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Glossary

R denotes the real line, R” the n-dimensional Euclidean
space, x - ¥ stands for the Euclidean scalar product of
x,y € R", and |x| for the norm of x.

State variables quantities describing the state of a system;
in this note they will be denoted by u; in the present
setting, u will be either a function defined on a subset
of R x R", or a function of time taking its values in an
Hilbert space H.

Space domain the subset of R” on which state variables
are defined.

Partial differential equation a differential equation con-
taining the unknown function as well as its partial
derivatives.

State equation a differential equation describing the evo-
lution of the system of interest.

Control function an external action on the state equa-
tion aimed at achieving a specific purpose; in this note,
control functions they will be denoted by f; f will be
used to denote either a function defined on a subset of
R x R", or a function of time taking its values in an
Hilbert space F. If the state equation is a partial dif-
ferential equation of evolution, then a control function
can be:

1. distributed if it acts on the whole space domain;

2. locally distributed if it acts on a subset of the space
domain;

3. boundary if it acts on the boundary of the space do-
main;

4. optimal if it minimizes (together with the corre-
sponding trajectory) a given cost;

5. feedback if it depends, in turn, on the state of the
system.

Trajectory the solution of the state equation uy that cor-
responds to a given control function f.

Distributed parameter system a system modeled by an
evolution equation on an infinite dimensional space,
such as a partial differential equation or a partial in-
tegro-differential equation, or a delay equation; un-
like systems described by finitely many state vari-
ables, such as the ones modeled by ordinary differential
equations, the information concerning these systems is
“distributed” among infinitely many parameters.

14 denotes the characteristic function of a set A C R”,
that is,

1 xe€A
Ta(x) =
0 xeR"\A

0¢, 0y, denote partial derivatives with respect to t and x;,
respectively.

L%(£2) denotes the Lebesgue space of all real-valued square
integrable functions, where functions that differ on
sets of zero Lebesgue measure are identified.

H(l)(.Q) denotes the Sobolev space of all real-valued func-
tions which are square integrable together with their
first order partial derivatives in the sense of distribu-
tions in £2, and vanish on the boundary of £2; simi-
larly H?(£2) denotes the space of all functions which
are square integrable together with their second order
partial derivatives.

H™Y(£2) denotes the dual of Hé(.Q).

FH "1 denotes the (1 — 1)-dimensional Hausdorff mea-
sure.

H denotes a normed spaces over R with norm || - ||, as
well as an Hilbert space with the scalar product (-, )
and norm || - ||.

L*(0, T; H) is the space of all square integrable func-
tions f: [0, T] — H; C([0, T]; H) (continuous func-
tions) and H'(0, T; H) (Sobolev functions) are simi-
larly defined .

Given Hilbert spaces F and H, L(F, H) denotes the (Ba-
nach) space of all bounded linear operators A: F — H
with norm [|A[| = supy =, [[Ax[| (when F = H, we
use the abbreviated notation £(H)); A*: H — F de-
notes the adjoint of A given by (A*u,¢) = (u, A¢)
forallu € H, ¢ € F.
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Definition of the Subject

Control theory (abbreviated, CT) is concerned with sev-
eral ways of influencing the evolution of a given system by
an external action. As such, it originated in the nineteenth
century, when people started to use mathematics to ana-
lyze the perfomance of mechanical systems, even though
its roots can be traced back to the calculus of variation,
a discipline that is certainly much older. Since the second
half of the twentieth century its study was pursued inten-
sively to address problems in aerospace engineering, and
then economics and life sciences. At the beginning, CT was
applied to systems modeled by ordinary differential equa-
tions (abbreviated, ODE). It was a couple of decades after
the birth of CT—in the late sixties, early seventies—that
the first attempts to control models described by a partial
differential equation (abbreviated, PDE) were made. The
need for such a passage was unquestionable: too many in-
teresting applications, from diffusion phenomena to elas-
ticity models, from fluid dynamics to traffic flows on net-
works and systems biology, can be modeled by a PDE.

Because of its peculiar nature, control of PDE’s is
a rather deep and technical subject: it requires a good
knowledge of PDE theory, a field of enormous interest in
its own right, as well as familiarity with the basic aspects of
CT for ODE’s. On the other hand, the effort put into this
research direction has been really intensive. Mathemati-
cians and engineers have worked together in the construc-
tion of this theory: the results—from the stabilization of
flexible structures to the control of turbulent flows—have
been absolutely spectacular.

Among those who developed this subject are A. V. Bal-
akrishnan, H. Fattorini, J. L. Lions, and D. L. Russell, but
many more have given fundamental contributions.

Introduction

The basic examples of controlled partial differential equa-
tions are essentially two: the heat equation and the and the
wave equation. In a bounded open domain 2 C R” with
sufficiently smooth boundary I" the heat equation

diu=Au+f inQr=(0,T)x £ (1)

describes the evolution in time of the temperature u(¢, x)
atany point x of the body £2. The term Au = Bil u—+--+
Bin u, called the Laplacian of u, accounts for heat diffusion
in £2, whereas the additive term f represents a heat source.
In order to solve the above equation uniquely one needs to
add further data, such as the initial distribution uy and the
temperature of the boundary surface I" of §2. The fact that,
for any given data uy € L?(£2) and fe L*(Qr) Eq. (1) ad-
mits a unique weak solution uy satisfying the boundary

condition
u=0 on Xy =(0,T)xTI (2)
and the initial condition

u(0,x) = up(x) Vx =1(x1,...,x,) € 2 3)

is well-known. So is the maximal regularity result ensuring
that

up € H' (0, T; L*(£2)) N C ([0, T]; Hy(82))
NL* (0, T; HX(R)) (4)

whenever ugy € Hé(.Q). If problem (1)-(3) possesses
a unique solution which depends continuously on data,
then we say that the problem is well-posed.

Similarly, the wave equation

FPu=Au+f in Qr (5)

describes the vibration of an elastic membrane (when
n = 2) subject to a force f. Here, u(t, x) denotes the dis-
placement of the membrane at time ¢ in x. The initial con-
dition now concerns both initial displacement and veloc-

ity:

vieg U0 =ul) ©)
0,10, x) = up(x).

It is useful to treat the above problems as a first order evo-
lution equation in a Hilbert space H

u'(t) = Au(t) + Bf(t) te€(0,T), 7)

where f(t) takes its valued in another Hilbert space F, and
B € L(F, H). In this abstract set-up, the fact that (7) is re-
lated to a PDE translates into that the closed linear op-
erator A is not defined on the whole space but only on
a (dense) subspace D(A) C H, called the domain of A;
such a property is often referred to as the unboundedness
of A.

For instance, in the case of the heat equation (1),
H = L*(2) = F, and A is defined as

D(A) = H*(2) N H}(£2)

(8)
Au = Au, Yue D(A),

whereas B = I.

As for the wave equation, since it is a second order dif-
ferential equation with respect to ¢, the Hilbert space H
should be given by the product H(l)(.Q) x L2(£2). Then,
problem (5) is turned into the first order equation

U'(t) = AU(t) + Bf(t) te(0,T),
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U=(”), B=(O), F=1%%).
v 1

Accordingly, A: D(A) C H — H is given by

D(A) = (H*(£2) N Hi(£2)) x H)(£2)

(2)=(a)
AU = U= YU € D(A),
A 0 Au

where A is taken as in (8).

Another advantage of the abstract formulation (7) is
the possibility of considering locally distributed or bound-
ary source terms. For instance, one can reduce to the same
set-up the equation

diu=Au+1uf in Qr, )

where 1, denotes the characteristic function of an open
setw C $2, or the nonhomogeneus boundary condition of
Dirichlet type

u=f on X, (10)
or Neumann type

du
—=f on Xr, (11)
v
where v is the outward unit normal to I". For Eq. (9), B
reduces to multiplication by 1, —a bounded operator on
L%(£2); conditions (10) and (11) can also be associated to
suitable linear operators B—which, in this case, turn out
to be unbounded. Similar considerations can be adapted
to the wave equations (5) and to more general problems.
Having an efficient way to represent a source term is
essential in control theory, where such a term is regarded
as an external action, the control function, exercised on the
state variable u for a purpose, of which there are two main
kinds:

e positional: u(t) is to approach a given target in X, or
attain it exactly at a given time ¢ > 0;

o optimal: the pair (u, f) is to minimize a given func-
tional.

The first criterion leads to approximate or exact controlla-
bility problems in time ¢, as well as to stabilization prob-
lems as t — co. Here, the main tools will be provided by
certain estimates for partial differential operators that al-
low to study the states that can be attained by the solution
of a given controlled equation. These issues will be ad-
dressed in Sects. “Controllability” and “Stabilization” for

linear evolution equations. Applications to the heat and
wave equations will be discussed in the same sections.

On the other hand, optimal control problems require
analyzing the typical issues of optimizations: existence re-
sults, necessary conditions for optimality, sufficient condi-
tions, robustness. Here, the typical problem that has been
successfully studied is the Linear Quadratic Regulator that
will be discussed in Sect. “Linear Quadratic Optimal Con-
trol”.

Control problems for nonlinear partial differential
equations are extremely interesting but harder to deal
with, so the literature is less rich in results and techniques.
Nevertheless, among the problems that received great at-
tention are those of fluid dynamics, specifically the Euler
equations

du+w-VYu+Vp=0
and the Navier-Stokes equations
ou—pAu~+ (w-Vu+Vp=0

subject to a boundary control and to the incompressibility
condition divu = 0.

Controllability

We now proceed to introduce the main notions of con-
trollability for the evolution equation (7). Later on in this
section we will give interpretations for the heat and wave
equations.

