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Abstract

This paper is devoted to the study of the existence and uniqueness
of the invariant measure associated to the transition semigroup of a
diffusion process in a bounded open subset of R™. For this purpose,
we investigate first the invariance of a bounded open domain with
piecewise smooth boundary showing that such a property holds true
under the same conditions that insure the invariance of the closure of
the domain. A uniqueness result for the invariant measure is obtained
in the class of all probability measures that are absolutely continuous
with respect to Lebesgue’s measure. A sufficient condition for the
existence of such a measure is also provided.
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1 Introduction
Given a compact set K C R"”, let us consider the transition semigroup

Fip(r) =Elp(X(t,2)]  zeK, peC(K)
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corresponding to the diffusion process X (¢, x) associated with the stochastic
differential equation

{dX(t) = b(X())dt + o(X () dW(t) t>0 1)

X(0) ==

Naturally, in order for P; to be well-defined, a preliminary problem to ad-
dress is the invariance of K under the stochastic flow of (1.1). On the other
hand, even when K is invariant, the infinitesimal generator of P; may be
difficult to identify for diffusions in general space dimension n > 2. How-
ever, the complete analysis of the one-dimensional case by Feller [20] shows
that no extra boundary conditions are necessary when the diffusion never
reaches the boundary of K. For this reason, we are also interested in condi-
tions ensuring the invariance of the open domain K.

The invariance of a closed domain K under a given diffusion has been
investigated by several authors. First, for K of class C% and sufficiently
smooth coefficients b, o, Friedman [19] studied the invariance of K using the
distance function and the elliptic operator

Lop(x) = % Tr [a(x2)VZp(2)] + (b(z), Vip(2))

where a(z) = o(z)o*(z). In particular, in [19] it is shown that, if 0K is
regular, then a sufficient condition for the invariance of K is

{(z’) Lodx () >

” 0 Vo € 0K , (1.2)
(79) (a(x)Vik(z), Vig(x)) =0

where dx stands for the oriented distance from 0K . Notice that condition
(7i) implies that a(z) is a singular matrix for all x € K.

Following this, in [1], Aubin and the second author introduced the notion
of stochastic contingent cone to provide necessary and sufficient conditions
for the viability of K—as well as its invariance—under minimal regularity
assumptions. Another approach to the problem was proposed in [7], using
viscosity solutions of a second order Hamilton-Jacobi equation. Later on, in
[5, 6], second order jets were used to study invariance and viability, while in
[12] the second and third author applied the Stratonovich drift to give first
order necessary and sufficient conditions for the invariance of an arbitrary
closed set for a stochastic control system. Then, using the distance func-
tion, in [10, 14] a condition similar to (1.2) was shown to be necessary and
sufficient for the invariance of closed convex sets, while in [11] a sufficient
condition for the invariance of the interior was derived.



In this paper, we begin the analysis considering the invariance problem
for an open set K with piecewise smooth boundary. Such a problem was
studied by Friedman and Pinsky [17] (see also [18, chapter 9]) for C3-smooth
domains and coefficients b, o of class C'': they proved that (1.2) is a sufficient
condition for the invariance of K. In section 3, we will further investigate the
above problem showing that condition (1.2) is indeed necessary and sufficient
for the invariance of the interior of K under milder regularity assumptions,
see Theorem 3.2.

Then, using the invariance of the interior of K, we study the transition
semigroup showing, first, that its infinitesimal generator on C'(K) is given
by operator Ly above. Consequently, for every A > 0 and every continuous
function f : K — R, we obtain an existence and uniqueness result for the
elliptic equation

Ap—Lop=f in K

without imposing boundary conditions.

Finally, we apply our results to study the existence and uniqueness of
invariant measures for ;. Observe that, since K is bounded, P; always
admits at least one invariant measure. On the other hand, unlike the semi-
groups that are associated with operators defined in the whole space R"”
(see e.g. [23] and the references therein), P; can have several invariant mea-
sures, which, moreover, need not be absolutely continuous with respect to
Lebesgue’s measure. In this paper, taking advantage of the interior invari-
ance result described above, we prove that P; has at most one invariant mea-
sure on C(K), in the class of all probability measures that are absolutely
continuous with respect to Lebesgue’s measure. Moreover, strengthening
condition (1.2), we are able to prove the existence of such a measure.

This paper is organized as follows: section 2 contains notations and
all preliminary results; section 3 develops our interior invariance result for
piecewise smooth domains. Section 4 provides the characterization of the in-
finitesimal generator of P;. Finally, section 5 is devoted to the analysis of the
invariant measure for P, absolutely continuous with respect to Lebesgue’s
measure. We conclude with a few examples and an appendix.

