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1 The model

We consider a market model where trading is allowed over the time interval
[0,T%], where T* > 0 is a fixed horizon date. In our market, we consider N

risky assets, whose prices are denoted by X!, ..., XV, and one risk-free asset
(the money market) with price X%. We suppose that the risk is driven by a
d-dimensional standard Brownian motion B = (B*,..., BY). Thus, we are

assuming a probability space (€,.7,P) where the d-dimensional standard
Brownian motion B is defined, and let us denote by (.%#;); the natural o-
algebra generated by B and augmented by the P-null sets: .%; = 0(Bs; s <
t)yV{A € # : P(A) = 0}. We are then considering a continuous time
trading market and we suppose that the underlying (N + 1)-dimensional
asset price process X = (X% X!, ..., X%) follows the generalized Black
and Scholes model, that is, X is the solution to the stochastic differential
equation (s.d.e.)

dXxy?
X7
dX}
Xi

= r(t) dt,

d (1)
=b(t, Xy)dt+ Y _oj(t, Xy)dBF(t), i=1,...,N,
k=1

with the starting conditions X8 =1 and Xé =zt asi=1,...,N.

The N-vector field b stands fon an appreciation rate and the (N x d)-matrix
field o is called the wvolatility matrix.

Throughout these pages, we will always suppose that the coefficients b and
o and the process r fulfill the following

Assumption.

(i) The vector field b(t,z) and the matrix field o(¢,x) are both globally
bounded and locally Lipschitz continuous in z, uniformly in ¢: for

some positive M,
[b(t, )| + [o(t, 2)| < M,

for any t and x, and for any K > 0 there exists a positive constant Lg
such that if |z, |y| < K then

[b(t, ) = b(t, y)| + |o(t,2) — o(t,y)| < Li |z =y,
for any t.

(77) The process r(t) is supposed to be non negative, bounded and pro-
gressively measurable.



Notice that! condition (i) ensures the strong existence and uniqueness of
the solution to (1) and, in particular, for any i = 1,..., N,

t
| ot xxiankes)
0

is a (square integrable) martingale w.r.t. the filtration .%;.
The process r(t) denotes the short term interest rate and obviously, X° can
be explicitly written:
ot
Xto = e.]() T's dS.

The asset whose price is given by XV plays the role of the benchmark asset:
it represents a primary security and we consider it as a numeraire, that is
all relative prices will be referred with respect to X°. We will also speak
about discounted prices when divided by the benchmark price X°.

A special case is given by assuming N = d and that the diffusion coefficients
and the short term interest rate are constant and deterministic, that is

d (2)

The model given by (2) corresponds to the standard multidimensional Black
and Scholes model.

In the follows, we will always assume the standard hypothesis for our market
model, that is

Our market is frictionless, that is, there are no transaction costs
i buying or selling stocks, there are no taxes, as well as there are
no penalties to short-selling, i.e. investors who do not own a stock,
can buy shares of it and arrange with the buyer at some future date
to pay an amount equal to the price at that date. Moreover, it is
possible to borrow any fraction of the price of a security, to buy it
or to hold it, at the risk-free interest rate.

2 'Trading European options

In a stock exchange, there are plenty of securities or derivative securities
which are quoted and traded. A derivative security or a contingent claim,

I This follows from the well-known existence theorem for the solutions to S.D.E. in the
localized form, see e.g. Theorem 8.10, p. 169, in Baldi [2].



as opposed to a primary security, is a security whose value depends on the
prices of the assets of the market. As an example, consider a Furopean
option and in particular, a call or put option: a call (put) option is the
right, and not the obligation, to buy (sell) shares of the underlying assets
in a contractual pre-specified future date, called maturity, at a contractual
pre-specified price, called exercise price. Just to simplify, consider that the
call or put option is written on a single asset whose price process is X;.
Then, setting 7" as the maturity and K as the exercise price, then the value
Z of the call and put option at time 7" is given by

Z = geant(X7) = (X7 — K)+ = max(0, X7 — K) and
Z = gput(X7) = (K — X7)4 = max(0, K — Xr),

respectively.

There are plenty of European options each of them characterized by its
maturity and its value at maturity, which is commonly called the payoff.
One can formalize this as follows

Definition 2.1. A Furopean option Z with maturity T is characterized by
a pair (Z,T), where T stands for the maturity date and Z for the payoff,
modelled as a non negative and .#p-measurable random variable.

There are other kind of options, such as American options, which differ
from the European ones in the exercise date: they can be exercised in some
instant ¢ < T'. In the following, we will assume European contingent claims:
the American options will be studied in a section constructed ad hoc.
With the options, the problem is to find the fair price (and to this purpose,
we will need some suitable integrability properties for the payoff). Indeed,
let us come back to the example of the call or put option: it is a right to buy
or sell something in a future date at a price fixed at the initial date. Thus,
the buyer has to pay this right to the seller, who in turn should use this
money in order to deliver the contract. This means that an option should
have an initial price and we will see that it can be fairly fixed as the initial
investment of a portfolio constructed on a fairly strategy.

2.1 Trading strategies and arbitrage

Definition 2.2. A trading strategy (or simply, a strategy) over the trading
interval [0,T], with T < T*, is an adapted (N + 1)-dimensional process
Hy = (H), H},,...,HY) whose general component H} stands for the number
of units of the i security held by an investor at time t. The portfolio
associated to the strateqy H is the wealth process corresponding to the trading
strategy H :

N
Vi(H) = (H,, Xy) =Y Hj X}, te[0,T]. (3)
=0



The initial value of the portfolio V(H) represents the initial investment of
the strategy H.

In the sequel, with the notation 7" we mean a date such that T' < 7™ and
the interval [0, 7] will stand for the trading interval of interest.

Definition 2.3. Let a trading strategy Hy = (HY, H}, ..., H¥) be such that

T N o7
/|H£|dt+2/ |H{|?dt < 00,  a.s.

H is said to be self-financing over [0, T if its associated portfolio Vi,(H) is
an Ito process satisfying

N
dVi(H)= (Hy,dX;) =) Hj dX|
i=0
= Hpre XPdt + Y Hi X{b'(t, X;)dt + Y H; X} > o} (t, X;) dBF.
i=1 i=1 k=1
Notice that the requirements H° € L'([0,7T]) a.s. and H' € L?([0,T]) a.s.
as i = 1,..., N, are technical and allow one to write the above integrals?

w.r.t. dt and dBF, the latter having the usual local martingale property?.
Intuitively, a strategy is self-financing if the variations of the associated
portfolio in a small time period, depend on the asset prices X, ..., X" and
are independent of the strategies (number of units) H?,..., HV. In other
words, changes in the portfolio are due to capital gains and are not due to
increase or decrease of funds.

Let us now introduce the discounted price processes and the discounted
portfolio: we set
Xi=Xi/X0=e Jorsdsxi agi=1,... N
t — t t — to T Ly ey )
and  Vi(H) = Vi(H)/X? = e Jom= sy, (1),
Notice that V;(H) = H? + Zf\il H! X! In the sequel, we will refer to X, as

the N-dimensional discounted price process X; = (th, e ,f(tN ).
As a first result, one has

Proposition 2.4. Let the trading strategy Hy = (HY, H}, ..., HY) be such
that fOT \H?|dt+ SN fOT |H}|>dt < 0o, a.s. Then H is self financing if and
only if

t+ N
ViH) = V() + [ S HaXi te(0.1)
0 =1

2In fact, since X is a continuous process and 7, b and ¢ are all bounded, then Hy r, X7 €
LY([0,T)) and H; X{b'(t, X;) € L'([0,T]) a.s. for any i, as well as H; X{oL(t, X;) €
L?([0,T)) a.s. for any i and k.

3This is an immediate consequence of the fact that H; X;cok(t, X:) € L*([0,T)) a.s. for
any 7 and k.



Proof. Suppose first that H is self financing. Then, by recalling (1), by
using Ito’s lemma one has

AV,(H) = —ry Vi(H)dt + e~ Jom=45 qV,(H)
t N . . N . .
— e_fOTst( — ’)"tZHZXZdt—f— ZH;dXtZ)
=0 =0

N N
=S Hj (X e it axi) = HiaXi.
=1 =1

Conversely, if ‘N/t(H ) satisfies the Ito differential above, then by applying
again Ito’s lemma to V,(H) = elors 4V, (H), one obtains

N
dVy(H) =) HjdX],
=0

that is H is self financing.
O

As a consequence of Proposition 2.4, we will obtain that whenever H is self
financing then for any probability measure P* equivalent to P such that X
is a P*-martingale then V;(H) is a P*-local martingale. We will discuss this
point more deeply in next Section 2.2.

Let us introduce now the following sub-class of self-financing strategies.

Definition 2.5. A self financing strateqy H is said to be admissible if
Vi(H) > 0 for any ¢, a.s.

It then follows that the admissible strategies never give a loss in the wealth.
We are now ready to introduce the concept of arbitrage.

Definition 2.6. A self financing trading strategy H over [0,T] is said to be
an arbitrage opportunity if the associated portfolio Vi,(H) satisfies

Vo(H) =0,P(Va(H) >0) =1 for anyt <T and P(Vp(H) > 0) > 0.