In a given Hilbert space H, with scalar product (-, -)
and norm || - ||, let

A:D(A)CH—H

be the infinitesimal generator of a strongly continuous semi-
group e, t > 0, of bounded linear operators on X. In-
tuitively, this amounts to saying that u(t) = e*4uy is the
unique solution of the Cauchy problem

u'(t) = Au(t)
u(0) = ug ,

t>0

in the classical sense for uy € D(A), and in a suitable gen-
eralized sense for all uy € H. Necessary and sufficient con-
ditions in order for an unbounded operator A to be the in-
finitesimal generator of a strongly continuous semigroup
are given by the celebrated Hille-Yosida Theorem, see,
e.g. [99] and [55].
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Abstract Evolution Equations

Let F be another Hilbert space (with scalar product and
norm denoted by the same symbols as for H), the so-
called control space, and let B: F — H be a linear opera-
tor, that we will assume to be bounded for the time being.
Then, given T > 0 and uy € H, forall f € L2(0, T; F) the
Cauchy problem

t>0

{u’(t) = Au(t) + Bf(t) (12)

u(0) = ug

has a unique mild solution uy € C([0, T]; H) given by

t
up(t) = eup +f e"I4Bf(s) Vt=0 (13)
0

Note 1 Boundary control problems can be reduced to the
same abstract form as above. In this case, however, B in
(12) turns out to be an unbounded operator related to suit-
able fractional powers of —A, see, e. g., [22].

For any t > 0 let us denote by A;: L%(0,; F) — H the
bounded linear operator

t
Atf=f "IABf(s)ds VfeL*0,6F). (14)
0

The attainable (or reachable) set from ug at time ft,
Al(uo, t) is the set of all points in H of the form u¢(t) for
some control function f, that is

Aug, t) = eug + A L*(0, 5 F).

We introduce below the main notions of controllability for
(7). Let T > 0.

Definition 1 System (7) is said to be:

o exactly controllable in time T if A(uy, T) = H for all
ug € H, that is, if for all uy, u; € H there is a control
function f € L2(0, T; F) such that up(T) = uy;

e null controllable in time T if 0 € A(ug, T) for all
ug € H, that s, if for all ug € H there is a control func-
tion f € L%(0, T; F) such that up(T) = 0

e approximately controllable in time T if A(uo, T)
is dense in H for all uy € H, that is, if for all
ug, u; € H and for any & > 0 there is a control func-
tion f € L%(0, T; F) such that luf(T) —ui] <e.

Clearly, if a system is exactly controllable in time T,
then it is also null and approximately controllable in
time T. Although these last two notions of controllability
are strictly weaker than strong controllability, for specific

problems—like when A generates a strongly continuous
group—some of them may coincide.

Since controllability properties concern, ultimately,
the range of the linear operator A7 defined in (14), it is
not surprising that they can be characterized in terms of
the adjoint operator A%.: H — L*(0, T; F), which is de-
fined by

T
/(; (A’}u(s),f(s))ds = (up, Arf)
Yue H, Vf e L*0,T;F).

Such a characterization is the object of the following theo-
rem. Notice that the above identity and (14) yield

Tu(s) = B* eT=94%, vselo,T].
Theorem 1 System (7) is:

o exactly controllable in time T if and only if there is
a constant C > 0 such that

T
/ [B* e u|’de > Clul? YueH; — (15)
0

o null controllable in time T if and only if there is a con-
stant C > 0 such that

T
/ |B* 4 ulPdt = C|e™ u® Vu e H; (16)
0
o approximately controllable in time T if and only if, for

everyu € H,

B*e u=0 te[0,T] ae. = u=0. (17)

To benefit the reader who is more familiar with optimiza-
tion theory than abstract functional analysis, let us explain,
by a variational argument, why estimate (16) implies null
controllability. Consider, for every & > 0, the penalized
problem

min {J,(f) : f € L*(0, T; H)},

where

1 T 2 1 2
it =5 [ IS0 de+ gl
Vf e L*0, T; H).

Since J¢ is strictly convex, it admits a unique minimum
point fe. Set ug = uy, . Recalling (13) we have, By Fermat’s
rule,

T
0= J(f)g = f (fo(0). g(0)) dt
0

+ —(ug(T), Arg) Vg e L*0,T;H). (18)
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Therefore, passing to the adjoint of A,

T 1
[ {0+ (). gw) e o
0
Vg € L*(0, T; H),

whence, owing to (14),

() = —é( = ue(T) (1) = —B*ve(0)

Vte[0,T], (19)

where vg(t) = ée(T_’)A* ug(T) is the solution of the dual
problem

vV 4+ A =0
v(T) = éug(T).

te[0,T]

It turns out that

I 1
3 [ VRO 8+ DI < Cluol?
0

Ve>0 (20)

for some positive constant C. Indeed, observe that, in view
of (19),

ug(0) = uo
ve(T) = é“s(T)-

(u’s — Aug + BB*v, vg) =0,
(vfa + A*v, us) =0,

So,
T d N ) _
/0 [E(ug,v8)+HB vsu]dt—o,
whence
1 2 T * 2
SO+ [ Bl de = G w0 20
ueg(T)

Now, apply estimate (16) with u = and note that

ve(T — 1) = etA” @ to obtain

&

T
/”m%mezmm@W
0

for some positive constant C. Hence, (20) follows from
(21) and (19).

Finally, from (20) one deduces the existence of
a weakly convergent subsequence fz; in L*(0, T; F). Then,
called f( the weak limit of fgj, uaj(t) — ug,(t) for all
t € [0, T]. So, owing to (20), uz, (T) = 0.

Heat Equation

It is not hard to see that the heat equation (9) with Dirich-
let boundary conditions (2) fails to be exactly controllable.
On the other hand, one can show that it is null controllable
in any time T > 0, hence approximately controllable. Let
 be an open subset of §2 such thatw C £2.

Taking
H=I1*Q)=F, Bf=I1y,f Yfel*R)

and A as in (8), one obtains that, for any uy € L*(£2) and
fe L2(Qr), the initial-boundary value problem

diu=Au+1,f in Qr
u=20 on Xt (22)
u(0, x) = up(x) x €S2

has a unique mild solution u¢ € C([0, T]; L2(£2)). More-
over, multiplying both sides of equation (9) by u and inte-
grating by parts, it is easy to see that

dyuel*(Qr) Yi=1,...,n. (23)

Notice that the above property already suffices to explain
why the heat equation cannot be exactly controllable: it is
impossible to attain a state u; € L>(£2) which fails to sat-
isfy (23).

On the other hand, null controllability holds true in
any positive time.

Theorem 2 Let T > 0 and let @ be an open subset of §2
such that w C §2. Then the heat equation (9) with homoge-
neous Dirichlet boundary conditions is null controllable in
time T, i. e., for every initial condition uy € L2(82) there is
a control function f € L*(Qr) such that the solution us of
(22) satisfies u¢(T,-) = 0. Moreover,

f/ |f|2dxdt§CT/ 10| dax
Qr 2

for some positive constant Cr.

The above property is a consequence of the abstract result
in Theorem 1 and of concrete estimates for solutions of
parabolic equations. Indeed, in order to apply Theorem 1
one has to translate (16) into an estimate for the heat op-
erator. Now, observing that both A and B are self-adjoint,
one promptly realizes that (16) reduces to

T
/ / |v(t, x)|2dxdt > C/ [v(T, x)|2dx (24)
0 Jw 2
for every solution v of the problem
{atv = Av in Qr (25)
=20 on Xr.
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Estimate (24) is called an observability inequality for the
heat operator for obvious reasons: problem (25) is not
well-posed since the initial condition is missing. Neverthe-
less, if, “observing” a solution v of such a problem on the
“small” cylinder (0, T) X w, you find that it vanishes, then
you can conclude that v(T, ) = 0 in the whole domain £2.
Thus, v(0, -) = 0 by backward uniqueness.

In conclusion, as elegant as the abstract approach to
null controllability may be, one is confronted by the dif-
ficult task of proving observability estimates. In fact, for
the heat operator there are several ways to prove inequality
(24). One of the most powerful, basically due to Fursikov
and Imanuvilov [65], relies on global Carleman estimates.
Compared to other methods that can be used to derive ob-
servability, such a technique has the advantage of applying
to second order parabolic operators with variable coeffi-
cients, as well as to more general operators.

Global Carleman estimates are a priori estimates in
weighted norms for solutions of the problem

0v=Av+ f

v=20

in QT

26
on Xr. (26)

regardless of initial conditions. The weight function is usu-
ally of the form
Yt x) = 0(n) (X Wle2 —e?) - (1.x) € Qr. (27)

where r is a positive constant, ¢ is a given function in
C2(£2) such that

Vo(x) #0 VYxe 2, (28)
and
0(t) = ! 0<t<T
T HT -1 i
Note that
>0, 0(t)—oc0 t—0,T
Y, >0, Y.(t,x) >o00 tl0,t1T.

Using the above notations, a typical global Carleman esti-
mate for the heat operator is the following result obtained
in [65]. Let us denote by v(x) the outword unit normal to
I' atapoint x € I", and by

¢

3, %) = Véx) - v(x)
v

the normal derivative of ¢ at x.

Theorem 3 Let §2 be a bounded domain of R" with
boundary of class C, let f € L*(Qr), and let ¢ be a func-
tion satisfying (28). Let v be a solution of (26). Then there
are positive constants r, so and C such that, for any s > s,

53// 03(1)|v(t, x)|> e 2V dx dt
Qr
< c// |f(t. x)|>e >V dxdt
Qr

T
+Cs/ 0(t)dt
0
¢
X/F% X)

It is worth underlying that, thanks to the singular behavior
of O near 0 and T, the above result is independent of the
initial value of v. Therefore, it can be applied, indifferently,
to any solution of (26) as well as to any solution of the
backward problem

ov

2
— e 2V d " (x)  (29)
Jv

(t,x)

v+ Av=f
v=20

in QT

on Xr.

Moreover, inequality (29) can be completed adding first
and second order terms to its right-hand side, each with
its own adapted power of s and 6.

