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1 Generation of Cy)-semigroups

1.1 Cy-semigroups

Exponential of a bounded operator

Let (X, |-]) be areal or complex Banach space and denote by £(X') the Banach
algebra of all bounded linear operators A : X — X equipped with the norm

[All = sup |Az].
|lz|<1

Let T'> 0. For any A € £(X) the Cauchy problem

{y’(t) =Ay(t) (te[0,T]) (1.1.1)
y0)=ze X

can easily be solved by a well-known iteration method. Let us set

yolt) =, ynp1(t) = w+/0 Ayn(s)ds (¢ € [0,T]),

where the above integral is understood in the Riemann sense. Then the solu-
tion of (1.1.1) is given by

oo

_ 1 _ L tA n

y(t) = lim yn(t) = e = EO!A z,
n=

where the series converges uniformly in £(X).

Motivated by applications to partial differential equations and other kinds
of functional equations, we will extend the theory to problems associated with
an unbounded linear operator A : D(A) C X — X.

Co-semigroups

Definition 1 A Cy-semigroup of bounded linear operators on X is map S :
[0,00) — L(X) with the following properties:

(a) S(0) =1 and S(t+s) = S(t)S(s) for all t,s > 0, and
(b) for every x € X the map t — S(t)x is continuous from [0,00) to X.

Equivalent notations for the semigroup S are S(-), {S(¢)}+>0, and even the
simpler form S(t).



1.2. THE INFINITESIMAL GENERATOR OF A Cy-SEMIGROUP 3

Example 1 For any A € £(X) the exponential S(t) = e!4 is a Cy-semigroup
of bounded linear operators on X. Moreover,

(b') the map S : [0,00) — L(X) is continuous.

Notice that (&) is stronger than (b). Moreover, it is known (see, for instance,
[4, Theorem 1.3.7]) that if S(-) satisfies (a) and (b'), then there exists A € L(X)
such that S(t) = et4.

Example 2 For a fixed p > 1 let X = LP(R) and define, Vf € X,
(S)f)(z) = f(z+t) VzeR,Vt=>0. (1.1.2)

Then S is Cp-semigroup which fails to satisfy (b'). Indeed, suppose S has
property (b') and let 7 > 0 be such that ||S(¢t) — I|| < 1/2 for all ¢t € [0, 7].
Then by taking f,(z) = nl/px[ovl/n] (z) for p < oo and n > 1/7 we have that
|fnl =1 and

1

150 = ful = ([ #0124 7) = Xoam(@)Pde)” =21

Observe that (1.1.2) makes sense for ¢ < 0 as well. In this case we say that
S is a Cy group of bounded linear operators on X. On the other hand, if one
takes X = LP(R4), then (1.1.2) makes sense only for ¢ > 0.

1.2 The infinitesimal generator of a Cjy-semigroup

Let S be a Cy-semigroup of bounded linear operators on X. We are interested
in studying the limit
S(h)x —x

li 1.2.1
W0 h (1.2.1)
as a function of z € X.
Exercise 1 Show that if A € £(X) then
hA,.
limu:Ax Ve € X.
R10 h
Definition 2 The linear operator A : D(A) C X — X defined by
D(A) = {z € X : 3limy, W=} 122)
1.2.2
Az = limp o S(h),f_gc Vo € D(A)

is called the infinitesimal generator of S.

Exercise 2 Check that (1.2.2) defines a linear operator.
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Proposition 1 D(A) is dense in X.

Proof. For any = € X define

1 t+h
M, px = h/ S(s)xds (t=0, h>0). (1.2.3)
t

Then, by continuity, limy o M px = S(t)x. Moreover, for any ¢, h > 0,

S(h;L_IMO,ﬁC = % i (S(h+s)—S(s))zds
t+h t
= hlt{/h S(s)xds — i S(s)mds}
1

Therefore

S -1
lim —%— M, =
Mo h 0,6%

This yields My x € D(A). Since lim;_,g Moz = x, D(A) is dense in X. O

Lemma 1 For all x € D(A) we have that S(t)x € D(A) for every t > 0 and

AS(t)x = S(t)Ax. (1.2.4)

S(hz_ ! S(t)x = S(t) S(h?l—l x— S(t)Ax as h 0.
Therefore S(t)z € D(A) and (1.2.4) holds true. O

Remark 1 Fix any 7' > 0 and observe that for all z € X there exists a
constant N7, > 0 such that [S(t)z| < Np, for all ¢ € [0,7]. Then the
Uniform Boundedness Principle ensures that, for some constant Np > 0,

IS < Ny Vtelo,T]. (1.2.5)

The following theorem provides a solution to problem (1.1.1) for z € D(A).

Theorem 1 For all x € D(A) we have that t — S(t)x is differentiable for

every t > 0 and

d
7 S(t)r = AS(t)x = S(t)Ax.
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Proof. Fix any t > 0. Then Lemma 1 ensures that

S(t+h)x—St)x Sh)—1I
N = N S(t)x — AS(t)xr as h 0.

Hence, S(t)x has the right derivative at t.
In order to complete the proof, let ¢ > 0. Then for all 0 < h < t we have
that

S(t—h)x—S(t)z
—h
On the other hand, by (1.2.5),

S(h) — 1
h

:S(t—h)s(h})l_lat.

S(t — h) z— S(t)A:c‘

Therefore
S(t—h)x —S(t)x R
—h
showing that the left and right derivatives coincide. O

S(t)Az = AS(t)x as h |0,

Definition 3 An operator A: D(A) C X — X is said to be closed if its graph
Graph(A) = {(z,y) : = € D(A), y = Az}
s a closed subset of the product space X x X.