2 Notation

Given a metric space (€,d), B(E) stands for the Borel o-algebra in &£, and
By (€) for the space of all bounded Borel functions ¢ : £ — R.
Let n be a positive integer. We denote by:

e (-,-) the Euclidean scalar product in R";



e |- | the Euclidean norm in R";
j—1
—— .
e¢; =(0,...,0,1,0,...,0), where j = 1,...,n, the elements of the

canonical base of R";

e = ® y the tensor product of z,y € R", ie., (x ® y)z = (y, z)z for all
z € R™,

e B(xp,r) the open ball of radius r > 0, centered at zy € R", and we
set B, = B(0,7);

o L(R" R™) the space of all linear maps A : R” — R™, where m is
a positive integer, and any element o € L(R"™, R™) will be identified
with the unique n x m matrix that represents o with respect to the
canonical bases of R and R™;

e |[A]| the operator norm of A € L(R",R™), i.e., [|A|| = max|,—; |[Ax];
o Tr[A] the trace of A € L(R™,R"), i.e., Tr[A] = (Aej, e);

e /i, the Lebesgue measure on B(R");

e llg the characteristic function of a set .S;

e Vy, V2p and Ay the gradient vector, the Hessian matrix, and the
Laplacian of the function ¢, respectively.

Given a positive integer m and Lipschitz continuous maps b : R — R"
and o : R" — L(R™;R™), consider the stochastic differential equation
dX(t) =b(X(t))dt + o(X(t)) dW(t) t>0 2.1)
X(0) ==z '

where W (t) is a standard m-dimensional Brownian motion on a complete
filtered probability space (2, F, {F: }i>0,P). It is well-known that, for any
x € R™, problem (2.1) has a unique solution that we shall denote by X (-, ).
Moreover, X (-, z) is P — a.s. continuous.

Let S C R™ be a nonempty set. We denote by dg the Euclidean distance
function from S, that is,

ds(x) = ;Ielg | — y| Ve e R".



It is well-known that dg is a Lipschitz function of constant 1. If S is closed,
then the above infimum is a minimum, which is attained on a set that will
be called the projection of x € R™ onto S, labeled projg(z), that is,

projg(z) ={y €S| |z —y| =ds(x)} Ve e R"™.
We say that S is invariant for X(-,-) iff
xelS = X(tx)esS P—as. Vt>0. (2.2)
For every x € S, the hitting time of 0S is the random variable defined by
Ts(x) =inf{ t >0 : X(¢t,x) € 0S }.

Let K be a closed subset of R with nonempty interior K and bound-
ary OK. A well-known function in metric analysis is the so-called oriented
distance from 0K, that is, the function

51 () dog(zr) freK
xTr) =
K —doi(z) ifz e K°.

In what follows we will use the following sets, defined for any € > 0:

o Ne={z eR" : |dg(x)| < €}

° KEZKQNE
[ ] Io(ng(ﬂ./\/;

In this paper, we will use the following function spaces:
Cy(A): all bounded continuous functions on the open set A;

C?*1(A): all twice differentiable functions on A, with bounded Lipschitz
second order derivatives;

ot (A): all twice differentiable functions on A, with locally Lipschitz second

loc
order derivatives;

C(K): all continuous functions ¢ : K — R;
CY(K): all continuously differentiable functions in a neighborhood of K;

H?(A): the Sobolev space of all Borel functions ¢ : A — R that are square
integrable on A, together with their second order derivatives in the
sense of distributions.
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loc

(A): all Borel functions ¢ : A — R that belong to H?(A") for every
open set A’ such that A’ C A.

We say that K is a closed domain of class C*' if it is a closed connected
subset of R™ such that for all x € 0K there exist » > 0 and a function
¢ : B(x,r) — R of class C*!(B(z,r)) such that

OK N B(x,r) ={y € B(x,r) | ¢(y) = 0}.

More generally, we shall say that K is a piecewise C*'-smooth domain if

K=()K,

s

1

J

where K7 are closed domains of class C%!. It is well-known that
K compact domain of class C>! <= Jgu >0 : dx € CP1(N,,) (2.3)

see, e.g., [16]. A useful consequence of the above property is that

(a) Nz edK : g(x) =z — 7

i B (2.4)
(b) Vik(x)=Vig(z) = —vk(T)

Ve K {

where v () stands for the outward unit normal to K at z.
It is easy to see that, if K is a compact domain of class C?!, then there
is a sequence {Q;} of compact domains of class C*! such that

Q; C Qi—f—l and U Q; = K. (2.5)
=1

Indeed, owing to (2.3), it suffices to take, for all i large enough,

Qi:{xeR”MK(m)z%}.

Finally, we observe that, if K is a compact set and {Q;} is an increasing
sequence of compact domains of class C%! satisfying (2.5), then Vz € K

Jdi, e N 1 19,(x) < 10,,,(2) < TK(2), Vi>1i
‘ o ‘ P—as.  (2.6)

lim 7¢g,(x) = 7k (x)
1— 00

Indeed, let x € K and let i, be the first integer i such that x € Q;. Then,
since X (-, z) is continuous, {7g,(x)}i>;, is an increasing sequence of random



variables bounded above by 7x (x). So, {7g,(x)} converges to some random
variable 7(z) which satisfies 7(x) < 7 (x). If P(7(x) < 7 (x)) > 0, then

P(r(z) <ty < 7x(z)) >0
for some tg > 0. Consequently,
X(to,z) ¢ U;Q; P—as. on {r(z)<to<r7tr(x)}.

