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EXISTENCE AND LIPSCHITZ REGULARITY OF SOLUTIONS
TO BOLZA PROBLEMS IN OPTIMAL CONTROL

P. CANNARSA, H. FRANKOWSKA, AND E. M. MARCHINI

ABSTRACT. In this paper we investigate the existence and Lipschitz continuity
of optimal trajectories for the autonomous Bolza problem in control theory.
The main feature of our results is that they relax the usual fast growth con-
dition for the Lagrangian. Furthermore, we show that optimal solutions do
satisfy the maximum principle.

1. INTRODUCTION

The so-called Bolza problem is such a classical topic in control theory that one
might believe nothing interesting can be added to our current knowledge of its ba-
sic aspects: existence of solutions, optimality conditions, and regularity of optimal
trajectories. In fact, in this paper we will show how combining ideas and tech-
niques that are commonly used to address the above issues, one can extend the
comprehension of this problem in a significant way.

To fix ideas, let us seek to minimize the functional

T
(1.1) T, u) = /0 L(x(t), u(t))dt + £(x(T)),

over all trajectory/control pairs (x,u) subject to the state equation

2'(t) = f(x(t),u(t)) forae. tel,
(1.2) u(t) eU for a.e. t €1,
$(O) € Cy.

Here, I = [0,T], while Cy € RY and U C R™ are closed sets. Moreover, L :
RN x U — R and £ : RY — R are nonnegative functions, f : RV x U — RY, and
u : I — R™ is measurable.

The existence of solutions to the above problem is usually obtained under very
mild regularity conditions on the data, provided the Lagrangian L is convex with
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respect to u, and has superlinear growth at oo, i.e., L(z,u) > ®(|u|), for some
function ® : R — R satisfying
®(r)

lim =+00.
r——+oo 1

In such a framework, the superlinearity of L can be used to derive Lipschitz reg-
ularity results for optimal trajectories; see [7 [I0]. Moreover, the above growth
condition can be replaced by a similar growth assumption with respect to f(x,u)
still ensuring the existence and Lipschitz continuity of solutions; see [9] [I1].

On the other hand, some of the main examples in control theory exhibit function-
als with linear growth (such as the brachistocrone problem or the area functional
for minimal surfaces of revolution), or even with no growth at all. For such func-
tionals no general existence theory is available, to our knowledge. In fact, several
counterexamples to the existence of solutions are known in the literature.

An interesting approach to the existence of solutions for Bolza problems in the
calculus of variations, where the final cost ¢ is replaced by an end-point constraint,
is the one proposed by Clarke in [5]. In his paper, which also allows for state
constraints, existence is obtained assuming that, for some k > 0,

(1.3) ess infyco, 7|2’ (t)] < k,

for any admissible arc contained in some level set of the functional, and imposing
a separation property on the Hamiltonian H (z,u,p) = (p,u) — L(z, u) of the form
(14 |r\,|u\§k,s;1£8uL(z,u) H{z,up) < 1Clglfggjlr\ék, \“|ZICI71fI')€3uL(17“) H{z,u.p)
where 0, L denotes the subdifferential of L with respect to u. For other ways to
relax the superlinear growth condition as well as the convexity of L, see also [2][3] .

In this paper, we will show how to generalize conditions ([L3]) and (4] to cover
Bolza problems of type (LI)-(L2) in the absence of state constraints. Like the
results of [5], our method applies to some control problems with slow or no growth,
as well as superlinear growth of the Lagrangian, ensuring the existence and Lips-
chitz continuity of optimal trajectories, and — last but not least — the Lipschitz
continuity of the corresponding co-states.

Unlike [5], our main results are derived by a simple penalization technique. In-
deed, for a fixed o > 1 and any € > 0 we introduce the penalized problem

T
min/o {L(x(t),U(t))+6\f($(t),U(t))|“ dt +£(x(T)),

over all trajectory/control pairs (z,u) of (L2]). Notice that the existence of minimiz-
ers (z, uc) for the above functional is now guaranteed by the results of [9]. Then, an
essential step of the proofs consists in getting Lipschitz estimates for ., uniformly
in e. These estimates can be obtained using the fact that H(z(:),uc(:),pe(+)) is
constant, once we have shown that the norms ||p¢||oc are bounded uniformly in e.

This paper is organized as follows. In Section [2] we explain the setup of the
problem, introduce a family of penalized functionals, and give existence and regu-
larity results for ‘coercive’ optimal control problems. Section Bl contains our main
results and their proofs. In Section ] we discuss a few examples that illustrate the
applicability of this theory. Finally, the Appendix contains the proof of a technical
result, obtained in [9] under slightly different assumptions.
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We conclude with the list of notation:

- WHL(I;RY) denotes the space of absolutely continuous functions from I
to RN and W (I;RY) the space of Lipschitz continuous functions from
I to RY:

- we define

U = {u: I — R™ measurable : u(t) € U, for a.e. t € I'};

- apair (z,u) where x € WH(I;RY) and u € U is called a trajectory/control
pair if (z,u) satisfies (L2);

- for a,b € R, we set a A b := min{a, b};

- given a convex set U and v € U, Ny(u) denotes the normal cone to U at
u;

- we say that a : RY x R™ — R? is locally Lipschitz in 2 uniformly in u if,
for every R > 0, there exists Cg such that, for every z,y € B(0, R) and
every u € U,

la(z,u) — a(y, u)| < Crlx —y;

-givena: RY - R, b: RY xR™ = R, ¢: RY x R™ — RY such that,
for every u € R™, a(-), b(-,u) and ¢(-,u) are locally Lipschitz functions,
we denote by da(x), 0;b(x,u) and d,c(z,u) respectively their generalized
gradients and generalized Jacobian (see [6]) and by (9¢)*(z,u) the adjoint
of Oyc(x, u);

- Xg denotes the characteristic function of a set S;

- for a > 1, o/ = =25 denotes the conjugate exponent of «;

C denotes a generic constant that may differ from line to line.

2. PRELIMINARY RESULTS

The results of this section are needed for the proof of our main theorems. Let
L,¢, f be given functions such that L : RY x R” — R and ¢ : RV — R are
nonnegative, f : RV x R™ — RY_ U c R™ is closed and convex, Cy C RY is
closed, and, for every x € RY, L(z,-) is convex and f(z,-) is differentiable. We set,
for x € RV,

F(z) :={(f(z,u), L(z,u) +v) : w € U and v > 0}.
The following assumptions will be in use throughout the paper.

Assumptions (H):

i) for some a > 1 and every R > 0, 3Cr > 0 such that, Va,y € B(0,R) and
VueU,

i1) [6(z) — £(y)| < Crlz -y,
i2) |L(z,u) — Ly, u)| < Crlae = y|[1 + L(z,u) A L(y, u)],
i3) | (2, u)=f(y,w)| < Crlo—y|[1+1f (2, W) AL (g, )|+ (Lo, )ALy w)
ii) 3w € U such that, for some n € L*(I;R), for a.e. t € I, and for every x € RV,
|f (@, u(t)] < n(t)(1+ |x]);
iii) for every R > 0, there exists mr € L*(I;R) such that, for a.e. t € I,

sup L(z,u(t)) < mg(t);
z€B(0,R)

iv) for every x € RN, F(x) is closed and convex.
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Assumptions (H'): the same as assumptions (H) with i3) replaced by

i) 1f(e,w) — Fly )| < Crlr = yI[1+ (LG, w) A Ly, w) ).

Remark 2.1. Notice that assumptions (H') imply assumptions (H). So, every result
obtained assuming (H) still holds true under (H').

Remark 2.2. From assumptions ii), iii) it follows that the infimum for problem
([CID-([@T2) is finite.

To show this fact let us fix g € Cy. Owing to the sublinear growth condition
ii), we conclude that there exists 7 € W1 (I; RY) such that

{ 7'(t) = f(@(t),u(t)) ae. tel,

Let R > 0 be such that Z(t) € B(0, R), Vt € I. Since, by iii), 3mg € L' (I;R) such
that, for a.e. ¢t € I, sup,¢p(o,x) L(2,u(t)) < mg(t), it follows that J(Z,u) < +oo.

Proposition 2.3. Assume (H). Then
(2.1) inf {J(x,u) 2 (x,u) solves (L2) and 2’ € L*(I; RN)}
= inf{J(;mu) : (z,u) solves (L2) and 2’ € La(I;RN)}.

Proof. Let (#,4) be a solution of (L2)) such that &' € LY(I;RY), and J(%, 1) < +oo.
Define, for every n € N,

o - () <
where @ is as in (H), and consider the system

2'(t) = f(z(t),u,(t)) forae. tel,
(2:3) { 2(0) = #(0).