First, notice that an arbitrage opportunity is in fact an admissible strat-
egy. Moreover, an arbitrage strategy remains an arbitrage one under any
probability measure P* equivalent to the original one P. Roughly speaking,
a strategy gives rise to an arbitrage if even though an investor starts with
a null initial investment, then not only he will never suffer a loss (that is,
Vi(H) > 0) but also will have a final gain (that is, Vp(H) > 0) with posi-
tive probability. Thus, arbitrage means that there are no limits in creating
wealth and then it should be forbidden in a well-functioning market. Ar-
bitrage opportunities might happen in practice (for example, by involving
transactions in two or more markets), but since they give risk-free profits,



they would create forces of demand and supply which would cause the nul-
lification of the arbitrage, so that the arbitrage would disappear quickly.
Therefore, we will always consider markets where arbitrage opportunities
are not allowed, and we will say that these markets are arbitrage-free. We
can mathematically describe this concept by the following

Definition 2.7. Our market model is said to be arbitrage-free if any admis-
sible strategy H on [0, T] with Vo(H) = 0 is such that P(Vp(H) > 0) = 0.

As we will see, the arbitrage-free property is strictly connected to the so
called equivalent martingale measures, which we are now going to introduce.

2.2 Equivalent martingale measures

As we will see, in order to tackle the two main problems in finance, that is the
no arbitrage problem and the market completeness, it would be important
to have a measure P*, equivalent to P, under which the discounted price
process is a martingale.

Let us first study which are the measures equivalent to P on (€2, .%7+) in our
model. To this purpose, let us define

t 1 t )
fz:,y ‘= exp (/ Vs st - / |’78| ds)’ (4)
0 2 Jo

where v denotes an adapted process belonging to L?([0,7*]) a.s. Then it
is well known that & follows in general a P-local martingale and since it is
bounded from below (£ > 0) then it is also a P-supermartingale, so that
E(€).) < E(€]) = 1.

Processes like £7 allow to identify the measures which are equivalent to PP.
In fact, let us define P* as the measure on (€2, %7+) whose Radon-Nicodym
derivative w.r.t. P is given by

AdP* N T* 1 T* )
= x = sBs_* s )
= oo ( [ wan-5 [ hpas (5

First, one has the following well known result:

Theorem 2.8. [Girsanov] Let &7, defined in (4), be such that E(¢).) = 1.
Then the measure P* defined by (5) is a probability measure and the process

~—

¢
Bf:Bt/ s ds
0

is a d-dimensional Brownian motion on (Q, #,{Ft}ejo,r+], P*)-

For the proof, we refer e.g. to Theorem 5.1 in Karatzas and Shreve [7] or
also Teorema 7.22 in Baldi [2].



Remark 2.9. First, notice that the hypotheses of the Girsanov’s Theorem
hold if and only if & is a martingale over [0,T*] under P. In fact, if &7
is a martingale under P then obviously E(&).) = E(&]) = 1. Conversely,
since &7 is a P-supermartingale then for any T* > uw > v > 0 one has
E(&).) <E(&l) <E(&) <E(&]) = 1. Now, if {7 is not a P-martingale then
for some t > s one has E(&] | F5) < & a.s., so that 1 = E(&).) < E(E)) <
E(&)) <E(&)) =1, from which a nonsense follows.

Let us recall that a sufficient condition in order that & is a martingale over

[0,T%] is that
T*
/ [s|?ds < K,
0

for some constant K > 0, which in turn guarantees that &7 is a martingale
bounded in LP(Q), -+, P), for any p (see Baldi, Proposizione 7.19, p. 145).
Another (classical) condition providing that £ is a P-martingale over [0, T*]
is the Novikov condition (see e.g. Proposition 5.12, p. 198, in Karatzas and
Shreve [7]), that is

E(e%foT |'Ys|2d5> < 0.

A very important fact is that the Girsanov’s Theorem 2.8 has also a counter-
part, allowing one to give a characterization of all the measures equivalent
to P on (2, #p+). In fact, one has

Proposition 2.10. If a probability measure P* on (0, Zr+) is equivalent
to P then there exists an adapted d-dimensional process v € L*([0,T*]) a.s.
such that (5) holds. In particular, one has that & is a martingale under P,
and then Bf = By — fg ~vs ds 1s an Fy-Brownian motion under P*.

Proof. The proof uses the representation theorem for Brownian martingales®
(see e.g. Theorem 4.15 Karatzas and Shreve [7] or Teoremi 7.26 and 7.27 in
Baldi [2]).

First, let us notice that, for any ¢t < T, P* is equivalent to P also on %,
because % C Fp«. Let us denote by & the Radon-Nicodym derivative of
P* w.r.t. P on (9,.%), that is

dP*

&= "7p 7

4Representation theorem for Brownian martingales. Let #; denote the natural
filtration of a Brownian motion B augmented with the P-null sets. Let (Y:)i<r+ be a
square integrable Fi-martingale [resp.: s an Fy-local martingale]. Then there exists a
unique constant ¢ and a unique adapted process o in L?(Q x [0,T*]) [resp.: in L*([0,T*])
a.s.] such that

t
Yt:c—l—/ asdBs, t€][0,T7].
0



Then, (&)i<7+ becomes an adapted process which is integrable under P for
any t < T* (in fact, & > 0 a.s. and E(&) = P*(Q2) = 1). Moreover, it is a
martingale under P, because for any 0 < s <t < T* and A € %, C %,

E(§i1a) = P*(A) = E(&s1a).

Now, by using the Brownian martingale representation theorem, one has
t
& = 1+/ asdBs, te[0,T].
0

for a (“unique”) adapted process a € L%*([0,7*]) a.s. By using the Ito’s
Lemma, one obtains as t € [0, T*],

t 1 t ] B
&t = exp (/ Vs dBs — 2/ |’Ys|2 d5)7 with v, = a, fs L
0 0

Since ¢ is a.s. positive and continuous as a function of ¢, it immediately
follows that + is adapted and belongs to L?([0,T*]) a.s., and the statement
follows.

O

Let us come back to our model in finance and propose the following defini-
tion:

Definition 2.11. A measure P* on (S, Fr+) is called an equivalent mar-
tingale measure if P* is equivalent to P on Zp« and (Xi)i<p- follows a
martingale under P*.

By using Theorem 2.8 and 2.10, we obtain the following result.

Theorem 2.12. An equivalent martingale measure P* exists if and only if
there exists a d-dimensional adapted process v* € L*([0,T*]) a.s. solution
to

d
ZO’ tXt —Tt—bi(t,Xt>, i:1,...,N, (6)
k=1

for which E({%*) =1 (or equivalently, 7" is a martingale under P).
In such a case, under P* the discounted price process evolves following

X! = X;Za (t,X,)dB*, Xi=4a', i=1,...,N, (7)

and the price process solves

d
dX} = Xjrydt+ X} o} (t, X;)dB;*, Xj=a', i=1,...,N, (8)
k=1

t : . ‘
where Bf = By — [ vids is a Brownian motion.



The process 7v* solution to (6) is called the market price of risk. If the
market price of risk exists, then an equivalent martingale measure P* exists
and under P*, the price process evolve following (8), so that the appreciation
rate b plays no role and is replaced by the spot rate r. In other words, under
P*  in mean the risky asset prices evolve as the riskless asset price. That is
why an equivalent martingale measure is often called a risk neutral measure.

Proof of Theorem 2.12. First, suppose there exists an equivalent martingale
measure P*. Then, by Proposition 2.10, there exists an adapted process
v € [0,T*] € L?([0,T*]) a.s. such that the associated process &7 as in (4)
satisfies the hypotheses of the Girsanov’s Theorem, so that

t
B::Bt—/’ysds, th*
0

is a Brownian motion under P*. Now, by replacing the Brownian motion B*
in the s.d.e. driving X, one obtains, fori=1,..., N,

d d
aXi = X; (6, X0) — e+ 3 ot X )t + X[ S ok (t, Xt dB;,
k=1 k=1

In order to get the martingale property for X, it must be

d
bt X)) —re+ Y oh(t, X)yf =0, i=1,...,N,
k=1

for any t < T™*, a.s. Therefore, the statement holds and in effect, under P*
one obtains both (7) and (8).

Viceversa, if there exists an adapted process v* satisfying (6) and fulfilling
the requirements of the Girsanov’s Theorem 2.8, then obviously (7) and (8)
hold. Now, by (7) and by using the Ito’s Lemma, one has

~ . 4 1 [t . t
X;:xzexp(—Q/ \9;y2ds+/ egdB;)
0 0

with 6} (s) = oi(s,Xs), k = 1,...d. Since ¢ is bounded, the process X' is
just the exponential martingale associated to B* (see e.g. Remark 2.9), and
the statement holds.

O

Finally, the following result gives us a simple sufficient condition ensuring
the existence of an equivalent martingale measure.

Proposition 2.13. Suppose that d = N, o is invertible and the matrix
field a = oo™ is uniformly elliptic (that is, there exists a > 0 such that

10



{a(t,2)\, \) > a |\, for any A € R? and t € [0,T*]). Then, there exists a
unique equivalent martingale measure P*, given by

dP* . T* . 1 T*
o = &1 = oxp (/0 Vs dBs — 2/0 Wl‘lzdS)

'Y: = 071(t7 Xt)(Tt 1- b(t7 Xt))?

with

where 1 denotes the d-dimensional vector whose entries are all equal to 1.