So,
X(to,z) € 0K P—as. on {7(x) <ty <7r(z)},

in contrast with the definition of 74 (z).

3 Invariance of the interior of K

In this section, we will study the invariance properties of a compact piece-

wise C%!-smooth domain K with respect to the flow X (-,-) associated with
equation (2.1) (with Lipschitz continuous coefficients b and o).

Necessary and sufficient conditions for the invariance of the compact set

K were formulated in [10] in terms of the differential operator

D(L) = {¢ € C(K) | p € HE(K), Low € C(K)} o)

Log(@) = 1 Tr [a(@)V2p(@)] + (b(z), Ve(a)) =K, |

where a(x) is defined in terms of the diffusion coefficient o:
a(x) =o(x)o*(z) >0 Ve e K.

From [14] it follows that, if in addition K is convex, then K is invariant with
respect to the X (+,-) if and only if the following conditions are satisfied:

(i) Lodx(x) 20 Ve € OK (3.2)
(13) (a(z)Vik(z), Vi (z)) =0
Notice that, on account of (2.4), the above conditions imply that the elliptic
operator Lg is necessarily degenerate on 0K, in the normal direction to 0K.
We observe that, when K is a smooth domain of class C3, condition (3.2)
is sufficient for the invariance of the interior K of K in the sense that

P(rg(z) <o0)=0 VeekK. (3.3)



(see [17] and also [18]). Such a property heavily relies on the Lipschitz
continuity of b and o, as well as on the smoothness of K. It is not true, in
general, if b and o are just continuous.

We will now generalize and improve the above result assuming that

m
K=K (3.4)
j=1
where K7 are closed domains of class C%! with the following property: for
some €1 >0 and all j € {1,...,m}
projoxs(z) € 0K Yoz e KNKI | (3.5)

(recall that KZ, = {z € K7 : |0 (x)] <e1}).
For every x € 0K we denote by J(x) the set of all active indeces at x:

jeJ(x) <<= xe€dK’.

Using, for simplicity, the abbreviated notation ¢; for the oriented distance

K2
K

. -

ProOjoK 1 (x)

Figure 1: Assumption (3.5).

Ogi, let us also assume that
0 ¢ co{Vd;(x) | jeJ(@)} Ve € 0K . (3.6)

Then, Clarke’s tangent cone to K at every x € K has nonempty interior.
For this reason, K coincides with the closure of K. Moreover, according to
[4, chapter 4], Clarke’s normal cone to K at any point x € K is given by

Nig(z)= ) R_Vi(z). (3.7)
jeJ(z)

Finally, we observe that the existence of a sequence {Q;} of compact domains
of class %! satisfying (2.5) is also guaranteed when K is a compact set with
the above properties (3.4), (3.5) and (3.6).



Example 3.1 A typical example of a piecewise smooth domain satisfying
conditions (3.4), (3.5), and (3.6) is the cube

K=4qzeR"| max |z;]<1¢.
1<jsn Y

Notice that 0K = {z € R" | max; |z;| = 1},
J(x):{j€{1w~7n}‘\l‘j\zl} Vo € 0K

and ‘
L

Vij(x) = —ﬁej Ve € 0K, Vj € J(x). (3.8)
j

We now give our interior invariance result for piecewise smooth domains.

Theorem 3.2 Assume (3.4), (3.5), and (3.6). Then the following three
statements are equivalent:

(a) K is invariant;

(1) Lodj(z) =

0
b) for all x € OK and j € J(x
() f € Jelw {w) (a(2)V3;(2), Vo;(x)) = 0

(¢) K is invariant.

Proof: It is not restrictive to assume that € > 0 is such that, for every
j €{1,...,m}, there exist functions g; € C*!(R") satisfying

0<g; <1 on K
0< g on Ki\ K (3.9)
9j = 6j on K

Assume (a). Then, according to [12],
o (x)p=0 Ve € 0K, Vp € Nk (x).

Consequently, owing to (3.7), property (b)(i7) holds true. To obtain (i), fix
x € OK and let j € J(z). Then, g;(X(t,z)) >0 P —a.s. for all t > 0, and
gj(z) = 0. Therefore,

d

% E[QJ(X(,x))] [t=0 = 0.



Therefore, applying 1t6’s formula (see, e.g., [9, p. 61]),

d

dt Elg; (X (- 2))] t=0 — E[Logj(x)] >0

Since g; = §; on a neighborhood of dK7, we deduce (4).
We shall now prove that (b) = (c¢). Let us consider the function

V(z)=-) loggj(x) VreK.
j=1
Then,
AN SO |
LoV (z) = — Logj(z) + |o*(2)Vg; ()% (3.10)
JZ; gj(x) ; g3 (x) ’
We claim that, for all j =1,...,m,
1 1 .
lo*(2)Vg(x)|* — —— Log;(zx) <c¢ Ve e K (3.11)
95 () ’ gj(z)

for some constant ¢ > 0. Indeed, the above estimate holds true when d;(x) >
€1 since g; is strictly positive on {x € K | 6;(x) > e1}. So, we have to prove
(3.11) for all x € K N KZ,, that is,