We claim that ([Z3)) has a solution x,, such that, for every n € N, z/, € L*(I; RY)
and, when n — 400, x,, — & uniformly in I. Indeed, set, for ¢t € I,

o /ffc i (s))ds

Then 2z, € WL RY), 20 (t) = f(2(t), un(t)), for a.e. t € I, and
T
I = zulle < [ 1761 (5)) = F@(5),wn(s)ds
=) a(s) - (). ) s
{s:[f(&(s),a(s))[>n}

Since f(2(-), (")), f(2(-),4(-)) € L*(I;RY), we obtain that 2, — & uniformly in I.
So, for n sufficiently large, ||# — z,|lco < 1. Define, for a.e. t € I,

V() = |z, (t) = f(zn(t), un(t))].
Setting R = ||#]|cc + 1, from (H) i) we deduce that

Y(t) < Opla(t) — 2o ()] 1 + | F(@(1), un ()] + L(2(2), un () *|.
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Since, from the definition of u,,, there exists C' > 0 such that

L+ (@0 un ()] + LE(), un () o STHIf@EC), aC)

+FEE, T o + [ L@, al) |4 + |E@EC)me)| )5 < e

for n sufficiently large, we have that

(2.4)

/T v(t)e(ftT Cr [1+|f(i(s),un(s))\+L(@(s),un(s))ua]ds) it
0

S/O Crla(t) — za ()] |1+ | £ (@), un ()| + L(E(t), un(t)/ |7 dt
<Oz = Znllos <1,

for some C' > 0. Applying Filippov’s Theorem (see, for instance, [I12]) we deduce
that there exists a solution x,, to (Z3)) such that ||z, — 2, || < 1 and, for a.e. t € I,

7 () = &' ()] < Ja, (8) = 2, ()] + [25,() = 2'(1)]
= [f(@n (@), un(t)) = F(@(8), un(®))] + | F (@), un(t)) — f(2(2),a(t))]
< Croalaa(t) = 211+ | F@0), un(0)] + L@ ), un(8) /]
FF (@), un(t)) — f(2(E), ()]
Set Ry, = ||Zloo + ||Zn]|co- From 22), (H) i) and ii), for a.e. t € I,
[ @a (), un(®)] < Cr, R [1 41+ L), 6()*] +n(t) (1 + Ra).

So, x!, € L*(I;RY). By ([24) and Gronwall’s Lemma we obtain that
T
[#n — 2loo < O/O |f(&(s),un(s)) — f(&(s), a(s))|ds
=C

|f(&(0),u(0)) — f(&(0),0(0))|do.
{s:1f(&(s),a(s))|>n}

Therefore x,, — & uniformly in I, as n — 4o0c. Let R > 0 be such that, for every
n € N and every t € I, z,(t), 2(t) € B(0, R). Then,

L(wn(t), un(t)) = L(&(t), un(t)) < Crlaa(t) — 2(t)|[1+ L(E(t), un(t))].
Also, for some C > 0,
1+ L(2C), un ()l T+ IL(EC), @l )| + ([ L(E(), a())][ 1 < C.

Therefore, owing to (H) i), we have

T
A [L(a(t), un(t)) — L(E(t), a(t)]dt

=
—~
~
~—
g
3
—
~
~—
~
\
~
—
>
—
~
~—
>
—~
~
~—
~
U
~

T T
— [ [Llon®run(®) - LG un(o)]at + [ (L0
0 0

< Clla — il + [ [L(2).7(8)) = L(@(0). ()] .
{tel:[ f(£(8),a(t))[>n}

for some C > 0. Since, for every n € N,

inf{J(;mu) : (z,u) solves (L2) and 2’ € LO‘(I;RN)} < J(zp, un),
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passing to the limit, we obtain
inf{J(x,u) : (z,u) solves (L2) and 2’ € L*(I; RN)} < J(&,1).
So, (Z1)) holds. O

For every € > 0, consider the problem

T

(2.5) minimize J.(z,u) = / [L(x(t),u(t)) + §| f(x(t),u(t))\a] dt + 0(z(T))
0

over all trajectory/control pairs (z,u) satisfying (L2). For (z,u) € RY x R™, set

Le(w,u) = Liw,u) + ~|f(z,0)]%

Fe(z) ={(f(z,u), Le(z,u) + v) : w € U and v > 0}.

Lemma 2.4. Let € > 0 and v € RYN. If (H) iv) is satisfied, then F.(z) is closed
and conves.

Proof. The closedness of F(z) follows easily from the closedness of F(x).
We prove that F(x) is convex. For i = 1,2, let

Yi = (f(x7ui)7 Le(xvui) + /Ui)~
We have to show that, for every A € (0,1), there exist uy € U, vy > 0 such that
A1+ (1= N)yz = (f(z,un), Le(w,up) +v3).

Since F'(z) is convex, there exist @y € U, Ty > 0 such that

{ M (@ ur) + (1= N f(z,u2) = f(x,un),
AML(z,ur) +v1) + (1 — A)(L(x,uz) + v2) = Lz, uy) + Ua.

Moreover, |f(z, @)% < Alf(x,u1)]“+ (1= N)|f(x,u2)|, so that there exists v > 0
such that

[f (@, @) + v = Alf (2, u)|* + (1= A)|f (2, u2)["

Setting ux = uy, vx =) + v, the claim follows. O

Lemma 2.5. Let {(2,,un) }nen be a sequence in WH(I;RN) x U satisfying (L2)
and

Je(Tn,un) <c and |z,(0)| <e,  for somec>0.

Then, there exist x € WHL(I;RN), with x(0) € Cy, and a subsequence {xn, }ien
such that
as i — oo, { Tp, — X uniformly,

l / ; 1
x,, =z weakly in L.

Moreover, the sequence {f(2n(-), un(-))}nen s equi-integrable in I.
Since Le(x,u) > <|f(x,u)|*, for every (z,u) € RN x U, the previous lemma is a

consequence of [9, Lemma 4]. In fact, in the above reference, the equi-integrability
of {f(zn(+),un()) tnen is not stated explicitly but follows from the proof.
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Lemma 2.6. Assume (H). Suppose that for some k > 0 and some trajectory/control
pair (x1,u1) such that

oy e LY(LRY)  and inf{J(;mu) : (z,u) solves (M)} < J(z1,u1) < 400,
the following holds true: for any trajectory/control pair (xz,u) satisfying x(0) € Cy
and J(z,u) < J(x1,u1),

[#]loc < k-
Then, for € > 0 sufficiently small (say € € (0,¢)),
a) there exists an optimal solution (ze,uc) to problem (ZH), (L2) such that
J(xﬁa UE) < J(.’L']_, ’LL]_),'
b) there exist cc € R and p. € WY (I;RY) such that, for a.e. t €I,
ce = (Pe(t), [(@e(t), ue(t))) — Le(ze(t), ue(t))
= max{(pe(t), f(e(t), ) — Le(@e(t), u)}-

Morcover, if Sup,e o /(). ()| < 00, then sup,eo,cp 7l < +o0.
Furthermore, if for a sequence €, — 07, sup,,cy U|L(;zcen(~),uﬁn(-))HOO + |1 f(ze, (),
“en())HOO] < 400, then sup, cy ”pénHoo < +o0.

Lemma 2.7. Under the assumptions of Lemma with (H) replaced by (H'), the
functions p. introduced in b) of Lemma satisfy, in addition,

sup ”peHoo < +o0.
e€(0,¢0)

By Remark we know that the infimum for problem (2.1), (I2)) is finite.

The proofs of Lemmas and 2.7 follow the lines of the proof of Theorem 3 in
[9], but, since the assumptions and conclusions of these lemmas are not the same as
in the theorem quoted above, for the sake of completeness we provide their proofs
in the Appendix.

3. THE MAIN RESULTS
For (z,u,p) € RN x U x RV set
P(z,u) = {p e R : fl(z,u)*p € Oy L(x,u) + Ny (u)},
where 0, L(z,u) denotes the subdifferential of convex analysis of L(x, -) at u. Define
H(z,u,p) = (p, f(z,u)) — L(z, u).
The following theorem ensures the existence and Lipschitzianity of solutions for the

Bolza problem introduced in Section [l the Lipschitzianity of the corresponding
co-states and the validity of the maximum principle.

Theorem 3.1. Assume (H). Suppose, for some k > 0 and some trajectory/control
pair (z1,u1) such that ) € L*(I;RY) and +oo > J(z1,u1) > inf J(z,u) over all
the trajectory/control pairs (x,u) satisfying [L2), the following holds true:

1) for any trajectory/control pair (z,u) satisfying x(0) € Co and J(z,u) <

J(I]_,Ul),
|Z)loo <k and essinfier|f(x(t),u(t))] < k;
2 su H(z,u,p) < liminf inf H(x,u,p).
) |w\§k7\f(lw),u)|§k ( P) c—+00 [z|<k,| f(xu)|2c ( P)

pEP (z,u) pEP(z,u)
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Then,

a) problem (LI)-[T2) has an optimal solution (x*,u*) such that x* is
Lipschitzian and L(x*(-),u*(-)) € L= (I;RY);
b) there exist c € R and p € WL (I;RN) such that, for a.e. t € I,

¢ = (p(t), f(a"(t),w"(t))) — L(z"(¢), u"(t)) = max{{p(t), f(«"(t), w)) — L(z"(t), w)}
and
—p'(t) € (0uf)"(x™ (1), u"(t))p(t) — O L™ (1), u(t)).

The next theorem has the same conclusions but a less restrictive assumption 2).
Set, for v > 0,

P,(z,u) = P(xz,u) N B(0,v).

