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Abstract

It is well-known that solutions to the basic problem in the calculus of variations
may fail to be Lipschitz continuous when the Lagrangian depends on f. Simi-
larly, for viscosity solutions to time-dependent Hamilton-Jacobi equations one
cannot expect Lipschitz bounds to hold uniformly with respect to the regularity
of coefficients. This phenomenon raises the question whether such solutions sat-
isfy uniform estimates in some weaker norm. We will show that this is the case
for a suitable Holder norm, obtaining uniform estimates in (x,#) for solutions to
first and second order Hamilton-Jacobi equations. Our results apply to degener-
ate parabolic equations and require superlinear growth at infinity, in the gradient
variables, of the Hamiltonian. Proofs are based on comparison arguments and
representation formulas for viscosity solutions, as well as weak reverse Holder
inequalities. (©) 2000 Wiley Periodicals, Inc.

1 Introduction
The object of this paper is the regularity of solutions to the Hamilton-Jacobi
equation
(L.1)  u(x,2)—Tr (a(x,t)Dzu(x,t)) +H(x,t,Du(x,1)) =0 in RN x(0,T)
where H and a will be assumed to satisfy the following hypotheses:

e there are real numbers g > 2, 6 > 1 and 1+ > 0 such that
1
(1.2) g\zyq —n <H(x,t,2) <8|zl7+n,  V(xt,z) eRY x (0,T) xRY;

e a = oc* for some locally Lipschitz continuous map o : (x,7) — o(x,1),
with values in the N x D real matrices (D > 1), such that || (x,?)|| < & for
all (x,1) € RV x (0,7).
Note that no initial condition is needed for our analysis, nor convexity of H in Du.

For a given viscosity solution u of (I.1), the kind of regularity properties we
are interested in are uniform continuity estimates in (x,) that do not depend on
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the smoothness of coefficients but just on the constants that appear in (1.2), and
on the sup-norm of u#. Another important feature of our approach is that the above
equation will not be assumed to be uniformly parabolic. Indeed, it will be allowed
to degenerate to the point of reducing to the first order equation

(1.3) w,+H(x,t,Du)=0 in RN x(0,T),

in which case we will just require ¢ > 1 in (I.2).
The typical form of our results ensures that any bounded continuous viscosity
solution u of (I.1) satisfies, for positive time, the uniform Holder estimate

(1.4) () = u(y,5)] < € [br—y[#F ) —s| o]

where p is the conjugate exponent of g, and 6 > p depends only on the afore-
mentioned constants. The above result may take a specific form according to the
problem we will consider. For instance, for second order equations we suppose
that the Hamiltonian H is super-quadratic (¢ > 2), whereas for problem we
just need super-linear growth (g > 1). Moreover, for both first and second order
problems we can also give a local version of our result, that is, an estimate that
applies to solutions in an open set & C RY x R,.

In order to better understand the problem under investigation it is convenient to
start the analysis with first order equations. In this case, when H (x,?,z) is convex in
z, the viscosity solutions of (I.3)) can be represented as the value functions of prob-
lems in the calculus of variations. Consequently, the regularity of u is connected
with that of minimizers. As is well-known, minimizers are Lipschitz continuous
in the autonomous case (see [8], [2], [10], [[13]), so that solutions turn out to be
locally Lipschitz when H = H(x,z). On the other hand, for nonautonomous prob-
lems, the Lipschitz regularity of minimizers is no longer true as is shown in [1],
and is the optimal Holder estimate that can be expected, see the example in
section and Remark [5.6] of this paper. A class of nonautonomous first order
problems for which such an estimate can be obtained is studied in [7]. Unlike the
above references, however, our present results do not require H to be convex in z.

As for second order problems, Holder regularity results for solutions of uni-
Sformly parabolic equations have been the object of a huge literature for both linear
and nonlinear problems. However, very few results can be found in connection
with the present context, where we drop uniform parabolicity and allow for un-
bounded Hamiltonians. In the stationary case, Lipschitz bounds for solutions of
uniformly elliptic equations with a super-quadratic Hamiltonian were obtained in
[[19]]. More recently, Holder estimates have been proved in [6] for viscosity subso-
lutions of fully nonlinear degenerate elliptic equations with super-quadratic growth
in the gradient.

An interesting point of the above elliptic results is that they suggest super-
quadratic growth (g > 2) should be a sharp condition for regularity. For instance,
as explained in [19]], g = 2 plays the role of a regularity threshold for the equa-
tion —Au+ |Du|? + Au = f (where A > 0 and f is bounded) in a bounded domain
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Q C RN If g € (1,2], then the above equation admits solutions which tend to +oo
as x — dQ. On the contrary, if ¢ > 2, then every solution which is bounded below
is also bounded above and can be continuously extended up to the boundary. One
way to look at this phenomenon is to say that, as far as regularity is concerned,
diffusion is the dominant term in the equation if ¢ € (1,2], whereas, for ¢ > 2, the
leading term is |Du|9. Since this paper focusses on degenerate diffusions, regularity
has to come from the gradient term, whence the condition g > 2.

Our work is mainly motivated by homogenization theory, where such uniform
estimates are necessary to study the limiting behavior of solutions and/or to prove
the existence of correctors (see, e.g., [21] and [23]]). For instance, estimate (I.4])
could be applied to equations of the form

t
uf (x,1) —Tr <a<x,t, ,82>D2 (x, t)) —|—H(x,t, ,Ez,Dus(x,t)> =0

where a(x,t,-,-) and H(x,t,-,-,z) are periodic in RV x R.
A brief comment of the structure of the proof is now in order. Our reasoning
involves three main steps:

(1) construction of suitable arcs along which super-solutions exhibit a sort of
monotone behavior;

(2) one-sided Holder bound for sub-solutions;

(3) application of a weak reverse Holder inequality result.

Let us be more specific on the above points in the simpler case of first order equa-
tions. Our first step consists in showing that, if u is a super-solution of (I.1)), then
for any point (¥,7) € RV x (0,T] there is an arc & € WP ([0,7];R"), satisfying
&(f) = x, such that
i
(15 (@) zuE0.0+C [ [E6)ds—n,G-1)  vie.d
t

for some constant C > 0. Second, using Hopf’s formula, we obtain the following
one-sided bound for any sub-solution u of (L.1)):

(1.6)  u(x,s) < uly,t)+C(s—t)""Ply—FP+n_(s—1) vy cRY Vs >t.
So, choosing y = £(¢) in (I.6) and combining such an estimate with (T.3), we derive

I _
ﬁ/ ]6'(s)]”ds§C1(|§() ; |> +Co vt € [0,7)
- t
which yields, in turn, the weak reverse Holder inequality
P
(1.7) —/ |E" (s Pds<C1< / 1& (s )|ds> +Cy  Vre[0,i).

Observe that (1.7) is weaker than the classical reverse Holder inequality used to
improve the integrability of functions (see, e.g., [15]). Nevertheless, we prove that,

/I_|§'(s)|ds§C(f—t)1é vt € [0,7]
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for some exponent 6 > p depending only on structural constants. Finally, we show
that the above inequalities imply estimate with exactly the same exponent 6.

One of the interesting aspects of our approach is that, using essentially the
same ideas we have just described, we manage to study the second order problem
(L.I). As it should be clear from the above discussion, such a transposition requires
a certain familiarity with some techniques that are typical of stochastic analysis.
For instance, the role of & will be now played by the controlled diffusion process
which satisfies dX; = §dt + o(X;,t)dW,, where W is a standard N dimensional
Brownian motion and { is a p-summable adapted control. Moreover, the one-
sided Holder bound of step 2 will be recovered by the use of a suitable Brownian
bridge. Furthermore, the stochastic version of our reverse Holder inequality result
will require

o[ ] s

to yield the conclusion that

E [(/t_t|§§,|ds)p] <ce—-nrb(Ig|n+B)  ViedT]

for some 6 € (p,2).

The outline of this paper is the following. In section[2] we fix notation and recall
preliminaries from stochastic analysis, including the basic properties of Brownian
bridges. Section[3]is devoted to weak reverse Holder inequalities. Then, we present
our main results: we study the Holder continuity of solutions to first order equa-
tions in section 4] while second order problems are investigated in section [6] (for
both problems we give a global and a local version of our results). In between
(section [3]), we discuss counterexamples to higher regularity.

ti;/,.t‘cs‘dsﬂ +(:(;_),2, Vi € (7,T]

2 Notation and preliminaries

We denote by x - y the Euclidean scalar product of two vectors x,y € R" and by
x| the Euclidean norm of x. For any xo € RN and r > 0, we denote by B(xo, ) the
open ball of radius r, centered at xy € R", and we set B, = B(0,r).

Let D > 1 be an integer. We denote by RV*P the space of all N x D real matrices
equipped with the norm ||o|| = \/Tr(cc*), where 6* denotes the transpose of &
and Tr(A) the trace of A € RV*V,

We denote by C(RY x [0,7]) the space of all continuous functions defined on
RN x [0,T].

For any nonempty set S C R let S = RV\ S. We denote ds the Euclidean
distance function from S, that is, ds(x) = infyeg |x —y| for all x € RV . It is well-
known that dy is a Lipschitz function of constant 1.