Exercise 3 Prove that A : D(A) C X — X is closed if and only if for any
sequence {x,} C D(A)

Ty — @
{ = x€D(A) and Ar=y. (1.2.6)
Axy —y

Proposition 2 The infinitesimal generator of a Co-semigroup is a closed op-
erator.

Proof. Let A be the infinitesimal generator of S and let {z,,} C D(A) be as
in (1.2.6). By Theorem 1 we have that, for all ¢ > 0

t
S(t)xy — xpn = / S(s)Azxpdx.
0
Hence, taking the limit as n — oo and dividing by ¢, we obtain

St)x — 1/t

Stz—z _ 1 / S(s)ydz.
t t Jo

Passing to the limit as ¢ | 0, we conclude that Az = y. Il
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Example 3 Let us identify the generator A : D(A) C X — X of the left-
translation semigroup S on X = LP(R) introduced in Example 2. We denote
by |f|, the norm of f in LP(R) and by W1P(R) the Banach space of all locally
absolutely continuous functions f : R — R such that

|f|1,p = |f|p + |f/|p < 0. (1.2.7)

We will show that A equals the unbounded operator B : D(B) C X — X
defined by

{D(B) = WIrR) (1.2.8)

Bf(x)=f'(z) (zr€Rae.) VfeD(B).

First, we claim that A is an extension of B (in formulas, B C A), that is
D(B) C D(A) & Af =Bf VYfe D(B).
Indeed, by Hélder’s inequality, we have that, for all f € W1P(R) and all ¢ > 0,

/*“‘fxﬁ) f(z)

- f’(w)‘ dx

= [l ween s
< [T [ - rwras

t +o0
- 1/0ds/00 |f(z+s)— f(z)| da.

Now, owing to the translation continuity of the integral the last integral can
be made arbitrarily small by taking ¢t > 0 small enough. So, B C A.

In order to conclude that A = B it suffices to prove that D(A) C D(B).
For this purpose, for any fixed f € D(A) and any € > 0 let f. = f * p., where
{pe}e>0 is a C*° approximate unity with support in [—&,¢]. Then f. € D(B)
and f. — f ase — 0. Since B is a closed operator, if we show that Bf. — Af
then f € D(B) and A = B. To check that Bf. — Af observe that

+oo
| 1@ - ar@pds

T fe(z + 1) — fo(z) P
< hr?l(l)nf/_ ; — Af(x )‘

= hmmf /JFOO‘/E x—y—l—t) G )—Af(a:)}Pg(y) dy‘pdx

—+00
< liminf /
t10 —o0 J—¢

dx

‘”‘“’2‘“ a5 ety dyda




1.3. ASYMPTOTIC PROPERTIES OF Cy-SEMIGROUPS 7

Now, since

/-:O /_i — Af(x) ’pps(y) dy dx

<2p‘1{/_ips(y)dy/_:o)f(w_yﬂi_f(x_y) —Af(rv—y)‘pdw

fle—y+t)— flz—y)
t

e [ nan [T aste- - asto )

—£ —

the conclusion follows recalling the translation continuity of the integral and
the fact that

/_+<>° ‘f(erti—f(x) —Af(a:)’pdm ¢ 0)

o0

Exercise 4 Show that W!'?(R) is a Banach space with the above norm and
that operator B : D(B) C X — X defined in (1.2.8) is closed.

1.3 Asymptotic properties of Cy-semigroups
Let S be a Cp-semigroup of bounded linear operators on X.

Definition 4 The number

wo(S) = %gg log]f(t)] (1.3.1)
is called the type or growth bound of S.
Proposition 3 The growth bound of S satisfies
wo(S) = tliglo IOng(t)H < 400. (1.3.2)
Moreover, for any € > 0 there exists M. > 1 such that
1S < MoeoS)+a)t g > 0. (1.3.3)

Proof. The fact that wo(S) < +o0 is a direct consequence of (1.3.1). In order
to prove (1.3.2) it suffices to show that
log ||S(t
lim sup log ISl < wp(S). (1.3.4)

t—o0 t
For any € > 0 let ¢, > 0 be such that

log (¢ _

i wo(S) +e. (1.3.5)
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Let us write any t > t. as t = n(t)t. + r(t) with n(t) € N and r(t) € [0,¢.).
Then, by (1.2.5) and (1.3.5),

1SN < IS ["S (1) < el PEEFEN, < N eleol+or

which proves (1.3.3). Moreover, taking the logarithm of both sides of the
above inequality we get

log [[S@)|
t

N,
t

<WQ(S)+E+

and (1.3.4) follows as t — oo. O

Example 4 It it immediate to realize that the left-translation semigroup of
Example 2 satisfies ||S(¢)|| = 1 for all t > 0. So, wp(S) = 0.

1.4 Spectral properties of generators

Resolvent set and spectrum

Let A: D(A) C X — X be a closed operator on a complex Banach space X.
Definition 5 The resolvent set of A, p(A), is the set of all A € C such that
M — A : D(A) — X is bijective and its complement o(A) = C\ p(A) is called

the spectrum of A. For any A € p(A) the inverse R(\, A) = (A\ — A)71 is
called the resolvent of A at \.

Remark 2 Observe that, by the closed graph theorem, R(\, A) is a bounded
linear operator on X. Also, the identity

AR(MA) = AR\ A) — 1 YA€ p(A) (1.4.1)
is easy to check. Moreover, the following resolvent identity holds:
RO\ A) — R, A) = (u— VRN, A)R(w, A) YA pe p(d).  (1.4.2)
Indeed, by (1.4.1) we have that
[AR(A, A) — AR(N, A)|R(p, A) = R(p, A)

and
R(A, A)[pR(p, A) — AR(u, A)] = R(A, A).