Theorem 3.2. Assume (H'). Under the hypotheses of Theorem B, with 2) re-
placed by

2') there exists vy > 0 such that, for every v > vy,

sup H(z,u,p) < liminf inf H(x,u,p),
|z <k, f (z,u) | <k c—+00 |z|<k,|f(z,u)|>c
pEP, (z,u) pEP, (z,u)

the same conclusions a) and b) of Theorem Bl hold true.

Proof of Theorem 3.1l Step 1. For € > 0, let us consider the penalized problem
introduced in Section By Lemma 26| for every ¢ > 0 sufficiently small (say
€ € (0,¢p)), problem (21), (L2) admits an optimal solution (z.,ue) such that

(3.1) J(@e,ue) < J(x1,u1).

We will show that there exist a sequence {e,}nen C (0,69) and an arc z* €
Woo(I; RN) such that *(0) € Cy and, as n — +o00, €, | 0 and

Te, — XF uniformly,
flxe, (), ue, (-)) = ¥ weakly—x* in L.

For this aim, we prove that, for some ¢(k) > 0 and for a.e. t € I,

(3-2) sup || f(2e (), ue(-)lloo < (k).
e€(0,€e0)
From (31 and assumption 1),
(3.3) |Zelloo < k,  for every e € (0, ¢€p),
and the set

Ac={t e l:[f(wc(t), uc(t)] < k}
has positive measure. From Lemma 28] there exist ¢, € R and p, € WH(I;RY)
such that, for a.e. t € I,

(34) o= (pelt) Slaelt) uelt) — Lae(t), uelt) — = |f(we(t), ue()|°
= mac { (pe(t), F(e(t). w)) = Lec(t),w) = <[ F(ae(t),w)|" .

uelU

Now, in view of B4, for a.e. t € I, we have that f!(z.(t),uc(t))*pc(t) belongs to
the set

OuL(e(t), ue(t)) + el f(xe(t), ue ()| £l (we(t), ue(t)"de(t) + N (ue(t)),
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where ¢.(-) is a measurable function such that
_ J(ae(t), uc(t))
UV EX Do)

¢-(t) € B(0,1) otherwise .

In other words, there exist two measurable functions ¢, 7w : I — R™ such that, for
ae. t €1, q(t) € OuL(x(t),uc(t)), me(t) € Ny (u(t)), and

ful@e(t), uc(t))"pe(t)
= qe(t) + el f(ze(t), ue(t)[* 7 fl(ze(t), ue(t))*de (t) + 7e(2).

when f(x.(t),uc(t)) #0,

So,
Fal@e(t),uc())* [pe(t) — el f(we(t), ue ()| e (t)]
S auL(xe(t)v ue(t)) + Nu(ze(t)),

or equivalently,

(3.5) Pe(t) = el f(ze(t), ue(®)|* (1) € Plae(t), ue(t)).

Applying assumption 2) we deduce that, for some c(k) > k,

3.6 su H(z,u,p) < inf H(x,u,p).

(3.6) \z|§k,|f(lzj,u)\§k ( P) \93|Sk>|f(937u)\20(k) ( P)
pEP(x,u) pEP(z,u)

Set

Be={tel:|f(x(t),uct))| > c(k)}.
We will show that u(B.) = 0, arguing by contradiction. Indeed, assume that
w(Be) >0, and let a € A. and b € B, be such that (8.4) and (B.3) hold.
Suppose first that |f(ze(a), uc(a))| > 0. By B4), we have that

Ce = (pe(a), f(ze(a), ue(a))) — L(zc(a), uc(a)) — §|f(9€e(a)»ue(a))\a
= (Pe(b), f(ze(b),ue(b))) — L(ze(b), ue(b)) — §|f(xe(b),u6(b))\a.
Also, by (B1) and B.9),
(pe(a) = el f(ze(a), ue(a))|*7* f(ze(a), ue(a), f(ze(a), ue(a))) — L(ze(a), uc(a))

< (pe(b) — €l f(@e(b), ue(0))|*2 f(2e(b), uc(b)), f(2e(b), uc(b))) — L(wc(b), uc(b)).
So,

ce = (pe(a) — €| f(we(a), uc(a))|* > f(ze(a), uc(a)), f(ze(a), ue(a)))
— L(we(a), ue( +e(1——)\fx6 ue(a))[®
< (pe(b )—elf(xe( ), ue(D)|* 72 F (e (D), uc(b)), f(ze(b), ue(b)))
— L(xc(b), uc( +e(1——)|f zc(a), uc(a))|®
:Q—eO—ayﬂw<»m<ma+4 ~ )1 elo), ucla))l
Therefore,
c(k)® <[f(ze(b),uc(b))|* < |f(we(a),uc(a))|* < k%,

in contrast with the choice of ¢(k).
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Finally, in the case |f(zc(a),uc(a))| =0, pc(a) € P(z(a),uc(a)) and, arguing as
above, we obtain the contradiction c(k)® < |f(zc(b), uc(b))|* < 0.

So, u(Be) = 0 and [3.2)) follows. Hence, there exists a sequence {¢e,, }nen C (0, €o)
and an arc x* € W (I;R"Y) such that 2*(0) € Cy and, as n — +00, €, | 0 and

T, — T* uniformly
f(ze, (), ue, (4) = ¥ weakly—x in L*°.

Step 2. We claim that there exists &€ € L°°(I; RY) such that, for a subsequence,
we have

(3.7 L(ze, (1), e, (1)) =& weakly—x in L>.
Consider the elements ¢, and p, defined in (34). From (2] and Lemma 2.6
(3.8) sup ||pelloo < M,  for some M > 0.
e€(0,¢0)

Notice that
(3.9 ce > —y, for every e € (0,¢p) and for some vy > 0.
Indeed, fix any up € U and let ¢ € A, be such that (34) holds true. Then

Ce 2 <pe(t>7 f(xe(t)a uO)) - L(xe(t)a UO) - §|f(xe(t)’ u0>|a'
From [B3) and B8], since f(-,up) and L(-,ug) are continuous, (B3] follows. So,
(310) Ce = <p5(t)a f(me(t)’ue(t)» - L(xs(t)a ue(t)) - g‘f(we(t)’ue(t)ﬂa Z -7-

By 32), (3.8), and (3I0), for every n € N,
(3.11) L(ze, (1), uc, () < |pe, (DIf (e, (£), e, (1) +7 < Me(k) 4.

Hence, B follows.
Step 3. By steps 1, 2 there exist 2* € W1(;RY) with 2*(0) € Cy, £ €
L*(I;RY), and a sequence ¢, — 01 such that, when n — +o0,
Te, — X° uniformly,
(3.12) x, — weakly—x* in L,
L(ze, (), ue, (1) = & weakly—x in L.

We want to prove that, for a.e. t € I,

(z*(t),£(t)) € F(a*(t)).
Set, for every ¢t € I, z,(t) = (f(xgn(t),ugn(t)),L(men(t),ugn(t))) and z*(t) =
(x*'(t),£(t)). We know that z, — 2z* weakly—+ in L®. By Mazur’s Theorem,
we can choose functions

wn(t) = Z azi(t)

(where, Vn > 1, al, > 0 are equal to zero except for finitely many i’s, and Yoo al, =

1), such that the sequence {w, },en converges strongly to z* in L. So, taking a
subsequence and keeping the same notation, for a.e. t € I, lirf wp(t) = 2*(¢) .
n—-—+oo

Fix 6 > 0. Then, for a.e. t € I, there exists N; such that, for every n > N;, we
have

(3.13) 2n(t) € F(z*(t)) + B0, 1).
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Indeed, from (H) i), for every n € N and a.e. t € I,
|f (@e, (8) ue, (8)) = f(z7(2), ue, ()]
< Culae, (1) = @ (D[ 1+ 1F (@, (8, e, ()| + L, (8), e, ()]
and
|L(we, (1), e, (1) = L(2"(t), te, ()] < Chle, (8) — 2" ()| [1+ Lz, (£), ue, (1))].

So, for Ny sufficiently large, (B13) follows. From (BI3)), we obtain that if w,,(t) €
F(z*(t)) + 6B(0, 1), then its limit z*(¢) = (z*'(t),£(t)) belongs to the same convex
sets, for a.e. t € I. Since § > 0 is arbitrary,

(@¥'(8),€(1)) € () (F@*(8) + 6B(0,1)) = F(2*(1)) = F(«" (1))

6>0

By a measurable selection lemma (see, for instance, [I]), there exist two measurable
functions u*, v* such that, for a.e. t € I, u*(t) € U, v*(¢) > 0 and

o (t) = f(a*(t),u*(t)),
(3.14) { §(t) = L(x*(t), u*(t)) + v*(t).
We next claim that

liminf J(x,,u.,) = inf {J(x, u) : (z,u) solves (I2) and 2’ € LQ(I;RN)}.

n—-+4oo
Indeed, let (z,u) satisfy (L2) and be such that ' € L*(I;R). Then we get

liminf J(z,, u., ) < lUminf J. (zc,,u.,) < liminf J. (z,u) = J(x,u).
+oo n—-+o0o

n—-4-o0o n—
By (BI2) and [BI4]) we have that
T
/ [L(z"(t),u"(t)) + v*(t)]dt + (=™ (T)) < limJirnf J(xe,  ue,)
0 n—-—+oo

< inf{J(:mu) : (z,u) solves ([2) and 2’ € La(I;RN)}.