For 1 < p < 0 we denote by L?(a,b;R") the space of all p-summable (with
respect to the Lebesgue measure) Borel vector-valued functions & : [a,b] — RY,
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and we use the shorter notation L (a, b) if N = 1. Similarly, W!?(|a,b]; R") stands
for the Sobolev space of all absolutely continuous arcs & : [a,b] — RY such that
EelP(a,b;RV) .

Let now (Q,.7,P) be a stochastic basis, i.e., a measure space where P is a
probability measure. We denote by L?(Q x [a,b]; RY) the space of all measurable
functions (with respect to the product measure) & : Q x [a,b] — RV, again sup-
pressing the arrival set when N = 1. In all the above cases, we denote by ||§ ||, the
standard L”-norm of &.

Let (%) be a filtration on Q. We denote by L, (Q x [a,b];RV) the space of
p-summable stochastic processes, adapted to (7).

We will repeatedly use, in the sequel, the following classical estimate for solu-
tions of the stochastic differential equation

@1 dY, = Gdi + 6 (Y;,1)dW,
where (W;) is a D-dimensional Brownian motion adapted to (-%;).

Lemma 2.1. Let 6 : RN x [0, T] — RV*P be a Lipschitz continuous map such that
ol <6, let § € L2 /(Q % [0,T];RY) (p > 1), and let Y be a solution of 2-1).
Then, for every r € (0, p| there is a positive constant C(r) such that

@2 En-xr<co{E|

! r r
/Crd't:”—l—y\t—ﬂz} Vst € [0,7].

’}

t
/ o (Y, 7)dW;
N

Proof. For every r € (0, p] and any s, € [0,7] we have

E[%—¥l] = E U [ ez [ otremjaw

t r ;
[wal]+e| I}
s
where C(r) = 2l"=1+ (notice that r may be < 1). Moreover, by the Burkholder-
Davis-Gundy inequality and the bound on o,

,
7 |
t r
<C(r)E [(/ Tr(o(Ye,7)0" (Yz, 7)) dq,-) 2] <C(r)8 |t —s|
A
for some constant C(r) > 0. The conclusion follows combining the above esti-

mates. []

<co{e|

t
/ oYz, T)dW;

Let us finally recall some properties of Brownian bridges, which are one of the
main ingredients of our method.
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Lemma 2.2. Let p € (1,2) and let 6 : RN x [0,T] — R¥*P be a Lipschitz con-
tinuous map such that ||c|| < 8. Then, for any x,y € RN there is a process { €
LP(Q x [0, T);RY) such that the solution to

dY, = §dt + o (Y;,t)dw,
Yo=y

satisfies Yr = x (P a.s.) and
T
(2.3) E U \Czl”dt] <C(p,6) (Tl_”ly — x|+ Tl‘p/z) :
0

Following [14], (Y;) is called a Brownian bridge between (y,0) and (x, 7). Es-
timate (2.3) can be found, e.g., in [20]. We give a proof of Lemma [2.2] for com-
pleteness.

Proof. Without loss of generality, we can assume that x = 0. Having fixed o €
(1—1/p,2) (for instance oo = 3/4+1/(2p)), let ¥; be the solution to

{ dY, = —o 2= dt + o (Y;,1)dW,
Yo=y

We claim that
(2.4) Y, =T %T—1)%+(T—1)* /Ot o (Ys,s)(T —s)~%dW;
and that holds for §; = — a ¥, /(T —¢). Indeed, let

Z =T %T—-t)%+(T—-1)* /Ot o (Y, s)(T —s)~%dW; .
Then Zy =y =Yy and

dz, = (— aT (T —1)% 1y Ot(T—t)“l/OtG(Ys,s)(T—s)“dWS)dt

+ (T —1)%c (Y, t)(T —1)~%dW,
= —a(T —1)"'Zdt+o(Y,,1)dW,

Hence, Z, =Y, by uniqueness. Equality (2.4) also implies that Y7 = 0 (P a.s.). Let
us now show that (2.3) holds. We have
Y

t
f=—ar"—= —aT T —1)*y— a(T—t)“*l/ o (Yy,s)(T —s) " %dW,;
- 0
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Therefore,

B| [l

T
< 2P—1aPT—OfP|y|P/ (T—t)p(a_l)dt
0

Lo lap /OT(T _pyrle-DE [(/Ot 6 (Y,,s)(T s)_“dWs>p] di
< C(p)T" Pyl

T
Lol e(p) P / (T —)Ple)

0
E [(/0’ Tr(G(YS,s)G*(YS,s))(T—s)_zads>p/1 dr

T
< C(p)T Pyl? + Cp. )T [T 1
0

< C(p)T' PP +C(p,8)T' P2,

the second estimate above being justified by the Burkholder-Davis-Gundy inequal-
ity. [

3 Weak reverse Holder inequalities

Though sharing the same flavor of most results of common use, the following
reverse Holder inequality lemma, obtained in [[7], exhibits important differences in
both assumptions and conclusion. Since this is absolutely essential to our approach,
we will give a new proof of it which exploits a technique due to [12].

Lemma 3.1. Let p > 1 and let ¢ € LP(a,b) be a nonnegative function such that

3.1) t_ICI/[(bp(s)dsgA( ! /t(j)(s)ds)p Vvt € (a,b]

t—a
for some constant A > 1. Then, there are constants 6 = 0(p,A) > p and C =
C(p,A) > 0 such that

t

62 [ewds<ci-a)tb-ai il vielab].
a

Remark 3.2. Observe that, by Holder’s inequality,

[o6as<a-a'tiol,  vielad.

So, the interest of the above lemma lies in the fact that (3.2)) provides the exponent
1 —1/6 for (t —a), which is higher than 1 — 1/p.
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Proof. Without loss of generality we can assume a = 0 and b = 1, the general form
of the result being easy to recover by a rescaling argument. Let us further assume

(3.3) (1)< ¢ t€[0,50] ae.
for some constant ¢y > 0 and some # € (0, 1). Define
1 S
= —/ o (r)dt Vs € (0,1]
s Jo

and observe that, just like ¢, f is bounded in a neighborhood of 0. Now, let 8 > p
and recall Hardy’s inequality (see, e.g.,[16])

(34) <921>p/ol~‘51 9P (s)ds > /01551 [P (s)ds

Moreover, observe that, in view of (3.1),

(3.5) /se Lpp(s)ds > —/SG </ 07 (1) dt)ds
:X/o o (1) </t s52ds>dt:(p_9)A</0 q)p(t)dt—/ 167 9P (1)dt >

Then, combine (3.4) and (3.5) to obtain

[(p—ee)A + <96_1>p] /Olsg‘ ¢P(s)ds > (p—GG)A/Ol(pp(s)ds

[(9 —GP)A - (6?1>P] /Olsgl‘f’p(S)ds (e_ep)A/OlW’(s)ds

Finally, choose 6 = 6(p,A) > p such that

<9—9p>A><99—1>p

to deduce that, for some constant C = C(p,A),

or

IN

(3.6) /1 s 107 (s)ds < c/1 o (s)ds
0 0

At this point, the conclusion follows from Holder’s inequality and (3.6): denoting
by ¢ (resp. 0’) the conjugate exponent of p (resp. 0), we have

/Ot(])(s)ds < (/Otsl’(é;)q)”(s)ds>; </0tsq(;é)ds>:1
= ([ s rorias) (&) <ck (&) 0ol
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To complete the proof it remains to dispose of assumption (3.3)). For any 7 € (0, 1],
set
Liyo(t)de ifse(0,1]
Pe(s) =

o(s) otherwise.

Then, ¢; is bounded near 0 and ¢, € L7 (0, 1). We claim that (3.1)) is still true for
¢:. Indeed, this is obvious if 7 € [0, 7]. On the other hand, for any € (7, 1],

| 1t
Hfotwas=2 (1 ["owas) + 1 [orwas<1 [orras
tJr tJo
1t P | P
<A (/ ¢(s)ds> =A (/ (I)T(s)ds)
tJo rJo
Therefore, owing to the first part of the proof,
t
[ octoyds <cr'biigdl, e .1,
0
Letting T — 07 gives (3.2). O
We now give an adaptation of Lemma [3.1] that will be used in what follows.

Lemma 3.3. Let p > 1 and let ¢ € LP(a,b) be a nonnegative function such that

3.7) bl_t/tb(pp(s)dsgA <bl_t/tb¢(s)ds>p+3 vt € [a,b)

for some constants A > 1 and B > 0.
Then, there are constanmﬂ 6 =0(p,A) > pand C=C(p,A) > 0 such that

1 1

b 1
(3.8) /¢(s>ds§C(b—t>“§{<b—a)ﬁ||¢>Hp+B””<b—a)5}
t
foreveryt € [a,b).
Proof. Let w(s) = ¢(s) + k where k = B'/? /(A'/? —1). In view of (3.7), we have

1 b 1/17 1 b 1/17
< / 1//”(s)ds> < < / ¢P(s)ds> tk
b—t J; b—t
1/p Al/p
§A /¢ ds+Bl/p+k— /w

for every ¢ € [a,b). Therefore, Lemma applied to y ylelds—after a change of
variable—the existence of constants 8 > p and C > 0, depending on A and p only,
such that

b b 1 1_1
[ o6)ds= [ wis)ds—kb=1) <Co=0)"b (b=a)i 7 v,

! These are the same constants given by Lemma
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The proof can now be completed noting that ||y||, < ||@||, +k(b—a)'/P. O

We conclude this section with a generalization of Lemma [3.1]to stochastic pro-
cesses, which will be needed to study second order problems.