Instead of trying to sketch the proof of Theorem 3,
which would go beyond the scopes of this note, it is in-
teresting to explain how it can be used to recover the ob-
servability inequality (24), which is what is needed to show
that the heat equation is null controllable. The reason-
ing—not completely straightforward—is based on the fol-
lowing topological lemma, proved in [65].

Lemmal Let 2 C R”" be a bounded domain with bound-
ary I' of class C¥, for some k > 2, and letw C £2 be an open
set such that w C 2.

Then there is function ¢ € Ck(82) such that

() ¢x)=0 and %(x)<0 Vxerl

(30)
(ii) {xe 2|Vo((x)=0!Cw.

Now, given a solution v of (25) and an open set @ such that
w C £2,letw’ CC w” CC w be subdomains with smooth
boundary. Then the above lemma ensures the existence of
a function ¢ such that

{x € 2|Vep(x) =0} C o .
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“Localizing” problem (25) onto £2’ = 2 \ @’ by a cutoff

function n € C*°(R") such that

/

0<n<1, n=1 on R"™w’, =0 on w

that is, taking w = nv, gives

gatw=Aw+h in Q. =(0,T) x ' (31)

w(t,) =0 on 02’ =02 U dw’,

with h:= —vAn + 2Vn - Vu. Since V¢ # 0 on £2’, The-
orem 3 can be applied to w on Q/. to obtain

53// 03 |w|>e 2Vrdx dt

Qf

< cf/ |h|? eV dx dt
Q7

a_WZ

T 845
+ Cs f 0 dr f —- e 2Vrgg !
0 r dv | dv
T A |aw|?
+ Cs/ edt/ 99 W™ —2e, ggpnm
0 9w’ OV | dv

< c// |h|?e %Y dx dt
Q7

for s sufficiently large. On the other hand, for any
0<Ty<TH <T,

ssf/ 03 |w|>e >Vr dx dt

Q7
Ty

353/ dt/ 03 |w|?>e 2V dx dt
To Q\(A)

Ty
> / dt/ |v|2dx
To 9\0)

Therefore, recalling the definition of h,

T
/ dt/ [v|dx < C// |h)?e >V dx dt

T
< c/ dt/ [IV2n2v? + |V Vv]?] e V" dx
0 a)”\a)’

T T
§C/ dt/ |v|2dx—|—C/ dt
0 [ 0
x/ [Vv|?e Y dx.
a)//\w/

Now, fix Ty = T/3, T; = 2T/3 and use Caccioppoli’s in-
equality (a well-known estimate for solution of elliptic and

parabolic PDE’s)

T
/ dt/ [Vv|?e >V dx
0 o\’

T
< Cf dtf |v|ze_2”/” dx,
0 0]
to conclude that
27/3 T
dt/ [v|* dx < C/ dt/ [v|? dx
T/3 2\o 0 w

2T/3 T
f dt/ lv[* dx < (1+ c)f dt/ [v|? dx
T/3 22 0 w

for some constant C. Then, the dissipativity of the heat op-
erator (that is, the fact that f o Iv(t, x)|*dx is decreasing
with respect to t) implies that

3 2T/3
/ v3(T,x) dx < —/ dtf v2(t, x) dx
2 T Jr3 I7)

3 T
<(1+ C)—/ dt/ v2(t, x) dx,
T 0 [}

which is exactly (24).

or

Wave Equation

Compared to the heat equation, the wave equation (5) ex-
hibits a quite different behavior from the point of view of
exact controllability. Indeed, on the one hand, there is no
obstruction to exact controllability since no regularizing
effect is connected with wave propagation. On the other
hand, due to the finite speed of propagation, exact control-
lability cannot be expected to hold true in arbitrary time,
as null controllability does for the heat equation.

In fact, a typical result that holds true for the wave
equation is the following, where a boundary control of
Dirichlet type acts on a part 7 C I, while homogeneous
boundary conditions are imposedon Iy = I" \ I7:

Pu = Au in Qr
u= flp on Y¥r (32)
u(0,x) = up(x),0;u(0,x) = u1(x) xe€ 2

Observe that problem (32) is well-posed taking
ug L), w € H(R)

f eLl?0, T; L(I))
u €C([0, T]; L*(£2)) N CY([0, T HT'(£2)).
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Theorem 4 Let §2 be a bounded domain of R" with
boundary of class C* and suppose that, for some point
X0 € R™,

(x—x0)-v(x)>0 Vxelj
(x —x0)-v(x) <0 Vxely.

Let

R = sup |x — xo] .
xX€R

If T > 2R, then, for all (ug, uy), (vo, v1) € L*(2) x HY(R)
there is a control function f € L*(0, T; L*(I")) such that the
solution us of (32) satisfies

up(T,x) = vo(x), dup(T,x) =vi(x).

As we saw for abstract evolution equations, the above ex-
act controllability property is proved to be equivalent to
an observability estimate for the dual homogeneous prob-
lem using, for instance, the Hilbert Uniqueness Method
(HUM) by J.-L. Lions [86].

Bibliographical Comments

The literature on controllability of parabolic equations and
related topics is so huge, that no attempt to provide a com-
prehensive account of it would fit within the scopes of
this note. So, the following comments have to be taken as
a first hint for the interested reader to pursue further bib-
liographical research.

The theory of exact controllability for parabolic equa-
tions was initiated by the seminal paper [58] by Fattorini
and Russell. Since then, it has experienced an enormous
development. Similarly, the multiplier method to obtain
observability inequalities for the wave equation was devel-
oped in [17,73,74,77,86]. Some fundamental early contri-
butions were surveyed by Russell [108]. The next essen-
tial progress was made in the work by Lebeau and Rob-
biano [83] and then by Fursikovand Imanuvilovin a series
of papers. In [65] one can find an introduction to global
Carleman estimates, as well as applications to the con-
trollability of several ODE’s. In particular, the presenta-
tion of this paper as for observability inequalities and Car-
leman estimates for the heat operator is inspired by the
last monograph. General perspectives for the understand-
ing of global Carleman estimates and their applications to
unique continuation and control problems for PDE’s can
be found in the works by Tataru [113,114,115,116]. Usu-
ally, the above approach requires coefficients to be suffi-
ciently smooth. Recently, however, interesting adaptations

of Carleman estimates to parabolic operators with discon-
tinuous coefficients have been obtained in [21,82].

More recently, interest has focussed on control prob-
lems for nonlinear parabolic equations. Different ap-
proaches to controllability problems have been proposed
in [57] and [44]. Then, null and approximate controlla-
bility results have been improved by Fernandez-Cara and
Zuazua [61,62]. Techniques to produce insensitizing con-
trols have been developed in [117]. These techniques have
been successfully applied to the study of Navier-Stokes
equations by several authors, see e. g. [63].

Fortunately, several excellent monographs are now
available to help introduce the reader to this subject. For
instance, the monograph by Zabczyk [121] could serve as
a clean introduction to control and stabilization for finite-
and infinite-dimensional systems. Moreover, [22,50,51], as
well as [80,81] develop all the basic concepts of control and
system theory for distributed parameter systems with spe-
cial emphasis on abstract formulation. Specific references
for the controllability of the wave equation by HUM can be
found in [86] and [74]. More recent results related to series
expansion and Ingham type methods can be found in [75].
For the control of Navier-Stokes equations the reader is
referred to [64], as well as to the book by Coron [43], which
contains an extremely rich collection of classical results
and modern developments.

Stabilization

Stabilization of flexible structures such as beams, plates,
up to antennas of satellites, or of fluids as, for instance, in
aeronautics, is an important part of CT. In this approach,
one wants either to derive feedback laws that will allow
the system to autoregulate once they are implemented, or
study the asymptotic behavior of the stabilized system i. e.
determine whether convergence toward equilibrium states
as times goes to infinity holds, determine its speed of con-
vergence if necessary or study how many feedback controls
are required in case of coupled systems.

Different mathematical tools have been introduced to
handle such questions in the context of ODE’s and then
of PDE’s. Stabilization of ODE’s goes back to the work of
Lyapunov and Lasalle. The important property is that tra-
jectories decay along Lyapunov functions. If trajectories
are relatively compact in appropriate spaces and the sys-
tem is autonomous, then one can prove that trajectories
converge to equilibria asymptotically. However, the con-
struction of Lyapunov functions is not easy, in general.

This section will be concerned with some aspects of
the stabilization of second order hyperbolic equations, our
model problem being represented by the wave equation
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with distributed damping

dpyu—Au+alx)u;, =0 in 2 xR,
u=20 on ¥ = (0,00) x I" (33)
(u, 9,;u)(0) = (u®, u') on 2,

in a bounded domain §£2 C R" with a smooth bound-
ary I'. For n =2, u(t,x) represents the displacement
of point x of the membrane at time t. Therefore, equa-
tion (33) describes an elastic system. The energy of such
a system is given by

E(t) = %/g [ue(t, ©)* + |Vu(t, x)|2] dx.

When a > 0, the feedback term a(x)u; models friction:
it produces a loss of energy through a dissipation phe-
nomenon. More precisely, multiplying the equation in
(33) by u; and integrating by parts on 2, it follows that
E(t) = —f a(x)|u;]?dx <0, Vt>0. (34)
2
On the other hand, if a = 0, then the system is conserva-
tive, i.e., E(t) = E(0) for all t > 0.
Another well-investigated stabilization problem for

the wave equation is when the feedback is localized on
a part I" of the boundary I, that is,

0t — Au =10 in 2 xR
g—"j—i—ut:O on Xy = (0,00) x I
u=20 on X, = (0,00) x (I"'\ Ip)

(u, 9;u)(0) = (u°, u')
(35)

In this case, the dissipation relation (34) takes the form
E'(t) = —/ lu > dH" ' <0, Vi=>o0.
I

In many a situation—such as to improve the quality of
an acoustic hall—one seeks to reduce vibrations to a min-
imum: this is why stabilization is an important issue in
CT. We note that the above system has a unique station-
ary solution—or, equilibrium—given by u = 0. Stabiliza-
tion theory studies all questions related to the convergence
of solutions to such an equilibrium: existence of the limit,
rate of convergence, different effects of nonlinearities in
both displacement and velocity, effects of geometry, cou-
pled systems, damping effects due to memory in viscoelas-
tic materials, and so on.