It follows that v*(t) = 0, for a.e. t € I. So, by Proposition 23] («*,u*) minimizes
([TID) over all trajectory/control pairs (z,u) solving (L2). Moreover, L(z*(-),u*(+))
is bounded in L*°, implying conclusions a).

Arguing as in the proof of Lemma [26] to obtain (A20) and (A21)), we deduce
that the optimal trajectory/control pair (z*, u*) satisfies the Pontryagin Maximum
Principle (see Vinter [I2 p.203]). So, there exist ¢ € R and p € WH1(I;RY) such
that, for a.e. t € I,

¢ = (p(t), f(2"(t),w" (1)) — L(z™ (1), w"(t)) = max{(p(t), f(«"(t), u)) — L(z"(t),u)}

uelU

and
—p'(t) € (0uf)" (2" (t),u"(1))p(t) — Do L(x"(t),u" (1))
Hence, by (H) i), for a.e. t € I,
P (8)] < Cr[1 4 [ (2" (1), w(0) [+ L(a* (t), w* (£) /] Ip(8)] + Ci [1+ L(a* (1), u* (1))]

and b) follows from conclusions a). O
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Proof of Theorem 3.2l This proof follows the same ideas as the proof of Theorem
Bl The only difference is in Step 1, when using assumption 2) in ([B.0). Here,
to apply assumption 2'), we have to know that there exists v > vy such that, for
a.e. t € I and every € € (0,¢€p), the elements pc(t) — €| f(zc(t),uc(t))|* 1o-(t) €
P(x(t),uc(t)) defined in B3] are bounded by v.

From Lemma [277] the functions p. defined in ([B.4) satisfy

(3.15) sup ||pelloc < M,  for some M > 0.
e€(0,¢e0)

We claim that
(3.16) ce > —v, for every e € (0,¢p) and for some vy > 0.
Indeed, fix any up € U and let ¢ € A be such that (34) holds true. Then

ce = (pelt), f(@e(t). wo)) — Llze(t) uo) = = |f(wc(t), uo)|"

From B3) and BI5), since f(-,up) and L(-,up) are continuous, (BI6) follows.
We next claim that, for every € € (0,¢p) and a.e. ¢t € I,

(3.17) elf(z(t),uc(t)* ! < aM + ay + €.
If | f(xe(), ue(t))] < 1, the above bound is trivial. Assume that |f(z(t),uc(t))] > 1
and that (34) holds true at ¢. Since L > 0 and, from (34) and (310),
(B.18)  ce = (pe(t), f(we(t), ue(t))) — Lwe(t), uc(t)) — é\f(ﬂﬂe(t),ue(tma > =7,
applying ([B.I5]) we obtain that
elf (@e(t), ue ()" < aM|f (z(t), ue(t))| + ay
< aM|f(zc(t), ue(t))| + av|f(2e(t), ue(t))]-

Dividing by |f(xc(t), uc(t))| we deduce (FIT).
From B3] and (BI7), taking ¥ = max {vg, (o + 1) M + ay + €g}, we have that

[Pe(t) — el f(e(t), ue ()| o (t)| < v.

So, we can apply assumption 2') to obtain that there exists ¢(k) > k such that

sup H(z,u,p) < inf H(x,u,p),
|| <k,|f(zu)| <k ( ) |z|<k,|f(z,u)|>c(k) ( )
pEP, (z,u) pEP, (z,u)
and the proof follows as in Theorem [B.11 O

Remark 3.3. In Theorem B.J] replace the assumptions on (x1,u;) and assumption
1) with the following hypotheses, already having appeared in [5] in the context of
the calculus of variations:

(w1,u1) satisfies 2} € L>®(L;RY) and J(z1,u1) < +00;

1) for any trajectory/control pair (z,u) satisfying x(0) € Cp and J(z,u) <
J(ZIJl, (251 ),

Iz]loo <k and essinficr|f(z(t), u(t))] < k.

Then:

a’) problem (LI)-([L2) has an optimal solution (x*,u*) such that z* is
Lipschitzian;

b’) there exist ¢ € R and p € WHL(I;RY) such that, for a.e. t € I,

c=(p(t), f(z*(t),w" (1)) — L(z"(t), u" (1))
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Indeed, if (21, u1) is optimal, then a’) holds true taking (x*,u*) = (x1,u1). The va-
lidity of b’) follows from the Pontryagin Maximum Principle; see [12]. If J(x1,u1) >
inf {J(z,u) : (z,u) solves (L2}, then working as in the proof of Theorem Bl we
obtain a’) and b’).

4. APPLICATIONS

In this section we provide some examples of problems which admit an optimal
solution (z*,u*) satisfying the DuBois-Reymond necessary optimality condition
and such that z* is Lipschitzian and L(x*(-),u*(-)) is essentially bounded. In the
following examples U will always be a closed convex cone. Observe that in this
case:

(4.1) for every u € U and every n € Ny (u), (n,u) =0.

Example 4.1 (Superlinear growth with respect to dynamics). Consider the prob-
lem of minimizing the functional

(4.2) J(z,u) = /0 L(z(t),u(t))dt + £(z(T))
over all pairs (z,u) satisfying

2'(t) = f(x(t)) + Bu(t) forae. tel,
(4.3) u(t) eU for a.e. t €1,
z(0) = xo,

where I = [0,T], L,¢ > 0, L(z,-) is convex, Vo € RN, x5 € R is fixed, and B is
an n X m matrix. Suppose that f is globally Lipschitz with Lipschitz constant C,
and that, VR > 0, 3Cg > 0 such that, for every z,y € B(0, R) and every u € U,

|L(z,u) — Ly, u)| < Crle —y|[1+ L(z,u) A L(y, w)] and [((z) — €(y)| < Crle—y.

Furthermore, assume that there exists a function ® : R — R satisfying

(4.4) TEIEOO @ =400 and L(x,u) > ®(|f(x)+Bul), V(z,u) € RY xR™.

Consider the trajectory/control pair (Z,u), where @ = 0.

If J(Z,7) = inf {J(z,u) : (z,u) solves {3}, then (Z,u) is the optimal solution
we are looking for: by the assumptions on L and f, T is Lipschitzian, L(Z(-),u(-))
is essentially bounded, and the DuBois-Reymond necessary optimality conditions
are satisfied; see [12].

Otherwise, we prove that the assumptions of Theorem hold true taking
(z1,u1) = (Z,u). Indeed, to verify (H') notice that: il), i2), i3’) follow imme-
diately from the assumptions on L, ?, f; ii) follows from the Lipschitzianity of f;
to prove iii) notice that the choice of u and the continuity of L(-,u) imply that,
VR > 0, L(-,0) is bounded on B(0, R); iv) comes from the fact that L(x,-) is
convex and the dynamic is affine in the control. Using the superlinear growth and
the Lipschitzianity of f, it is easy to verify assumption 1) of Theorem Bl Indeed,
let (z1,u1) = (Z,w) and let (z,u) be a trajectory/control pair of (@3] such that
J(z,u) < J(T,u) and let v > 0 be such that

|f(x) + Bu| < ®(|f(z) + Bul), as |f(z)+ Bu| = 7.
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Then, from (@A),

T

/O (@) + Bu(t)|dt < T + / (| f(x(t) + Bu(t))dt

<Ty+ /T L(z(t), u(t))dt + (x(T)) < Ty + J(x,0),
0

so that, for some k > 0, ||z|c <k and essinf;cr|f(z(¢)) + Bu(t)| < k.
To show 2'), notice that if p € P(z,u), then B*p € 0, L(z,u) + Ny(u). Hence,
if [p| < v,
O(|f(z) + Bu|) < L(z,u) < L(z,0) + (B*p,u) = L(x,0) + (p, Bu)
(

= L(z,0) + (p, f(z) + Bu) — {p, f(2)) < L(z,0) + (p, f(x) + Bu) + v Sup. [f ()]

It follows that, when c is large enough, the set
Ce = {(z,u,p) : || < k,|f(2) + Bu| > ¢;p € Pz, u),|p| < v}
is empty. So iélf H(z,u,p) = 400 and 2') follows.
Example 4.2 (Superlinear growth with respect to control). Consider problem

[#2)-[(@3) introduced in Example Il Assume that there exists a function ® :
R — R satisfying

lim ®(r)

r——4o0 T

=400 and L(z,u) > ®(Jul), VY(z,u) RN x R™.

As in the previous example, consider the trajectory/control pair (Z,u), where
u=0. If J=Zu = inf{J(m,u) : (z,u) solves (IZ{I)}7 then (Z,w) is the optimal
solution we are looking for.

Otherwise, we prove that the assumptions of Theorem [3:2] hold true. The validity
of (H') is proved by arguing as in Example @1l To prove 1) of Theorem Bl set
(21,u1) = (T,w) and consider a trajectory/control pair (z,u) satisfying ([@3) and
J(z,u) < J(T,u), and let v > 0 be such that

lul < ([ul), as |ul = 7.

Then, from the superlinear growth,
T T
| ol <7y [ aquoar
0 0

T
< T+ /0 L(x(t), u(t))dt + ((x(T)) < Ty + J (7, 7).