Lemma 3.4. Let (Q, </, P) be a probability space. Let p € (1,2), r € (0,1) and let
us assume that & € LP(Q x (a,b)) is a nonnegative function such that

(3.9) E[Ila/atéfds} <AE [(tla/atgsds)p] +<ti)r Vi € (a,b]

for some positive constants A and B. Then there are constants 6 € (p,2 N\ (p/r))
and C > 0, depending only on p, A and r, such that

B|( [ eas)'| <cu-ar b {o-af e+ Bo-af 7} e @,

Proof. Under the extra assumption that & is bounded (P a.s.) for a.e. 7 near a, say
fora.e. t € (a,1), let us define

1 t
= E/ ésds (P a.s.) vt € (a,b] .

Then, for any 8 € (p,2 A £), Hardy’s inequality (3.4) yields

0 P b by b p_q
(310) (6-1) / (t—a)§7 étpdt Z / (t—a)gi Z[pdt (]P a.S.)
a a
Owing to assumption (3.9), we have

G.11) E[Lb(t—a)ﬁ—l z{’dt] :/ab(t—a)s_lE[(t_la/atéds)p} dt
e el o] L

- % E Vab(z—a)’é—z/at gspdsdt] —g /ab(t—a)z—r—ldt
b
— (p_ee)A E [/ {b-a)f '~ (s-a)i '] gg’ds]
0B
(p—ro)A
Now, taking the expectation of both sides of (3.10) and chaining the resulting esti-
mate with (3.11)) we obtain

{(p_ee)A + <99_1>p}1a [/ab(t—a)Z—‘ é,"dt}

> (p—ee)A (b—a)t 'E [/abg,”dt} — (p_efe)A(ba)Sr

(b—a)o "
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(oo (a70) fol oot erd]

0 P b OB P_,
<oy 0 IR [/ 5;’4 S rEr Iy Ak

Thus, choosing 6 = 6(p,A,r) € (p,2 A\ (p/r)) such that

(9—9p)A g <99—1>p

we deduce that, for some positive constant C = C(p,A,r),

(3.12) E [/ab(z—a)g—l é,”dr] < C{(b—a)g_lE [/f&j}’dt] +B(b—a)5_”} :
By Holder's inequality and (3.12), we have, for all € (a,b],
E [(/utgsdsﬂ _E {(/ﬂt(s—a)ll’é(s—a)fl)zlifsdsy)}
<E[(/at(s—a)7:g>g/at(s—a)g_léspds]

<C(t—a)’ 6 {(b_a)ﬁlE [/abépdt] +B(b_a)§r}

which in turn implies the conclusion. The extra assumption that &, is bounded near
a can be removed arguing as in last part of the proof of Lemma[3.1] O

or

4 First order equations

In this section we consider the first order Hamilton-Jacobi equation

4.1 u+H(x,t,Du)=0 in RN x(0,T)

where ut:% and Du = (g—;,...,%

satisfy the following hypotheses:

o H:RN x(0,T) xRN — R is a continuous function such that

). The data H and u will be assumed to

1
42 Sllf-n <H(t) <SRT4n. V(xtz) €RYx(0,T) xRY
for some constants ¢ > 1,6 > 1 and 4+ > 0;
e u:RY x (0,7) — R is a bounded continuous viscosity solution of (#.).

Moreover, p denotes the conjugate exponent of ¢, i.e., %—Fé =1,and M is a
positive constant such that

4.3) lu(x,t)| <M V(x,t) e RN x (0,T)
(e.8. M = sup(, ;)crN (0,7) |u(x,1)]).
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In what follows, a (universal) constant is a positive number depending on the
given data ¢,8,N,n+ and M only. Universal constants will be typically labeled
with C, but also with different letters (e.g., 0,A,...). Dependence on extra quan-
tities will be accounted for by using parentheses (e.g., C(r) denotes a constant
depending also on r).

Theorem 4.1. Let u € C(RN x [0,T]) be a viscosity solution of [@.1) satisfying
#@.3). Then there is a universal constant © > p such that, for any T € (0,T],

(44) ju(x,1) =l 9)] < C(2) [lx—=y| 7 + e =5/
for all (x,t),(y,s) € RN x [t,T] and some constant C(t) > 0.

Remark 4.2. The main point of the above theorem is that estimate (4.4) holds uni-
formly with respect to H and u, as long as conditions (4.2)) and (4.3) hold true. In
particular, C(7) is independent of the continuity modulus of H.

4.1 Proof of Theorem 4.1

Let us set
H (z)=0z|+n, and Hﬁ(z):%]z\q—n, ze RV,
We begin the analysis with a kind of optimality principle for super-solutions.
Lemma 4.3. Let u € C(RY x [0,T)) be a viscosity super-solution of
4.5) w+H (Du)=0 in RN x(0,T)

satisfying @3). Then, for any (%,7) € RN x (0, T there is an arc & € WP([0,7];RN),
satisfying the end-point condition £ (f) = X, such that

@6 () zuE0.0+C, [ e ds—n.G-1)  Vielod

where
§—rla

4.7 R

Proof. The requested arc will be provided by an approximation procedure. Let
(x,7) € RY x (0, T]. For any positive integer n let us set

W= tr=kt, (ke{0,...,n}).

We shall first construct a finite set of points (x¢);_, such that x,, = X and

p

Xk—1 — Xk
P B T]+ Ty

4.8) u(xk,tk) > u(xk,l,tk,l) +C+ Tn

n
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with C, given by @.7). Having set x, = %, we proceed as follows to construct

Xi—1 from x; that we assume given for some k € {1,...,n}. Let v; be the viscosity
solution of
49) vi+H, (Dv)=0 in RV x(_1,T)

. v(x,tr_1) =u(x,tr_1) x€RN.

As is well-known, vy is given by Hopf’s formula

. . —x
wet) = min =i (225 ) bt | vl €RYx (.

where H is the convex conjugate of H, i.e.,
H: (w) = max {z-w—H_(2)} =C.|wl’ —n,

with C, given by (4.7). Since u is a super-solution of (4.9), the comparison princi-
ple yields u(-,¢) > vi(-,¢) for any ¢ € [tx_1,T]. In particular, for r = ;, we obtain
that, for some point x;_; € RV,

p

Xk—1 — Xk
—| M, T

u(xp,te) > vi(xe,te) = u(xe—1,tk—1) +C, T

n

The construction of (x;)}_, can thus be completed by finite backward induction.

Next, for any positive integer n, let &, : [0,7] — RY be the piecewise linear
interpolation of the above set (x;)}_, such that &, (f;) = xx forany k=0, ... ,n. We
note that can be rewritten as

M(&n(fk)afk)zu(in(fk1)7fk1)+C+/ttk &) ds—n, (—te1)  (k=1,...,n).

Summing up the above inequalities gives
f

(4.10) u(%,7) > u(Eu(tr),1x) +C, /t &0(9)|"ds—n, (F—1) (k=0,...,n).
k

Since u is bounded, (&,),ex is bounded in W!7([0,7];RY). Then, there is a sub-
sequence of (&,),en Which weakly converges in W7 ([0,7];RY) (hence converges
uniformly) to some limit arc & which satisfies & () = x. Passing to the limit in

{@.10) for such a subsequence gives (.6). [

Remark 4.4. Observe that, owing to (4.3), any arc & which satisfies (4.6) can be
bounded above as follows
£ 2M r
@11 [1gras < =1L
0 +

We now turn to the analysis of sub-solutions of

(4.12) w+H (Du)=0 in RYx(0,T)
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Lemma 4.5. Let u € C(RN x [0,T)]) be a viscosity sub-solution of @12). Then,
forany s,t € [0,T], with s > t,

u(,5) < uly)+C (5= Ply—xP+ 1 (s—1) VuyeRY,

where

§rl4
- pq!’/q )

Proof. Let v be the viscosity solution of

_ : N
i {v,+H(Dv)—0 in RN x (1,T)

4.13)

v(x,t) =u(x,t) x€RN.

By Hopf’s formula,

4.15) V(x,s):min{(s—t)H (y_t)—l—u(y, )} V(x,s) € RN x (1,T),

yERN

where H*, the convex conjugate of H_, is given by
H*(w) = max {z2w—H (@)} =C |w]P+n_.
Since u is a sub-solution of (@.14), by comparison u(-,s) < ¥(-,s) for all s € [t,T].
So, @.15) yields
u(x,s) <v(x,s) <C (s—1)" " Ply—x|P +n_(s—1) +u(y,)
for all (y,s) € R x (¢,T), as desired. [J

Next, we derive a weak reverse Holder inequality for the arcs that satisfy (#.6).

Lemma 4.6. Let:

e uc C(RY x[0,T]) be a viscosity sub-solution of @.12) satisfying @3);
o £ cWHP([0,7];RY) be an arc satisfying (@.6)) wzthx = &(7).