Proof. By using Theorem 2.11, an equivalent martingale measure exists if
and only if equation (6) holds and the resulting process 7 is adapted, belongs
to L?([0,7*]) a.s. and makes &7, defined in (4), a martingale under P. In
our context, (6) is satisfied if and only if

Tt = ’Y: = U_l(tht)(Ttl - b(t7Xt))7

which makes sense because of our hypothesis (and v = ~* is the unique
solution to (6)). The above process is evidently adapted. Moreover, it is
bounded. In fact, since a is uniformly elliptic, that is | A|? = (@), A) > a|)|?
with a > 0, then |Jo~1||? < 1/a. By recalling that both 7 and b are supposed
to be bounded, it follows that v* is bounded, and this ensures the martingale
property for €7 (see Remark 2.9).

O

2.3 Martingale properties for discounted portfolios

Let us now come back to self-financing strategies. The following proposition
states the previously remarked martingale property for portfolios associated
to self-financing strategies, that is

Proposition 2.14. If there exists an equivalent martingale measure P*,
the discounted portfolio associated to any self-financing strategy is a local
martingale under P*. Moreover, if H is an admissible strategy, then V(H)
s a supermartingale under P*

Proof. Let H be a self financing strategy. Then by Proposition 2.4
~ N . ~ .
dVi(H) =Y HjdX],
i=1

as t < T < T*. Now, if P* is an equivalent martingale measure then by
Theorem 2.12 (in particular, by (7)) one has

N d
AV(H) = 30 1 XTS ol. X,) B
=1 k=1

11



Since ot (¢, X¢) is bounded, for any i and k, Xi=e I "sds X, is a continuous
process and H' € L%*([0,7*]) a.s. for any i (recall that this is inside the
definition of self-financing strategies), it follows that sz\i VH Xjol(t, Xy) €
L2([0,T*]) a.s., and this proves that V(H) is a local martingale.

Suppose now that H is admissible, that is self-financing and such that
Vi(H) > 0 a.s. under P. Since P* is equivalent to P, we obtain that the
discounted portfolio V;(H) is a P*-local martingale bounded from below
(Vi(H) > 0 a.s. under P*) so that (see e.g. Proposizione 6.24 in Baldi [2])
it is a supermartingale.

O

We can finally study the link between equivalent martingale measures and
the arbitrage-free property of the market model.

Proposition 2.15. If there exists an equivalent martingale measure P*, the
market model is arbitrage-free.

Proof. We have to prove that if H denotes an admissible strategy over [0, T

such that Vo(H) = 0 a.s. then Vy(H) = 0 a.s. By Proposition 2.14, V;(H)
is a non negative supermartingale under P*, so that

0 < E*(Vr(H)) < E*(Vo(H)) = 0.

This proves that necessarily P*(Vp(H) > 0) = 0, an then P(Vy(H) > 0) = 0.
]

Often we will need martingale properties for the discounted portfolio, and
not only local ones. Thus, we introduce the following definition, which
requires the existence of an equivalent martingale measure P*.

Definition 2.16. Let P* be an equivalent martingale measure. The class
My (P*) will denote the set of the admissible strategies H on [0,T] such
that the associated discounted portfolio Vy;(H) is a P*-martingale. For some
equivalent martingale measure P*, the pair (X, #,(P*)) will be our quoted
market model.

In view of Proposition 2.13, we can assert that, whenever an equivalent
martingale measure P* exists, the market model (X, .7, (P*)) is arbitrage-
free.

2.4 Replicating strategies e market completeness

Let (Z,T) denote a European option, that is T' is the exercise date (maturity)
and Z denotes the payoff (see Definition 2.1).

12



Definition 2.17. An admissible trading strateqy H is said to replicate a Fu-
ropean option (Z,T) if Vp(H) = Z P-a.s. If a claim Z admits an arbitrage-
free and replicating strateqy H, Z is said to be attainable in the market and
the corresponding portfolio Vi(H) is called the replicating portfolio.

If an equivalent martingale measure P* exists, we know that the market
model (X, .#,(P*)) is arbitrage-free, so that the attainability of an option
can be defined as follows.

Definition 2.18. If an equivalent martingale measure P* exists, an op-
tion (Z,T) is said to be attainable in the market model (X, #,(P*)) if Z
is integrable under P* and there exists a strateqy H € Ma(P*) such that
Vr(H) = Z.

Recall that .#,(P*) is the set of the P*-admissible trading strategies such
that the corresponding discounted portfolio V(H) is a martingale (and not
only a local one or a supermartingale) under P*.

Intuitively, it is important to work in an arbitrage-free framework (recall
that we need a “fair game” between buyer and seller!) and to have a unique
(up to indistinguishability) replicating portfolio. Indeed, this portfolio will
be the one allowing the seller to deliver the contract.

From now on, we will use the notation E* for the expectation under P*.
We have the following first important result:

Proposition 2.19. If an equivalent martingale measure P* exists, any Fu-
ropean option (Z,T) which is attainable in (X, #,(P*)) admits a unique
replicating portfolio under P*, given by

T

174 :]E*(e_ft TSdSZ|<gt)

Proof. First, let us notice that el 545 7 is indeed integrable under P*,
because r in non negative and bounded a.s. and Z is integrable under
P*. Fix a European option Z with maturity 7" which is attainable in (X,
M,(P*)). For any replicating strategy H, V;(H) is a P*-martingale: if Z is
attainable then
Vi(H) =elomsdsV(H) = elor=ds B (Vip(H) | F)

— elorsds E*(e” T s sy (H) | F)

_ efotrs ds E*(e_ fOTrS ds 7 | ﬁt)

N CR AL AR AR

O

For t < T, the value of V; is called the no-arbitrage price of the European
option Z at time ¢t. In fact, whenever an equivalent martingale measure
exists, one can take V; as the price of the option dealt at time ¢, since an

13



admissible strategy covering the payoff at maturity exists. This is obviously
subject to the existence of a martingale measure P* for the discounted price
process. But, it could not be unique and it would be unpleasant if two
different martingale measures gave two different no-arbitrage prices. This is
not really a problem, as it follows from the next result.

Proposition 2.20. Suppose there exist two equivalent martingale measures
P} and IP5. Let Z be a European option with maturity T' and attainable both
in (X, #a(PY)) and (X, #o(P3)). Then

ok —_]'Trsds g\ _ T —./‘Trsds a
Vi =Ej(e 't Z| ) =E5(e e Z|F),

in which E; denotes the expectation under P, 1 = 1,2. In particular, the
no-arbitrage prices under P and P35 agree.

Proof. Let H; and Hs be replicating strategies for (Z,T) in .#,(P}) and
Mo (P3) respectively. In particular, they are both admissible. Since P{ and
P are both martingale measures, by Proposition 2.13 one hat that V;(Hy) is
a P5-supermartingale, as well as V;(Hz) is a Pj-supermartingale. Moreover,
Z is attainable by H; and Ha, so that Vp(Hy) = Z = Vp(Hz) and thus
Vr(Hy) = e Jo eds 7 = Vr(Hs). Finally, since Hy € .#,(P;) and Hy €
M, (P5), by Proposition 2.19, one has that Vi(H;) = E’{(e‘foT rsds 7| Fy)
and V;(Hy) = E5(e~ Jo' rsds 7 | #:). By using such properties, it follows that

Vi(H2) = Ey(emlo 2| 7)) = By(Vr(Hy) | 1)

< Vi(Hy) =Ei(eJo =5 7| 7).

By interchanging the role of P* and P4, one obtains V;(Hy) > Vi(H)) as
well, so that the two expectations agree.

O

By summarizing, the existence of an equivalent martingale measure P* (that
is, a measure equivalent to P under which the discounted price process is
a martingale) allows to state that the discounted portfolio is a P*-local
martingale. Moreover, the market given by the P*-admissible strategies
(that is, the ones for which the associated portfolio is a non negative P*-
martingale) turns out to be arbitrage free and the notion of no-arbitrage
price for attainable options is well defined. Moreover, one might ask if a
double link between the existence of P* and no arbitrage strategies does
hold. The answer is positive: such a kind of result can be stated, and is
called fundamental theorem of asset pricing. In literature, there are several
results in this direction, according to the model chosen for the market: the
interested reader can find good references quoted in Musiela and Rutkowski
[10].
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By resuming, if an equivalent martingale measure exits, the no arbitrage-
price is well defined for any attainable option. Therefore, it would be nice
that any options (at least with good integrable properties) were attainable.
In financial terms, this means that the market is complete. Let us now
formalize the concept of market completeness.

Definition 2.21. Let P* be an equivalent martingale measure. The model
is said to be complete if any European option whose payoff Z belongs to
LP(Q,P*) for some p > 2 is attainable in (X, #,(P*)). In the opposite case,
the market model is said to be incomplete.

We have the following fundamental result

Theorem 2.22. The following statements hold:

i e model is complete then there exists a unique equivalent martin-
1) If th del 4 lete then th st ' walent 123
gale measure.

(i) If N = d, o is invertible and the matriz field a = oo* is uniformly
elliptic [that is, there exists a > 0 such that {a(t,z)\,\) > a|\%, for
any A € RY and t < T*], then the model is complete.

Proof. (i) Suppose there exist two martingale measures P} and P5. Take

A € Zr+ and consider the option (Z,T*) with Z = elo reds 14. Notice that
Z is Fr--measurable and Z € LP(Q,P}) for any p and ¢ = 1,2. Since the
market is complete, Z is attainable both in (X, .#,(P7)) and (X, #,(P3)).
Then, by Proposition 2.20,

E){(e_ ]()T* rsds Z) _ E;(e_ ]OT* rsds Z)

which gives P(A) = P5(A), and this holds for any A € .Z#p«. Then, P} = P%
on Zp~«, that is there exists only one equivalent martingale measure.