So, since, for a.e. t € I, |2/(t)] < Crlz(t)| + | f(0)] + || B|||u(t)|, Gronwall’s Lemma
implies that, for some k& > 0, ||z|0 <k and essinf,cs|f(z(t)) + Bu(t)| < k.

To show 2'), notice that if p € P(z,u), then B*p € 9, L(z,u) + Ny(u). Hence,
if |p| < v, then

O (Ju|) < L(z,u) < L(z,0) + (B*p,u) < L(z,0) + v||B*|||ul-

Defining C. as in Example 1], we obtain that, for ¢ large, C. = 0, and again 2')
holds true.
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Example 4.3 (a-growth with respect to control). Consider the problem of mini-
mizing the functional

T
J(x,u):/ L(x(t), u(®))dt + (2(T))
0
on measurable u and absolutely continuous x satisfying
' (t) = f(x(t)) + g(x(t))u(t) forae. tel,
(4.5) u(t) e U for a.e. t €1,
z(0) = wo,
where I = [0,7], L,¢ > 0, L(z,-) is convex, Vo € RV, zg € RY is fixed, and f,g
are globally Lipschitz with Lipschitz constants, respectively, Cy, Cy. Suppose that,
VR >0, 3Cgr > 0 such that
|L(z,u) — L(y,u)| < Crle —y|[1+L(z,u) AL(y,u)] and |[6(z)—€(y)| < Crlz—yl,
Vaz,y € B(0,R) and Vu € U. Assume there exist § > 0 and « > 1 such that
L(z,u) > Blu|®  for all (z,u) € RN x R™,
Arguing as in the previous examples, if the trajectory/control pair (T,u), where
u = 0, satisfies J(Z,w) = inf {J (2, u) : (x,u) solves @)}, then (Z, W) is the optimal
solution we are looking for.
Otherwise, the assumptions of Theorem hold true. Indeed, to verify (H')

notice that: il) and i2) hold true since L, ¢ are locally Lipschitz and, for every
z,y € RV, we have

1£() + g@)u— £5) - gyl < @) — F)|+ |la(z) - )]
< Cyle— gl + ol allul < fo = 91Oy + o (L) A Ly )]

<Oz -yl [1 + (L(x,u) A L(y, U))l/a] :

where C' = max {Cf, B?%} So, i3') follows. To verify ii), iii) and iv) we proceed
as in Example [l Setting (z1,u1) = (T,w), arguing as in Examples 1] and [£2]
and taking into account the global Lipschitzianity of g, we obtain the validity of
assumption 1) of Theorem To show 2'), notice that if p € P,(z,u), then
g(x)*p € Oy L(z,u) + Ny (u). Hence,
Blul® < L(z,u) < L(z,0) + (9(x)"p,u) < L(x,0) + v|g(z)"||[u].

It follows that, when ¢ is large enough, the set C. defined as in Example 1] with
B replaced by g(z) is empty. So, 2') follows.

Remark 4.4. The problems in Examples 1] 2] and .3 also satisfy the assump-
tions of Theorem [3.J] under the hypothesis that f and g are locally Lipschitz, jointly
with some growth assumption as, for instance,

3 a > 0 such that, Vz € RN, |f(2)| +|g(z)| < a(|z| + 1),
instead of globally Lipschitz.

Example 4.5 (Slow growth). Consider the problem of minimizing the functional

J(x,y,u,v) = /01 V1 Fu(t)? 4 o(t)2dt + x(1)% + y(1)2
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on measurable (u,v) and absolutely continuous (z,y) satisfying

' (t) = x(t)u(t) + y(t)v(t) for a.e. t €1,
(4.6) Yy (t) = u(t) + v(t) for a.e. t €1,
’ u(t),v(t) € [0,+00) for a.e. t €1,

x(O) =T € R7 y(o) =Y > 07
where I = [0,1]. We first check that the assumptions of Theorem Bl are satisfied.

Assumptions (H) hold true. Indeed, to prove i) notice that L is independent of the
trajectory, and, since u,v > 0, for every (z,y),

|a(z,y)f(xayauav)‘ = \/U2 +/U2 < \/(CEU+ y/U)2 + (U‘ +/U)2 = |f(xvy7u7v)|'

Taking w = v = 0 and arguing as in the previous examples, we deduce the va-
lidity of ii), iii) and iv). We wish to show assumptions 1) and 2) of Theorem
BI Set (uy,v1) = (1,0), so that, Vt € I, (z1(t),y1(t)) = (zoe’,yo + t) and
J(xl,ylaulvvl) = \/§+l'(2)€2+(y0+1)2 > 1+x(2)+y8 = J(fﬂyvﬂvﬁ)' Let (x,y,u,v)
be a trajectory/control pair such that

1
(@7) / VT4 u(0)? + 0(0)2dt + 2(1)° + y(1)2 < V2 + 226> + 42 — ko,
0
Since yo > 0 and u,v > 0, y is nonnegative and nondecreasing, so, by (&7,

ylloo < y(1) < Vko.

Moreover, since, for a.e. t € I, |2/(t)] < |z(t)|u(t) + y(t)v(t), from Gronwall’s
Lemma, (7)), and the estimate on ||y||~, we obtain that

1 1
oo < o O || + / y(t>v<t>dt} < el [[ao + ol | ot
0

< el (Jzo| + [|yl|2) < eV (v/ko + ko) = ku.
So,
(4.8) (@, Yl < 1/ KT + Ko
From ([&3),
/0 |f(z(t), y(t),u |dt</ \/ )2 + 1] (u(t) + v(t))2dt

< ylloo V20 (@, 912 + 1 < Voy/2(k2 + ko) + 1.
Taking k = max{+/k? + ko, Vkor/2(k} + ko) + 1}, 1) holds. To prove 2), observe

first that, setting
_ | Ty
we have that, for every (z,y,u,v) € R? x U, with U = {(u,v) € R? : u,v > 0},
U
(410) f(mayvua ’U) = fO(xay) |: v :| and 8(u,v)f(xayauav) - fO(xay)

So, if p € P(z,y,u,v), then
f(>)k($7y)p € a(u,v)L(uav) + NU(U,U),
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and, since U is a cone, from ([@I) and (EI0) we obtain that
H($, y,u, ’U,p) = <p7 f(xa Y, u, ’U>> - L(U, ’U) = <f(3k(xa y)pv (U’a U)> - L(’U,, U)

1
= (Ou,0) L(w; ), (u,v)) = L(u,v) = WKU’D)F = V1i+u? 40
1
Vi @+ o?

Since, Yu,v > 0, u? + v? < |f(x,y,u,v)|* and the function s — —1/(1 + s) is
increasing,

-1 -1
sup H(z,y,u,v,p) < sup < :
|(2,) | <, | (0,0,0) | < @<k VI+uZ+02 " 1+k2
peP(z,y ) 1 (@, ,0) | <

Moreover, since |f(z,y,u,v)[> < [(z+y)? + 1] (u+v)* < (2(z,y)|* + 1)2(v? + v?),
Ve >0,

—1
inf H(z,y,u,v,p) > inf _—
()| <k, | f (@y,u,0)[>c l@y)|<k V14 u?+ 02
pEP(z,y,u,v) [f(z,y,u,0)|>c

-1
- V1t 2/(Ak2 +2)

— 0, as ¢ — 400, for ¢ sufficiently large we obtain the desired

—1
1+c2/(4k2+2)
inequality. So, 2) also holds.

Since

Example 4.6 (No growth). Consider the problem of minimizing the functional
1
O
0

on measurable (u, v) and absolutely continuous (z, y) satisfying (@6). We prove that
the assumptions of Theorem B.] are satisfied. Taking u = 7 = 0 and arguing as in
the previous example we deduce the validity of (H). Set (u1,v1) = (1,0), so that,
Vtel, (z1(t),y1(t)) = (zoet,yo+1t) and J(z1,y1,u1,v1) = e L +ade? + (yo+1)% >
1+ 22 +y2=J(@,7,u,0). Let (z,y,u,v) be a trajectory/control pair such that

1
(4.11) / e 20Ol g 4 2(1)2 + y(1)? < et + 22e? + (yo + 1)2 = ko.
0

Exactly as in Example .5 we check that 1) of Theorem Bl holds true. We deduce

from [@9) and @I0) that, if p € P(x,y,u,v), then f5(z,y)p € Ow,v)L(u,v) +
Ny (u,v), and, since U is a cone, from (£1]) and (£I0) we obtain that

H('ra Y, u, v, p) = <p’ f(l‘, y,u,v)) - L(uvv) = (fg(x,y)p, (ua U)> - L(u’ U)
= (O(u,v) L(u,v), (u,v)) — L(u,v) = —67(“+2”)(u + 20) — e~ (ut2v)
— —e_(“+2”)(1 +u+ 2v).