Since AR\, A) = R(\, A)A on D(A), (1.4.2) follows.
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Proposition 4 Let A: D(A) C X — X be a closed operator. Then p(A) is
open in C and for any u € p(A) the resolvent R(\, A) is given by the series

[e.e]

RN A) = (u—N)"R(u, A" (1.4.3)

n=0

for all A € C satisfying |u— A < 1/||R(u, A)||. Consequently, A — R(\, A) is

analytic on p(A) and for alln € N
dn
i BOLA) = (=1)"nl R, AL, (1.4.4)

Proof. For all A € C we have that
M—A=pl = A+ A= pI=I[—-(p-NR(u Al - A).

This operator is bijective if and only if [I — (11— A) R(, A)] is invertible, which
is the case for |u — A| < 1/||R(, A)||. In this case

RO\, 4) = Rl AT — (i — MR A = S (1 — AR, AL
n=0
The analyticity of R(A, A) and (1.4.4) follow from (1.4.3). O

Example 5 On X = C([0,1]) with the uniform norm consider the closed
operator A : D(A) C X — X defined by

D(A) = c'([0,1])
Af = f, VfeD(A).
Then o(A) = C because for any A € C the function f(z) = e’* satisfies
(@) = fil) =0 Ve e[0,1].

On the other hand, for the closed operator Ay defined by

D(Ag) = {f €C!([0,1]) : f(0) =0}
Aof = f', Vf € D(A),

we have that o(Ap) = &. Indeed, for any g € X the problem

{mx) ~ f'(x) = g(z) z€0,1]
£(0)=0

admits the unique solution
f@) == [ X gs)dn (e fo.1)
0

which belongs to D(Ay).
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Spectral properties of the infinitesimal generator

Let M > 0 and let w € R.

Definition 6 We denote by G(M,w) the class of all Cy-semigroups of bounded
linear operators on X such that

|S(t)]| < Me*t ¥t >0. (1.4.5)
When M =1 and w = 0 we say that S(t) is a contraction semigroup.

Proposition 5 (Integral representation) Let A: D(A) C X — X be the
infinitesimal generator of S € G(M,w). Then p(A) contains the half-plane

I, ={XeC : RA>w} (1.4.6)

and

RO\, A)z = / e MS(Hwdt  Vre X, VAT, (1.4.7)
0

Proof. We must prove that, given any A\ € I, and x € X, the equation
A —Au =z (1.4.8)

has a unique solution given by (1.4.7).

Existence: observe that u := [;° e S(t)zdt € X because R\ > w. More-
over, for all h > 0,

S(h)u —u 1 R /OO —\t
= = — t
h h{/o NS+ hwdt— | e )xdt}
= l{eM e MS(t)x dt — e_MS(t)xdt}
h h 0
e)xh -1 e)xh h Y
= U ; e "S(t)x dt.
So
lim M — \u— 1
h10

which in turn yields that w € D(A) and (1.4.8) holds true.
Uniqueness: let u € D(A) be a solution of (1.4.8). Then

/ e MS(t)(\u — Au) dt = )\/ e MS(t)udt —/ el S(tyudt =u
0 0 0 dt

which implies that u is given by (1.4.7). O
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Definition 7 For any operator A : D(A) C X — X we define the spectral
bound of A as
s(A) =sup{RA : Neo(A)}.

Corollary 1 Let S be a Cy-semigroup on X with infinitesimal generator A.
Then
—00 < $(A) < wp(S) < 4o0.

Proposition 6 Let A : D(A) C X — X and B : D(B) C X — X be
closed linear operators in X and suppose B C A, that is, D(B) C D(A) and
Az = Bz for all x € D(B). If p(A) N p(B) # @, then A = B.

Proof. Let A € p(A) N p(B), let x € D(A), and set

y=Ax— Axr and z= R(\ B)y.
Then z € D(B) and Az — Bz = Az — Az. Since B C A, \z — Bz = \z — Az.
Thus, (A — A)(x —2) =0. So, zx =z € D(B) and A = B. O

Example 6 (Right-translation semigroup) On the real Banach space
X ={f e BUC(Ry) : f(0) =0}

of all bounded uniformly continuous functions f : Ry — R with the uniform
norm, consider the right-translation semigroup

flx—t) z>t

Vx,t > 0.
0 x € [0,1]

(S()f)(x) = {

It is easy to check that S is a Cp-semigroup on X with ||S(¢)|| = 1 for all
t > 0. In order to characterize its infinitesimal generator A, let us consider
the operator B : D(B) C X — X defined by

DB)={feX : fle X}
Bf =—f', VfeD(B).
We claim that:

(i) BC A
Proof. Let f € D(B). Then, for all z,t > 0 we have

(SO @) - f@)  [-EE==F@),  o0<z<t

t [ (LGS A R R
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with 0 <z — 24 < t. Therefore

up | DD @) | )] < up 17@) - F@)] =0 as t10

z20 ’ t lz—y|<t

because f’ is uniformly continuous. O

(ii) 1 € p(B)
Proof. For any g € X the unique solution f of the problem

{f € D(B)
f@)+ f'(z) = g(z) Yo>0

is given by

Since 1 € p(A) by Proposition 5, Proposition 6 yields that A = B.