System (33) is said to be:

e strongly stable if E(t) — 0 as t — 003

¢ (uniformly) exponentially stable if E(t) < Ce ®'E(0)
for all + > 0 and some constants « > 0 and C > 0, in-
dependent of u0 ul,

This note will focus on some of the above issues, such as
geometrical aspects, nonlinear damping, indirect damping
for coupled systems and memory damping.

Geometrical Aspects

A well-known property of the wave equation is the so-
called finite speed of propagation, which means that, if the
initial conditions u°, u! have compact support, then the
support of u(t, -) evolves in time at a finite speed. This ex-
plains why, for the wave equation, the geometry of §2 plays
an essential role in all the issues related to control and sta-
bilization.

The size and localization of the region in which the
feedback is active is of great importance. In this paper such
a region, denoted by w, is taken as a subset of 2 of posi-
tive Lebesgue measure. More precisely, a is assumed to be
continuous on £2 and such that

a>0 on £ and a>ay on o, (36)
for some constant ag > 0. In this case, the feedback is said
to be distributed. Moreover, it is said to be globally dis-
tributed if @ = £2 and locally distributed if £2 \ w has pos-
itive Lebesgue measure.

Two main methods have been used or developed to
study stabilization, namely the multiplier method and mi-
crolocal analysis. The one that gives the sharpest results is
based on microlocal analysis. It goes back to the work of
Bardos, Lebeau and Rauch [17], giving geodesics sufficient
conditions on the region of active control for exact con-
trollability to hold. These conditions say that each ray of
geometric optics should meet the control region. Burq and
Gérard [25] showed that these results hold under weaker
regularity assumptions on the domain and coeflicients of
the operators (see also [26,27]). These geodesics condi-
tions are not explicit, in general, but they allow to get decay
estimates of the energy under very general hypotheses.

The multiplier method is an explicit method, based
on energy estimates, to derive decay rates (as well as ob-
servability and exact controllability results). For bound-
ary control and stabilization problems it was developed
in the works of several authors, such as Ho [38,73], J.-L.
Lions [86], Lasiecka-Triggiani, Komornik-Zuazua [76],
and many others. Zuazua [123] gave an explicit geomet-
ric condition on @ for a semilinear wave equation sub-
ject to a locally distributed damping. Such a condition
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was then relaxed K. Liu [87] (see also [93]) who intro-
duced the so-called piecewise multiplier method. Lasiecka
and Triggiani [80,81] introduced a sharp trace regularity
method which allow to estimate boundary terms in en-
ergy estimates. There also exist intermediate results be-
tween the geodesics conditions of Bardos-Lebeau-Rauch
and the multiplier method, obtained by Miller [95] using
differentiable escape functions.

Zuazua’s multiplier geometric condition can be de-
scribed as follows. If a subset O of £2 is given, one can
define an e-neighborhood of O in £2 as the subset of
points of £ which are at distance at most ¢ of O. Zuazua
proved that if the set w is such that there exists a point
xo € R"—an observation point—for which @ contains an
e-neighborhood of Ix% ={x e, (x—x° - v(x) >
0}, then the energy decays exponentially. In this note, we
refer to this condition as (MGC).

If a vanishes for instance in a neighborhood of the two
poles of a ball £2 in R", one cannot find an observation
point xg such that (MGC) holds. K. Liu [87] (see also [93])
introduced a piecewise multiplier method which allows to
choose several observation points, and therefore to handle
the above case.

Introduce disjoint lipschitzian domains §2; of £,
j=1,....], and observation points xl e RN,j =1,...,
J and define

yi(e) = {x € 0825, (x — x9) - vj(x) = 0}

Here v; stands for the unit outward normal vector to the
boundary of £2;. Then the piecewise multiplier geometrical
condition for w is:

0> N (U_yih U (R\ UL, 2)))  (PWMGC)

It will be denoted by (PWMGC) condition in the sequel.

Assume now that a vanishes in a neighborhood of the
two poles of aball in R”. Then, one can choose two subsets
§2, and £2, containing, respectively, the two regions where
a vanishes and apply the piecewise multiplier method with
J = 2 and with the appropriate choices of two observation
points and ¢. The multiplier method consists of integrating
by parts expressions of the form

T
/ / (3%u—Au+a(x)ut)Mu dxdt=0
t J2
YOo<t<T,

where u stands for a (strong) solution of (33), with an
appropriate choice of Mu. Multipliers have generally the
form

Mu = (m(x) - Vu + cu) ¥(x),

where m depends on the observation points and ¥
is a cut-off function. Other multipliers of the form
Mu = A™Y(Bu), where B is a cut-off function and A™!
is the inverse of the Laplacian operator with homogeneous
Dirichlet boundary conditions, have also be used.

The geometric conditions (MGC) or (PWMGC) serve
to bound above by zero terms which cannot be controlled
otherwise. One can then prove that the energy satisfies an
estimate of the form

T
/ E(s) ds
t
T
saE(t)+/ (/ a(x)|ut|2+/ |ut|2) ds
t 2 1)

Vt>0. (37)

Once this estimate is proved, one can use the dissipa-
tion relation to prove that the energy satisfies integral in-
equalities of Gronwall type. This is the subject of the next
section.

Decay Rates, Integral Inequalities
and Lyapunov Techniques

The Linear Feedback Case
tion (34), one has

T T
/ f a|ut|2 dx ds < / —E/(s) ds < E(t)
t JR2 t

VOo<t<T.

Using the dissipation rela-

On the other hand, thanks to assumption (36) on a

T 1 (T
/ f u? dx ds < —f / alu;?* dx ds
t Jo ao Jt J

1
< —E{f VYo<t<T.
ao
By the above inequalities and (37), E satisfies

T
/ E(s)ds < cE(t), VY0<t<T. (38)
t

Since E is a nonincreasing function and thanks to this in-
tegral inequality, Haraux [71] (see also Komornik [74])
proved that E decays exponentially at infinity, that is

E(f) < E(0) exp (1 “tle), Vi>c. (39)

This proof is as follows. Define

¢(t) = exp(t/c) foo E(s)ds Vt>0.
t
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Thanks to (38) ¢ is nonincreasing on [0, 00), so that

¢(t)5¢(0)=/0 E(s) ds.

Using once again (38) with t = 0 in this last inequality and
the definition of ¢, one has

/OOE(S) ds < cE(0) exp(—t/c) Vt=>0.
t

Since E is a nonnegative and nonincreasing function

t o
cE(t) < / E(s)ds < / E(s) ds
t—c t

—C

< cE(0) exp(—(t — ¢)/c),

so that (39) is proved. One can remark that for t <,
E(t) = E(0) < exp (1 tle).

An alternative method is to introduce a modified (or
perturbed) energy E, which is equivalent to the natural
one for small values of the parameter ¢ as in Komornik and
Zuazua [76]. Then one shows that this modified energy
satisfies a differential Gronwall inequality so that it decays
exponentially at infinity. The exponential decay of the nat-
ural energy follows then at once. In this case, the modified
energy is indeed a Lyapunov function for the PDE. The
natural energy cannot be in general such a Lyapunov func-
tion due to the finite speed of propagation (consider initial
data which have compact support compactly embedded in
2\w).

There are also very interesting approaches using the
frequency domain approach, or spectral analysis such as
developed by K. Liu [87] Z. Liu and S. Zheng [88]. In the
sequel, we concentrate on the integral inequality method.
This method has been generalized in several directions and
we present in this note some results concerning extensions
to

e nonlinear feedback
e indirect or single feedback for coupled system
e memory type feedbacks

Generalizations to Nonlinear Feedbacks Assume now
that the feedback term a(x)u; in (33) is replaced by a non-
linear feedback a(x)p(u;) where p is a smooth, increasing
function satisfying vp(v) > 0 for v € R, linear at co and
with polynomial growth close to zero, that is: p(v) = |v|?
for |v| < 1 where p € (1, 00).

Assume moreover that  satisfies Zuazua’s multiplier
geometric condition (MGC) or Liu’s piecewise multiplier
method (PWMGC). Then using multipliers of the space

and time variables defined as E(s)?~Y"2 Mu(x) where
Mu(x) are multipliers of the form described in section 5.1
and integrating by parts expressions of the form

T
/ E(S)(p—l)/Z

t

X f (B%u — Au + a(x)p(ut))Mu(x) dxds=0,
2

one can prove that the energy E of solutions satisfies the
following inequality forall0 <t < T

T
/ E(P+1)/2(S) dt

t

T
< CE(p+1)/2(t) + C/ E(p—l)/Z(s)
t

x (Lp(unﬂfwwtﬁ).

One can remark than an additional multiplicative weight
in time depending on the energy has to be taken. This
weight is E?~1/2, Then as in the linear case, but in a more
involved way, thanks to the dissipation relation

B0 =~ [ atuep(un). (10)
2

one can prove that E satisfies the following nonlinear inte-

gral inequality

T
/ EPTV2(y ds < cE(f), VYO<t<T.
t

Thanks to the fact that E is nonincreasing, a well-
known result Komornik [74] shows that E is polynomially
decaying, as t~%(P=1 at infinity. The above type results
have been obtained by many authors under weaker form
(see also [40,41,71,98,122]).

Extensions to nonlinear feedbacks without growth
conditions close to zero have been studied by Lasiecka and
Tataru [78], Martinez [93], W. Liu and Zuazua [89], Eller
Lagnese and Nicaise [56] and Alabau-Boussouira [5]. We
present the results obtained in this last reference since they
provide optimal decay rates.

