Monogr., pages 361-416.
Dekker, New York, 2002.

16



[4]

C. Donati-Martin, A. Rouault, M. Yor, and M. Zani. Large deviations for squares of
Bessel and Ornstein-Uhlenbeck processes. Probab. Theory Related Fields, 129(2):261-
289, 2004.

P. Priouret. Remarques sur les petites perturbations de systemes dynamiques. In Semi-
nar on Probability, X VI, volume 920 of Lecture Notes in Math., pages 184—200. Springer,
Berlin, 1982.

D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin, third edi-
tion, 1999.

M. Schilder. Some asymptotic formulas for Wiener integrals. Trans. Amer. Math. Soc.,
125:63-85, 1966.

17