Proposition 7 (Laundau-Kolmogorov) Let A : D(A) C X — X be the
infinitesimal generator of a contraction semigroup S. Then

|Ax\2 < 4|z ]A293| Vo € D(AZ), (1.4.9)
where

{D(A2) ={r e D(A) : Az € D(A)} (1.4.10)

A% = A(Az), Vax € D(A?).
Proof. For any x € D(A?) and all t > 0 we have that
t t
/ (t—s)S(s)A’xds = [(t— S)S(S)Aﬂs]zj) +/ S(s)Axds
0 0
= —tAz+ [S(s)z] Zg = —tAz + S(t)z — .
Therefore, for all t > 0,
1 1/t 5
|Az| < i |S(t)x — x| + n (t —s)|S(s)A%zx|ds
0
2
< . |z| + % |A2z|. (1.4.11)

If A%z = 0, then the above inequality yields Az = 0 by letting t — 0o. So,
(1.4.9) is true in this case. On the other hand, for A%z # 0 the function of ¢
on the right-hand side of (1.4.11) attains its minimum at

B 2\x!1/2
07 Azg|1/2

By taking ¢ = ¢¢ in (1.4.11) we obtain (1.4.9) once again. O
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Example 7 Let us recall that the infinitesimal generator A : D(A) C X — X
of the left-translation semigroup S on X = LP(R) introduced in Example 2 is
given by

D(A) = WP(R)

Af(z) = f'(x) (z€Rae.) VfeD(A).
Since

D(A?) = {f e W'"P([R) : f' € WIP(R)} = WP(R),

by Proposition 7 we deduce the interpolation inequality

f'le <2\/Iflp 1", Yf e WP(R).

1.5 The Hille-Yosida generation theorem

Theorem 2 Let M > 0 andw € R. For a linear operator A: D(A) C X — X
the following conditions are equivalent:

(a) A is closed, D(A) is dense in X, and for every A € C with R\ > w one
has that A € p(A) and

M

IR(A, A)F|| < RA—w)F

Vk > 1. (1.5.1)

(b) A is the infinitesimal generator of a Co-semigroup S € G(M,w).

Proof. | (b) = (a) | The fact that A is closed and D(A) is dense in X has already

been proved, see propositions 1 and 2. In order to prove (1.5.1) observe that,
by using (1.4.7) to compute the k-th derivative of the resolvent of A, we obtain
dk

dMJﬂ&Amzw—nf/ the MS()xdt  Vre X, VYA ell,,
0

where II,, is defined in (1.4.6). Therefore,

M k!

dk
| (e

IMAHgM/t%wAWﬁ—
d)\k ( ) 0

where the integral is easily computed by an induction argument. The conclu-
sion follows recalling (1.4.4).
(a) = (b) | The reasoning will be split into four steps.

Step 1: the Yosida approximation of A.
For all n > w we define A,, € L(X), called Yosida approximations of A, by

A, =n*R(n, A) —n = nAR(n, A), (1.5.2)
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where the last identity follows from (1.4.1). We claim that

lim A,x = Ax Vo € X. (1.5.3)

n—~o0

Indeed, let us first take x € D(A) and set J, = nR(n, A). Then, we have that
Ay = Adpx = J,Ax (1.5.4)

and
lim (Jpx —x) = lim R(n,A)Ax =0 Vz € D(A)

n—oo n—oo

in view of (1.5.1). In fact, observing that

Mn
[Tnll < (1.5.5)
we conclude that
lim Jy,z == Ve e X (1.5.6)
n—oo
because D(A) is dense in X. This together with (1.5.4) yields (1.5.3).
Step 2: construction of an approximate semigroup.
For all n > w we define
0 2kik k
_ n““t"R(n, A)
Sn(t) :etA" =e ntz T, Vt>0
k=0
Observe that, in view of (1.5.1),
. 2ktk ot ot
—Nn n—w W
|15 (¢ Z Hn o = = Men—v < Me (1.5.7)

forallt >0 and n > w.

Step 3: uniform convergence on compact sets.
For any x € X, u,(t) := S, (t)x = et4nz satisfies

{(un — ) () = Ap (tn — ) (t) + (An — Ap)um(t), VE=0
(Un, — um,)(0) = 0.

Therefore
t
(U, — um)(t) = / e(t=5)An osAm (A — Ap)xds, Vt=0
0
which in turn yields, by (1.5.7),

(= um) ()] < M? £ |(Ap — Apy)a].
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Thanks to (1.5.3), the above estimate implies that {u,} is a Cauchy sequence
on all compact subsets of R, for x € D(A) and (1.5.7) guarantees that the
same is true for all z € X. Consequently, the limit (uniform on all [0,7] C R})

S(t)x = lim S,(t)z, Vxe X, (1.5.8)

n—oo

defines a Cyp-semigroup of bounded linear operators on X. Moreover, passing
to the limit as n — oo in (1.5.7) we conclude that S € G(M,w).

Step 4: identification of the infinitesimal generation.
First, we show that S(¢)z is differentiable for all x € D(A). Indeed,

IS () — S(t)Ax| < |Sn(t)Anz — Sp(t)Az| + |Sn(t) Az — S(t) Az|
where, by (1.5.3) and (1.5.7),
1S, (1) Az — Sy (t)Az| < Me*'|Apz — Az — 0 (n — o0)

and
|Sp(t)Ax — S(t)Ax| - 0 (n — o0)

uniformly on all compact subsets of Ry by (1.5.8). Therefore
S'(t)x = S(t)Ax, Vz € D(A), Vt > 0. (1.5.9)

Now, let B : D(B) C X — X be the infinitesimal generator of S. Then A C B
in view of (1.5.9). Moreover, II,, C p(A) by assumption (a) and II,, C p(B)
by Proposition 5. So, on account of Proposition 6, A = B. O

Remark 3 The above proof shows that condition (a) in Theorem 2 can be
relaxed as follows

(a') Ais closed, D(A) is dense in X, (w,00) C p(A) and
M
k

(n—w)

IR(n, A < Vk>1, V> w.