Then

we t’,m,pqu( [ rds) tC  vielod)
where
4.17) CO:m(J::n and C;=8%/1>1.
Proof. Lett € [0,7). By Lemma.5]
w®) < w0 +F-nc [FE +n (-1

< u(E@0)+E-1)C (

/\g \ds) 4 (F-1).
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Combining ({@.6) with the above inequality we obtain

17 b ,
c. [g@pas—n.G-n < -nc (2 [g6s) +n -0,
which in turns implies @.16). [

In view of the above results, Lemma [3.3] yields the following.
Corollary 4.7. Let u € C(RN x [0,T]) be a viscosity solution of
(4.18) u+H(x,t,Du)=0 in RN x(0,T)

satisfying @3), and let (%,7) € RN x (0, T]. Then there is an arc & € WP ([0,7];RN),
satisfying the end-point condition &(f) = X and inequality @.6), and a constant
0 > p, depending only on q and d, such that

.19) /t|§’(s)|ds§C(f) F-0'b  weloq
for some constant C(t) > 0.

Proof. First observe that, owing to (4.2), u is a super-solution of (#.5)) and a sub-
solution of (.12). Then, Lemma.3|can be applied to construct an arc & satisfying
together with &(7) = X, while Lemma |4.6| ensures that holds true for
Co,C given by (@.17). So, Lemmaimplies the existence of constant 6 > p and
C3 > 0, depending only on C; = §27/4, such that

[ 6tas < g+t SO v o,

_1_ 1

tr 0
where k = CO/ by (C Ve _ 1). Using the definition of Cy,C; and upper bound (4.1T))
for [, yields @19). O

Proof of Theorem We will obtain two Holder estimates in space and time, re-
spectively, each of which will be uniform in the other variable.

Space regularity. Fix T € (0,T]. Let f € [t,T] and let x,% € RY x # %. From
Lemma4.5] u(x,7) is bounded from above by

u(rf) < uly)+C ([0 Ply—xlP+n_(F—1) VyeRY,

forallz € [0,7). Taking, in such an expression, y = & (), where & is the arc provided
by the conclusion of Corollary {.7] yields, owing to (4.6)),

) < -0 |2 e -0 +uE 0
< (-0 PC[1E(@) =&+ =] +u(® D) +n (1)
for every ¢t € [0,7), where 1 =1 _+ 1, . Therefore, since

g0 —s< [ s o (-0 e,
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on account of (#.19), we obtain
(420) u(wf)—u(zh) < (-0)'7"C {C(x) ((-1)""F +]i—x }p+n(f—t)

for every 7 € [0,7]. Now, suppose |% —x| < min{1,7'~1/®}. Then there is a number
t € [0,7] such that

Hence, @.20) yields

6—p

u(x,7) —u(x,i) < C(t)|x—x|o1

for some new constant C(7) > 0. On the other hand, the above inequality is triv-
ial for [ — x| > min{1,7'~/®} since u is bounded. Moreover, the reasoning is
symmetric with respect to x and X. So, we have shown that

0—p

(4.21) lu(x,7) —u(%,7)| < C(t)|F—x|o=1  Vx,icRV.

Time regularity. Let ¥ € RN and let T <t <7 < T. Applying Lemmal4.5[at x = ¥ =
y, we obtain

(4.22) u(x,f) —u(x,t) <n_(f—1).

To estimate the above left-hand side from below, let & be as in the first part of the
proof. Then, owing to (@.6),

(4.23) u(&(t),1) <u(x,7)+n,(f—1).
On the other hand, in view of (@.21)) and (4.19),
(4.24)

6—p

u(&(t),t) > u(x,t)—C(1)|&(t) — x| o= .
(1)~ (o) (J1E/)lds) ™ > uE.n) ~C(x)i-0""
Combining (#23) and (#24) we conclude that

Vv
=i

6—p

w(®7) —u(® 1) > —n, (F—1)—C(r)T—1)"7" .

Since (6 — p)/0 < 1, recalling (@.22)) we finally get
(425)  |u(x,7) —u(x,0)| <C(r)|[f—1|® P/ vieRN, viie(rT].

The conclusion follows from @.21) and @.23). O
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4.2 Local regularity for first order equations

The Holder regularity result of the previous section can be given a “local ver-
sion”, that is, a form that applies to solutions of the Hamilton-Jacobi equation

(4.26) w+H(x,t,Du)=0 in O,

where € is an open domain of RY x R,. The Hamiltonian H : & x RN — R is still
assumed to satisfy the growth condition

1
4.27) g\z\tnf < H(x,t,z) < 8lzl7+n.,  Vixt,z)€ OxRY

for some constants ¢ > 1,6 > 1 and n+ > 0. Recall that p is conjugate to ¢, and
set
Op ={(x,t) €O : dpe(x,t) > p} Vp >0.

Theorem 4.8. Let u be a continuous viscosity solution of (.20)) satisfying |u| <M
in O for some M > 0. Then there is a universal constant 6 > p and, for any p > 0,
a constant C(p) > 0 such that

428)  |u(x,t) —u(y,s)| < C(p) [lx—y|#F + |t —s|0" | Y(x.0),(0.5) € O,

Proof. We will obtain the above Holder bound on any sufficiently small parabolic
cylinder contained in &. Specifically, we will suppose that such a cylinder has the
form By x (p,T), where T = 4p and p € (0,1/4] is chosen so as to satisfy (4.33)
below. We will also assume that By, x [0,T] C & since this implies no loss of
generality. Again without loss of generality, we can—and will—assume that the
Hamiltonian has been extended to RY x R, x R, and that such an extension (still
labeled by H) coincides with the original Hamiltonian on B, x (0,7) and satisfies
on the whole space with the same constants that appear in (4.27).

4 )

0
T =/4p

(7)
\& R
0 2p 4p X

FIGURE 4.1. local Holder continuity

Step 1: Let us show that there is a universal constant & > 0 such that, for any
(%,7) € Bap x (0,T), there is an arc & € WP ([0,7]; RY), with & (7) = , satisfying

(4.29) HOBE RS
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and
7

(4.30) u(x) 2 W@ +C. [ g6 Pas—n.(-1)
t

for all 7 € [(F— ap?/(P~1)) 7], where C, is defined by .

Proof of Step 1. Let ¢(x) = ¢(|x|) be a smooth function defined on R" such that
9| <M in RN, ¢ =M in Bsp, and ¢ = —M in Bj,. Since ¢ is a trivial super-
solution of (4.5), the function iz : RN x [0,T] — R defined by
~ funé in By x[0,T]
u =
~M in B, x[0,T]
is also a super-solution of (4.5) satisfying, thanks to (4.3), & = u in B3, x (0,T).

So, applying Lemma @4.3|to i we deduce that for any (X,7) € By x (0,7') there is
an arc & € WHP([0,7];RY), with & (7) = %, such that

7

4.31) a(x,f)za(g(z),mq/ E(s)[Pds —n.(F—1)  Vie[o.].
t

Moreover, recalling Remark [4.4]

T
[1geras <0 viepq
t

+
since p < 1/4. So, by Holder’s inequality,
1
2M P _1 _
(4.32) E(1)—%| < <C+"+> -0t welo].

+

o~ (i)
2M 4+, ’
inequalities and (#.32)), combined with the fact that & = u in B3, x (0,T),
give (@.29) and (4.30). O

Hereafter we will assume, without loss of generality, that p > 0 is such that

(4.33) ap?/P=D) < p.

Therefore, taking

Step 2: Let (%,7) € By x (p,T). We will show that there exists universal constants
6 > p and C > 0 such that, if £ is an arc in W!'»(]0,7]; R") satisfying [#.29), (#.30)
and & (f) = X (as in Step 1), then

Lo e _ -
(4.34) / E(s)lds < Cp 7T (F—1)'=b  vre [f—ap?/vD 7.
t
Moreover, for any (x,f) € B3p x [0,7) and y € B3,

(4.35) u(x,7) < u(y,t) +C F—1)"Ply—x|P +Cp 71 (F—1).
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where C_ is defined by @.13).

Proof of Step 2. Let ¢ be a function as in Step 1 such that || D¢||.. < C/p for some
universal constant C. Then, —¢ is a stationary sub-solution of

(4.36) w,+H (Dw)=0  inRY x(0,T).
where
{ﬁ (z) = $lz|9—7_ 7RV
n_ =max{n_,C?/(6p9)}.