(77) By Proposition 2.13, an equivalent martingale measure P* exists. In
view of Proposition 2.19, we have now to show that for any non negative,
belonging to LP(Q2,P*) for some p > 2 and .#p-measurable random variable
Z, there exists a self financing strategy H such that

T

Vi(H) =B (el et 7| 7,

or equivalently
~ T
Vi(H) = E*(e”Jo ™% 7| %,).

Let us set B ”
M, =E*(e o 7% 7| 7).
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By Proposition 2.4 and Theorem 2.12, we need to show that there exist d
adapted processes H}, ..., H{, all belonging to L?([0,7]) a.s., such that

d
dM, =) HjdX] = ZHtXt Za (t, X;) dB;* (9)

where B = By — fg ~v¥ds and v* is the (bounded) process given in Propo-
sition 2.13. In fact, if such H}’s exists, then taking HY = M; — Z?:1 H!X},
one obtains 1mmed1ately that H = (H?,..., H?) is a self financing strategy
such that V;(H) = M,. This in turn shows that H € .#,(P*), because M,
is a non negative martingale under P*. Moreover, by construction, one has
Vr(H) = Z, and the statement follows.

By resuming, we have only to prove that (9) holds, for some adapted pro-
cesses H} ..., He € L%([0,T]) a.s. The proof is a consequence of the repre-
sentation theorem for Brownian martingales. In fact, since Mj is a Brownian
and square integrable martingale, one has

t
Mt:c—i—/stB;k, telo,T),
0

in which Y is an adapted process in L?([0,T]) a.s. Now, by choosing H as
a solution to

ZHZXZ LX) =YF k=1,....n

(which exists because o is invertible), then the statement follows. Notice

that o

(o)} (8, X)) V]!
Xi

H = i=1,...,d,
in which o* denotes the transpose of 0. Now, since (¢*)~! is bounded
(recall that a = oo™ is uniformly elliptic) and X, is a continuous process,
then H} € L?([0,T)) a.s for any i because Y,* € L?([0,T]) a.s for any k.
Unfortunately, the representation theorem for Brownian martingales cannot
be applied in this way: in the procedure developed above, we have done a
big mistake! Indeed, the technical point is that, since we are now working
under P* and then with the Brownian motion B*, the referring filtration is
not .#; but %/, that is the sigma algebra generated by B* and completed
by the P*-null sets (and in general, % C .%;). In other words, the above
reasoning would be right if one had to Work with E*(e™ Jrsds 7 | #;), and
not with E*(e~ Jlrsds g | Z).

So, in order to overcome this complication, let us put

M, = E(eJo msds Z | )
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(let us stress the fact that the expectation is taken under the original measure
T T
P). Notice that E(eJo s Z&T) =E*(e” Jo rsds 7) "so that the random

T _
variable e~ Jo 7245 7 f%* is P-integrable. Therefore, M; is an .#;-martingale
under P and .%; gives the right filtration: we can assert that there exists an
adapted process Y such that fOT |Y;|? ds < 0o a.s. and

t
th = Mo +/ Y, dB;.
0

Now, since M; = E*(e~ Jo reds 7 | #1), by the Bayes rule one has

BNtz Z) Ee Wtz A
t — * - * - *
E(&7 | #) 7 /

Since dM; = Y; dB; and d&)™ = &)™~} dBy, then by Ito’s formula it follows
that

dMy = d[(&") ™ My] = (&) (Vs — Myy;) dBy.
We have then found the right representation formula for Mt, with Y, =
(€7)~" x(Y; — Myy). The statement now follows if we show that Y; €
L*([0,T)) a.s. This is a consequence of the fact that M € L?(Q2x[0, T, Pxdt)
(so that M € L?([0,T]) a.s under P and then a.s. under P*): by using first
the Jensen inequality (for conditional expectation) and secondly the Holder
inequality, one has

T T ”
B[ Mpa= [ B(EE W 0z 2o
0 0

T T
< [ B 2 g
0
< const - B(Z?P)VPE((¢)15)2 1)1,
in which p,q > 0 with 1/p+ 1/q = 1. Now, taking p = p/2 and recalling
that v* is bounded, the last r.h.s. is finite, and the proof is now completed.

O

2.5 Pricing and hedging European options. Greeks

In a market completeness framework, the unique equivalent martingale mea-
sure P* is called the risk-neutral measure. We will put ourselves in such a
framework: we suppose the uniqueness of the equivalent martingale measure
P*, that is of the market price of risk v*. Therefore, our market model is
arbitrage free and the no-arbitrage price of any European option Z with
maturity 7" is well defined and given by

— T@* —fTrsds s
V=B (e o0 7| 7). (10)
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We refer to (10) as the price of the option with payoff Z and maturity 7', as
seen at time ¢ < T'. Thus, if one sees V; as t varies, it gives the value of the
replicating portfolio; for a fixed time ¢, V; gives the price of the associated
option contract written at time ¢.

Now, this solves the problem on the hand of the buyer, who has to pay an
amount equal to V; to the seller. But now we have to give an answer to
the problem from the point of view of the seller: which strategy should the
seller take into account in order to deliver the contract? In other words,
we have here the value of the replicating portfolio but the seller needs the
strategy: we should produce a replicating strategy, giving for it some usable
representation. This is called the hedging problem.

In the proof of Theorem 2.22 we have seen a replicating strategy but only
from a theoretical point of view, since it has been built by means of the
martingale representation theorem and this is not a constructive result. Let
us see another way to hedge options: the delta hedging way.

Let us consider a European option, with payoff Z and maturity 7. Since Z
is Zr-measurable, we can consider the case in which

Z = ¢p(X),

that is, a function of the prices process (Xi);c(o,r)- Since the riskless asset
whose price is X© plays a separate role, we can now consider X as the vector
of the prices of the risk assets, that is X; = (X/,... ,XtN). For example, in
the call option case ¢7(X) = gean(X7) = (X7 — K)4 and in the put option
one, ¢7(X) = gput(Xr) = (K — X71)+.

Let us stress that this representation for the payoff is not really restrictive:
almost any option has a payoff depending on the prices process X over
[0,T]. More precisely, whenever ¢ is not a function depending strictly on
Xr (as it happens in the case of call or put options) but depends on the path
(Xt)tefo,1], then the associated option is called path dependent (for example,
barrier options, Asiatic ones etc., we will see in the sequel some examples).

Whenever Z = ¢(X7p), the replicating portfolio can be written as V; =

T
E*(e~ e "5 ¢(Xp)|.%). Now, let us assume from now on that the ran-
domness of the spot rate r is driven by the risky asset prices, that is

Tt = T(t,Xt).

Under P*, X is now a diffusion and then a Markov process: the conditional
expectation giving the option price is done on a random variable depending
on a Markov process, and therefore the result is a function of (¢, X;). In
other words, thanks to the Markov property we can write

T
Vi = Er(e 600 4(0x0) | F) = Pt X0),
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for some suitable function P. By setting P(t,z) = e~ Jors Ptz elors ds),
then the replicating discounted portfolio is given by

‘Zﬁ = p(t7Xt)

Now, suppose that P is in the class C1? of the continuous function with first
derivative in the first variable and second derivative in the second variable.
By (8), one has

dX;}
Xt

Zok (t,X;)dB*t), i=1,...,N,
k=1

so that by applying Ito’s formula one has:

4V; = dP(t, %) = (2P(t, %) + QZ 2.0, Pt X it X0) X X )t

t,j=1
N ~ ~ ~
+Y 0., P(t, Xy) dX]
=1

where a = 0 0*. Now, since V is a martingale, it then has to follow that

8t t Xt + Z T t Xt azj(t Xt) / 1‘57 == 0, a.s. (11)
1,j=1

and, by Proposition 2.4, the strategy defined by

N
H} =0, P(t,X), i=1,...,N, and H =V, - Y H X]  (12)
=1

is the required replicating one. Such equalities can be written also in terms
of the function P giving the (non discounted) portfolio. In such a case,
straightforward computations allow to rewrite (11) as

OP(t,x)+ L P(t,x) —r(t,x) P(t,z) =0, te(0,T), zeRY (13)

where .Z}" is the generator of X under the risk neutral measure (acting on
the space variable only, see (8)), that is

Lg(x —rtzaxg T)x; + = Z ;9 x) a;;(t, z) x; x;.

3,j=1

Equation (13) is sometimes called the fundamental PDE following from the
no-arbitrage approach.
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Concerning (12), it becomes

N
Hi =0, P(t,X;), i=1,...,N, and HY =V, - Y H{ X}  (14)
i=1

The above quantities Hf, i = 1,..., N, are called the delta of the option and
are usually denoted with the notation A:

Ai(t, X;) = 8, P(t, X,), i=1,...,N.

The delta gives then the replicating portfolio. A really interesting fact is
that the delta gives also the sensitivity of the price with respect to the initial
values of the underlying asset prices. This is a special case of Greek. The
Greeks are indeed quantities giving the sensitivity of the price with respect
to several parameters which have a financial meaning. They are taken into
special account by practitioners, also because they have themselves special
financial interests and meanings. The most used Greeks can be summarized
as follows:

e delta: sensitivity of the price w.r.t. the initial values:

e gamma: sensitivity of the deltas w.r.t. the initial values:

Pij = (‘ﬁszP,

e theta: sensitivity of the price w.r.t. the initial time:
O = 8tP,
e rho: sensitivity of the price w.r.t. the spot rate:

Rho = 0, P;

e vega: sensitivity of the price w.r.t. the volatility:

Vega = 0, P.