Remark 4 When M = 1 the countably many bounds in condition (a) follow
from (1.5.1) for k = 1, that is,

1
[R(X, A <

< Vk>1, VA ell,.
KA —w <

Exercise 5 Given any S € G(M,0) with M > 1, define

|z|s = sup |S(t)z|, Vze X. (1.5.10)
=0

Show that:
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1. |-|s is a norm on X,
2. |z| < |z|s < M|z| for all z € X, and

3. S is a contraction semigroup with respect to | - |s.

Remark 5 Let A : D(A) C X — X be a closed operator satisfying (1.5.1)
but suppose D(A) fails to be dense in X. In the Banach space Y := D(A) let
us define the operator B, called the part of A in Y, by

D(B)={z€D(A) : AzeY}
Bz = Az Vz € D(B).

Then R(\, A)(Y) C D(B) for all A € C such that A > w. Moreover, owing
to (1.4.1) for all x € D(A) we have that

lim nR(n, A)z = lim {R(n,A)Az +z} == (1.5.11)

n—oo n—oo

Since ||[nR(n, A)|| is bounded, (1.5.11) holds true for all z € Y. Hence, D(B) is
dense in Y. Consequently, B satisfies in Y all the assumptions of Theorem 2.

1.6 The homogeneous Cauchy problem

Proposition 8 Let S be a Cy-semigroup of bounded linear operators on X and
A:D(A) C X — X be its infinitesimal generator. Then for every x € D(A)

the Cauchy problem
'(t) = Ay(t

y(t) = S(t)x vt > 0.

Proof. The fact that y(t) = S(t)z satisfies (1.6.1) has already been proved
(Theorem 1). Let us show that this is the unique solution of the problem. Let
z € C1([0,00); X) NC([0,00); D(A)) be a solution of (1.6.1), fix t > 0, and set

u(s) = S(t—s)z(s), Vsel0,t].
Then
u'(s) = —AS(t — 8)z(s) + S(t — s)Az(s) =0, Vse[0,t].

Therefore, z(t) = u(t) = u(0) = y(¢). O
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Example 8 (Transport equation in LP(R)) Let p > 1. Racalling the anal-
ysis of the left-translation semigroup on LP(R) developed in examples 2 and 3,
by Proposition 8 we conclude that for each f € W1P(R) the unique solution
of the problem

{ u(t,0) = % (t,z) (t,z) € Ry xR
(0,2) = f(x) z€R

is given by u(t,z) = f(z +1t).

Example 9 (Heat equation in LP(0,7)) Let p > 2. On X = LP(0,7) con-
sider the operator defined by

{D(A) = W22(0,7) N Wy (0, 7) (1.6.2)

Af(z) = f"(z) x € (0,7) a.e
where
WoP(0,m) = {f € WHP(0,7) = f(0)=0=f(m)}.
Since C°(0,7m) C D(A), we have that D(A) is dense in X. Moreover, A can
be shown to be closed (see Exercise 6 below). We now show that A satisfies

condition (a’) of Remark 3 with M = 1 and w = 0 so that Theorem 2 will
imply that A generates a Cy-semigroup of contractions on X.

Step 1: o(A) = {-n? : n € N}.

Fix any g € X. We will show that, for all X # n?(n > 1), the Sturm-Liouville
system

{Af(w) —f'(z) =g(@), O<z<m (1.6.3)

f(0)=0= f(m)
admits a unique solution f € D(A). Denoting by

= Z gn sin(nx) (x €]0,7])
n=1
the Fourier series of g, we seek a candidate solution f of the form
= Z fnsin(nz) (x € ]0,7]).
n=1

In order to satisfy (1.6.3) one must have
A+ 1) fn = gn Vn > 1.

So, for any A # —n?, (1.6.3) has a unique solution given by

5 sin(nx) (x €]0,7]).
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From the above representation it follows that f € H2(0,7) N H(0,). In fact,
returning to the equation in (1.6.3) one concludes that f € D(A).

Step 2: resolvent estimate.

By multiplying both members of the equation in (1.6.3) by |f|P~2f and inte-
grating over (0, ) one obtains, for all A > 0,

" Pdx — pxp_Q’aczx:ﬂa: 2)|P~2F(x) dx
A/O f(@)Pde + (p 1)/0|f( P2 ()P /Og< @) P2 () d

which yields
1
o< Sl YA>O.

Step 3: conclusion.

By Proposition 8 we conclude that for each f € W?2P(0,7) N Wol’p(O, 7) the
unique solution of

B (t,2) = 54 (t,2) (t,2) € Ry x (0,7)
u(t,0)=0=u(t,7) t>0
f(x)

u(0,z) = z € (0,m)

is given by u(t,z) = (S(¢)f)(z).
Exercise 6 Prove that operator A defined in (1.6.2) is closed.

Example 10 (Heat equation in LP(R)) Let f € W2P(R) with p > 2. By
following the reasoning of Example 9, let us solve the Cauchy problem

Gu(tw) = 54 (L) (tz) eRy xR

The operator defined by

{D(A) = W2P(R)
Af(z) = f"(x) zeRae.

is densely defined and closed. Let us begin by studying the problem

{f € D) (1.6.4)
M—-f"=geX

in the special case p = 2. Taking the Fourier transform of both members of
the above equation we find

~

A+E)f(€) =7(6) VEeR.
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So, for any A > 0 we have that the solution to problem (1.6.4) is given by

e—ﬁ|x|
2V

f(z) = (9% ¢x)(x) with ¢xr(z)=

that is,
xr o0

flz) = 2\15{/_OOg(y)e‘ﬁ(””‘”dy+/ g(y)e‘ﬁ(y‘w)dy}-

xT

Moreover, the above representation formula holds true for any p > 2. We
have thus proved that (0,00) C p(A). Finally, by multiplying both members
of the equation in (1.6.3) by |f|P~2f and integrating over R we obtain as in
Example 9

A UfPde s o-v) [P = [ gl
which yields
1
7l < 5 loly

Therefore, A satisfies condition (a’) of Remark 3 and generates a Cp-semigroup
of bounded linear operators on X which gives the solution of our problem.