Let us set
. u/\(—d)) in B4p X (O,T)
u =
M in Bj,x(0,7).
Note that  is a sub-solution of (4.36) such that # = u in B3, x (0,T), because u is

a sub-solution of (#.12) and |u| < M in B4y x (0,T). Let us now apply Lemmaf4.6]
to u, (%,7) and &: since u = u in B3p x (0,7, § satisfies

WD) 200 +C. [ 6Pds—n (1) e i-ap )

we have
1t 1/t P
ﬁ/ & (s)[Pds < Cy (t_t/ |§’(s)|ds> YCo Vrelf—ap/v V) p
—1), ),

for some constants Co = (1, +1_)/C, =C}/p9 and C = §%"/9 > 1. Then, Lemma
yields the existence of universal constants 8 > p and C” > 0 such that

7 z_\l-4
/ \5’<s>|dssc"(ué||p+ka%pfil)(Z,,f—)g,f, Vi e [f-ap?/v N7,
t

o or p 6(p—1)

where

1
k=—"—=—=— and [&],<[@M+n)/C]r<C
cr—1 P’ pr

for some universal constant C. Estimate (4.34) follows from the above inequality.
Moreover, u being a sub-solution of (4.36), Lemma [4.5]ensures that

u(x,t) < u(y,t)+F—0)'"PC ly—x|P+71_(F—1)

for any (x,7) € RY x [0,7), y € RV. Since u = u in B3, x (0,T), (4.35) follows for
some constant C. [
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Step 3: We can now complete the proof of Theorem 4.8]
Space regularity: Lett € [p,T], let x,X € By, be such that x # %, and let & be the
arc of Step 1. Taking 7 € [ — ap?/ P~ ) and y = £ () in @3J) yields

u(x,f) < u(E(0),0)+(F—1)'"PC @) —x|P +Cp T (1)
< u(® D)+ F—1)PC [|E(t) — x|+ |x—x|) +Cp 7T (1)
for some universal constant C’. Hence, in view of (4.34),
(4.37)  u(x,7) —u(x,7)
< (F-0'rc {cp T [t fr-x| } 4 Cp ()

Now, suppose | —x| < a!®~1)/¢p_ Then there is a number ¢ € [f — ap?/ (P~ ]
such that

So, owing to (.37),

6-—p
Y — 0—1 Y — 6—1 Y — —1
u(eF) —u(%f) < " <\XX) Lo (lxx!) <o <\xx\>
p p p

for some new universal constants C”,C" > 0. Therefore,
m@a—wamgc<””>

P
for all x,x € Byp and 7 € [p,T] with [¥ — x| < (x%p.

Time regularity: Let X € By, and p <t <7 < T. Applying inequality (4.35) at
X =X =1y, we obtain

9]7

w(®,7) —u(E1) < Cp 71 (F—1).
To estimate the above left-hand side from below, let £ be given by Step 1. Then
u(G(t),1) < u(x,0)+n. (f—1).
Arguying as in Step 1, we can find a universal constant € (0, ) such that
g -s<a’sp  vreli-ppr. 1.
Then, using the space regularity estimate we have just shown and (4.34)), we obtain

w(E@),1) > u(z,1) — <@U |>97

0—p

o1 ,p(9*1>) 0—p
Zu ( / ’é ’ds> > u(x,t)—Cp -0 (f—t) o .

p(6—p)

u(%,7) —u(@,1)] <C p oD (7—1)

Thus,

6—p
2]



HOLDER ESTIMATES FOR HAMILTON-JACOBI EQUATIONS 21
for all ¥ € B, and all 7,1 € [p, T] satisfying |7 —¢| < Bp?/(P~1. O
Remark 4.9. A simple analysis of the above proof allows to compute the depen-

dence on p of the constant in (4.28)) as follows

__p(6-p) 0—p

u(x,s) —u(y,t)] <C |p~ ot [y—x|F +p 500 (r—s5) "

for all (x,s), (y,7) € Op such that [¥ —x| < kp and |t —s| < kpﬂl%l, where C,k >0
are universal constants.

S Examples

In this section we investigate two questions naturally arising from Theorems
M.T]and[4.8] First, one may wonder whether the solutions of (4.26)) satisfy stronger
a priori estimates than (4.28)), independent of the regularity of H. We address
such a question with an example showing that uniform Lipschitz estimates cannot
be expected even for a simple Hamilton-Jacobi equation in one space dimension.
Second, one may ask if the local Holder estimates for solutions in an open domain
can be extended up to the boundary. Surprisingly—and in stark contrast to the
stationary setting (see [6]])—this is not the case: we will exhibit a solution of a first
order Hamilton-Jacobi equation with constant coefficients which turns out to be
discontinuous at the boundary of the domain.

5.1 Counterexample to Lipschitz continuity

The following example is inspired by [[1]]. In particular, Lemma 5.1 and Propo-
sition[5.2] could also be deduced from the results of the above paper.

Let us fix ¥ € (2 —+/2,1) and define
E(r)=1"  Vrelo,1].
Lemma 5.1. For everyt € [0,1)

(5.1) /Hh]éé(s)\zds < %|<§o(t+h)—§o(t)|2 Vh e (0,1—1].

t

Proof. Lett € [0,1) and define

X = [ g6ras - 2 guen &P vhe©1-1)

Observe that X; (1) < 0 for & > 0 small enough, since limy o X;(h)/h < 0. In order
to obtain that X; (k) < 0 for every i € (0,1 —1¢], let us show that X;(+) is decreasing.
Indeed, for any 4 € (0,1 —1],

(5.2) X'(h)=|EG+n)]* — % (8ot +h) —&o(1)) &o(t +h)

Sot+h)
h

2
+ o fele 1)~ &) = (SO 2y )+
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where

L h&(t+h)

Gt = &)

Now, since & is an incresing concave function, Y;(h) < 1. Moreover,

h&o(e+h) _ ye+h)"!
Eolt+h) — (t+h)r!

Since y2 —4y+2 < 0 for every y € (2—+/2,1], X/ (h) < 0 owing to (5.2). O

Y,(h)

Y,(h) > =y>2-V2.

Now, define

1t x=&)
a()c,t)—{2 it x4 Er), V(x,) € Rx[0,1]

and

0 if x—=1
_ VxeR
8%) {G i x4l !

where G is a real number such that

,)/2

2y—1°

5.3) G >
Let us consider the functional

18)= [ a0 WP +gE(1) v €W Ao, 1),
Proposition 5.2. & is the unique solution of the variational problem
(5.4) min{J[&] : & € W"*([0,1]), £(0) =0}.

Proof. To begin with, let us note that the minimum in (5.4) does exists owing to
well-known existence results for functionals with lower semicontinuous data (see,
e.g., [4, section 3.2]). So, let &, be a solution of (5.4) and observe that &,(1) =1
since otherwise

,},2

2y—1

J[E] = ¢(6:(1)) =G > = J[8].

Now, suppose that the open set {r € (0,1) : &.(r) # &y(¢)} is nonempty and let
(t1,12) be a connected component of such a set. Then, &, (¢;) = &(#;) for i = 1,2.
Define

_JE(r) if 1e[0,n]U[n,1]
61(1‘) N {50(2‘) if Z‘E(l‘l,l‘z).
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Then & € W'2([0,1]) satisfies £ (0) = 0 and & (1) = 1. Moreover, in view of
Lemmal5.1]

I8 = [ a(@ 00180 Par+ [ 80P+ [ a(@ 001810 Par+ (1)
</” ORGSO s +/ () DIE e +5(1)
I CORIE >|2dz+2"§1(’2 _fj W [ a0 lel o P+ g1

<J[&]

in contrast with the optimality of &,. Therefore, &, = &). [

Let us now fix two sequences
ap:Rx[0,1] =R and g,:R—R (n>1)
of continuous functions such that
{éga”(x’t)gz vnz1 V(x,t) € R x [0,1]
an(x,t) Ta(x,t) n—oo
and

gn(x) T g(x) noew SR

For instance, one can take

(5.5  an(xi) = mm{z nlx— & (1) Zlk} V(x,1) € R x [0,1]

{1 <gn(x) <glx) Vn>1

and
(5.6) g(x)=min{G, nlx—1|}  VxeR.
Define, for all n € N,

1
Tnl&] = /0 an(§(0),0)|E' (1) Pdr +ga(E(1))  VE € WH2([0,1]).
Proposition 5.3. For every n € N let &, be a solution of the variational problem

min{J,[§] : & € W'*([0,1]), £(0) = 0}.
Then &, — &y in W'2([0,1]) as n — oo.

Proof. Since (&,), is bounded in W!2(]0, 1]), we can assume, without loss of gen-
erality, that (), weakly converges to some limit &, in W1-2([0, 1]). Consequently,
&, — &, uniformly as n — oo.

Now, observe that,
(5.7) limsupJ,[S,] < J[So]

n—oo
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since J,[Ey] < Ju[&] and, by monotone convergence, J,[&] — J[E] as n — eo.
Moreover, for any fixed n > 1 and all m > n, J,y[Ey] > J,[Ey] in view of the mono-
tonicity of a,, and g,,. Therefore, recalling (5.7)),

-][50] > lingn_)igf-]m [gm] > lirfln_)igfjn [ém] >y [g*]

by the lower semicontinuity of J,,. Since, by monotone convergence, J,,[E.] — J[E,]
as n — oo, we conclude that J[E,] < J[&]. But we know that & is the unique
solution of (5.4). So, &, = & as requested. [J

Since & is just Holder continuous with exponent ¥, and &, — &y uniformly in
[0,1], the above result implies that (&,),, cannot be equi-Lipschitz.

Proposition 5.4. Let 0 < T < 1. Then the sequence of (value) functions

(5.8)  uy(x,1)

—int{ [ (€0 6+ aaE0) < & €W(1), 0 =x)

is not equi-Lipschitz in R x [0, 7].

Proof. Let 0 < T < 1 and suppose u, is Lipschitz continuous in R x [0, 7], with the
same constant K > 0 for every n > 1. Let &, be as in Proposition Then the
optimality principle ensures that

u(0,0) = /Otan(in(S),S)lé’,(S)lzderM(fvén(t)) vi € [0,1].