The method is as follows. Define respectively the linear
and nonlinear kinetic energies

fw |“t|2 dx,
Jo la(x)p(u)|? dx,

and use a weight function in time f(E(s)) which is to be de-
termined later on in an optimal way. Integrating by parts
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expressions of the form

T
f f(E(s))f (2 u—Au-+a(x)p(uy))Mu(x) dx ds = 0,
t 2

one can prove that the energy E of solutions satisfies the
following inequality forall0 <t < T

T T
/ E(s)f(E(s)) ds < cf(E() + ¢ / FE®))
t t

x( f laGp(u)|? + f w). (41)
2 1)

The difficulty is to determine the optimal weight un-
der general growth conditions on the feedback close to 0,
in particular for cases for which the feedback decays to 0
faster than polynomials.

Assume now that the feedback satisfies

glvh) < lpWl = Cg7H(vD). Vil =1, (42)

where g is continuously differentiable on R strictly in-
creasing with g(0) = 0 and

g € C*([0,10]), ro sufficiently small ,
H() = ./-g(,/) is strictly convex on [0,73] .
gisodd.

Moreover, p is assumed to have a linear growth with re-
spect to the second variable at infinity. We define the opti-
mal weight function f as follows.

We first extend H to a function H define on all R

N . H(x)ifx € [O, r(z)] ,

H(x)
+o00 otherwise ,

then, define a function F as follows:

H*(y)

if y €(0,400),
F(y) = g

0 if y=0,
where H* stands for the convex conjugate of H, that is

H*(y) = su]l;é{xy — H(x)}.

Then the optimal weight function f is determined in the
following way

fl)=F\(s128) s e[0,2872),

where f is of the form max(n;, 72E(0)), 71 and 7, being
explicit positive constants.

One can prove that the above formulas make sense,
and in particular that F is invertible and smooth. More
precisely, F is twice continuously differentiable strictly in-
creasing, one-to-one function from [0, +00) onto [0, r(z)).
Note that since the feedback is supposed to be linear at
infinity, if one wants to obtain results for general growth
types of the feedback, one can assume convexity of H only
in a neighborhood of 0.

One can prove from (41) that there exists an (explicit)
Ty > 0 such that for all initial data, E satisfies the following
nonlinear integral inequality

T

/ E(s)f(E(s)) ds < ToE(t) VO<t<T. (43)
t

This inequality is proved thanks to convexity argu-

ments as follows. Thanks to the convexity of H, one can
use Jensen’s inequality and 42), so that

/ |a(x)p(ut)|2 dx < )/1(1‘)1{[_1

< (yll(t) /Q a(x)uueplie) dx)

In a similar way, one proves that

lu* dx < y2()H? (ﬁ fg a(x)up(ur) dx)

wt

where 2, and w, are time-dependent sets of respective
Lebesgue measures y;(t) and y,(t) on which the velocity
u(t, x) is sufficiently small. Using the above two estimates,
together with the linear growth of p at infinity, one proves

T
/t F(E(s)) (/Qla(x)/o(ut)lz-i-fwlutlz)

T
S/ fEG)H™ (l/ a(x)utp(ut)dx)
t cJe

Using then Young’s inequality, together with the dissi-
pation relation (40) in the above inequality, one obtains

T
/ F(E(s)) (/ Ia(X)P(ut)lz-i-/ |ut|2)
t 2 w
T

<C / H* (f(E(s)) ds+ GE(1),
t

(44)

where C; > 0 i = 1, 2 isa constant independent of the ini-
tial data. Using the dissipation relation (40) in the above
inequality, this givesforall0 <t < T

Combining this last inequality with (41) give

T T
f E)f(E(s)) ds < B / (D" (F(E) ds+ GE(®)
t t
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where f is chosen of the form max(n, 72 E(0)), n1 and 1,
being explicit positive constants to guarantee that the ar-
gument E of f stays in the domain of definition of f. Thus
(43) is proved, thanks to the fact that the weight function
has been chosen so that

BE* (F(E(s)) = %E<s) FE(S) VO<s.

Therefore E satisfies a nonlinear integral inequality with
a weight function f(E) which is defined in a semi-explicit
way in general cases of feedback growths.

The last step is to prove that a nonincreasing and
nonnegative absolutely continuous function E satisfying
a nonlinear integral inequality of the form (43) is decay-
ing at infinity, and to establish at which rate this holds. For
this, one proceeds as in [5].

Let n > 0 and Tj > 0 be fixed given real numbers and
F be a strictly increasing function from [0, +00) on [0, 1),
with F(0) = 0 and lim y — +o00F(y) = 1.

For any r € (0, 1), we define a function K, from (0, 7]
on [0, +00) by

r dy

ko= [ 5 (45)
' r YET'0)

and a function ¥, which is a strictly increasing onto func-

tion defined from [F+%’ +00) on [F+%’ +00) by

Yr(2) =z + KT(F(é)) >z Vz> (46)

F7i(r)”

Then one can prove that if E is a nonincreasing, ab-
solutely continuous function from [0, +00) on [0, +00),
satisfying 0 < E(0) < n and the inequality

T
/ EG)F Y E(s)) ds < ToE(S), VYO0<t<T. (47)
t

Then E satisfies the following estimate:

1 T
E(f)SF(—), Vi —0

V() F() “

where r is any real such that
1 +oo

— E@F YEGx@)dr<r< n.
To Jo

Thus, one can apply the above result to E with n =13
and show that lim t — +00E(t) = 0, the decay rate being
given by the estimate (48).

If g is polynomial close to zero, one gets back that the
energy E(t) decays as ¢~ at infinity. If g(v) behaves as

exp(—1/|v|) close to zero, then E(t) decays as 1/(In(t))? at
infinity.

The usefulness of convexity arguments has been first
pointed out by Lasiecka and Tataru [78] using Jensen’s
inequality and then in different ways by Martinez [93]
(the weight function does not depend on the energy)
and W. Liu and Zuazua [89] and Eller Lagnese and
Nicaise [56]. Optimal decay rates have been obtained
by Alabau-Boussouira [5,6] using a weight function de-
termined through the theory of convex conjugate func-
tions and Young’s (named also as Fenchel-Moreau’s) in-
equality. This argument was also used by W. Liu and
Zuazua [89] in a slightly different way and combined
to a Lyapunov technique. Optimality of estimates in [5]
is proved in one-dimensional situation and for bound-
ary dampings applying optimality results of Vancosteno-
ble [119] (see also Martinez and Vancostenoble [118]).

Indirect Damping for Coupled Systems

Many complex phenomena are modelized through cou-
pled systems. In stabilizing (or controlling) energies of the
vector state, one has very often access only to some com-
ponents of this vector either due to physical constraints or
to cost considerations. In this case, the situation is to sta-
bilize a full system of coupled equation through a reduced
number of feedbacks. This is called indirect damping. This
notion has been introduced by Russell [109] in 1993.

As an example, we consider the following system:

P?u—Au+du+av=20
%v—Av+au=0

in xR, u=0=v on d2xR. (49)
Here, the first equation is damped through a linear dis-
tributed feedback, while no feedback is applied to the sec-
ond equation. The question is to determine if this coupled
system inherits any kind of stability for nonzero values of
the coupling parameter o from the stabilization of the first
equation only.

In the finite dimensional case, stabilization (or control)
of coupled ODE’s can be analyzed thanks to a powerful
rank type condition named Kalman’s condition. The situ-
ation is much more involved in the case of coupled PDFE’s.

One can show first show that the above system fails to
be exponentially stable (see also [66] for related results).
More generally, one can study the stability of the system

W' +Au+Bu +av=0

(50)
VvVi+ Ay +au=0
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in a separable Hilbert space H with norm |- |, where
Ay, A, and B are self-adjoint positive linear operators in
H. Moreover, B is assumed to be a bounded operator. So,
our analysis applies to systems with internal damping sup-
ported in the whole domain £2 such as (49); the reader is
referred to [1,2] for related results concerning boundary
stabilization problems (see also Beyrath [23,24] for local-
ized indirect dampings).

In light of the above observations, system (50) fails to
be exponentially stable, at least when H is infinite dimen-
sional and A; has a compact resolvent as in (49). Indeed
it is shown in Alabau, Cannarsa and Komornik [8] that
the total energy of sufficiently smooth solutions of (50) de-
cays polynomially at infinity whenever |«/| is small enough
but nonzero. From this result we can also deduce that any
solution of (50) is strongly stable regardless of its smooth-
ness: this fact follows by a standard density argument since
the semigroup associated with (50) is a contraction semi-
group.

A brief description of the key ideas of the approach de-
veloped in [2,8] is as follows. Essentially, one uses a finite
iteration scheme and suitable multipliers to obtain an esti-
mate of the form

T j
/ E(u(t), v(1))dt < ¢ Yy Eu®(0), v (0))
0 k=0

YT >0, (51)

where j is a positive integer and E denotes the total energy
of the system

E(u,v) = > (|AYul® + |W'P)

8| =

+ (|A12/2v|2 + |v/|2) + ofu,v).

N =

Once (51) is proved, an abstract lemma due to Alabau [1,2]
shows that E(u(t), v(t)) decays polynomially at co. This
abstract lemma can be stated as follows.