Proposition 9 Let A : D(A) C X — X be a densely defined closed linear
operator satisfying, for some M,w = 0, the following conditions:

(i) o(A) c{AeC : |RA| <w}
(7i) for allk >1

M
AF < .
RA>w = [[R(N\A)" (RN =)

Then (1.6.1) has a unique solution y € C*(R; X) N C(R; D(A)).

Proof. Observe that both A and —A generate a Cy-semigroup of bounded
linear operators on X. Denote by St the semigroup generated by +A and
set, for any z € X,

y(t) = {5+(75)5E (t>0)

S_(—t)z (t < 0).

Then y € C(R; X). Moreover, for z € D(A), y € C}(R; X) NC(R; D(A)) and
satisfies (1.6.1). O
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Remark 6 In fact, the above assumptions are necessary and sufficient for A
to be the infinitesimal generator of a Cy group of bounded linear operators
on X (see, for instance, [4, Section 1.3.11]). Moreover, like in Remark 3,
conditions (7) and (ii) can be weakened as follows:

(1) (=00, —w) U (w,00) C p(4)
(79) for all k > 1 and |n > w

M
I1R(n, A)¥|| < e

1.7 Problems

1. Let X be a Banach space and let A : D(A) C X — X be the infinitesimal
generator of a Cg-semigroup of bounded linear operators on X. Prove
that, for every n > 1,

D(A") := {z € D(A™") : Az € D(A)}

is dense in X.

Solution. For n = 1 the conclusion follows from Proposition 1. Let the
conclusion be true for some n > 1 and fix any y € X. Then, for any
e > 0 there exists z. € D(A™) such that |z. — y| < e. As shown in
the proof of Proposition 1, My ;A"x. € D(A) for all t > 0, where My,
is defined in (1.2.3). Since Mg A"x. = A"Myx., we conclude that
My sz € D(A™1). Moreover, there exists t. > 0 such that

|Mo e —y| < | Moz — we| + |22 — 9| < 2¢. O

2. For fixed T >0 and p > 1 let X = LP(0,T) and

flx—1t) zelt,T]
0 xz € [0,t)
Prove that S is a Cp-semigroup of bounded linear operators on X which

satisfies ||S(t)|| < 1 for all ¢ > 0. Moreover, observe that S is nilpotent,
that is, we have S(t) = 0, V¢t > T. Deduce that wy(S) = —oc.

(S(t)f)(z) = { Vz €10,T], Vt > 0.

3. On X = {f € C([0,7]) : f(0) =0 = f(m)} with the uniform norm,
consider the linear operator A : D(A) C X — X defined by

D(A) = {f ec*([0,1]) : f(0)= f(m) =0= f"(0) = f"(m)}
Af = . ¥f € D(A).
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Apply Theorem 2 to show that A generates a Cy-semigroup of contrac-
tions on X and derive the initial-boundary value problem which is solved
by such semigroup.

Solution. We only prove that |[R(\, A)|] < 1/A for all A > 0. Fix any
g € X and let f = R(\, A)g. Let xg € [0, 7] be such that | f(zo)| = | f|co-
If f(xg) > 0, then z¢ € (0,7) is a maximum point of f. So, f”(xg) <0
and we have that

Mfloo = Af(x0) < Af(xo) — f"(20) = g(20) < |gloo-

On the other hand, if f(x¢) < 0, then z¢ € (0,7) once again and xg is a
minimum point of f. Thus, f”(z¢) > 0 and

A floo = =Af(z0) < =Af(xo) + f(x0) = —g(20) < [9]oo-

In any case, we have that A|f|eo < |g]co- O

4. Let S be Cy-semigroup of bounded linear operators on X and let K C X
be compact. Prove that for every tg > 0

lim sup ‘S(t)x - S(to)ﬂ?‘ =0. (1.7.1)

t—to zeK

Solution. We may assume S € G(M,0) for some M >) without loss of
generality. Let tg > 0 and fix any € > 0. Since K is totally bounded,
there exist x1,...,xn, € X such that

Moreover, there exists 7 > 0 such that
[t —to] <7 = ‘S(t)xn—S(to)xn‘<a Vn=1,...,N..

Thus, for all |[t—tg| < 7 we have that, if z € K is such that z € B(xn, ﬁ),
then

‘S t)x — S(to)x‘

< Stz — St)an| + |SHt)an — S(to)wn| + |S(to)an — S(to)w|
< 2M|x — zp| + e < 3e.
So, the limit of [S(t)z — S(to)x| as t — to is uniform on K. O

5. Use the resolvent identity (1.4.2) to prove that R(\, A) commutes with
R(p, A) for all A\, u € p(A).



22

CHAPTER 1. GENERATION OF Cy-SEMIGROUPS

Solution. For all A\, u € p(A) we have that

R(Av A) - R(:u’ A) = (,LL - )‘)R(Av A)R(/" A)

So,
R(p, A) = R(A, A) = (A = ) R(X, A)R(p, A)
but also
R(p, A) = R(X, A) = (A = p)R(p, A)R(X, A).
Therefore R(\, A)R(u, A) = R(pu, A)R(X, A). O

. Prove that if A: D(A) C X — X is a closed operator and B € L(X),

then A+ B : D(A) C X — X is also closed.