Therefore,

/O[ &0 (5)*ds <un(0,0) —u(t,6,(1)) <K(1+1&:(1)) Ve e[o,1],
whence

En(t)

t

SO eopas <k (1+[50]) wew,

The above inequality in turn implies that |&,(7)| < ¢(K)t for every ¢ € (0, 7], uni-
formly for n > 1, in contrast with the fact that &, — &y uniformly in [0,1]. O

Since u, above is the (unique) viscosity solution of the corresponding Hamilton-
Jacobi equation, from Proposition we directly obtain the following corollary,
which answers (negatively) the first question at the beginning of section [5]

Corollary 5.5. For any integer n > 1 let a, and g, be given by (5.3) and (5.6),
respectively, and let u, be the viscosity solution of

‘MX‘Z
4ay,(x,1)
u(x,1) = gu(x) xeR.

_ut+

=0 in Rx(0,1)
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Then (uy), is not equi-Lipschitz in R x [0, 7], for any 0 < T < 1.

Observe that the above equation is of the form (.26), after the change of vari-
able  — 1 —1, and satisfies condition (4.2) uniformly in n.

Remark 5.6. A careful examination of the proof of Proposition [5.4]actually shows
that no uniform Hoélder bound can be true for (u,), on R X [0, 7] with a Holder
exponent in the x variable (resp. ¢ variable) greater than 1 — 1/1/2 (resp. 3 —2v/2).
Note that such an optimal exponent has the form (6 —2)/(6 — 1) (resp. (6 —2)/0)

for =1++21in agreement with (4.4)).
5.2 Counterexample to boundary continuity

Our next example gives a negative reply to the second question raised at the
beginning of section Let R, = (0,0) and consider the Hamilton-Jacobi equation

1 |du/? . )
(5.9) wt ;|5 =0 i o=R%.
Assumption (4.2) is obviously satisfied with ¢ = 2. Now, define u: & — R by
.. x* 1 ifx2>r—1
u(x,t):mm{l, 7}2 2 ..,
(t—1), Ao ifxr<r—1

Then, u is a continuous function in & satisfying 0 < u < 1. Moreover, it is easily
checked that u is a solution of the above equation in &'\ I', where I" is the arc of
parabola

F={(x)e0 : x¥*=r—1}.
So, since u is locally semiconcave in & (see [5] for details), u is a viscosity solution
of (5.9). On the other hand, u is discontinuous at (0, 1) € d & because, for instance,

1
lim u(x,1)=1  while lim+u(x,l+2x2):§.

x—07F x—0

6 Second order equations

This section is concerned with equations of the form
(6.1)  u(x,2)—"Tr (a(x,t)Dzu(x,t)) +H(x,t,Du(x,t)) =0 inRY x (0,T)

where R
o0“u
Du(x,t) = ( (x,t))
8x,~8xj 1<i,j<N
is the Hessian matrix of u. The following hypotheses will be assumed:

e H:RY x (0,T) x RY — R is a continuous function such that

1
(62)  5lzl'—n <H(x,2) Sz, V(wr.2) €RYx (0,T) xRY,

for some constants g > 2, 6 > 1 and Ny > 0 (super-quadratic growth);
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e there is a locally Lipschitz map o : RN x (0,7) — R¥*P such that
6.3)  a(x,t)=0c(x,1)c*(x,t) and |o(x,1)]| <8 V(x,1) €RY x(0,T);
e u:RY x (0,T) — R is a continuous viscosity solution of such that
lul <M in RN x [0,T].
As before, a universal constant will be a positive number depending on the given

data ¢,8,M,n_,n, and N only. Recall that p is the conjugate exponent of g.
The main result of this section is the following Holder estimate.

Theorem 6.1. Let u € C(RYN x [0,T]) be a viscosity solution of such that
lu| <M in RN x [0,T]. Then there is a universal constant 6 > p such that, for
every T >0,

64)  Julxr,n) —u(e2, )| < C(2) |Jvy —xa] @O gy | 010
forall (x1,t1), (x2,t2) € RN x [1,T] and some constant C(t) > 0.

As for Theorem[4.8] the main point of the above result is the fact that (6.4) holds
true uniformly with respect to H and a, as long as conditions (6.2) and the bound
|u| < M are satisfied. In particular, 6 and C(7) are independent of the continuity
moduli of H and a.

6.1 Some preliminary results

For notational simplicity, we prefer to replace with the backward equation
(6.5) —u(x,t)—Tr (a(x,t)Dzu(x,t)) +H(x,t,Du(x,1)) =0 in RN x(0,T)
(which should be coupled with a terminal condition). Note that the change of
variable t — T — turns any solution of (6.1)) into a solution of (6.5), provided
a(x,t) and H (x,t,z) are replaced by a(x,T —t) and H(x,T —1,z).

Throughout this section we shall need to keep track of the constants 7, and
n_: indeed such a dependence is essential for the proof of Theorem For this
purpose, we will denote simply by C (or Cp, C1) constants which depend only on
0,M,p,T and N. Dependance with respect to T and 71, will be made explicit by
the use of parentheses.

Let us begin with some estimates for super/sub—solutions of (6.5).

Lemma 6.2. Let u € C(RY x [0,T)) be a super-solution of
(6.6) —u, —Tr(aD*u) +8Dul!+n, =0 in RYx(0,T)

satisfying |u| < M in RN x (0,T). Then, for any (x,f) € RN x (0,T) there is a
stochastic basis (Q,. %7 ,P), a filtration (%), a D-dimensional Brownian motion
(W;)i> adapted to the filtration (.%;), and a process § € LY, (Q x [f,T|;RY) such
that the solution to
dX, = §dt ++20(X;,t)dW,
(6.7) X — &
=
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satisfies
!
(6.8) u(x,f) > E |:M(Xt,l‘) +C, / |Cs|pds] —n,(t—17) Vi € [f,T]
t
where C._ > 0 is the universal constant given by (4.7).

Proof. Let us fix a D-dimensional Brownian motion W on some probability space
(Q, 7 ,P) and, for any 7 <t <t < T, let us denote by .%, ,» the c—field

Gy =0(Wy, t <s<t)UAN,

where .4 is the set of subsets of Q with nul probability. Throughout the proof we
denote by L7 (Q x [t,¢'];RY) the set of measurable controls § : Q x [t,#/] — RV,
adapted to the filtration (:%,s)se[t’tq, such that

E[/tﬂlglpds} < oo,

Finally, for any x € RN and § € L?,(Q x [t, T];RY), Y™ stands for the solution of

dY; = §ds+ /20 (Y, s)dW;
Y, =x

Let n be a large integer and set
t=(T—-1)/n and fy =f+kt fork € {0,...,n}.
Let us fix an initial condition (%,7) € R x [0,T]. We are going to build a control

§ne L2 (Qx [f,T];RY) and a process Y = Y*/¢" such that

(6.9) w7 >E [u(y,g,;k) +C, /[_fk 101 ds — (0, +7) (i —f)]

for every k € {0,...,n—1}. Let k € {1,...,n} and let v* be the solution of ,
defined on the time interval [0,#;], with terminal condition u(+,#;). From a classical
representation formula (see, for instance, [9]) we have

k _ : x1,8 /tk p }
1) = f E |u(Y, >,t C o|Pds — t—t
V) Z:;ELfd(S;I;[l‘Jk];RN) {u( tk D+C. t GlPds =m, (5 —1)

for any (x,t) € RN x [0,#). Since u(-,#) is continuous, one can build, thanks to
the measurable selection theorem (see [3]]), a Borel measurable map x — 7% from
R into L? (Q x [t_1,%];RY) such that

x, Tk
V1) >E [M(th’t“’z k,tk) +C+/ \ZkPds — (n, +‘L')‘L'] VxeRY .
k-1
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Note that

x,k Tk

e [ 2]
Ti—1
X1, 25K Ik k
=B |u(r " ) e, [ izrds| F
I—1

x,k
because Y,f’t"*"z " and Z)* are F1_, ,,—measurable. So, for any x € RV, we have
6.10) V¢ SE a7 gy re, [zt pds - F:
(6.10) v (-xvtk*l) = u( ty 7tk)+ ), ’ s | s (n++T)T|Jth—1 .

k—1

We now construct ¥" and " by induction on the time intervals [f,#+1). On [f,#)
we set {7 = Z"" and Y" = Y¢". Assume that " and Y" have been built on
[f,tr—1). Then we set

Cn = ZY’Z4 k and Y"= Yx,f,é’" on [lkfl,lk) .

Fix k€ {1,...,n}. Since V! is F;, ,—measurable, puttingx =Y, in (6.10) and

. Y .8 . " .
using the fact that ¥, "' o Y while " = ZV-1k on [te—1,1;) gives

Tkt1
) 2 By ) +C, [ NP as— (02| 7] (Pas)
k

Taking the expectation of both sides of the above inequality and summing up gives
(6.9).

In order to pass to the limit in as n — +oo, we first note that, since u is
bounded, inequality implies that

©.11) E[/:Mf]pds} <C  ¥n>0,
for some universal constant C. Let us set
Afi/t_t Glds and M]'=Y'— A} —X= \f2/ot o(Y)',s)ds Vte|rT].
We claim that the sequence of probability measures (P(y» s»)), defined on the space
% ([f,T],R?N) of continuous maps from [7,7] into R?Y with the topology of uni-

form convergence, is tight. Since (¥/',A}) = (#,0) for any n, [18, Theorem 4.10]
ensures that the sequence (IP(y» z»)) is tight if and only if

(6.12) lim supP

r—0t 5

sup [(£,A7) — (¥, A7) ze] —0 Ve>0.