Obviously, in the rho and vega cases, the derivatives has to be understood
in a suitably functional way whenever r and ¢ are not constant. These last
Greeks gives the behavior of the price and then of the portfolio with respect
to purely financial quantities (i.e. the interest rate and the volatility), while
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the other ones (delta, gamma and theta) give the rate of change of the
portfolio with respect to parameters connected to the assets on which the
European option is written (the starting instant and prices of the assets).
But these other Greeks have also other interesting meanings. For example,
Equation (13) can be rewritten in terms of the Greeks A, I" and ©, so
that they are deeply connected. In the one dimensional case, Equation (13)
becomes

1
®+§02x2F+TA:c:rP.

If we consider a delta-neutral portfolio, that is A = 0, then the equation
above becomes © + %02 2°T = r P, which shows that © and I" are negatively
correlated (if © becomes large and positive then I' has to become large and
negative, and vice versa). The theta, gamma and delta Greeks are also
widely used to tackle credit risk problems, such as the VaR (Value at Risk)
one. The interested reader can find useful discussions (also from a practical
point of view), remarks and references on topics regarding Greeks in Hull
[6].
Example 2.23. (The Black and Scholes price and Greek formulas
for call and put options) Let us evaluate the price of a call and put
option in the standard one dimensional Black and Scholes model, as well as
the associated Greeks.
Under the risk-neutral measure P*, the price of the risk asset evolve as
axXe _ rdt + o dB*(t) (15)
Xi
and the price of the call option with maturity 7" as seen at time ¢, is given
by
Pean(t, X¢) = E*(e7"T0 (X7 — K) 4 | ),

where K stands for the strike price. If we use the notation X*? to denote
the solution X of (15) starting at = at time ¢, by using Ito’s lemma it easily

follows that
X0 = ger=30N=0+0(BI-B)) 5> ¢

and we can write
Pcall(t7 $) =E* (G_T(T_t) (X;lx - K)-i-)

_ e—T(T—t) E*((l‘ 6(7‘7%02)(T7t)+0'(33‘1732‘) . K)+)

The expectation above is easy to compute: straightforward computations
allow to write

Pon(t,x) = 2 N (di(T — t,2)) — K e "T0 4 (do(T — t, 2)), (16)
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where .4 denotes the standard Gaussian cumulative distribution function
and, for s,z > 0,

2
di(s,z) = In(z/K) ;L\(/T;LU /2)s and da(s,z) = di(s,z) —o/s. (17)

Concerning the delta, again by straightforward computations one obtains

Acau(t, :B) = ampcan(t, iL') = JV(dl(T — t, iL')) (18)

As for the put option, one could use similar arguments or also the call-put
parity property (that is Peay(t, ) — Ppus(t, 2) = e " T E*((X5" - K))), in
order to obtain the associated price and delta following the formulas

Pput(t7 ':U) = Keir(Tit) ‘/V(_dZ(T —t, .’E)) - x‘/V(_dl (T -, 1’)),

(19)
Apus(t, ) = 8y Pyt (t, ) = N (dy (T — t,2)) — 1.

Also the other Greeks can be explicitly written®. They can be summarized
as follows:

NNdy (T —t,x))

FCall(t7x) = To \/ﬁ = Fput(t7x)
/ J—
Ocan(t,z) = 2 (;l%,x)) T vz e T 4 (dy(T — t, 7))
, —
@put t7$ _ _.fL'e/V (dl(T t,,fL'))O' —i—Tl‘@iT(T?t) JV(_dQ(T—t, JJ))

2VT —t
=2(T —t)e " T=D N (do(T — t, x))
= (T —t)e " T 4 (—dy(T — t,z))
=a VT —t N (d(T —t,x)) = Vega,,(t, )

20
(obviously, the function .#” is the standard Gaussian probability den(sit3)7
function).

5Since this model assumes constant spot rate r and volatility o, the rho and vega
Greeks - sensitivities w.r.t. spot rate and volatility - do not need any special definition.
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3 Pricing American options

As already mentioned, an American option differs from a European one in
the fact that it can be exercised in any instant ¢ < T, being T" the associated
maturity. More precisely, an American contingent claim can be formalized as
a pair Z% = (T, g), consisting of a maturity date T" and a cash flows function
g : [0,T] x RY — Ry such that the associated payoff at the exercise date
T € [0,T7] is given by g(7, X;). Now, since exercising the option does depend
on the market developments, it is quite natural to require that 7 can be
random and more precisely a stopping time w.r.t. the filtration {%; }o<i<1
giving the market information at any instant up to the maturity date 7.
Thus, we require that 7 € Jy 1), being Tjg 1) the set of all stopping times
over [0,7], that is the stopping times w.r.t. {%;}o<i<r taking values on
[0,T] a.s.

Typical examples are American call and put options, in which
gean(t,z) = (x — K)+  and  gpue(t,z) = (K —2)4.

Here, the difference from the European case is in the fact that the option
can be exercised at any time before T'. We are in fact treating here standard
American options. Sometimes, the set of the exercise dates is taken as a
subset 7" of Jjy ). For example, one could take 7' = {t1,t2,...,t,} with
ti,to,...,t, fixed and deterministic times in [0,7]. In such a case, one is
speaking about Bermudian options. And obviously, the Bermudian case
becomes the European one whenever .7/ = {T'}.

Our aim here is to find the fair price and the exercise date for an American
security by means of “perfect hedging” as well as “no arbitrage” arguments.
For the sake of clearness of notations, we will do this by assuming 0 as the
initial referring date.

The definitions above are sufficient to deduce that such a problem is much
more sophisticated to handle than the European one. Therefore, since the
underlying mathematical theory becomes more and more advanced as diffi-
culties increase, to avoid a too technical machinery let us assume here that:

e the spot rate process r; is deterministic;

e the market is complete; in particular, the assumptions in (i) of Theo-
rem 2.22 are fulfilled, that is NV = d, o is invertible and the matrix field
a = oo™ is uniformly elliptic. Recall that in this case the market price
of risk v* uniquely exists (being also bounded) and the risk neutral
measure P* given by (5) is well defined.

3.1 Price by perfect-hedging arguments

To our purpose, it is useful to consider more general trading strategies. In
fact, differently from the previously used kind of strategies, we consider here
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also the possibility that some wealth is not reinvested, that is “consumed”,
and C} gives the cumulative money which is put aside at time t.

Definition 3.1. A trading and consumption strategy is a pair (H,C) given
by a classical trading strateqy H and a consumption process C, which is
defined as a non-decreasing and adapted process such that Cy = 0. (H,C)
is said to be self-financing if H° € L'([0,T)]) a.s., H* € L*([0,T)) a.s. for
any i =1,..., N and the associated portfolio, given by

N
Vi(H,C) =S Hi X[, te0,T],
i=0
satisfies
t N A
Vi(H,C) =Vy(H,C) +/ ZHZ dX{—Cy te€][0,T].
0 =0

Similarly to what previously proved, one has:

Proposition 3.2. (H,C) is a self-financing trading and consumption strat-
egy if and only if the discounted portfolio V(H,C') satisfies

N
dV(H,0) = HjdX] — e hr=®dc,, t<T.
=1

If moreover Vy(H,C) >0 a.s. for any t then V;(H,C) is a supermartingale
under P*.

Proof. For the first part, it is sufficient to apply Ito’s lemma (as in Propo-
sition 2.4). As for the second part, recall that

t N
M; = / > HidX]
0 =1
is a continuous local martingale which is also bounded from below, because

t &
5= T(H,C) = Vot [ e T, =~y
0
(recall that C' is non-decreasing). Therefore, M, is a supermartingale. Now,

ast > s,

~ ~ i U
E*(Vi(H,C) | F5) ZE*(%+Mt_/ e lortdc,| 7,)
0

~ S u t " U
< Vy + M, —/ e~ Jomdvgc, —E*(/ e~ o dvge, | )
0 s
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t
V(. C) —E*(/ eI e | 7)< Vu(H, )

S
and the statement follows.

O

Definition 3.3. A self-financing trading and consumption strategy (H,C)
is said to hedge the American option Z* = (T, g) if

N
foranyt €[0,T], Vi(H,C)= ZHZXZ >g(t,X;) as.
1=0

The set A (Z*) will denote all the self-financing trading and consumption
strategies hedging the American option Z°.

Now, if the writer of the option follows a strategy (H,C) € J#(Z%) then
at any instant ¢ < T he will have a wealth at least equal to g(t, X;), an
amount which is exactly the payoff of the option if it is exercised at time t.
Therefore, it would be useful and important to study the minimal value of
a hedging scheme for an American option. To this purpose, let us introduce
the concept of “essential supremum”: for a given family JZ of ¢-measurable
r.v.’s, define
Z = essSupy¢ Y

as the r.v. Z defined as 0 if 7# = (), otherwise it is such that
e 7 is Y-measurable;
o forany Y € 7, Z > Y as.;

e if 7' is a @-measurable r.v. such that Z’ > Y a.s. for all Y € J#, then
Z'> 7.

Let us stress that the essential supremum always exists, being a.s. unique
(see e.g. Theorem 2.3.1 of Wong [5]).

For t < T, let us define Jj, 7} as the set of the F;-stopping times taking
values on [t,T]. Then, one has the following important property.