Since, Vu,v > 0, u+2v < 2|f(x,y,u,v)| and the function s — # is increasing,

1 2 1+ 2k
sup H(z,y,u,v,p) < sup { JF(UJ)U) S—( J;k ),
(z,9)|<k,| f (z,y,u,0)|<k |(z,y)|<k eluT=y e
pEP(2,y,u,0) |f (2y,u,0) | <k
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Moreover, since, Yu,v > 0, |f(z,y,u,v)| < 2(u + 2v)\/1+2|(z,y)|?, we have
Ve >0,

i . (1+u+2v)
inf H xr,Y,u,v, 2 inf _
[(z,y)|<k,|f(z,y,u,v)|>c ( Y p) [(z,y) <k e(u+2’U)
PEP(z,y,u.) £ (2,y,u,0)|>e
1+ c¢/(2V1 + 2k2)
= ec/(2V1+2k2) )

Since — % i;ff:) — 0, as ¢ — 400, for ¢ sufficiently large we obtain the desired
e

inequality. So, 2) also holds true.

APPENDIX A. PROOFS OF LEMMA AND LEMMA 271

Proof of Lemma 26l Let € > 0 and let B¢ be the infimum of problem (Z3]), (L2).
From Proposition 23] and by the assumptions on (x1,u1) we have that

J(z1,u1) > inf {J(z,u) : (z,u) solves ([2) and 2’ € L' (I;RY)}
= inf {J(z,u) : (z,u) solves ([2) and 2’ € L*(I;R")}.

So, there exists a trajectory/control pair (, %) such that ' € L*(I;RY), #(0) € C
and J(,%) < J(w1,u;). Since f(Z(-),u(-)) € L¥(I;RY), for e sufficiently small (say
€ € (0,€p)), we have

(A].) ﬁe < JE(.’%{I]) < J(xl,ul).

Fix € € (0, €).
To prove a) we show that there exist {(x,, un) }nen in W (L RY) x U satisfying
@C2), z. € WHH(I;RY), and ¢ € LY(I;R) such that, when n — +o0,

Ty — Te uniformly,
J(Tp,up) — B and xl, =z weakly in L,
Le(zn(-),un(+)) = €&  weakly in L.

Then, we prove that there exists a measurable function . : I — R"™ such that the
trajectory/control pair (x.,u.) satisfies (I2) and Je(z¢, ue) = Se.

Step 1. Fix x¢ € Cy and define

J.(u) = / L (a(t), u(t))dt + £(x(T)),

where z € WH1(I; RY) solves the system
2'(t) = f(x(t),u(t)) forae. tel,

(A.2) u(t) e U for a.e. t €1,
z(0) = xo.
We set Jo(u) = oo if there is no solution z for such u defined on I, or if

Le(x(-),u(-)) is not integrable on I. For every u,v € U, set

d(u,v) = p({t € I u(t) # o(t)}).

Then d is a distance and (U,d) is a complete metric space; see [0, p. 202].
We claim that J. : 4 — R is a lower semicontinuous functional; i.e., whenever
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lim,, 4 0o d(tn, u) = 0, then

Je(u) < liminf J, (uy,).

n—-+4oo

Indeed, let u, {uy, }nen be elements of U such that lim, 4 o0 d(uy,u) = 0.

If liminf, 4 je(un) = 400 the claim is obvious. Suppose that there exists
¢ > 0 such that liminf, js(un) = c¢. Taking a subsequence and keeping the
same notation, we may suppose that lim, i je(un) = c and that, Vn € N,
je(un) < ¢+ 1, so that u, € domJ,, and 3z, € WEH(I;RY) such that (z,,,uy,)
satisfies (A2). Notice that the sequence {f(z,(:),un(+))}nen is bounded in L.
By Lemma 23] there exists z € WH1(I;RY) such that z(0) = z¢, and (taking a
subsequence of {x, },en and keeping the same notation),

Tn — x  uniformly,

(A-3) as M — 400, { 2/, =2’ weakly in L.

We have to prove that (z,u) solves (A2). To do so we need to show that, for a.e.
tel, 2'(t) = f(z(t),u(t)). Let R > 0 be such that z,(t),z(t) € B(0,R),Vn € N
and Vt € I. Set

B, ={tel:u,(t)#u(t)}
Since lim, oo pt(By) = 0, there exists an increasing subsequence {n;};en such
that u (B,,) < 1/(2041), so that u(U;s), Bn,) < 1/2%. For k € N, set

i

Ap =T\ | |JBn,

>k
We have that Ay = {t € I : u(t) = un,(t), Vi > k} and Ay C Ap+1. Moreover,
since  p(Agx) > p(I) —1/2%, it follows that klirf w(Ag) = p(l).

Fix k. We have that, for ¢ > k and for a.e. t € I,

(A.4) f(@n, (), u(t)Xa, (t) = f (@, (£), un, (£))Xa, (2).
Let ¢ € L®(I;RY) and ||¢||oo < 1. From ([A23)) and (A4 we obtain

(A.5) lim C(8)f (wn, (), u(t))dt = lim CE)f (wn, (1), un, ())dt

i——+00 Ay i—~+00 Ay

= C(t)z' (t)dt.
Ag

Since the sequence {f(Zn, (), un,(-)) }ien is bounded in L, from (A4) we deduce
that there exists C' > 0 such that, for every i € N,
(A.6) 1f (@, (), u(-)Xa, e < C.

We claim that {{f(xn,(-),u(-))Xa, }ien is equi-integrable. Indeed, let 6 > 0. For
§’ > 0 sufficiently small, V E C I with measure m(E) < §’, and Vi € N, from (A6)
and Holder’s inequality we obtain that

/E (C(E) (2, (1), u(£)) X, (1)
1/«

< ([ retocora) " ([1r@n @ unaora) < mEc<s
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Since f(-,u) is continuous, the equi-integrability of {{f(zn, (), u(-))Xa, }ien and

(A3) imply
lim [ C(t)f(an, (8), ult))dt = [ C(8)f(x(t), ult))dt;

1——+4o00 Ay Ay
see |8, Theorem 9, p.325]. Applying (A5H) we deduce that

Ct)f(z(t),u(t))dt = | ((t)a'(t)dt.
Apg Ay

So, 2'(t) = f(x(t),u(t)), for a.e. t € Ag. Since this is true for every k and
I = (Upen Ak) UN, with u(N) = 0, it follows that @/(t) = f(x(t),u(t)), for a.e.
t € I. We have that, V k,

/A | L(@n(®), wn(®) + < 1f (@n(8), un(8))[°] dt + E(wa(T))

€ «
> /A | L(n(t)u(®) + <[ f(zn(t), u®)|"] dt + (D)) = Crlza(T) = (D).
From the continuity of L(-,u) and f(-,u), applying Fatou’s Lemma, we obtain

lim inf J, (u,,) > lim inf {L(xn(t),u(t)) + §|f(mn(t),u(t))|°‘} dt + £(z(T))

n—-+oo n—-—+oo Ay

z/ timinf [£(en (1), u(0) + <1 (rae), u(®)I"] dt + 0e(T))
A

& n—-+4oo

- /A [L(a(t),u(t) + < 1f (@), u(@)]*] dt + (a(T)).

Since this is true for every k, we deduce that lim _iirnf Je(un) > Je(u), whence the
n—-+0o0

lower semicontinuity of J, follows.
Step 2. Let (Tp,U,) satisfy ([LL2)), for every n € N, and be such that
lim Je(jnaﬂn) = ﬁev

n—-4o0o

where (. is the infimum of problem ([23), (I2)). Consider ¢, > 0 such that
limy, 100 0p, = 0 and J (T, Up) < B + O

Fix n. Take zg = T, (0) and define J; as in step 1. Applying Ekeland’s Theorem,
[12], to J., we obtain that there exists u,, € dom.J, satisfying d(@,, u,) < /3, which
is a minimizer for the lower semicontinuous functional

Jen(u) = je(u) + v 5nd(u7un)

Thus

(A7) T2 (un) = inf T ).

Let z,, : I — RY be the solution to

{ 2'(t) = f(x(t),un(t)) forae. tel,
z(0) = T, (0).

Notice that liIJIrl Je(Tn,un) = B, so that from (AJ) and the assumptions of
n—-—+00

Lemma [2.6] for any n sufficiently large, J(n,un) < Je(@n,u,) < J(z1,u1) and
|zn]lco < k. Applying Lemma 25 taking a subsequence and keeping the same
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notation, it follows that there exists z. € WH(I;RY) such that z.(0) € Cp and
that, when n — 400,

ZTn — @ uniformly,
2!, =z weakly in L.
Step 3. We claim that there exists & € L'(I; RY) such that a subsequence
Lé(xni(')a unl()) — f Weakly in L.

Since the sequence {L.(zy,(+), %n(+)) }nen is bounded in L*(I;R), to prove our claim
we have to show that it is equi-integrable.

Fix n € N. Let @ be as in assumption (H) ii) and let ¢y € I be a Lebesgue point
of

such that z (to)
For all small A >

= f(zn(to), un(to)) . The set of such points has full measure in I.
0, consider the controls
un(t) it <to—h,
uh(t) =< Tw(t)  iftg—h <t<tg,

We prove that, for all small h > 0, there exists 2" € W11(I; RY) solving the system

a!(t) = fla(t), up(t)),

(A.8) { 2(0) = 7 (0).

We have that, on [0,ty — h], z,, solves (A.§). Consider the system
z'(t) = fx(t),u(t)),

(4.9 { 2(to — B) = 2n(to — ).