1

o™ (2)Vd;(x)> — 5@ Lodj(zr)<c Vee KNKI . (3.12)

For z € K N Kgl let T denote the projection of x on the boundary of KJ.
Then, owing to (i), for all z € K N K, we have that

0" @)VE()| = |(0*(@) ~ 0"
= |(0" () ~ 0"

52 (x)

J

<
<

where ¢; is a Lipschitz constant for o. Consequently,

1 . .
J

Also, observe that the function

Lodj(z) = % Tr [o(2)0™ (2)V28;(2)] + (b(x), V;(2))

10



is Lipschitz continuous in K N KZ,. Thus, (i) yields

1 1 i ) )
5 Lodj(x) = “h )(L05j(x) — Lodj(T)) — e Lod, (@)

= z |Lodj () = Lod; ()|

- 5;(3:) v =gl =c (3.14)

forallz € K ng'l, where ¢ is a Lipschitz constant for Lyd;. So, combining
(3.13) and (3.14), we deduce (3.12).
Now, by (3.11) and (3.10),

LoV(z) <M Verek (3.15)
for some constant M > 0. Let us set

V(z)= lim V(y)= o0 Vo € 0K.
K>y—x

Next, let {Q;} be a sequence of compact domains of class C?! satisfying
(2.5) and consider their stopping times 7g,. By Ito’s formula we have, for
all z € Q; and t > 0,

t/\TQi( )
V(X (tAT1g,(z),z)) =V(x) —I—/O (LoV ) (X (s,2))ds

+ /O " VX (5,0, 0 (X (5, 2)) W ()
Hence, taking expectation and recalling (3.15),
thro. ()
E[V(X(t AT, (x),2))] = V(x) +E/ C O LoV(X(s,x))ds
i <V(x)+ Mt.
Owing to (2.6) and Fatou’s lemma, the above inequality yields
E[V(X(t ATg(z),x)] <V(z)+ Mt Vt>0,VreK. (3.16)
Since the function in the right-hand above is finite on K , we deduce that
P(ri(z) <t) =P(V(X(t ATi(x),2)) =00) =0  Vt>0,Vre K.

11



To conclude that K is invariant, take a sequence t; T oo and observe that
0=P(ri(z) < tp) 1 P(ri(z) < 0) Vo e K.

Finally, let us show that (c) implies (a). Suppose K is invariant and
fix 2 € K. Recalling that K coincides with the closure of K, let {z;} be
a sequence in K such that xp — x. Then, by our invariance assumption,
X(t,zg) € K, P—a.s. for all t > 0. Since X (¢,z;) — X(t,x), P — a.s. for
all t > 0, we conclude that X (t,z) € K, P — a.s., for all ¢ > 0. Since z is
an arbitrary point in K, we have shown that K is invariant. ]

Under a stronger assumption, one can improve the estimates of the above
proof to obtain the following result that will be used in section 5.2.

Proposition 3.3 Assume (3.4), (3.5), and (3.6), and suppose
. . . Lodj(x)
Vz € 0K , Vj € J(T) {(z) hm_s‘lpKaai% 5]-(963715@]. @ <0
(i) (a(2)V;(2), Vé;(z)) = 0
Then, there is a nonnegative function V € 0120’2([() such that

V(z)=— Z;ﬂ:l logéj(z) Ve l:(51/2 (3.17)
LoV(z) <M —aV(z) Vzek '

for some constants o > 0 and M > 0.
Remark 3.4 In particular, assumption (7) holds true if
Lodj(x) >0 Vo€ dKNOK’, j=1,...,m.

Observe that the above condition was used in [11] to prove the invariance
of K for diffusion processes with a continuous drift.

We sketch the proof of Proposition 3.3 below, focussing on the only point
in which it differs from the proof of Theorem 3.2.

Proof: The reasoning goes in the same way as above up to (3.13). Then,
in view of assumption (i), there exist positive numbers a and p such that

1 . .
So, combining (3.10), (3.13) and (3.18), we conclude that, for some M > 0,
LoV(z) <M —aV(z) Vzek. 0

12



4 Transition semigroup

In this section we will assume the following without further notice:
e K is a compact set satisfying (3.4), (3.5) and (3.6);
e condition (b) of Theorem 3.2 holds true.

We recall that one can find then a sequence {@;} of compact domains of
class C?! satisfying (2.5), that is Q; C Qiﬂ and [ J72, Q; = K.

Then, we know that K and K are invariant for the stochastic flow X.
So, as recalled above, the elliptic operator Ly defined in (3.1) is degenerate
on OK in the sense specified by condition (b). Later on, we will further
assume that Ly is uniformly elliptic on all compact subsets of K , that is,

deta(x) >0 Vo e K. (4.1)

The main objective of our analysis is the study of the transition semi-
group Py associated with the stochastic flow X (-,-), that is, the semigroup
on By(K) defined by

Pip(x) :=E[p(X(t,x))] Vo € By(K), Ve e K, Vt > 0. (4.2)
As is easily seen, P; is a Markov semigroup, that is,
{(z‘) p>Y¢ = Pp>PRy
(ii) Plg =1g
We begin with some preliminary properties of ;.