[t—s|<r
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By the triangle inequality, we have

[t—s|<r

IP’[ sup |(¥/, A7) = (V' A7) 28]
(6.13)
<P

sup M) — M| > &/4

[r—s|<r

+P

[r—s|<r

sup |A} —Af| > 8/4] .

Since, for any s,t € [f,T], with |[r —s| <,

T 1/p T 1/p
= < lo-st e ([Tgava) < ([ jepac)

we have

T /p
IF’[ sup !A?—A?|28/4] < IP’[(/O ym&n)l 28/(4r11/”)]

[t—s|<r

T pyp—1 T pyp—1
< | [ lgpar= e/ariny| < Tk [Mgrar] < 7
0 0

ep

thanks to Bienaymé-Chebyshev inequality. So,
(6.14) lim supP | sup |A}—A}|>¢g/4| =0  Ve>0.
r—0t 5, |t—s|<r
On another hand, from the Burkholder-Davis-Gundy inequality and the uniform
bound on o, we have
E[|M!—M!*] <Clt—s]* Vst €[5, T],

where C is a universal constant. The Kolmogorov criterion (see, e.g., Problem 4.12
of [[18]]) then ensures that the sequence (IPy) is tight in €([F, T],R"), i.e.,

lim supP

r—0t 5 lt—s|<r

sup \M[’—MﬂZs]:O Ve>0.

Combining the above expression with (6.13)) and (6.14) implies that (6.12)) holds.
Since the sequence (P(y» n) is tight, Prohorov’s theorem (Theorem 4.7 of [18]])
states that we can find a subsequence of (Y",A") (again labeled (Y",A")) and a
measure [ on ¢ ([f,T],R*") such that (P on) weakly converges to p. Then,
Skorokhod’s embedding theorem (Theorem 2.4 of [[11]]) implies that we can find
random variables (¥, A") and (Y, A) defined on a new probability space (Q, <7, P),
such that (Y”, A") has the same law as (Y, A") for any n, the law of (¥,A) is u
and, P—almost surely, the sequence (¥”, A") converges to (¥, A) in 6([f,T],R?N).
Since t — A? is absolutely continuous P a.s. and A" has the same law as A",
t — Al is absolutely continuous (P a.s.). Let us set {" = 4 A”. Then, by (6-11),
E[f" ‘QZS" ‘pds] < C for all n > 0. Therefore, (up to a subsequence again labeled in
the same way) (") converges weakly in L (Q x [7,T]) to some limit, {, which (P
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a.s.) satisfies A, = [! {ds for all 7 € [f, T]. Note that M'=¥ — % — Al has the same
law as M", so that M" is a continuous martingale satisfying

An

L= sds  Vse[f,T],V1<i,j<N.

s' S

=(M?", M” ,_2/ 00”)j(
Let us set M,=Y, — % — A, and Ay, = th (60%);(¥s,s)ds. Since (M",A") con-
verges to (M,A) P a.s. with Ag = 0 and A continuous, [22}, Theorem 12] implies that
M is a continuous martingale with (M, M) = A (P a.s.). Owing to the martingale
representation theorem (see, e.g., [18, Theorem 3.4.2]), there is a D—dimensional

Brownian motion W= {W,,%, t € [f,T]}, defined on an extension (ﬁ,@?:f’) of
(Q, o7, P), such that

—_ —_ t —_ o~
}_’,—X—A,:M,:ﬁ/ o (T, 5)dW, Vi [f.T].
1

Consequently, ¥, = i+ [ {ds + /2 [! o(¥;,5)dW; for all t € [f,T]. So, recalling
(6.9), a classical lower semicontinuity argument yields

u(x,7) > E [M(Y,,z)Jrc+ /t_t \;V’ds—m(t—f)] vt e |7, T],
which concludes the proof. [J
Lemma 6.3. Let u € C(RY x [0,T]) be a sub-solution of
(6.15) —u, — Tr (aD*u) + %]Du|q— =0 in R¥x(0,T)
satisfying |u| < M. Then, for all (%,f) € RN x (0,T) and all (y,t) € RN x (£,T),
616 w(®?) <uln)+C{ly—5P (D' + (=024 (1 -0)

for some universal constant C > Q.

Remark 6.4. In particular, if « is a sub-solution of the stationary equation
—Tr (aDzu) + %|Du|’1 —-8=0 in RV,
then inequality implies that, for any x,y € RN and any 7 > 0,
u(x) Suly)+C{ly—xPe' P47 P2 4 v,

for some constant C. Taking T = |x — y|? yields u(x) < u(y) +C |y —x|*>~P, which
shows that u is Holder continuous, partially recovering one of the results in [6].

Proof. Letus fix r € (f,T). Let v be the solution of equation (6.15) with terminal
condition u(-,t), and let (W;),>r be a D-dimensional Brownian motion on some
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stochastic basis (Q,.#,P), with associated filtration (.%;),>;. Then, by a classical
representation formula (see, e.g., [9]]),

- - t
v(%,7) = inf E [M(X,x’t’g,t)—i—c_/ \Cs\Pds+n_(z—t‘)]
CeLl (Qx[F.4;RN) i

where C_ is the constant given by tb and X% is the solution of (6.7). Owing
to Lemma we can choose § € L2, (Q x [f,#];R") so that X*/¢ is a Brownian
bridge between (x,7) and (y,#) which satisfies

| [ 16ras| <c{y-sre-n'rra-nre)

for some constant C depending only on p and 8. Since u is a sub-solution of (6.13),
the comparison principle yields

!
() <¥(5) < B [utun) +C [ (@50 0-1)
t
<u@t)+C{ly =@ =0+ (=D (e-1)
for some new constant C (depending only on p and §). [J

Lemma 6.5. Let u € C(RYN x [0,T]) be a sub-solution of (6.19) satisfying |u| < M.
Fix (x,7) € RY x (0,T) and § € LY (7, T;RY), and let X be the solution of (6.7).
Then, for any x € RN andt € (£,T),

(6.17)  u(x,7) —E[u(X;,1)]

<C{(r—z‘)“l’ <E [(/t_t|§s|ds>p] - ]X—x|p> +(t—t‘)“1’/2} +n (t—17)

for some constant C > Q.
Proof. Fixt € (f,T) and apply Lemmal[6.3]to y = X;(®). Then, for a.e. ® € Q,
u(x,f) < u(X,(a)),t)+C{|X,(a))—x|1’(t—t')1’1’+(t—t')l”’/z}%—nf(t—f) .
Hence,
u(x,r) < Efu(X,t)]
+C{E0X — &)+ [ = xiP) (¢ =)'+ (=)'} 4 (D).
Since, on account of Lemma 2.1}

sl i) < c{e|( [ 1) | +ora-nt}.

the conclusion follows. [



32 P. CANNARSA AND P. CARDALIAGUET

Lemma 6.6. Let u € C(RN x [0,T]) be a sub-solution of (6.15) such that |u| <M
and let © € (0,T). Then there is a universal constant 6 € (p,2) and a constant
C(t,1n,) > 0 such that, for every (%,f) € RN x (0,T — 1), every § € L' (i, T;RV),
and every solution X of satisfying (6.8), we have

B|([lels) | scmnou-nrt we.

Proof. First, observe that, by Lemma|6.5|applied to x = %,

u(%,7) < Elu(X,,1)] +C{(t—f)1‘PIE [(/tt |Cs|ds>p} +(z—f)1—P/2} 0 (-7
for all 7 € [f, T]. Moreover, in view of (6.8),

Eu(X,t)] <u(x,7)—C.E [/tt |Cs|pds] +n,(t—17) Vie[f,T].

Hence,

B| [ lapas) scoa—f)'-pE[(/tﬁcsus)p]+c1<ni><t—f>‘-”2 vie 1]

for some constants Cy and Cy (1, ). Then, owing to Lemma there are constants
0 € (p,2) and C(n+) > 0 such that

B[( [ 16las) ] <cono (g EL2 0 wee
~ 7 re(f,T].

p o)) = P T -1

Since u is bounded by M, assumption implies that |||, < C(n, ). Finally,

e|(f ’|cs|ds)p} <Clen)e-7rF we),

because f <7 —1. O

6.2 Proof of Theorem

We are now ready to prove Theorem [6.I] As above, we will work with the
backward equation instead of the forward one. Since 1, and 7 are here
fixed, we shall omit the dependence on such variables of all constants in the proof.

Let u be a bounded continuous solution of (6.3). Thanks to the growth assump-
tion for H, u is a super-solution of (6.6) and a sub-solution of (6.15).

Space regularity: Fix (¥,f) € RN x (0,T — 1) and let x € RY. By Lemma|6.2|there
is a process § € LL,(Q x [f,T];RY) and a solution X to (6.7) such that (6.8) holds.
So,

(6.18) u(x,7) > Eu(X;,t)]—n, (t—17) Vief,T].
Also, Lemma [6.6] ensures that

6.19) E K/;ygyydsﬂ <c@—nrh e @T]
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for some universal constant 6 € (p,2) and some constant C(7) > 0. Furthermore,
applying Lemma [6.5] for any 7 € (7, T] we have that

u(x,f) —E[u(X;,1)]

<c{e-n"re|( [ leias) |+l - lvﬂ}

t
Plugging and into the above inequality leads to
u(x,r) <u(x,7)+n(t—r1)
+C(0) (e =)0/l x|p(t—t)1 Py C(t—1)! P
forany ¢ € (7,T), wheren =mn, +1n_. Since 1 > 1§ > 8 “5~ (recall that 6 < 2),
w(x,7) < u(x,7)+C(2)(t 1) PO L Clg—xP(t —1)' 7.