. Prove that A: D(A) C X — X is closed if and only if for any sequence

{zn} € D(A)

Ty — X
{ = x€D(A) and Az =y.
Axp —y

. Let S € G(M,w) with w > 0. Prove that wy(S) < 0 if and only if

lim ||S(t)| = 0. (1.7.2)

t——+o00

Solution. One only needs to show that (1.7.2) implies that wy(S) < 0.
Let to > 0 be such that ||S(t9)|| < 1/e. For any t > 0 let n(t) € N be
the unique integer such that

n(t)to <t < (n(t) + 1)to. (1.7.3)

Then

ISl = ||S (n(t)to) S (t — n(t)to) || <

Therefore, on account of (1.7.2), we conclude that

M < log (Me“”to) n(t)

X

t t t
log (Me*to
< 7%( c )—<1—1> vt > 0.
t to t

Taking the limit as ¢t — 400 we conclude that wy(S) < 0. O
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9. Let S be the heat semigroup constructed in Example 9. Prove that, for
any f € LP(0, ),

(St)f)(x) = /07r K(t,z,y)f(y)dy, VYt=0, z€ (0,7) a.e.

where
2 & 2
K(t :f§ Kt sin (k) sin(ky).
(t,z,y) - k:16 sin(kx) sin(ky)

2 Special classes of semigroups

2.1 Contraction semigroups

In this section we assume that X is an Hilbert space with scalar product (-, -).
Definition 8 An operator A: D(A) C X — X s said to be dissipative if
R(Az,z) <0 Vx € D(A). (2.1.1)
Remark 7 Observe that, if A is dissipative, then for every A > 0
|\ — A)z|* = N2 |z|* — 2R(Axz, ) + |Az|* = |z Vz € D(A).
Hence
|(A — A)z| > \|z| Vz € D(A) and X > 0. (2.1.2)

Consequently, A\I — A is injective for all A > 0. So, if (A\g] — A)X = X for
some Ao > 0, then (2.1.2) implies that Ao € p(A) and [|[R(Ag, A)|] < 1/Xo.
Moreover, since R(\g, A) is closed, Ao — A is closed and therefore A is closed
as well.

Proposition 10 For a dissipative operator A : D(A) C X — X the following
properties are equivalent:

(@) (Mol —A)X =X for some \g > 0, and
(b) M —A)X =X for all X > 0.

Proof. The only implication that require a proof is (a) = (b). By Remark 7
the set
A={Ne(0,00) : M —A)X =X}

is contained in p(A) which is open in C. This implies that A is also open. Let
us show that A is closed: let A 3 A, — A > 0 and fix any y € X. There exists
an x, € D(A) such that

Ay — Azy = y. (2.1.3)
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From (2.1.2) it follows that |z,| < |y|/A, < C for some C' > 0. Again by
(2.1.2),

|)\m(37n - xm) - A(.%'n - .%'m)‘
A — Al 20| + [Anzn — Azp — A — Azpy)|
C|Am — Anl.

Am|$n _$m|

NN N

Therefore {x,} is a Cauchy sequence. Let x,, — x. Then Az, — Az —y by

(2.1.3). Since A is closed by Remark 7, z € D(A) and Az — Ax = y. This
show that A\I — A is surjective and implies that A € A. Thus A is both open
and closed in (0,00). Moreover, A # @ because A\g € A. So, A = (0,00). O

Proposition 11 Let A: D(A) C X — X be dissipative with (I — A)X = X.
Then D(A) is dense in X.

Proof. Let z € X be such that (z,z2) = 0 for all z € D(A). We will show that
z = 0 or, equivalently since (I — A) is surjective, that

0= (2,2 — Azx) = (z, Ax) Vz € D(A).

Let x € D(A). Then by Proposition 10 there exists a sequence {z,} C D(A)
such that
nr = nx, — Az, Vn > 1. (2.1.4)

Since Az, = n(x, — ) € D(A), we have that z,, € D(A?) and
1 1 -1
Az = Az, — = A%z, or Ax, = (I - - A) Azx.
n n

Since ||(I — L A)~!|| < 1 by (2.1.2), the above identity yields [Az,| < |Az|.
So, by (2.1.4) we obtain

1 1
|xn — x| < = |Azy| < — |Az|.
n n

Therefore, x,, — x. Moreover, since { Az, } is bounded, there is a subsequence
Az, such that Az, — y. Since A is closed by Remark 7 we deduce that
y = Ax (see Problems 1.7). Now, recall that (z,2) = 0 for all z € D(A) to
deduce that

(z, Axp,) = ng(z,zp, —x) =0 Vk > 1.

Letting k — oo in the above identity we conclude that (z, Az) = 0. O
Proposition 12 For an operator A : D(A) C X — X the following properties
are equivalent:

(a) A is the infinitesimal generator of a contraction semigroup on X ;
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(b) A is dissipative and (Aol — A)X = X for some Ao > 0.

(c) A is dissipative and (A — A)X = X for all A > 0.
Proof. In view of Proposition 10, the only implications that require a proof
are (a) = (b) and (c¢) = (a).

(a) = (b) | Let A be the infinitesimal generator of a contraction semigroup S.
Then (0,00) C p(A) by Theorem 2 and A is dissipative because

) S(t)r —x
— _— < .
R (Azx, x) ltll%lg%< ; ,x> <0 VaxeD(A)

(¢c) = (a) | Assume (c). Then D(A) is dense in X by Proposition 11. More-
over, by Remark 7, A is closed, (0,00) C p(A), and [|[R()\, A)|| < 1/A for all
A > 0. The conclusion follows by Theorem 2. O

The above results can be completed by looking at A*, the adjoint of A, the
definition of which we recall below. Given A : D(A) C X — X, with D(A)
dense in X, let D(A*) denote the subspace of X consisting of all y € X for
which there exists a constant C'y > 0 such that

(Az,y)| < Cylz| V€ D(A). (2.1.5)

Observe that, since D(A) is dense in X, (2.1.5) yields that = — (Ax,y) can
be extended to a unique bounded linear functional ¢, € X*. Denoting by
j : X* — X the Riesz isomorphism, we define

Ay =j(o,) Wy D(A). (2.1.6)
Then the following adjoint identity holds true
(Azx,y) = (z, A%y) Vax € D(A),Vy € D(A™). (2.1.7)

Exercise 7 Check that D(A*) is a subspace of X, that A*: D(A*) C X — X
is a linear operator, and that A* is closed.