Proposition 3.4. Let (Y;)i<r be a stochastic process which is F¢-adapted,
Y; >0 a.s. for allt and E*(sup;<7 Y;) < oo. Fort <T, set

TT(A) = sup E*(Y;1a), Ac %
7-69[@]

Then, TT is a (positive) measure on (S, %) which is absolutely continuous
w.r.t. P* on % and

dr]
dP*

= €SS supTeg[t,T]E*(YT | ﬁ’t)
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Proof. Tl is a positive set function defined on .%;. One has first to prove the
o-additivity property. Take {A,}, C % such that A, N A, =0 as n # m.
One immediately has that T (U, A,) < > T7(A,), so that

Z T{ (An) =T7 (Undy) + &

with € > 0. We have to show that ¢ = 0. Then, suppose € > 0. By the
definition of sup, for any n there exists 7,; € #, 7} such that

I7(Ap) <E*(Ypr 1a,) +/2"th
Take now 7* = > 7714, + 7T1lae, in which A =U, A, and 7 € Tt 17- Then

T € 9[,5771} and
> TT(An) SE(Ye-14) +2/2.

Therefore,
> T (An) <TT (UnAyn) +€/2,

which gives a contradiction. Then, e = 0 and I'] is in effect a measure on
(Q,.%;). It is trivially absolutely continuous w.r.t. P*, so that the Radon-
Nicodym derivative actually exists and is, by definition, .#;-measurable.
Now, for any A € %,

B (L 1,) ~ 1T () 2 B (3, L) B (E*(Y, | ) L),

dP*
Therefore, %L > E*(Y;|.#) a.s. for an € F that &L >
y dPr = T t O y T £, 1) Y a apx =

esssup, 9[t,T]E*(YT | #:) a.s. In order to prove the equality, take a r.v. Z’
which is .#-measurable and Z' > E*(Y; | %) a.s. for any 7 € F}; 7. Then,
for all A € . one has E*(Z'I4) > E*(E*(Y; | .%:)14) = E*(Y; 14) for all
T € J),1), that is

E*(Z/ I > E* 1 _ T Tk dFtT
A) > sup (Y:14)=T;(A) =E —14).
’TE«?[t’T] dP

drf

P a-s. and the statement follows.

Therefore, Z' >

O

We are now ready to study the perfect hedging strategy, that is a strategy
which hedges the American option and gives the minimal portfolio.

Theorem 3.5. Let Z® = (T, g) be an American option such that the process
(9(t, Xt))o<t<r is cadlag and supycpo ) 9(t, X¢) € LP(S2,P*) for some p > 2.
Set

Vi = esssup,c o E*(e” Jirsdsg(r X,) | ), te0,T), (21)

Tt 1)
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where T, 1) stands for the set of the stopping times over [t,T]. Then there
exists a self financing trading and consumption strateqy (H,C) € A (Z%)
such that Vi(H,C) = Vi. Moreover, for any (H,C) € S (Z*) one has
Vi(H,C) > V;.

Before to continue with the proof, let us observe that Theorem 3.5 allows
one to naturally define V; as the fair price of the American option Z% as
seen at time ¢ € [0,7]. In fact, Theorem 3.5 tells us that V; is the minimal
value of the portfolios associated to a strategy hedging the option. In other
words, there exists a self-financing trading and consumption strategy giving
a perfect hedging against the American option.

Moreover, let us notice that, since 7 =T € J}; 7 for any t <T, one has

- T
esssup,e.7, o B (7 Bog(r, Xo)| F1) > BX (e 5 7o ¥g(T, Xr) | 7))

which tells us that the price of an American option is always greater than
the price of the associated European option (that is, the European option
with maturity 7" and payoff g(T, X7)).

Proof of Theorem 3.5. We only give a sketch of the proof, since it involves
a very technical machinery.

Let g(t, X3) = e™ Jors s 4(t, X;) denote the discounted cash flows process and
let J; denote the Snell envelope of §(t, X¢), that is the smallest supermartin-
gale over [0, 7] greater or equal to g(¢, Xy). Let us first show that

T =essup.c, B X0) | 7)
= ess SUPTE%,T]E*(ei Jo rs dsg(T, X)) | F),

t € [0, 7], and notice that V; = elorsds g,
Take s <t and A € F5. Since I}, 1) C J[s 1], one has

sup  E*(g(m, X7)14) < sup E*(g(7, X7) L)
Teﬂ[t’T] TG?[S’T]

If T7 and T'T denote the measures defined as in Proposition 3.4 with Y; =
g(t, X¢), we can say that
7 (A) <T5(4)

for all A € #, C %;. Therefore,

() <w (S

o .- art art
for al A € F;. By Proposition 3.4, - = J; and 5+ = Js, so that

E*(J:14) <E*(Jsla), and then (J;)i<r is actually a supermartingale.
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Obviously, J; > g(t, X;) because t € J; 77. Now, let U; be a supermartingale
such that U; > g(t, X;) a.s. for any ¢ < T. Then, by using the Optional
Sampling Theorem, for any 7 € 7}, 1) one has

U 2 B (Ur | ) 2 E*(g(7, X7) | F)

so that

Ut > ess SupTE,’y[tyT]E*(g(Tv XT) ’ f}\t) = Jt-

Therefore, J; is the Snell envelope of g(t, X3).

Let us now prove that there exists (H, C') € 2 (Z*) such that V;(H,C) = V;.
It can be shown that J; is a cadlag and regular® process. Then, since all the
technical assumptions are verified, one can use the Doob-Meyer decompo-
sition Theorem (see Karatzas and Shreve [7], Theorem 4.10 and Theorem
4.14): Jy = My — Ay, where M is a (square integrable under P*) martingale
and A is a continuous non-decreasing process with Ay = 0. Moreover, by us-
ing (in the right way) the representation theorem for Brownian martingales
(see the discussion in the proof of Theorem 2.22), one has dM; = Y; dB;,
for some adapted process Y such that E*( fOT |Y;|? dt) < co. Then,

(e Jom4sV,) = dJ, = Y, dB} — dA,.
Take now H such that SN | HiX! ot (s, Xs) = YF and C such that Cy = 0

and dC; = elors 4sdA; (and notice that C' is non decreasing). Then one has

N
de=hore @) =N HidX} — e b ® dc,
i=1
so that V; = V4(H,C) and also the self financing property of (H,C') holds

by Proposition 3.2. Since we have already seen that V; > ¢(t, X;), we have
shown the existence of (H,C) € J(Z%) such that V; = V;(H,C).
Finally, take (H,C) € H(Z?). Since Vi(H,C) > g(t, X;) >0, by Proposi-
tion 3.2 one has that V;(H,C) is a supermartingale such that V;(H,C) >
§(t, X}). Then, V;(H,C) > Jy, so that V,(H,C) > elomd 1, = V.

O

Let us add some remarks to the proof of Theorem 3.5, involving the Optimal
Stopping Theory, so that we give no proofs and refer to Wong [5] or also
Karatzas and Shreve [8].

First, one has that J; > e~ Jors dsg(t, Xy), for any t (in fact, 7 =t € Tie,11)-
Then, the Optimal Stopping Theory allows to find the stopping time g
giving Jp: setting

7o =inf{t € [0,T] : J, = e Jomdsg(t, X))},

5Y; is called a regular process if for any a > 0, E(Y,,) — E(Y;) as n — oo for any
{Tn} € JJo,] such that 7, T 7 € Fjp -
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t
where 7o = T if J; > e Jo7s dsg(t, X;) for any t € [0,T], then
Jo =E*(e o' s dg(ry, X)), (22)

Since V; = e~ Jorsds J¢, everything can be rewritten in terms of the portfolio
V; defined in (21). One has V; > g(t, X;) for any ¢ € [0,T] and

70 = inf{t € [0,T] : Vi = g(t, X4)}, (23)

and therefore
Vio = 9(10, X1)- (24)

Furthermore, it follows that Cyar, = 0, that is, there is no consumption up to
the exercise date 7. In fact, Jia7, can be shown to be a martingale, so that
the process A given by the Boob-Meyer decomposition satisfies A¢rr, = 0.
Since C; = f(f elo mdug A one immediately obtains that

Ct/\TO =0.

Roughly speaking, the self-financing trading and consumption strategy giv-
ing the perfect hedging behaves as a standard self-financing strategy up to
the exercise date.
Obviously, everything can be translated to the time interval [t, T]: the stop-
ping time

7 =1inf{s € [t,T] : Vs = g(s, X,)},

can be shown to be optimal, that is
T
Ve =E*(e i g (r, Xp) | F2),

and he consumption process is null in between ¢ and 7.

Example 3.6. (Price of an American call option) Suppose that d =1
and consider an American call option, whose price as seen at time 0 is then
given by

P3™ = esssup,.¢ E*(e” Je rds(X, — K),)

Zlo,1)
Setting P§" as the price of the European call option, one obviously has
Pi™ > Py, but in this special case the converse inequality holds as well”,
so that for a call option the American and European prices agree:

am __ peu
P = psu.

In other words, in the American call option case the exercise date is just at
maturity.

"This fact holds whenever no dividends are payed (as considered in the present notes)
and the instantaneous interest rate r is deterministic.