Let A be the infinitesimal generator of a continuous
semi-group exp(#A) on an Hilbert space #{, and D(A) its
domain. For U in # we set in all the sequel U(t) =
exp(tA)U? and assume that there exists a functional E de-
fined on C([0, +-00), H) such that for every U° in 41,
E(exp(.A)) is a non-increasing, locally absolutely contin-
uous function from [0, +00) on [0, +00). Assume more-
over that there exist an integer k € N* and nonnegative

constants ¢, for p = 0, ... k such that

T k
/ EU(D)dt < Y c, EUP(S))
S =0
Vo <S§<T.vU" e D(AN). (52)
Then the following inequalities hold for every U° in
D(Ak”) and all 0 < § < T where n is any positive integer:

T (‘L’ _ S)n—l kn *
/ E(U(1)) dr < ¢ ) EWUPX(S)). (53)
S

(n—1)! =0

and

kn
E(U(t) < ¢y  EUP ()™
p=0
V>0, VYU°e D@,
where c is a constant which depends on .
First (53) is proved by induction on #n. For n = 1, it re-
duces to the hypothesis (52). Assume now that (53) holds
for n and let U° be given in D(AK("+1) Then we have

T pT (‘L’ _ t)n—l
/; /t E(U(r))—(n_ Dl drdt

kn T
< ch E(UP(¢))dt
p=0"S

Y0 <S<T,VU® € D(AF").

Since U is in D(A*("+ 1) we deduce that UP)(0) = AP U°
is in D(AF) for p € {0, ... kn}. Hence we can apply the
assumption (52) to the initial data U(0). This together
with Fubini’s Theorem applied on the left hand side of the
above inequality give (53) for n + 1. Using the property
that E(U(t)) is non increasing in (53) we easily obtain the
last desired inequality.

Applications on wave-wave, wave-Petrowsky equa-
tions and various concrete examples hold.

The above results have been studied later on by Batkai,
Engel, Priiss and Schnaubelt [18] using very interesting
resolvent and spectral criteria for polynomial stability of
abstract semigroups. The above abstract lemma in [2]
has also been generalized using interpolation theory. One
should note that this integral inequality involving higher
order energies of solutions is not of differential nature con-
trarily to the Haraux’s and Komornik’s integral inequal-
ities. Another approach based on decoupling techniques
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i and for slightly different abstract systems have been intro- ~ The damping term produces dissipation of the energy, that 1140
nia duced by Ammar Khodja Bader and Ben Abdallah [12]. is (for strong solutions) na
s Spectral conditions have also been studied by Z. a2
s Liu [88] and later on by Z. Liu and Rao [90], Loreti and , 1 2
117 Rao [92] for peculiar abstract systems and in general for E, (1) = —Eﬂ(t)”Vu(t)H 1"
s coupled equations only of the same nature (wave-wave for 1 [t 5
me  instance), so that a dispersion relation for the eigenvalues T3 /0 B OIVuls) = Vu®)]” ds < 0 o
n20  of the coupled system can be derived. Also these last results
nz  are given for internal stabilization only. From the above One can consider more general abstract equations of the 1
n22  limitations, Z. Liu-Rao and Loreti-Rao’s results are less form 1147
n2s powerful in generality than the ones given by Alabau, Can- 1148
. t
w2 narsa and Komornik [SJ and Alabe%u (2]. Moreover .results /(6 + Au(t) — / Bt — 5)Au(s) ds = VF(u(?) o
n2s  through energy type estimates and integral inequalities can 0
12 be generalized to include nonlinear indirect dampings as te(0,00) (55) mso
127 shown in [7]. On the other side spectral methods are very e
ms  precise for the obtention of optimal decay rates provided  jp 3 Hilbert space X, where A: D(A) C X — X is an ac- sz
s that one can determine at which speed the eigenvaluesap-  cretive self-adjoint linear operator with dense domain, and ~ 115:
o proach the imaginary axis for high frequencies. VF denotes the gradient of a Gateaux differentiable func- 1154
tional F: D(AY?) — R. In particular, equation (54) fits ss
into this framework as well as several other classical equa- s
. tions of mathematical physics such as the linear elasticity 1157
nan  Memory Dampings
system. 1158
n2 We consider the following model problem We consider the following assumptions. 1159
Assumptions (H1) 1160
ug(t,x) — Au(t, x) + [if Bt —s) Au(s, x) ds =
lut, )] u(t, x) 1. A is a self-adjoint linear operator on X with dense do- 11s
' ' main D(A), satisfying 1162
u(t,")jae =0
(u(0,-), u4(0,-)) = (ug, u1) (Ax, x) > M||x||2 Vx € D(A) (56) 63
1133 (54)
for some M > 0. 1164
5 2. B:10,00) — [0,00) is a locally absolutely continuous 1es
nu  where0 < y < = holds. The second member is a source function such that -~
nss  term. The damping e
oo
; f B()dt <18(0)>0 B(t) <0 1168
0
t—s)Au(s,x) d
e /(; Al $)Auls, x) ds forae. t>0. ne

137

1138

1139

is of memory type.
The energy is defined by

1
E,(t) = 5||ut(t)||iz(9) dx

t
+ % (1 —/0 B(s) dS) Va2 )

1
y+2
- m”u(t)”Ll’H(ﬂ)

1 t
+Elﬂu—mwmn—vmm@mﬁh

: D(AY2) — R is a functional such that

. Fis Giteaux differentiable at any point x € D(AY?);
. forany x € D(AY?) there exists a constant c(x) > 0
such that

o =y

IDF(x)(y)| < c(x)||yll.  forany y € D(A'?),
where DF(x) denotes the Gateaux derivative of F in
x; consequently, DF(x) can be extended to the whole
space X (and we will denote by VF(x) the unique
vector representing DF(x) in the Riesz isomorphism,
that is, (VF(x), y) = DF(x)(y), for any y € X);
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3. for any R > 0 there exists a constant Cg > 0 such
that

IVEGe) = VEQ)| < CrllAY?x — A2y
forall x, y € D(AY?) satisfying | AY2x||, [|AY2y| <
R.

Assumptions (H2)

1. There exist p € (2,00] and k > 0 such that

B'(t) < —kﬂH_%(t) forae. t>0

(here we have set 11—) = 0 for p = 00).

2. F(0) =0, VF(0) = 0, and there is a strictly increas-
ing continuous function ¥ : [0, 00) — [0, co) such that
¥(0) = 0and

(VF(x).x)| < ¢ (|Ax )| A"x]>  Vx € D(AY?).

Under these assumptions, global existence for suffi-
ciently small (resp. all) initial data in the energy space
can be proved for nonvanishing (resp. vanishing) source
terms.

It turns out that the above energy methods based on
multiplier techniques combined with linear and nonlinear
integral inequalities can be extended to handle memory
dampings and applied to various concrete examples such
as wave, linear elastodynamic and Petrowsky equations for
instance. This allows to show in [10] that exponential as
well as polynomial decay of the energy hold if the kernel
decays respectively exponentially or polynomially at infin-
ity.

The method is as follows. One evaluates expressions of
the form

T
/ (1" (s) + Au(s) — /t B x Au(s) — VF(u(s), Mu) ds
t 0

where the multipliers Mu are of the form ¢(s)(c;(B *
u)(s) 4+ ca(s)u) with ¢ which is a differentiable, nonin-
creasing and nonnegative function, and ¢; being a suitable
constant, whereas ¢, may be chosen dependent on .

Integrating by parts the resulting relations and per-
forming some involved estimates, one can prove that for
alltg > 0andall T >t > 1y

T T
/ $(5)E(s) ds < CHO)E(E) + f ()
t t

X /S B(s—1) ||A1/2u(s) - Amu(r)”2 dz ds,
0

If p = oo, that is if the kernel B decays exponentially, one
can easily bound the last term of the above estimate by
cE(t) thanks to the dissipation relation.

If p € (2, 00), one has to proceed differently since the
term

T s
/ ¢)(s)/ B(s—1) HA”zu(s) - AI/ZM(T)HZ dt ds
t 0

cannot be directly estimated thanks to the dissipation rela-
tion. To bound this last term, one can generalize an argu-
ment of Cavalcanti and Oquendo [37] as follows. Define,
foranym > 1,

t
Om(t) ::/ ,Bl_ﬁ(t—s)”A”zu(s)—A”zu(t)”zds,
0

t>0. (57)

Then, we haveforany T > S > 0

T m t
/ E,f(t)/ B(t — 9)||[AY?u(s) — AYV?u(t)|)> dsdt
S 0

i T 4m pEm
< CEI(9) / ES T (gt dt (58)
S

for some constant C > 0. Then one proves Suppose that,
if for some m > 1, the function ¢, defined in (57) is
bounded. Then, for any Sy > 0 there is a positive con-
stant C such that

r

One uses this last result first with m = 2 noticing that ¢, is
bounded and ¢ = E*?. This gives a first energy decay rate
as (t 4+ 1)7P2. This estimate shows that ¢, is bounded.
Then one applies once again the last result with m = 1 and
¢ = EVP. One deduces then that E decays as (t + 1)~7
which is the optimal decay rate expected.

1+m m m
B, (0de = C(EL ©0) + lonll &) Eu(®)

VS>S. (59)

Bibliographical Comments

For an introduction to the multiplier method, we refer
the interested reader to the books of J.-L. Lions [86], Ko-
mornik [74] and the references therein. The celebrated
result of Bardos Lebeau and Rauch is presented in [86].
A general abstract presentation of control problems for
hyperbolic and parabolic equations can be found in the
book of Lasiecka and Triggiani [80,81]. Results on spec-
tral methods and the frequency domain approach can be
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found in the book of Z. Liu [88]. There also exists an in-
teresting approach developed for bounded feedback oper-
ators by Haraux and extended to the case of unbounded
feedbacks by Ammari and Tucsnak [11]. In this approach,
the polynomial (or exponential) stability of the damped
system is proved thanks to the corresponding observabil-
ity for the undamped (conservative) system. Such observ-
ability results for weakly coupled undamped systems have
been obtained for instance in [3].

Many other very interesting issues have been studied
connected to semilinear wave equations [34,123] and the
references therein, to the case of wave damped equations
with nonlinear source terms [39].