Proposition 4.1 P; is a Feller semigroup on By(K), and its restriction to
C(K) is strongly continuous.

Proof: The Feller property of P is easy to check. Indeed,
peC(K) = Pypel(K) YVt >0

owing to the continuity of the map = — X (¢, ). Notice that we will use the
same symbol P; to denote the restriction of P; to C'(K).

In order to prove that P; is a strongly continuous semigroup on C(K),
observe that, since C'(K) is dense in C'(K) and ||P;|| < 1™, it is enough to
show that

lilr(r)l Pp=¢p uniformly in = K (4.3)
t

(WHere, ||P:|| denotes the norm P; regarded as a bounded linear operator on C(K).

13



for every ¢ € C(K). Now, for any such function ¢ we have that
1/2
|Pep(@)—p(@)] < llgllesae) {EIX (t2) — 2P} ° Vo e K, ¥t >0. (44)

Moreover, by Holder’s inequality,

2
+2

2

X(ta)—af? < 2 /O b(X (s, 2))ds /OU(X(S,:C))dW(s)

2

< Qt/o |b(X (s,2))>ds + 2 /0 o(X(s,x))dW (s)

So, taking expectation yields
E(|X(t,2) - x[*) < 26([o]|* + 2¢[|or]|?

where we have set ||b]] = max,ecx |b(x)| and ||o|| = max,ex |[o(z)||. Thus,
(4.3) follows recalling (4.4). O

Remark 4.2 As a corollary of Theorem 3.2, we have that the transition
semigroup P; defined in (4.2) satisfies

Pup(a) = Elp(X(t,0)) lire(r)]  VE20, Vo e K (45)

for every ¢ € By(K). Now, for all i € N consider the so-called stopped
semigroups

Plo(x) = E[p(X(t,2)) licry ] (620, z€ Q) (4.6)

associated with stopping times 7, (). Then, by (4.5) and (2.6), we conclude
that P! approximate P; on K in the sense that, for every ¢ € By(K),

lim Plo(z) = Pyp(x) Vi>0, Ve K. (4.7

1—00

Remark 4.3 Under hypothesis (4.1) we have that Lg is uniformly elliptic
on Q; for all i € N. So, by classical results (see, e.g., [22]), for any ¢ € C(K)
the Dirichlet problem

Owu(t, z) = Lou(t,x) t>0, z€Q;
u(t,z) =0 t>0, x€0Q; (4.8)
u(0,z) = o(z) T € Q.

14



has a unique solution u; € C([0,00); LP(Q;)) for every p > 1, which satisfies
Opui(t,-), Opoku;(t,-) € LP(Q;) Vt>0, Vh,k=1,...,n (4.9)

Moreover, u; is given by the formula
ui(t,z) = Plo(x) (t>0, z€@), (4.10)

where P/ is the semigroup defined in (4.6), see, e.g., [8, section 6.2.2]. Ob-
serve, however, that u; can be also represented by the formula

ui(t7$) = 0, Gz(tvxvy)so(y)dy (t >0, z € Q2)7 (411)

where G;(t,z,y) is the Green function of the parabolic operator in (4.8). It
is well-known that G;(t,z,y) is strictly positive for all ¢ > 0 and z,y € Q;
(see, e.g., [22]). By the maximum principle we conclude that

Gi(t,z,y) 1 G(t,z,y) V>0, Vo,ye K,z #y

Therefore,
G(t,z,y) >0 (t>0,z,ye K, z#y). (4.12)

Also, on account of (4.10), (4.11) and (4.7), for all ¢ € C(K) we have

Pip(z) = /KG(t,a:,y)go(y)dy VE>0, Vo e K. (4.13)

Let L be the infinitesimal generator of the strongly continuous semigroup
P, on C(K). The following theorem ensures that L coincides with operator
Lyg.

Theorem 4.4 Assume (4.1) and let A > 0. Then, for every f € C(K)
there exists a unique solution ¢/ € D(Lg) of the equation

Ao — Lop = f in K. (4.14)
Moreover, pf € D(L) and Lof = Lop/.

The above result can be proved in several ways. In particular, it can be
obtained in a more general framework using viscosity solutions. For the
sake of completeness, in the appendix we provide a self-contained proof of
Theorem 4.4 which only requires classical tools.

15



5 Invariant measure for P,

In this section, we will study the existence and uniqueness of the invariant
measure p for the transition semigroup P; defined by (4.2), in the class of
all absolutely continuous measures with respect to Lebesgue’s measure u,,.
We will make, without further notice, the following assumptions:

e K is a compact set satisfying (3.4), (3.5) and (3.6);
e condition (b) of Theorem 3.2 holds true;
e the interior ellipticity condition (4.1) is satisfied.

Let {Q;} be a sequence of compact domains of class C*! satisfying (2.5).
Let us recall that a probability measure p on (K, B(K)) is said to be
invariant for Py if, for any ¢t > 0,

/ Prp(z)p(dz) = / o(x)u(dx)  Veoe CO(K). (5.1)
K

K
5.1 Uniqueness
We will show the following uniqueness result.