29



Let us prove that Py™ < Pg". Since e™ Io rsds(Xp — K)y >e” Io rsds( Xop —
K), for any 7 € Jjg 1) one has
*( — ]'T rsds ar * —fT rsds aZ
B (eI (X — Ky | F5) > B (e R ™0 (Xp — K) | 7)
_ E*(e— fOT rsdsXT ’ 54\7—) e fOT rsds g
— fOT rsdsXT e fOT rsdsK 2 - fOT rsdsXT e fOT rSdSK
in which we have used the Optional Stopping Theorem to the (P*,.%)-

"t
martingale e~ Jorsds x, (recall that 7 is a bounded stopping time w.r.t.

Z) and the fact that 7 < T. Since one obviously has E*(e™ Jo rsds(Xop —
K)4 | #;) > 0, one can write

B (e 7 (X — K) 4 | F7) > max (0,7 (X, - )
= e Jo (X, — Ky

and by passing to the expectation, for any 7 € ]y 1) one obtains

]E*(e, fOT rsds<XT _ K)+) > E*(e* I Tst(XT _ K)+)

By passing to the sup as 7 € Jp 7] in the above r.h.s., one immediately
obtains Fg" > P§™.

3.2 The behavior of the American put in the Black and Sc-
holes model

Differently from the call option case, the price of an American put option
differs from the price of the associated European one, and no closed form
formulas are available even in the Black and Scholes framework. Let us put
in this context and study the behavior of the American put. Suppose d =1
and the risky underlying asset price X follows the Black and Scholes model.
Under the risk neutral measure, one has

dX; = rXudt + O'XtdB;;, Xo==

in which, as usual, r denotes the spot rate, o stands for the volatility and B*
is the P*-Brownian motion. The price of the American put with maturity
T and strike price equal to K, as seen at time ¢ € [0, 7], is then given by

V; = ess supTEy[t’T]E* (e_T(T_t) (K — X )+ ]ﬁt>

Now, by using the Markov property, one immediately obtains V; = u(t, Xy),
where

ult,z) = esssup, . 7, T]]E*<(K€—r(r—t) _ xe—g2(r—t)/2+a(B:—Bf)> ) (25)
2 +
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For the sake of clearness, let us suppose that ¢t = 0:
_ —rT —o?r 2+o0B}
u(0,x) = ess UD€ 70 7 E* ((Ke T e/ >+) . (26)

If (W4)e>0 denotes a standard Brownian motion defined on some probability
space (9, #,P), we can write

u(0,2) =ess SupTezoﬁT]E<<K6—TT _ x6_027/2+awf>+>

< ess sup76%0’+w]E<<Ke*TT _ x67027/2+awf) +1{T<+OO})_

(27)
in which =7[0,+oo} denotes all the stopping times. The r.h.s of above Equation
(27) can be interpreted as the value of the “perpetual” put, since in some
sense it can be exercised at any time. Then, there exists a closed form
formula for such a function:

Proposition 3.7. The function

u™(z) = ess SUPTE?[O#OO]E((KG_” — xe—a2r/2+aWT>+1{T<+m}> (28)

s given by:
K-z ifx < x*

*

[ TN .
(K—x)<x> if x> x
in which x* = Kv/(1+7) and v = 2r/c?.

u™(

x) =

Before to continue with the proof, let us give some remarks. Let us come
back to the American put, with finite maturity 7. By developing similar
arguments to the ones will be used for proving Proposition 3.7, one can see
that for any ¢t < T there exists z*(¢) such that

for any « < 2*(¢t) then u(t,z) = K —x (20)

for any x > z*(t) then u(t,z) > (K — x)+
Moreover, by (27), we easily obtain that z*(¢) > z* for any t < T. Notice
that if the underlying asset price is seen less than z*(¢) at time ¢ then the
value of the perfect-hedging portfolio equals the payoff function, and the
buyer of the option should exercise it immediately. In the opposite case, he
should keep it and to wait for. Such a property justifies why the value z*(¢)
is usually called the “critical price” at time t.

Proof of Proposition 3.7. Formula (28) tells us the u™ satisfies the following
properties:

u® is convex and decreasing;
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- u>®(z) > (K — z)4+ and moreover, for any 7" > 0,
u>®(z) > E((Ke—TT _ xe—UQT/Q—HTWT) )
iy + Y

which in turn implies u*°(z) > 0 for any x.

If we define
¥ =inf{x >0 : u(z) = (K — )4},
from the above properties it follows that z* < K and
for any z < z*, u®(z) = K — x (30)
for any z > z*, u™(x) > (K — )4

We have now to show that z* is actually given by the formula z* = K~/(1+
) with v = 2r /02, and moreover the exact expression for u> holds whenever
x> z*.

By the Optimal Stopping Theory and the Snell envelopes behavior, one can
prove that there exists a stopping time giving the esssup, that is for any x
there exists 7, such that

u™(x) = E((Ke_”w - xe‘”27/2+UWTZ>+1{TE<OO}).

Moreover, setting X¥ = zexp((r — 02/2)t + cW}), 7, is given by
T =1inf{t >0 : u™(X}) = (K — X[)+},

(recall the discussion at page 28). Now, from (30), it immediately follows
that

T =1inf{t >0 : XF <z*}=inf{t >0 : (r — 02/2)t + oW < log(z*/x)}.
For z > 0, let us introduce the following stopping time 77 and function ¢(z):
7 =1inf{t >0 : (r — o?/2)t + oW; < log(z/z)}

6(2) = E(e7 (K = X2) 4Lz coe) )

With these new notations, we have

*

. =7y and u™(z) = ¢(z¥).

Moreover, since Tg‘f* is optimal, we know that the function ¢ attains its
maximum at z = z*. We are now going to compute ¢ explicitly, then we
will maximize it to determine z* and ¢(z*) = u*>(x).

If z >z, then 77 = 0, so that ¢(z) = (K — z)4+. If 2 <z, then by using the

continuity of the paths of W we have

2 =inf{t >0 : (r — 0?/2)t + oW; = log(z/2)} = inf{t > 0 : X7 = 2}
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and X7T. = z. Therefore,

P(z) = (K — z)+E(€_TT;1{T§<oo})'

It then follows that we need to study the Laplace transform of 77. The
following Lemma 3.8 states that, for o > 0,

E(e % 1 ppecoy) = exp(ub — [b]y/pi2 + 20)

in which
Ty =inf{t >0 : pt + W, = b}.

By substituting o = r, u = (r—0?/2) /o and b = log(z/x) /o, straightforward
computations give

o) = (K —2)+ (),

x
with v = 2r/c%. Notice that, since

21

#(2) = Ky - (7+1)2)

one has that the maximum is achieved for z = K~/(y + 1).
By resuming, we have obtained

(K —2)+ if z>ux
2\
o(z) = (K—z)(;) if z<zand z< K
0 ifz<zand z> K
It then follows that if z < K~/(y + 1) then max, ¢(z) = ¢(z) = K — z. If

instead x > K~v/(y + 1) then max, ¢(z) = ¢(K~/(y + 1)). This gives the
required formula, and the statement holds.

O

It remains to prove the following formula for the Laplace transform of the
hitting time:

Lemma 3.8. Let W denote a one-dimensional Brownian motion. For any
w,beR, set
TY =inf{t >0 : pt+ W; = b},

with the usual convention inf () = +oo. Then, for any a > 0,
_ H
E(e~% Ly <ooy) = exp(pb — [b[v/2a + p?).

Moreover, T} < oo a.s. if and only if p-b > 0. If p-b <0, then one has
P(T}' < 00) = exp(2ub).
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Proof. Without loss of generality, we can assume that b > 0 (otherwise,
replace the Brownian motion W with the Brownian motion —W and replace
the drift g with the drift —p).

Let us first show the above equality when p = 0. More precisely, we first
show that T = inf{t > 0 : W, = b} is an a.s. finite stopping time and

E(e T8 = exp(—|b|v/2a).
We can write

{TIEJ < t} = ﬂeeQJr{Slip We>b— 5} = NecQy Useqy ,s<t {Ws >b— 8} € S,
s<t

(here, Q4 denotes the non negative rational numbers) so that T} is actually

a stopping time. Set now M; = exp(aW; — %t), where a denotes a real
number, and recall that M; is a martingale. Now, we want to apply the
Optional Sampling Theorem to 77, but we do not know if it is bounded
(actually, at the moment we do not know even if it is finite), so we consider
the stopping time TbO At, where t is a positive number. TI?/\t is now bounded,

so that we can write
E(MTgAt) = 1.

Now, Mo, = exp(aWTé)/\t - %T,? At) < exp(ab). Moreover,
. a/2 0
tllglo MTS/\t = MTl?l{TZ?<OO} = exp(ab — ?Tb )1{TZ?<OO}

(notice that the r.h.s. would be equal to exp(—ab — %Tl?)l{Té)@o} if one
had assumed b < 0).
By using the Lebesgue Dominated Convergence Theorem, we can state that

2
. a
L= lim E(MTgAt) = E(exp(ab — ETl?)l{Tl?<oo})a

t—00
ie. .2

E(exp(—?TbO)l{Tg@o}) = exp(—ab).
If we take a?/2 = «, we obtain

E(exp(—aTl?)l{Tl?<oo}) = exp(—bv2a).