Well-posedness and asymptotic properties for PDE’s
with memory terms have first been studied by Dafer-
mos [53,54] for convolution kernels with past history
(convolution up to t = —00), by Priiss [103] and Priiss
and Propst [102] in which the efficiency of different mod-
els of dampings are compared to experiments (see also
Londen Petzeltova and Priiss [91]). Decay estimates for
the energy of solutions using multiplier methods com-
bined with Lyapunov type estimates for an equivalent en-
ergy are proved in Munoz Rivera [97], Munoz Rivera and
Salvatierra [96], Cavalcanti and Oquendo [37] and Giorgi
Naso and Pata [67] and many other papers.

Optimal Control

As for positional control, also for optimal control prob-
lems it is convenient to adopt the abstract formulation in-
troduced in Sect. “Abstract Evolution Equations”. Let the
state space be represented by the Hilbert space H, and the
state equation be given in the form (12), that is

u'(t) = Au(t) + Bf(¢)
u(0) = ug .

t e [0,T] (60)

Recall that A is the infinitesimal of a strongly continu-
ous semigroup, "4, in H, B is a (bounded) linear opera-
tor from F (the control space) to H, and u; stands for the
unique (mild) solution of (60) for a given control function
f € L*(0, T; H).

A typical optimal control problem of interest for PDE’s
is the Bolza problem which consists in

minimizing the cost functional
J() = fy Lt ug(o), f(0)dt + € (ufp(T))
over all controls f € L*(0, T; F).

(61)

Here, T is a positive number, called the horizon, whereas L
and £ are given functions, called the running cost and final

cost, respectively. Such functions are usually assumed to be
bounded below.

A control function fi € L%(0, T; F) at which the above
minimum is attained is called an optimal control for prob-
lem (61) and the corresponding solution u, of (60) is said
to be an optimal trajectory. Alltogether, {uy, , fi} is called
an optimal (trajectory/control) pair.

For problem (61) the following issues will be addressed
in the sections below:

the existence of controls minimizing functional J;
necessary conditions that a candidate solution must sat-
isfy;

o sufficient conditions for optimality provided by the dy-
namic programming method.

Other problems of particular interest to CT for PDE’s
are problems with an infinite horizon (T = 00), problems
with a free horizon T and a final target, and problems with
constraints on both control variables and state variables.
Moreover, the study of nonlinear variants of (60), includ-
ing semilinear problems of the form

u/'(t) = Au(t) + h(t, u(t), (1))
u(0) = up ,

t e [0, T] 62)

is strongly motivated by applications. The discussion of all
these variants, however, will not be here pursued in detail.

Traditionally, in optimal control theory, state variables
are denoted by the letters x, y, ..., whereas u, v, . . . are re-
served for control variables. For notational consistency, in
this section u(-) will still denote the state of a given system
and f(-) a control function, while ¢ will stand for a fixed
element of control space F.

Existence of Optimal Controls

From the study of finite dimensional optimization itis a fa-
miliar fact that the two essential ingredients to guarantee
the existence of minima are compactness and lower semi-
continuity. Therefore, it is clear that, in order to obtain
a solution of the optimal control problem (60)-(61), one
has to make assumptions that allow to recover such prop-
erties. The typical hypotheses that are made for this pur-
pose are the following:

o coercivity: there exist constants ¢ > 0 and ¢; € R such
that

and L(t,u,¢) > co||<jb||2 +
V(t,u,¢) € [0,T] x HxX F

) =z a
(63)
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o convexity: for every (t,u) € [0, T] x H

¢ +— L(t,u,¢p) isconvexon F. (64)

Under the above hypotheses, assuming lower semicon-
tinuity of £ and of the map L(t, -, ¢), it is not hard to show
that problem (60)-(61) has at least one solution. Indeed,
assumption (63) allows to show that any minimizing se-
quence of controls {fx} is bounded in L2(0, T; H). So, it
admits a subsequence, still denoted by {fi} which con-
verges weakly in L2(0, T; H) to some function f. Then, by
linearity, u 5 (¢) converges to u¢(t) for every t € [0, T]. So,
using assumption (64), it follows that f is a solution of
(60)-(61).

The problem becomes more delicate when the Tonelli
type coercivity condition (63) is relaxed, or the state equa-
tion is nonlinear as in (62). Indeed, the convergence of
uf, (t) is no longer ensured, in general. So, in order to re-
cover compactness, one has to make further assumptions,
such as the compactness of e, or structural properties of
L and h. For further reading, one may consult the mono-
graphs [22,85], and [79], for problems where the running
and final costs are given by quadratic forms (the so-called
Linear Quadratic problem), or [84] and [59] for more gen-
eral optimal control problems.

Necessary Conditions

Once the existence of a solution to problem (60)-(61) has
been established, the next important step is to provide con-
ditions to detect a candidate solution, possibly showing
that it is, in fact, optimal. By and large the optimality con-
ditions of most common use are the ones known as Pon-
tryagin’s Maximum Principle, named after the Russian
mathematician L.S. Pontryagin who greatly contributed to
the development of control theory, see [100,101].

So, suppose {ux, f«}, where ux = uy, is a candidate
optimal pair, and consider the so-called adjoint system

—p' (1) = A*p(t) + 3, L(t, ux (1), fx () =0
te€[0,T] ae.
p(T) = 0l(ux(T)),

where 0, L(t, u, ¢) and 9£(u) denote the Fréchet gradients
of the maps L(t, -, ¢) and £ at u, respectively. Observe that
the above is a backward linear Cauchy problem with ter-
minal condition, which can obviously be reduced to a for-
ward one by the change of variable t — T — t. So, it ad-
mits a unique mild solution, labeled p., which is called the
adjoint state associated with {ux, fs}.

Pontryagin’s Maximum Principle states that, if {us,
f+} is optimal, then

(P (1), Bf« (D)) + L(t, ux(8). fx(1)) =
min [(p«(8), Bg) + L(£, ux(t), §)]

i
$EF

t€[0,T] ae. (65)

The name Maximum Principle rather than Minimum
Principle, as it would be more appropriate, is due to the
fact that, traditionally, attention was focussed on the max-
imization—instead of minimization—of the functional in
(61). Even today, in most models from economics, one is
interested in maximizing payoffs, such as revenues, utility,
capital and so on. In that case, (65) would still be true, with
a “max” instead of a “min”.

At first glance, it might be hard to understand the rev-
elance of (65) to problem (61). To explain this, introduce
the function, called the Hamiltonian,

(6, u.p) = min[(p. BY) + L(t, . 9)]

(tu.p) €[0.T)x Hx H. (66)

Then, Fermat’s rule yields B*p + 04 L(t, u, ¢) = 0 at ev-
ery ¢ € F at which the minimum in (66) is attained.
Therefore, from (65) it follows that

B*ps(t)+ 0 L(t, us (1), fx(1)) =0 t€[0,T] ae. (67)

which provides a much-easier-to-use optimality condi-
tion.

There is a vast literature on necessary condition for
optimality for distributed parameter systems. The set-up
that was considered above can be generalized in several
ways: one can consider nonlinear state equations as in
(62), nonsmooth running and finals costs, constraints on
both state and control, problems with infinite horizon or
exit times. Further reading and useful references on most
of these extensions can be found in the aforementioned
monographs [22,79,84,85], and in [59] which is mainly
concerned with time optimal control problems.

Dynamic Programming

Though useful as it may be, Pontryagin’s Maximum Prin-
ciple remains a necessary condition. So, without further
information, it does not suffice to prove the optimality of
a give trajectory/control pair. Moreover, even when the
map ¢ — JdpL(t, u, $) turns out to be invertible, the best
result identity (67) can provide, is a representation of fi(¢)
in terms of u«(t) and p«(f): not enough to determine
f«(t), in general.
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This is why other methods to construct optimal con-
trols have been proposed over the years. One of the most
interesting ones is the so-called dynamic programming
method (abbreviated, DP), initiated by the work of R. Bell-
man [20]. Such a method will be briefly described below in
the set-up of distributed parameter systems.

Fix T > 0, ssuch that 0 < s < T, and consider the op-
timal control problem

to minimize

I = f p (£ (0. £0) de + € (3" (D)
S (68)

over all control functions f € L2(s, T; F), where uj;v(t) is
the solution of the controlled system

tels, T]

% u'(t) = Au(t) + Bf(t) (69)

u(s)y =v.

The value function U associated to (68)-(69) is the real-
valued function defined by

inf  JPY(f) V(s,v)e€[0,TIxH. (70)

U(s,v) =
fEL2(s,T;F)

A fundamental step of DP is the following result, known

as Bellman’s optimality principle.

Theorem 5 For any (s,v) € [0,T] x H and any f €
L2(s, T; F)
Us,v) < / L(tuy" (0. £0) dt+ U (7' ()
Vre s, T].

Moreover, f*(-) is optimal if and only if

Us,v) = /rL (£u3" 0. f0) dt + U (17 ()
Vrel[s,T].

The connection between DP and optimal control is based
on the properties of the value function. Indeed, applying
Bellman’s optimality principle, one can show that, if U is
Fréchet differentiable, then

s U(s,v) + (Av, 0, U(s,v)) + H (s,v,0,U(s,v)) = 0
(s,v) € (0, T) x D(A)

U(T,v)=4kv) veH

where H is the Hamiltonian defined in (66). The above
equation is the celebrated Hamilton-Jacobi equation of

DP. To illustrate its connections with the original opti-
mal control problem, a useful formal argument—that can,
however, be made rigorous—is the following. Consider
a sufficiently smooth solution W of the above problem and
let (s, v) € (0, T) x D(A). Then, for any trajectory/control
pair {u, f,

%W(t, u(t)) = dsW(t, u(t)) + (3, W(t, u(t)), Au(t)

+ Bf(1))
= (3, W(t, u(®)), Bf(t))
— H (t,u(t), 0, W(t, u(t)))
> —L(t, u(t), f(1))
(71)

by the definition of . Therefore, integrating from s to T,

T
() — W(s,v) = —/ L(t, u(t), f(£))dt,

N

whence J*V(f) > W(s, v). Thus, taking the infimum over
all f € L(s, T; F),

W(s,v) < U(s,v) V(s,v) €(0,T)x D(A). (72)

Now, suppose there is a control function f; € L*(s, T; F)
such that, forall ¢t € [s, T,

(0y W(t, us(t)), Bfa(t)) + L(t, ux (1), f«(t))

= H (t,ux (1), 0, W(t, ux(t))), (73)

where u4 (1) = uj"*v(-). Then, from (71) and (73) it follows
that

d
EW(f, ux(t)) = —L(t, u(t), f(1)).
t
whence
W(s,v) =T7"(fx) = Uls. v).