Theorem 5.1 P, possesses at most one invariant measure in the class of
all probability measures that are absolutely continuous with respect to fi,.

For the proof of the above theorem we will need several intermediate steps.
To begin, let us introduce the following metric pg in K :

1 .
- - — K. 2

It is easy to see that (K, pK) is a complete metric space.

Remark 5.2 It is worth noting that a set Q C K is compact in (K ,prc) if
and only @ is compact in R" with the Euclidean metric. Indeed, suppose
that @ is compact in R™. Then, () C Q; for some positive integer 7. Thus,
for all x € Q, dx(z) > 0. Consider any sequence x; € @ and z € @ such
that |z — 2| — 0. Then, px(z,xx) — 0. Consequently, @ is also compact in
(K , prc). Conversely, assume that @ is compact in (K ,pr) and let z, xp € Q
be such that pg(z,zx) — 0. Then, |z — 2| — 0. So, @ is compact in the
Euclidean metric.
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Taken (K , PK ), consider the semigroup
Po(z) :=Elp(X(t,z))] VoeBy(K), zeK,t>0. (5.3)

Recall that a probability measure 1 on (K, B(K)) is invariant for P, iff
| Potantdn) = [ plaulde) Ve CuR) tz0.  (54)
K K

Our next result is intended to compare the notion of invariant measure for
P, with the one for P;.

Lemma 5.3 (a) If p << p, is an invariant measure for Py, then its
restriction to (K,B(K)) is an invariant measure for P;.

(b) If p << py is an invariant measure for fo’t, then it can be uniquely
extended to an invariant measure for P;.

Proof. First of all, we observe that, in view of definitions (4.2) and (5.3),
Po(z) = Pip(x) VE>0,Vre K, (5.5)
where ¢ denotes any function in C'(K) as well as its restriction to K.

(a) Let << i be an invariant measure for P, and let ¢ € Cy(K). We
shall localize ¢ in a neighborhood of each domain @);: take the positive
sequence

g; = min dg () Vi >1
T€EQ;

and define

. elx 1—%dix if z e K
o) = { O —ada @l
0 itz e 0K

where [s]4 = max{s,0}. Then, ¢; € C(K). Moreover,
pi(2)] < lp(x)| and  lim gi(x) = p(z) VzeK  (56)

because ¢ = ; on ;. Therefore,

I@A%mmmzéwmmmaéwwm» (5.7)
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where the last equality can be justified recalling that p© << p, and
observing that, since 0K is piecewise smooth, pu,(0K) = 0. Also,
owing to (5.6) and definition (5.3), we obtain

|Pepi()] <suplp| and  lim Pipi(z) = Pip(x) Vo€ K.
f( (2

So, recalling (5.5), by the Dominated Convergence theorem we obtain
| Pesantan) = [ Peoiantan) =5 [ Peptao). (59

On account of (5.7) and (5.8) u is invariant for P;.

(b) Let p be an invariant measure for P, absolutely continuous with re-
spect to Lebesgue’s measure, and let ¢ € C(K). Then ¢ restricted to
K is a bounded continuous function. Thus, again by (5.5),

| wtoutin) = [ pwntdn) = [ Pplan(da

)
K K

So, p is invariant for FP;. O
Our next result establishes important properties of fjt-
Lemma 5.4 The transition semigroup P, is irreducible and strongly Feller.

Proof: Let us first prove that Pt is irreducible, that is, for every open subset
A of (K y PK )7
Py (x) >0 Vt>0,Vee K.

Let g € A and let B(xg,7) be contained in A together with its closure.
Then, B(xg,r) C Q; for some integer i. So, recalling (4.11), by the maximum
principle we obtain

ﬁt]lB(u),r)(x) > Pti]lB(u),r)(x) = o Gi(t,x,y)dy > 0.

So, 15t is irreducible.
Let us now show that P, is strongly Feller, that is,

o

PpeCy(K) Vt>0, Voe By(K).

18



o

For any ¢ € By(K), all ¢ > 0 and all positive integers i, we know that
Ptig0|Qi € C(Q;) since the stopped semigroup P} is strongly Feller by well-
known regularity properties of solutions to parabolic equations. On the
other hand, for any compact set @ in (K , px) or, equivalently (according to
Remark 5.2), in K, we have that

[Peo(@) = Pio(@)] < E[|o(X ()] (1= Tigrg, @) ]
< suplp|P(rg,(z) <t)  Vzed.
K
Now, in view of Theorem 3.2, property (2.6) ensures that, for any ¢ € (0, c0),
P(ro,(z) <t) |0  (i—o0) Vzek.

So, Dini’s Theorem implies that the above convergence is uniform on @),
which yields, in turn, the continuity of P;p on K. ]

Proof of Theorem 5.1: Let x4 and Ji be two invariant measures ) for P,
both absolutely continuous with respect to Lebesgue’s measure. Then, in
view of Lemma 5.3 (a), their restrictions to (K, B(K))—still labeled x and
ji—are invariant for P Therefore, Khas'minskii’s regularity result (see, e.g.,
[15, Proposition 4.1.1]) and Doob’s uniqueness theorem (see, e.g., [15, The-
orem 4.2.1]) ensure that z and Ji coincide on (K, B(K)). So, they coincide
on K as well, since p, @ << pip,. (]

We conclude this section with two useful properties of P,
Proposition 5.5 Let p be an invariant measure for P,. Then
(a) p << pn;
(b) for any ¢ € Cy(K)

Jim Pyp(x) = /K py)uldy) VreK.