Now, if a | 0, we obtain
P(TY < o0) = 1,

so that TI? is a.s. finite and then, for any positive «,
E(exp(—aT})) = exp(—bv2a).
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Suppose now p # 0. By using arguments similar to the ones developed
above, one easily obtains that Tlf is a stopping time w.r.t. %;. Now, let
us write T} = T}'(W) to stress the dependence from W and let us write
By = Wy + ut. By the Girsanov’s Theorem, B is a Brownian motion under
Q, where Q is defined on (2, .%#;) as

dQ

2
S Wit
dP

Tt

Since T} (W) At is F-measurable, we can write

_ _ dQ
E(e—oTy WAty — gQ( oy (W)at =
(6 ’ ) E (e ’ dP yt>

— EQ (efaTé‘(W)/\te;LWt+%t) — EQ (efaTbO(B)/\te,uBtfét>

in which we have substituted W; = By — ut. Therefore, we can simply write

E(e—oT WA — | (e—aTl?/\teth—% t) '

2
Now, by using the martingale property for W=7t and the Optional Sam-
pling Theorem (recall that TbO At is a bounded stopping time), we obtain

2 2
_ 0 .y _ 0 _ K
E(e aTb /\teth & t) E(E(e aTb /\teuwt 5 t ‘ JfT,?/\t))

#2 0
_E (e—aTgAte”WTgm_T Ty At) .
Therefore, the following equality holds:

2
E(e—an(W)/\t> -F (6—aT£/\t€“WTl?/\t7% T!?/\t)
Consider now the r.v. involved in the expectation in the r.h.s. above, that

2
. —aTONt+uW, o, — L TOAL
isfr=e ° At 270" One has 0 < 3 < eMb and

: —aTO4pb— 2 70
lim By =e ™77 % as.
t—o0

because we know Tz? < o0 a.s. Therefore, we obtain

2
W0, — 5 TOAt
lim E(e_aTbO/\teM Tl?/\t 2 b > — e”bE(e_(o‘+H2/2)T0b) — epb—b\/2a+#2 .
t—o0

_ I3 _ I
On the other hand, we have e ®Te "t | e=oT 1{Tg‘<oo} a.s. ast — 00, SO

that
B gy coy) = Jim E(em*TEN) = ert0v2e0,

t—o00
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for any o > 0, and the formula for the Laplace transform actually holds®.
Now, if & — 0, then it follows that

P(T}' < o) = etb= ol
Then, in general, it is not true that 7}' < oo a.s. In fact, we obtain

1 ifu-6>0
P(T5<m)_{62ub 1f/£b<0

The proof is now completed.

3.3 Price by no-arbitrage arguments

The aim of this section is to show that the price V; given by Theorem
3.5 can be seen also as the price turning out by a “fair” game between
seller and buyer similar to the one previously studied, that is, no arbitrage.
Obviously, this will be a consequence of a suitable definition of an “arbitrage
opportunity” in this new contest of American options.

Let us start with the following kind of strategies.

Definition 3.9. A buy-and-hold strategy associated to an American option
Z% = (T,g) is a pair (c,7), with T € Jjo ) standing for the exercise date and
¢ > 0 (long position) or ¢ < 0 (short position) standing for the number of
units of the American security held at time 0 and then held in the portfolio
up to the exercise date T.

Notice that in a buy-and-hold strategy, the American security is not traded
after the initial date. Moreover, such a definition implicitly assumes the
existence of an initial price Py for the American contingent claim, which of
course represents what we aim to find and show to be equal to the quantity
Vo given in (21).

In order to proceed with our problem, we need to introduce more general
self financing strategies, which take into account both trading-consumption
and buy-and-hold strategies:

Definition 3.10. A self financing strategy for the American contingent
claim Z% = (T, g) is a collection p = (H,C, ¢, T) such that:

(1) (H,C) is a self financing trading and consumption strategy;

(13) (e, 7) is a buy-and-hold strategy;

. . —aT* —aTH .
8Notice that, since o > 0, one has e *Ts 1{Tg‘<oo} = e v, 50 as a point of fact we

have shown that E(e °70) = et0—bV2e+n?
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(731) (H,C) and (¢, 7) are such that over (1,1 one has

N
Hi=0,i=1,...,N, and H =) H.X!+H+cj(r,X-),
=1

being g(t,z) = e~ Jors dsg(t,x) the associated discounted cash flows
function.

Notice that the portfolio on a self financing strategy ¢ = (H, C, ¢, 7) depends
also on the buy-and-hold strategy, so we will write V;(¢). Moreover, it fulfills
the following initial and final conditions:

Vo() = SN Hy X+ H) +cPy and

V) = e e (DX, B X+ eqlr X)) ol ey Y
Such kind of “American” strategies will be used in the notion of arbitrage
in the American context (see below), where only the cases ¢ = +1 (selling
the option) and ¢ = —1 (buying the option) are considered.

A closer look to the definition above shows after the exercise date 7, the
portfolio holder closes the existing positions in the stocks and invests only
in the benchmark asset (bond), in a quantity depending both on the value
of the portfolio and the payoff of the American security at time 7. In some
sense, trading following an American strategy means to add in the market
the American contingent claim itself.

Let us introduce arbitrage strategies in this context:

Definition 3.11. We say that there is an arbitrage in the market model for
the American contingent claim Z® = (T, g) with initial price Uy if one of
the following conditions is fulfilled:

(a) (long arbitrage) there exists 7 € Jjoq) and a trading-consumption
strategy (H,C') such that the American strateqy v+ = (H,C,+1,7)
satisfies:

Vo(+) <0 and  Vp(yy) > 0;

(b) (short arbitrage) there exists a trading-consumption strategy (H,C')
such that for any T € Jjo 1) the American strategy v = (H,C,—1,7)
satisfies:

Vo(¥-) <0 and  Vp(4-) > 0.

Let us spend some words on conditions (a) and (b) above. A long arbitrage
means that selling the American contingent claim (¢ = +1) implies the ex-
istence of a strategy and an exercise date giving a gain; in a short arbitrage,
the gain is guaranteed when the American derivatives is bought (¢ = —1):
in such a case, there exists a strategy in order to have a gain for any exercise
date.
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The no-arbitrage price of the American security is then defined as the value
of Py which gives no arbitrage. This is well said: we are going to see that
such a value does exist and is unique under P* if the meaning of “an arbitrage
opportunity” follows Definition 3.11.

Theorem 3.12. There is no arbitrage (following Definition 3.11) if and
only if the initial price Py of the American contingent claim Z* = (T, g) at
time 0 is given by

Py = ess SUD-¢ 77, 4y E*(e” Jors dsg(T, X)) =E*(e” Jo®rs dsg(Tg, X)),

where 1o = inf{t € [0,T] : Vi = g(t, X¢)} is the exercise date.
More generally, the no-arbitrage price P; of the American contingent claim
Z%=(T,g) as seen at time t € [0,T)] is given by

P, = ess SupTSy[t,T]E*(e_ ST s dsg(T, XT) ‘ yt)
E*(ei Jitrs dsg(Tt7XTt) ‘ yf/)’

where 7, = inf{s € [t,T] : Vs = g(s, Xs)} is the exercise date.

Proof. Let V; as in (21) and let (H,C) denote the trading-consumption
strategy given by Theorem 3.5, which is such that V; = V;(H, C). We prove
that the price of the American contingent claim has to be Py = Vp, otherwise
there are arbitrage opportunities.

First, let us suppose Py > Vj: we will exhibit a short arbitrage. Indeed,
take 7 € J ) and (H,C) as follows: Cy = Cip, and

ﬁg:Hgl[O,r](t)7 1=1,...,N, and
HY=H1 (t) + H1( 1(t)

N
Wlth _ﬁ? = HQ —|— Zei fOT Ts dSH;L_X;L_ e f()T Ts dsg(T, X’r)
=1

Let us give an idea on why the pair (H,C) is a self-financing trading and
consumption strategy. On the event {¢t < 7} one has (H,C) = (H,C),
so that dVi(H,C) = Zi]\io H}dX] — dC;. On the event {t > 7} one has
Vi(H,C) = H°X?, and then

N
dVi(H,C) = HYdX) =Y H}dX] - dC,
=0

because dCy = 0 if t > 7 (recall that C’t_E C for any t > 7).
Consider now the American strategy v = (H,C,—1,7) and let Vi(z_)
denote the associated portfolio. Notice that, since we have seen that V; >

g(t, X;) for any ¢, then V; > g(7, X;). But since Vp(¢p_) = V. —g(7, X;), one
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has V(i) > 0. Moreover, by (31) it follows that Vo(y—) = Vo(H,C)—Py =
Vo — Py < 0, that is 1/_ gives a short arbitrage.

Let us now suppose that Py < Vj: such a condition gives a long arbitrage.
Let 19 be defined as in (23). Set C; = Cipr, = 0 and H defined as above
but with 7 replaced by 79. By developing arguments similar to the one
previously used, one has that (H,C) is self-financing. Now, take ¢, =
(-H,-C,+1,79) = (—H,0,+1,79). Then Vy(v0y) = —Vo(H,C) + Py < 0
and Vr(vy) = —Vi, + g(70, X5y) = 0 because of (23) and (24). Thus, ¢
gives a long arbitrage.

O

So, by summarizing, in the American case one needs to introduce more
general kind of strategies (we had to introduce consumption processes and
buy-and-hold strategies). But notice that this is just in order to achieve the
price and the hedging portfolio: in some sense, this is more mathematics
than practice. Indeed, as we have seen, the American contingent claim
is well hedged and then priced by a trading-consumption strategy (buy-
and-hold strategies are somehow technical things, although they have an
interesting financial meaning, in order to precise the meaning of arbitrage
in this new context). Now, since the consumption process nullifies up to
the exercise date, it turns out that the trading-hedging strategy reduces to
a standard one: once the exercise date is reached, the game between buyer
and seller ends!
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