Owing to the sublinear growth condition in (H) ii), we conclude that there exists
yh € Whi([tg — h, to]; RY) solving (A9) on [ty — h,to]. Let us consider the system

() = F(a(t), un(t)).
(A.10) { 2(to) = 4 (to).

We have to prove that, for all small h > 0, there exists an absolutely continuous
function 2" : [to, T] — RY solving (AI0) on [tg, T]. Let us remark that for every
0 > 0 there exists 8 > 0 such that, for every h < ¢’ and every n,

|z (to) — yﬁ(to)| <.

Indeed, we have that

to

[wa(to) — yn(to)| S/ (1f (@n(s), un(s)) = flyn(s),us))]) ds.

to—h

Now, recalling Lemma [Z5] we have that {f(2,(-), un(-)) }nen is equi-integrable in
I. Thus, using assumption (H) ii) the claim follows.
Fix h > 0 and define, for t € [to, T,

201) = Yhlto) + | Flrals), un(s))ds.
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We have that 2 € Wt ([tg, T); RY) and, for a.e. t € [tg, T], 2'(t) = f(zn(t), un(t)).

Let R > 0 and h > 0 be such that, Vt € [to,T] and Vh < h, z,(t), 2(t) € B(0, R).
Set
V() = |2'(t) — f(2(t), un(?))]
to obtain
1(0) < Crfea(t) — 201 [L+ £ Cea(t) () + La(t) (1)) 7]
— Crlan(to) = v (to) |1+ 1f (2n(t), wn(D)] + L@a(t), un(t)/°].
Since limy, g |z, (to) — y"(to)| = 0 and, for some C > 0,
[ 1+ 17 n @@+ L0, un(e)) /] at < .
I
for h sufficiently small and some C7 > 0, we have that
/Ty(t)e.f,,‘o Cr [ (@n ()0 () [+ L@ (5)un () ] ds
to
T
< [ Crlaa(to) — yh(to)| [1 1 f (@ (), wn ()] + L(n (), un ()| 97 dt
to

< Cilza(to) — yh(to)| < R.

Applying Filippov’s Theorem (see, e.g., [I2]) we deduce that there exists a solu-
tion 2 of (AIQ) defined on [tg,T] such that, for every t € [tog,T] and some C
independent from n,

|2n(t) = 2(1)] < Clzn(to) — yp(to)l-

Then, the function

yh(t) for t € [ty — h,to),
2M(t)  for t € [to, T

n

{ xn(t)  fort €[0,tg — hl,

satisfies (A8)) on I. Moreover, there exists R > 0 such that x,(t), 2" (t) € B(0, R),
for every t € I and every n € N. Now, observe that, for a.e. t € I,

[ (£) — () (1))
< f(@a (), un(t)) - f R+ 1 (en(t),ul(8)) — F(h(e), uli(0))]
< F(@n(0), un(®)) — flaa(t) ul()]
+ Crlan(t) = 2h(O) [L+ 1 @ 0), wh(O)] + Dan(t), ul(6))],

and, for some C' > 0,

[ [+ U@ )] + L, <

I
From Gronwall’s Lemma it follows that, for some C' > 0,

Uy (1))
)

b
b

T
(A.11) lzn = 23 lloo < C/ |f(@a(s),un(s)) = f(an(s), up(s))|ds
0

= C/toh |f(2n(8),un(s)) — f(zn(s),u(s))|ds.
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In view of (H) i) we have that

/0 Lah (1), ul (1)) dt < / L (t), uh (£))dt

+/ Crlan(t) = el (0)][1 + Lwa(t), ul(t)|dt
0
T
< [ Lwn(0) @)t + Crllen — abolT + €.
0
On the other hand, for a.e. t € I,

(A12) [ f(an(t), un(t) = fl@a(t), un(t))|
< Orlza(t) = 2n(OI[1+ |f (2a(t), up(8))] + Llzn(t), un (1) "]
< Crllwn = @ lloo [+ | f (@ (t)sury (8)] + L(wn(t), up ()]

and

(A.13)
[ (@n(t), up (0)] + |f (@ (t), upy ()]
<2/ f (wn(t), ()| +Crlwn(t) — 2 ()] [T+ f (@n (1), ()| + Llan(t), uly(£)) /]
< 2| f(@n(t), up (D) +Crllzn — @ lloo [1 4 | (@ (t), un () |+ L (1), ury (8)) ],

Moreover, from the boundedness of {f(z(+), un(-))}nen in L* and from the defi-
nition of u”, for 1/a+ 1/a’ = 1 and for some C,, Cyr > 0,

(A14) |1+ 17 @ )+ L () ub(DYe| < Ca
and

(A.15) |17 GO b DI+ 1 @b ( D)™ < Car
Since

(A.16) a® — b = / at* tdt < ala —b|(a+b)*"t,  for every a,b >0,
b
applying (A-12)-(AI6) and Holder’s inequality, we obtain that

T
5/ Fah(0), ul () dt < © /|fxn )t
—1

+e/|f = Fan(0), ub(O)] (O, h(0)] + | (2), ub ()t

/ | f (2 (t )|%dt + €Crlzn — 2|00 CaClr.
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Now, applying (AT it follows that, for some constants C, Cf,
T
Tty = [ Llal(o.ubie)dt + t(a(T)
0

T
< / Le(n (), u (£))dt + 0@ (T)) + Cllitn — 2 loe
0

to

to—h

01 [ (0. (0) = Foa (). 7).

By (A7) we have that J.(u,) = J"(up,) < J™(ul) < J.(ul) + /6, h . Hence,

€

0< [ (Elarn(®).6) = Lo (8) ()]

+C |f(xn(t)7un(t)) - f(xn(t)ﬂﬂ(t))‘dt + \/Eh

to—h
Since t( is a Lebesgue point for
Le(@n(),u() = Le(@n(-),un(-))  and  |f(zn(),un()) = flza(),u()],

dividing by h and taking the limit A — 0, we obtain that
0 < Le(zn(to), ulto)) — Le(zn(to), un(to))
+ Clf (@n(to), un(to)) — f(zn(to), u(to))| + v/ dn-

Therefore,
Le(zn(to), un(to)) < Le(xn(to), ulto)) + C|f(zn(to), un(to))|
+ C|f(@n(to), lto))| + V/on-

By Lemma 25 {f(zn(-), un(-))}nen is equi-integrable in I. So, using assump-
tions (H) ii) and iii) we deduce that {Le(zy,(+), un(-)) }nen is equi-integrable. Since
{Le(2n(+),un(+)) bnen is also bounded in L', invoking the Dunford-Pettis Theorem
and taking again a subsequence, we may assume that {Lc(2, (), un(+))}nen con-
verges weakly in L' to some & € LY(I; RYN).

Step 4. We have shown that there exists z. € W1 (I;RY) with z.(0) € Cp and a
function ¢ € LY(I; RY) such that, when n — +o0,

Ty — Te uniformly,
(A.17) x, —x weakly in L!,
Le(xn('); un()) — § Weakly in Ll.

Working as in Step 3 in the proof of Theorem [3.I] we obtain that there exist two
measurable functions u., ve such that, for a.e. t € I, uc(t) € U, v.(t) > 0 and

xe/(t) = f(xe(t)a uﬁ(t»’
(A.18) { £(t) = Le(@e(t), uc(t)) + ve(t).

Since, by (AI7) and (AIS),

T
/0 [Le(e(t), ue(t)) + ve(®)]dt + €(xe(T)) < Tim J.(wn,un) = fes

n—-+oo



EXISTENCE AND LIPSCHITZIANITY OF OPTIMAL TRAJECTORIES 4515

where (3, is the infimum of problem 23], (T2, it follows that v.(¢t) = 0, for a.e.
t € I. So, (w¢,uc) is an optimal solution, and, from (A.J)),

(A.19) J(@eyue) < Je(zeyue) < J(x1,u1),
proving a).

Let (z¢,uc) be an optimal solution of problem (Z3)), (I2)), and suppose that:

(h) there exist two Borel measurable functions I,k : R™ — Ry, and § > 0 such
that (u(+)), k(ue(-)) € LY(I;R) and

[Le(w,u) = Le(y, w)] < lw)|x —y|  and  [f(z,u) — f(y,u)] < k(u)]z —yl,
for every uw € U and every z,y € B(X,d), where

X ={z(t): t €I}.

Then, the Pontryagin Maximum Principle (see Vinter [I2, p.203]) ensures that
there exist ¢, € R and p. € WH(I;RY) such that, for a.e. t € I,

(A.20) ce = (Pe(t), f@e(t),uc(t))) — Le(ze(t), ue(t))
- Iglea[}({@jé(t)a f(me(t)v u)>7Le(xE(t)a U)},
(A.21) —Pe(t) € (0uf)"(ze(t), ue(t))pe(t) — Op L(xe(t), ue(t))
- e\f(xe(t),ue(t))|a_1(6wf)*(x€(t), uc(t))ge(t),

where ¢.(t) € B(0,1), and
(A.22) —pe(T) € 0l(z(T)).

Let now d = 1 and R. = ||||co + 1. From (H) i) we have that, Vo € B(0, R.) and
VueU,

(A.23) |f(z,u)] < Cg. R+ |f(0,u)](1+ Cg. Re) + L(0, u)l/aC&Re,
L(z,u) < Cr R+ L(0,u)(1 + Cr.R,),

and, since o > 1,

(A.24) L(z,u)* < (Cr.R)Y* + L(0,u)*(1 + Cr. R.)"°.