Proof: Let p be an invariant measure for P, and let B € B(K) be such
that p,(B) = 0. Since p is a regular measure, from (5.4) we deduce, by a
standard approximation argument, that

[ Basntin) = [ Aputin) = n().

K K

() 1n particular, both 1 and 1 are probability measures.
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Then, owing to (4.13),

u(B) = /K ( /B G(t, 2. y)de ) (d)

where G is Green’s function. Since [z G(t,z,y)dx = 0, (a) follows.
Finally, property (b) is an immediate consequence of Doob’s theorem
(see, e.g., [15, Theorem 4.2.1]). O

5.2 A sufficient condition for existence

In this section we will give sufficient conditions for the existence of an in-
variant measure u for P;, absolutely continuous with respect to pi,.

Let us recall that a family {p }+>0 of probability measures on a complete
metric space £ is said to be tight if, for any € > 0, there exists a compact
subset Q. of £ such that p(Q:) > 1 — ¢ for every t > 0.

Now, denote by 7(x,-) the law of X (¢, x), that is, the measure

m(x, A) =P(X(t,x) € A) VA € B(K). (5.9)
Lemma 5.6 Let xg € K be such that

[Z\lo@ Mo))ﬂ C  Vt>0 (5.10)

for some C > 0. Then {m(xo,dy)}>0 is tight.
Proof: For any integer ¢, let Q)f = K \ @; and consider the positive sequence

; = min 0 .
& = min k()

Since dx (x) < ; on Qf, we have

7Tt(m()ac2z¢) = /gﬂt(x()vdy) < ‘logé‘z / Z ‘ IOg(S | T .T(),dy

— [Z!logd txo))u | ¢

‘ log EZ log e; ‘ '

Since ¢; — 0 as ¢ — oo, the above inequality implies that, given € > 0,
Wt(x(hQi) =1- Wt(ﬂfo,Qf) >1—ce¢ Vt 2 07
for all i large enough. So, {m:(xo, dy) }+>0 is tight. O

Our next result completes the analysis of the existence and uniqueness of
the invariant measure for P;.
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Theorem 5.7 Assume
Lod,(2)

Vz € 0K, Vj € J(x) {(’L) hm_supf?aai—ni 5j(leog6j(x) <0
(i1) (a(z)Vi;(Z), Vi;(z)) = 0

Then P, possesses a unique invariant measure ft << iy

Proof: Since uniqueness is granted by Theorem 5.1, let us concentrate on
existence. Suppose we can find an invariant measure for the semigroup
P, that we introduced in (5.3). Then, p would be absolutely continuous
with respect to g, in view of Proposition 5.5 (a). Thus, on account of
Lemma 5.3 (b), u would also be extendable to an invariant measure for P;,
which would obviously remain absolutely continuous with respect to p,. So,
to complete the proof it is enough to construct an invariant measure for ]Bt.

Now, the Krylov-Bogoliubov theorem (see, e.g. [9, Theorem 7.1]) ensures
that Pt possesses an invariant measure if, for some xy € K , the family of
probability measures {m(xo,dy)}+>0 is tight. So, thanks to Lemma 5.6, it
suffices to obtain (5.10). Let a > 0 and V' be given by Proposition 3.3. Fix
2o € K, apply Ito’s formula to V(X (t,z0)), and take expectation to obtain

E[V(X(t z0))] = V(o) +E/Ot(LOV)(X(5,x0))ds vt > 0.

Then, taking into account (3.17),
d

= E[V(X(t,20))] = E[(LoV)(X(t20))] < M — aE[V(X(t,20))]

This yields
—at M
E[V(X(t,20))] < e V(o) + — vVt >0.
a
Since V' coincides with >, |log 6;(X (t,20))| near K, (5.10) follows. O

5.3 Examples

We conclude with three examples describing possible applications of our
invariance result.

Example 5.8 Let us consider the stochastic differential equation (2.1) in
the closed unit ball K = B; C R?, where b: B; — R? is a Lipschitz vector
field and o is defined as follows. Let

o) = ) = 2 e BBy,
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and let 6 € C1(]0,1]) be such that

0<6<1, 6

1 on B1/3
0 on El \ Bg/g

Define, for every z € By,
o(x) = 0(|z[)] + (1 - 0(x)) [(1 = [z*)v(z) @ v(z) + M(z) @ &(2)

where [ is the identity matrix and A € R. Then, it is easy to check that

)\2
Lodg(z) = -5 (b(z),x) Vo € 0K .
Therefore, by Theorem 3.2 we have that B; is invariant for X if and only if
/\2
max (b(z),z) < ==

Moreover, owing to Theorem 5.1, semigroup FP; has at most one invariant

measure p << pz. Furthermore, such a measure does exist if
/\2
max (b(z),z) < ——.
mas (b(a).2) <~

Example 5.9 In the closed cube @)1 C R” (see Example 3.1) let us consider
the stochastic differential equation (2.1), where b(x) = (by(z),...,b,(x)) is
a Lipschitz vector field and

n

o(x) = Z(l - :1:?)63- ® e;j Ve € Q1.
j=1
Then, conditions (3.4), (3.5), and (3.6) hold true, and

n

1
Loy = 3 Z(l - 33?)33290 + (b(z), Vi) .
=1

Therefore, recalling (3.8), we conclude that Q1 is invariant if and only if

bj(z)-2 <0 Vo €dQi, Vje J(z).