From the above inequality and (72) it follows that
W(s,v) = U(s,v) for all (s,v) € (0, T) x D(A), hence for
all (s,v) € (0, T) x H since D(A) is dense in H. So, fx is an
optimal control.

Note 2 The above considerations lead to the following
procedure to obtain optimal an optimal trajectory:

e find a smooth solution of the Hamilton-Jacobi equa-
tion;
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o for every (t,v) € (0, T) x D(A) provide a feedback
f(t,v) such that

(0, W(t,v), Bf(t,v)) + L(t.v, f(t,v))
= H(t,v,0,W(t.v))
o solve the so-called closed loop equation

u/'(t) = Au(t) + Bf (¢, u(t))

u(s) =v

te s, T]

Notice that not only is trajectory u optimal, but the
corresponding control f is given in feedback form as well.

Linear Quadratic Optimal Control

One of the most successful applications of DP is the so-
called Linear Quadratic optimal control problem. Con-
sider problem (68)-(69) with costs L and £ given by

L(t,u, @) = (M(t)u,u) + (N(t)p, ¢)
V(T,u,¢) € [0,T] x HxX F

and

{(u) = (Du,u) VYueH,

where

e M:[0,T] - L(H) is continuous, M(t) is symmetric
and (M(t)u, u) > 0 for every (t,u) € [0, T] x H;

e N:[0,T] — F is continuous, N(t) is symmetric and
(N()p, $) > colp|? for every (t,¢) € [0, T] x F and
some constant ¢y > 0;

e D e L(H) is symmetric and (Du,u) > 0 for every
ue€H.

Then, assumptions (63) and (64) are satisfied. So, a solu-
tion to (68)-(69) does exist. Moreover, it is unique because
of the strict convexity of functional J*".

In order to apply DP, one computes the Hamiltonian

H(t.u.p) = min [ (p. Bg) + (M(Du. ) + (N(19. )

F

= (M(t)u,u) — —(BN"/(t)B*p. p),

1
4
where the above minimum is attained at

1
Pu(t.p) = —EN‘l(t)B*p- (74)

Therefore, the Hamilton-Jacobi equation associated to the
problem is

dsW(s,v) + (Av, 9, W(s,v)) + (M(s)v, v)
— (BN~ (s)B*3, W(s.v), 0, W(s,v)) = 0
V(s,v) € (0, T) x D(A)

w(T,v) = (Dv,v) VveH

It is quite natural to search a solution of the above problem
in the form

Wi(s,v) = (P(s)v,v) V(s,v)e[0,T] xH,

with P: [0, T] — L(H) continuous, symmetric and such
that (P(t)u, u) > 0. Substituting into the Hamilton-Jacobi
equation yields

(P'(s)v,v) + ([A*P(s) + P(s)Alv,v) + (M(s)v, v)
—(BN~!(s)B*P(s)v, P(s)v) = 0
V(s,v) € (0, T) x D(A)

(P(T)v,v) = (Dv,v) VYveH

Therefore, P must be a solution of the so-called Riccati
equation

P/(s) + A*P(s) + P(s)A + M(s)

—P(s)BN~I(s)B*P(s) = 0
P(T)=D

Vs e (0,T)

Once a solution P(-) the Riccati equation is known, the
procedure described in Note 2 can be applied. Indeed, re-
calling (74) and the fact that 9, W(¢, v) = 2P(t)v, one con-
cludes that f(t,v) = —N"}(£)B*P(t)v is a feedback law.
So, solving the closed loop equation

u'(t) = [A— BN"Y(t)B*P(t)|u(t)

u(s) =v

te(s,T)

one obtains the unique optimal trajectory of problem
(68)-(69).

In sum, by DP one reduces the original Linear
Quadratic optimal control problem to the problem of find-
ing the solution of the Riccati equation, which is easier to
solve than the Hamilton-Jacobi equation.

Bibliographical Comments

Different variants of the Riccati equation have been suc-
cessfully studied by several authors in connection with
different state equations and cost functionals, including
boundary control problems and problems for other func-
tional equations, see [22,79] and the references therein.
Sometimes, the solution of the Riccati equation related to
alinearized model provides feedback stabilization for non-
linear problems as in [104].

Unfortunately, the DP method is hard to implement
for general optimal control problems, because of several
obstructions: nonsmoothness of solutions to Hamilton—
Jacobi equations, selection problems that introduce dis-
continuities, unboundedness of the coeflicients, numer-
ical complexity. Besides the Linear Quadratic case, the
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152 so-called Linear Convex case is the other example that transformations of the Prandtl equations, see, e.g., [94]. 162
1553 can be studied by DP under fairly general conditions, They can also be obtained as Kolmogorov equations of 162
1584 see [14]. For nonlinear optimal control problems some diffusions processes on domains that are invariant for s
1555 of the above difficulties have been overcome extending stochastic flows, see, e.g., [52]. The latter interpretation 131
153 the notion of viscosity solutions to infinite dimensional explains why they have been applied to biological prob- 1s:
1557 spaces, see [45,46,47,48,49], see also [28,29,30,31,32,33] lems, such as gene frequency models for population genet- 1633
s and [112]. Nevertheless, finding additional ideas to make ics (see, e. g., the Wright-Fischer model studied in [111]). 163
1ss  a generalized use of DP for distributed parameter systems So far, null controllability properties of degenerate 163
10 possible, remains a challenging problem for the next gen-  parabolic equations have been fully understood only in di- 163
1501 erations. mension one: for some kind of degeneracy, null controlla- 1637
bility holds true (see [36] and [9]), but, in general, one can 163
s Future Directions only expect regional null controllability (see [35]). Since 1639
very little is known on null controllability for degenerate 1640
1503 In addition to all considerations spread all over this arti- i S — 8¢
. parabolic equations in higher space dimensions, it is con- 1641
154 cle on promising developments of recent—as well as es- . Lo 1. .
; ) - ) ceivable that such a topic will provide interesting problems 1642
1505 tablished—research lines, a few additional topics deserve P
. or future developments. 1643
150 to be mentioned.
1597 The one subject that has received the highest atten-
1508 tion, recently, is that of numerical approximation of con- Bibliography e
199 trol problems, from the point of view of both controlla-
bility and optimal control. Here the problem is that. due 1. Alabau F (1999) Stabilisation frontiére indirecte de systemes 1645
1600 Y P o . p . i faiblement couplés. C R Acad Sci Paris Sér 1 328:1015-1020 1646
601 to hlgh frequency spurious numerical solutions, stable al- 2. Alabau F (2002) Indirect boundary stabilization of weakly 1647
02 gorithms for solving initial-boundary value problems do coupled systems. SIAM J Control Optim 41(2):511-541 1648
1603 not necessarily yield convergent algorithms for computing 3. Alabau-Boussouira F (2003) A two-level energy method for 1649
w4 controls. This diﬁclculty is closely related to the existence indirect boundary observability and controllability of weakly 1650
. . coupled hyperbolic systems. SIAM J Control Optim 42(3):871- 1651
605 of concentrated numerical solutions that escape the obser- 906 -
s vation mechanisms. Nevertheless, some interesting results 4. Alabau-Boussouira F (2004) A general formula for decay rates 1653
17 have been obtained so far, see, e. g., [124,125]. of nonlinear dissipative systems. C R Math Acad Sci Paris 1654
1608 Several interesting results for nonlinear control prob- 338:35-40 1655
w0 lems have been obtained by the return method, devel- 5. Alabau-Boussouira F (2005) Convexity and weighted integral 1656
o o inequalities for energy decay rates of nonlinear dissipative 1657
1610 ope.:d initially by Cororll [42] for a stabilization pr(?blem. hyperbolic systems. Appl Math Optim 51(1):61-105 s
wn This and other techniques have then been applled to 6. Alabau-Boussouira F (2006) Piecewise multiplier method and 1659
162 fluid models ([68,69]), the Korteweg-de Vries equation nonlinear integral inequalities for Petrowsky equations with 1660
613 ([105,106,107], and Schrodinger type equations ([19]), see nonlinear dissipation. J Evol Equ 6(1):95-112 1661
eia - also [43] and the references therein. It seems likely that 7. Alabau-Boussouira F (2007) Asymptotic behavior for Timo- s
15 these ideas. possibly combined with other techniques like shenko beams subject to a single nonlinear feedback control. 1663
» POSSIDIY €Ol , qu NODEA 14(5-6):643-669 1664
wis  Carleman estimates as in [70], will lead to new exiting re- 8. Alabau F, Cannarsa P, Komornik V (2002) Indirect internal 165
167 sults in the years to come. damping of coupled systems. J Evol Equ 2:127-150 1666
1618 A final comment on null controllability for degener- 9. Alabau-Boussouira F, Cannarsa P, Fragnelli G (2006) Carleman 1667
w9 ate parabolic equations is in order. Indeed, many prob- estimates for degenerate parabolic operators with applica- 1668
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9 = Tr [A(x)VZu]+b(x)-Vu+c(t, Xu+f in Qr,

where A(x) is a symmetric matrix, positive definite in
£2 but possibly singular on I". For instance, degenerate
parabolic equations arise in fluid dynamics as suitable
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