Let x,y € B(X,, 1) C B(0,R.). From ([A23), (A24), and (H) i), we obtain that
VueU,

f(@u) = fly,w)] < CrJo = yl[L+ | f@,w)] + Lz, )| < k(w)lz - g,

where k(u) = Cf {1 + [ f(0,uw)| + L(O,u)l/a}, for a constant C; depending only on
R.,Cg,. Moreover, from (A16) and (A23)) it follows that

)" =1 ()| < alfla,u) = Flysw)] (1 @)+ £y, w]) "
< ak(u)fe — o1 [21£(0.1)] + 2, Re(1 + |£(0.0)] + L(0.0)"/%)]
We deduce that
[Lee,u) = Loy, w)| < [L(a,u) = Ly, )| + <[ |F @0l = £y, )]

< Cr.Je = 9|1+ Lz, w) + = [|f (@) = £ (0] < M) -y,
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where [(u) = C, {1 + L(0,u) + [1+ [f(0,u)| + L(O,u)l/o‘}a], for a constant C;
depending only on R, C'r,. We claim that, for this choice of k and [, assumption (h)
is satisfied. Indeed, since |f(zc(-), uc())| and L(z(-), uc(-))"/® belong to L*(I;R),
an easy computation provides that k(u.(-)) and I(u.(+)) belong to L'(I;R). So, the
Pontryagin Maximum Principle holds and b) is proved.

From ([(AJ9) and the assumptions of Lemma 2.6 for some C > 0 and every
€€ (0, 6()),

(A.25) [L(ze(),ue()zr <C  and  [lzcfo < k.
Using (H) i) and (A.21)) we obtain, for a.e. ¢t € I,

(A.26) LD < Cr 1+ |F@e(t), uc ()] + Lle(t), )] Ipe(8)]
+ Ck[1+ L(ze(t), uc(t))]
€O [L | Fe(), uel))] + Lae(t), ue(8) 2| f elt), ue®)|* "

)
Setting, for t € I, bc(t) := 1+ | f(zc(t), uc(t))| + L(ze(t), uc(t))*, from ([(A26) we
obtain

[P ()] < Cibe(t)pe(t)] + (1 + €0) Crbe (1)
Assume that, for some C' > 0 and every € € (0, ),

(A.27) [1f (ze(-), ue( DL < C.

(A25) and (A27) imply that 3b1,b, > 0 independent of € such that [|b|p: <
bi, |[be|lLa < by. Moreover, by the Cj-Lipschitzianity of ¢(-) and by (A22), we
obtain that |p.(T)| < Cy so that, applying Gronwall’s Lemma, we deduce, for every
tel,

T
(A28)  [pe(t)] < eli" Cxbe@)ds | (T) 4 / e I ORbeMAT (1 4 ) Cpb2 (5)ds
t

< O[Oy + (1 + €0)Crb2].
Furthermore, if for a sequence ¢, — 07,
sup (1L (e, (), e, (Do + 1f (@e, (), ue, (Do) < +00,
then, from (A.26) and (A2]), also {p, }nen is bounded in L. This completes the
proof. O

Proof of Lemma 271 Since (H') yields (H), all the arguments of the proof of Lemma
are still valid under assumptions (H'). From (AI9) and the assumptions of
Lemma 2.6]

(A29) [IL(ze(),ue( Dl <C, ellf(@e(-)suc()lfr <€ and [zl < F,
for some C' > 0 and every € € (0,¢p). (H') and (A2I) imply that, for a.e. t € I,

PL()] < Ci[1+ L(ae(t), ue()*] Ipe(®)] + Ci[1 + Liwe(t),ue(8))]

i [14 Lae(0) ue(0) el Fae(t),ue(1))*
§ dee (t)|pe (t)| + 2de€o¢ (t)a
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where, for t € I, d(t) := 1+ | f(xc(t), uc(t))|+L(zc(t), uc(t))/* . (A29) implies
that there exist di,d, > 0 independent of € such that ||d||pr < di, ||de]lLe < da-
By the Ck-Lipschitzianity of £ on B(0, k) and by ([(A.22)), we have that |p.(T)| < Ck.
So, applying Gronwall’s Lemma, we deduce

T
‘pe(t>| < eft Crde(s)ds {pe(T) +/ e /. dee(r)d‘rQde?(s)dS}

t
< e [Cf +203d3],

for every t € I. This completes the proof. O

REFERENCES

1. J.-P. Aubin, H. Frankowska, Set-Valued Analysis, Birkhaduser, Boston, 1990. MR 1048347
(91d:49001)

2. A. Cellina, The classical problem of the calculus of variations in the autonomous case: Re-
lazation and Lipschitzianity of solutions, Trans. Amer. Math. Soc., 356 (2004), 1, 415-426.
MR2020039|/(2004k:49087)

3. A. Cellina, A. Ferriero, Ezistence of Lipschitzian solutions to the classical problem of the
calculus of variations in the autonomous case, Ann. Inst. H. Poincaré Anal. Non Linéaire, 20
(2003), 6, 911-919. MR2008683(2004:49069)

4. L. Cesari, Optimization, Theory and Applications, Springer, Berlin, 1983. MR688142
(85¢:49001)

5. F. H. Clarke, An indirect method in the Calculus of Variations, Trans. Amer. Math. Soc.,
336 (1993), 2, 655—673. MR1118823(93£:49002)

6. F. H. Clarke, Optimization and Nonsmooth Analysis, Wiley-Interscience, New York, 1983.
MR709590 (85m:49002)

7. F. H. Clarke, R. B. Vinter, Regularity properties of optimal controls, STAM J. Control Optim.,
28 (1990), 4, 980-997. MR1051634 (91b:49033)

8. N. Dunford and J. Schwartz, Linear operators, Part I, General Theory, Interscience, New
York, 1967. MR1009162//(90g:47001a)

9. H. Frankowska, E. M. Marchini, Lipschitzianity of optimal trajectories for the Bolza optimal
control problem, Calc. Var. Partial Differential Equations, 27 (2006), 4, 467-492. MR2263674
(2007£:49021)

10. A. V. Sarychev, D. F. M. Torres, Lipschitzian regularity of the minimizers for optimal con-
trol problems with control-affine dynamics, Appl. Math. Optim., 41 (2000), 2, 237-254.
MR1731420 (2000m:49048)

11. D. F. M. Torres, Lipschitzian regularity of the minimizing trajectories for monlinear opti-
mal control problems, Math. Control Signals Systems, 16 (2003), 2-3, 158-174. MR2006825
(20041:49047)

12. R. B. Vinter, Optimal control, Birkh&duser, Boston, Basel, Berlin, 2000. MR1756410
(2001¢:49001)

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI ROMA “TOR VERGATA”, VIA DELLA RICERCA
SCIENTIFICA 1, 00133 RoMmA, ITALY
E-mail address: cannarsa@axp.mat.uniroma2.it

COMBINATOIRE ET OPTIMISATION, UNIVERSITE PIERRE ET MARIE CURIE (PARIS 6) CASE 189,
4 PLACE JUSSIEU, 75252 PARIS CEDEX 05, FRANCE
E-mail address: frankowska@math.jussieu.fr

DIPARTIMENTO DI MATEMATICA, POLITECNICO DI MILANO, PiAzzA LEONARDO DA VINCI 32,
20133 MiLANO, ITALY
E-mail address: elsa.marchini@polimi.it


http://www.ams.org/mathscinet-getitem?mr=1048347
http://www.ams.org/mathscinet-getitem?mr=1048347
http://www.ams.org/mathscinet-getitem?mr=2020039
http://www.ams.org/mathscinet-getitem?mr=2020039
http://www.ams.org/mathscinet-getitem?mr=2008683
http://www.ams.org/mathscinet-getitem?mr=2008683
http://www.ams.org/mathscinet-getitem?mr=688142
http://www.ams.org/mathscinet-getitem?mr=688142
http://www.ams.org/mathscinet-getitem?mr=1118823
http://www.ams.org/mathscinet-getitem?mr=1118823
http://www.ams.org/mathscinet-getitem?mr=709590
http://www.ams.org/mathscinet-getitem?mr=709590
http://www.ams.org/mathscinet-getitem?mr=1051634
http://www.ams.org/mathscinet-getitem?mr=1051634
http://www.ams.org/mathscinet-getitem?mr=1009162
http://www.ams.org/mathscinet-getitem?mr=1009162
http://www.ams.org/mathscinet-getitem?mr=2263674
http://www.ams.org/mathscinet-getitem?mr=2263674
http://www.ams.org/mathscinet-getitem?mr=1731420
http://www.ams.org/mathscinet-getitem?mr=1731420
http://www.ams.org/mathscinet-getitem?mr=2006825
http://www.ams.org/mathscinet-getitem?mr=2006825
http://www.ams.org/mathscinet-getitem?mr=1756410
http://www.ams.org/mathscinet-getitem?mr=1756410

	1. Introduction
	2. Preliminary results
	3. The main results
	4. Applications
	Appendix A. Proofs of Lemma 2.6 and Lemma 2.7
	References