Under the above assumption we have that semigroup P; has at most one

invariant measure pu << u9, whose existence is guaranteed if
T
bj(z)—L <0 Ve e dQy, Vje J(x).

|z,
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Example 5.10 Let us consider the stochastic differential equation in the
closed unit ball K = B; C R"™,

dX(t) =b(X(t))dt + (1 —|X@#)[*) dW(t), t>0 (5.11)
X(0) ==, '
where b : By — R” is a Lipschitz vector field. The corresponding Kol-
mogorov operator is

Lop= 3 (1= ) Ag + (4(z), V).

Applying Theorems 3.2 and 5.1, one checks easily that Bj is invariant for
X if and only if

max (b(z),z) <0,

|z]=1
and that P, has at most one invariant measure pu << po under the above
assumption. Moreover, by Theorem 5.7, such a measure does exist if

. (b(z), z)
I T e log(1 — 12

> 0. (5.12)

Now, let us compute the density p of u with respect to Lebesgue’s measure,
in the case when b(x) = fx (where (3 is a given real number). Note that, for
such a vector field,

(5.12) = [(<0.

Differentiating both sides of equation (5.1) with respect to ¢, the problem
reduces to finding an integrable function p such that

div [(1— lz|?)?Vp(z) — 2(1 — |z|?)p(x)z — 2Bp(x)z] =0 Vx € By .
Therefore, it suffices to solve the equation
(1 - [aP)2Vp(z) — 2(1 — |e2)p(a)e — 20p(z)z =0 V€ By,
that is easily seen to possess the solution

1

_B _
= 1—7|:p‘2 el-lzI? Vr € Bl . (513)

p(z)

The above integrable function being integrable since 8 < 0, (5.13) gives the
required density.
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6 Appendix

We will prove Theorem 4.4 in three steps.

1. Ezxistence and regularity. Observe that, since one can argue with the
positive and negative part of f separately, it suffices to prove the ex-
istence of a solution to (4.14) for f > 0. Having fixed f, define

o (z) = /OO e MP,f(x)dt Vo e K. (6.1)
0

Then, as is well-known, ¢/ € D(L) and
Lol =X/ —f in K. (6.2)

Now, for ¢ € N large enough, let
o= [P @eq),
0
where P} are the stopped semigroups defined in (4.6). Owing to (4.7),

ol @)1 of(x) (i—o) Vzek. (6.3)

Moreover, on account of (4.6),

(,0{(.1‘) = /0 e_)\tE[f(X(tvx)]ltSTQi(ax)]dt Vo € Q.

Since our diffusion process is nondegenerate in @); and @; is a compact

domain of class C%!, it is well-known that <pf satisfies

2

{/\%f —Lopl=f i @

6.4
gto:O on 0Q);. (6.4)

Thus, by classical elliptic theory we conclude that, for all ¢ € N, goz
belongs to H?(Q;). Also, for any open subset A of K such that A C K,

(= r2(a) < Ca (6.5)

for a suitable constant C4, independent of i (see, e.g., [23, Appendix A]).
So, from (6.5) and (6.3) we deduce that ¢/ € H2 (K), and (6.4) yields

Lo’ =X/ — f in K. (6.6)

Since the right-hand side above is continuous in K, (6.6) holds on the
closed domain K and Lop/ € C(K). Therefore, ¢/ € D(Lg) and, in
view of (6.2), Lo/ = Ly/.
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2. An auzilary problem. Let ¢! € D(Lg) be the solution of (4.14) for
f =1, that we constructed in the previous step. Since P11 = 1, by
(6.1) we conclude that

ol (z) = % Ve e K.
Moreover, owing to (6.3),
1 .
ol(x) 1 T (i—o)  Vrek, (6.7)

where ¢} is the solution of (6.4) for f = 1.

3. Uniqueness. We will show that, if

UED(L())
Au—Lopu=0 in K,

then v = 0. Let

1 u(z)
v(x) = — — r e K.
A A+ luller))
Then
v E D(LO)
v(z) >0 Ve e K

AMW—Lov=1 in K.

Therefore, comparing v and the solution ¢! of (6.4) for f =1 on @,
we obtain

v(r) > @i(x)  VreQ,

for all ¢ € N large enough. Hence, in view of (6.7),

1
U($)>X Vr € K,

which in turn implies that u(z) < 0 for all z € K. By the same
argument applied to —u we conclude that u = 0. (]
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