Then, for |x — x| sufficiently small, choose 7 = 7 + |x — £[?/(®~1) to obtain

u(x,7) < u(%,7)+C(t)]x— 5@/,
Time regularity : Letnow t € (0,T — 7). Then, in light of (6.18),

u(®,1) > Eu(X,t)]—n, (rt—1).
Now, applying the space regularity result we have just proved, we obtain
E[u(X,,1)] > u(%,1) — C(7)E {yxt —xy%} .

Moreover, by Lemma [2.1]

5

-p

E“X,—x\z%ﬂ <E [(/ft|§’s|ds>l O 7)1

Also, by Holder’s inequality and (6.19),

([ 161as) ™| <c

Note that

{ {/W““ }}$$§C@W—a%5

% > % since 6 < 2. So,

w(x,F) > u(x,1) — C(1)(t — )7 .

To derive the reverse inequality, one just needs to apply Lemma [6.3| with y = ¥ to
get

p

w(x,7) <u@t)+Ct—0)'"24+n (t—7).

This leads to the desired result since 1 — g > %.
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6.3 Local regularity for second order equations

We will now obtain a local version of Theorem[6.1] Let & be a non-empty open
subset of RY x R, and consider the second order Hamilton-Jacobi equation

(6.20) ug(x,t) —Tr (a(x,t)Dzu(x,t)) +H(x,t,Du(x,t)) =0 in 0.

As above, H : 0 x RN — R satisfies the super-quadratic growth condition
1
g\zl”’—n, <H(x,t,z) < 8|z]74+n, V(x,t,z) € O xRN

for some constants ¢ > 2, § > 1 and N+ > 0, and a = 60* where o : 6 — RV*P
(D > 1) is assumed to be bounded by & and locally Lipschitz continuous.

For any p > 0, let us set 0 = {(x,1) € 0 : dge(x,1) > p}.
Theorem 6.7. Let u be a continuous viscosity solution of (6.20) satisfying |u| <M

in O for some M > 0. Then there exists a universal constant 0 > p and, for any
p >0, a constant C(p) > 0 such that

0— 60—
juxrn) = u(ea,t2)] < C(p) { vt =2l 7 + 11 1] 7" }
for all (x1,11),(x2,2) € Op.

Proof. As in the proof of Theorem [4.8] for p > 0 small enough we will develop
our reasoning on a parabolic cylinder contained in &, that can be taken of the form
By % [0,T] where T = 4p. Changing 7 to T —¢, we can assume that u solves the
backward equation

—uy(x,1) —Tr (a(x,t)Dzu(x,t)) +H (x,t,Du(x,t)) =0 in B4y x(0,7),

which allows certain simplifications in the integrals below. Moreover, we can also
extend H and o outside of By, x [0,T] so that holds in RY x [0,T], and o is
bounded by § and locally Lipschitz continuous in RY x [0,7]. We shall estimate
the Holder semi-norm of u on the cylinder B, x (0,7 —p).

Let ¢ = ¢(|x|) be a smooth function such that |¢| <M in RV, ¢ =M in B3, and
¢ =—MinBj,. Let 7, (p)>n, and 7] (p) >n_ be such that ¢ is a (stationary)
super-solution of

(6.21) —wy(x,t) —Tr (a(xjt)Dzw(x,t)) +6|Dw(x,t)|?+7, (p) =0
in RN x (0,T), and —¢ is a sub-solution of

1
(6.22) —wy(x,t) = Tr (a(x,t)D*w(x,1)) + 5 |IDw(x,t)|9—17_(p)=0
in the same strip. Then, the map & defined by

[ und inB,x(0,T)
YT M inB, x(0,7)
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is a super-solution of (6.21]) which satisfies & = u in B3, x (0,T'), whereas

_. ) uv(=9) inB4 x(0,T
M in B, % (0,T

is a sub-solution of (6.22)) such that & = u in B3, x (0,T).

Recall that, on account of Lemma for every (%,7) € RN x (0,T) there is a
stochastic basis (Q,.7,P), a filtration (.%),>7, a D-dimensional Brownian motion
(W;)r>7 adapted to (%), and a process § € LE (Q x [7, T]; RY) such that the solution
X of satisfies

623)  a(xf)>E [L_t(Xt,t)+C+ /, tgsypds} ~A.(p)t—7)  Vre[fT]

with C, given by @.7).
CLAIM 1: Let (X,7) € Bop x (0,T) and let X be as above. Then
(6.24) Pl|X, —x| > p] < C(p)t—D)P~'  Vrel[fT]

(hereafter, C(p) denotes a constant depending only on N, ¢, 8, M, 1+ and p). Con-
sequently,

(6.25) |E[@(X;,1)] — E[i@(X;,1)]| < C(p)(t —7)P~! Ve e[, T].
Proof. Since i is bounded by M, (6.23) implies that

(6.26) E [ [ ’ |Cs|pds] <Clp) WVielT].

Now, by the Bienaymé-Chebyshev inequality and Lemma|[2.1| we obtain

i —n 2 p) < P < S| [igia | +e-nth.

pp
| <e-0rs | [1gra <ciorn-nr.

Also, by Holder’s inequality and (6.26)),

|| [ gk

Since & > p — 1, (6.24) follows. To complete the proof of the claim, recall that
i =i =uin B3, x (0,T), with i and 7 bounded by M. Hence, owing to (6.24),

[Ela(r, X,)] = Bla(t,X,)]| < 2MP[X; ¢ B3]
< 2MP[|X, — x| > p] < C(p)(t — 1)~
which shows (6.25). O
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CLAIM 2: Let r = (p— 1) A(1 — £). There is a universal constant 6 € (p,2 A £)
such that, for any (¥,7) € Byp x (0,T —p) and any § € L? (Q x [, T];R") such that
the solution X to (6.7) satisfies (6.23), we have

t p

(6.27) E [(/ Csds> ] < C(p)(t—t‘)p’g Vi e[i,T] .
t

Moreover, for any x € By and any ¢ € (7,T),

(6.28) ii(x,7) — E[i(X;,1)]

<c){a-0" (&|([1els) |+ l-xr) +a-nt b ra o,

Proof. Inequality (6.28) is a straightforward application of Lemmal[6.5] Combining
(6.23) and (6.25)) gives, for all t € [f,T],

a(ED) > E [a(xtmq /[ |cs|Pds] AL (p) D) —Clp) (P,

Putting together the above inequality with inequality (6.28)), where x = X, we obtain

| [ 16ras| <cu-ntre|( [ 1gias) |+ oo

We can now apply Lemma to deduce the existence of constants 6 € (p,2 A\ 2)
and C(p) > 0 such that (6.27) holds. [

Without loss of generality, in what follows we will assume that
(6.29) 1—§§p—1.

Space regularity: Let (X,7) € Byp x (0,7 —p) and let x € 82 Thanks to Claim 1
we can find § € L?,(Q x [f,T];R") and a solution X to (6.7) satisfying ( -
Combining (6.23)), (]6 27)) and (6.28) with (6.23)) yields, for any t € (1,T),

u(x,f) < u(x,t)

{00 (e[ ) )0 )

<u(z+cp) {7 *5+rx (=)'},

where we have used li and the fact that 1 — % <1-— g Then, choosing (for
|x — x| sufficiently small) # =7 + |x —)?\9/(9_1) gives

u(,7) < u(%,7)+C(p)x— o
Time regularity: Let now X € By. In view of (6.23) we have that

u(x,f) = Ela(X;,0)] -7, (1 —7)
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forall7 € [0,T —p)andt € [f,T]. Since i and u are bounded and coincide on B3,
E[@(X;,1)] > E [u(X;,1)1x,ep,, | —MPX, & Byp]
> E [u(X;,1)1x,ep,,| — MP[|X; — x| > p] > E [u(X;,t)1x,e8,,] —C(p)(t — 7).
First, observe that, owing to the space regularity proved above,
0—
E[u(X, )y en,] > B u(n)xen,] ~C(p) E [|1X - 557 ]
> u(x,1) — C(p) {E [I%, — 7| + ¢~ 1}

Second, by Lemma 2.1},

[|X, |3T}<CE as| ™ +C(t 7)1,

Next, by Holder’s inequality and (6.27),

) [(/zt ‘Cs\ds)zf

Now, combine all the above inequalities to obtain

(%) > u(%,1) — C(p) {(t—t_)p_l (=)D —|—(t—t)Tp} —7, (-1

Hence, recalling (6.28) and the fact that % > %, we get

<C(p)(t—1)7".

u(%,7) > u(%,1) — C(p)(t —7) 7",
In order to show the reverse inequality, we just need to invoke Lemma [6.3}
indeed, taking y = X we obtain
u(x,7) <u(x,t)+C(t—1)'~

The desired result follows since 1 — £ > %. O

+n (t—1).
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