Solution. We only prove that A* is closed. Let {y,} € D(A*) and y,z € X

be such that
Yn — VY
{ (n — o0)

A*yp — 2z
Then {A*y,} is bounded, say |A*y,| < C. So, recalling (2.1.7),
[(Az, yn)| = [(x, A"yn)| < Clz| Vo € D(A)

yields
(Az,9)| < Cle| Vo€ D(4)
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implying that y € D(A*). Moreover

(Az,y) = lim (Az,y,) = (z, 2) Vo € D(A).

n—oo

Thus, (r, A*y — z) =0 for all z € D(A). Since D(A) is dense, A"y =2. O

Remark 8 If A € £(X), then A* is also bounded and we have that A** = A.

Theorem 3 (Lumer-Phillips) Let A: D(A) C X — X be a densely defined
closed linear operator. If A and A* are dissipative, then A is the infinitesimal
generator of a contraction semigroup on X.

Proof. In view of Proposition 12 it suffices to show that (0,00) C p(A).

Step 1: A\l — A and \I — A* are injective for every X > 0.
This follows from Remark 7.

Step 2: (M — A)(D(A)) is dense in X for every A > 0.
Let y € X be such that

(A —Az,y) =0  Vz e D(A).
Then (Az,y) = A(z,y) implies that y € D(A*) and
(x,y—A%yy=0 VrelX.

So, \y — A*y = 0 which, by Step 1, yields y = 0.

Step 3: M — A is surjective for every A > 0.
Fix any y € X. By Step 1, there exists {x,,} C D(A) such that

Ay — Az, =1 yp, >y as n — oo.

By (2.1.2) we deduce that, for all n,m > 1,

1
|Zn — Tm| < X [Yn — Yml

which yields that {z,} is a Cauchy sequence in X. Therefore, there exists
x € X such that

Axy, = ATy — Yp — AT — Y
Since A is closed, z € D(A) and Az — Az = y. O
Remark 9 The notion of dissipative operators can be given in Banach spaces

and Theorem 3 remains valid in such settings. However, Proposition 11 is true
only if X is reflexive (see, for instance, [6, Section 1.4]).
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Example 11 (Wave equation in L?(0,7)) Let usset H}(0,7) = W01’2(0,7T)
and H%(0,7) = W?%2(0,7). For any given f € H?(0,7) N H(0,7) and
g € H}(0,7) we want to solve the problem

o4 (tw) = 2% (t,2) (t,z) € R x (0,7)
u(t,0) = :uu ) teR (2.1.8)
u(0,2) = f(z), $(0,z) = g(x) =€ (0,m).

Let X be the Hilbert space Hg(0,m) x L?(0,7) with the scalar product

(1 ()= [ Wewto + mola

Denoting by A : D(A) c L?(0,w) — L?(0,7) the second derivative with
homogeneous Dirichlet boundary conditions studied in Example 9, define A :
D(A) Cc X - X by

D(A) = (H*(0,7) N H}(0,7)) x H(0,7)
u 0 1 u v (2.1.9)
AC ) =0l o)) =00
The fact that A is closed and D(.A) is dense can be easily checked. We claim
that R\ {0} C p(A) and

R()\, A) = ( jl i )R()\Q,A) YA £ 0. (2.1.10)

Indeed, for any (f,g) € X the resolvent equation

=)= ()

is equivalent to the system
Au—v=f
Av— Au = g.

Hence, v = Au — f and, by solving the equation
Nu— Au= g+ \f,

we find
u= AR\, A)f + R(\? A)g
v = [/\ZR(/\Q,A) - 1}f + AR(X\2, A)g.

Since \2R(A\?, A)—1 = AR()\?, A) by (1.4.1), the above identities yield (2.1.10).
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Now, integrating by parts we obtain

<A( v ) ( v )> - /07r [/ (5)v'(s) + u(s)v" (s)] ds = 0, v( . ) € D(A).

v v

A

Therefore A is dissipative and so it generates a contraction semigroup e** on

X by Proposition 12. In fact, e is a Cy group thanks to Proposition 9 and
Remark 6. Consequently, problem (2.1.8) has a unique solution

u € C*(R; L*(0,m)) N C'(R; Hy (0, 7)) NC(R; H*(0,7) N Hy(0,7))
which is given by the first component of e*A(f, g).

Definition 9 A densely defined closed linear operator A : D(A) C X — X is
said to be symmetric if A C A*, that is,

D(A) C D(A*) and Ax = A"z Vx € D(A).
A is said to be self-adjoint if A = A*.

Clearly, a symmetric operator A is self-adjoint if and only if D(A) = D(A*).
This is always the case when A is the infinitesimal generator of a Cy-semigroup
of bounded linear operators on X, as our next result guarantees.

Proposition 13 Let A: D(A) C X — X be a densely defined closed linear
operator such that p(A) NR # @. If A is symmetric, then A is self-adjoint.

Proof. We will prove that D(A*) C D(A) in two steps. Let A € p(A) NR.

Step 1: R(A\, A) = R(\, A)*.
Since R(A, A) € L£(X) it suffices to show that

(R(A, A)z,y) = (@, RA, A)y)  Va,ye X,
Fix any z,y € X and set
u= R\ Az and v=R\A)y

so that
A —Au=x and Av— Av=y.

Since A is symmetric, we have that

(RN, A)z,y) = (u,y) = (u, Ao — Av) = (Au — Au,v) = (z, R()\, A)y).

Step 2: D(A*) C D(A).
Let u € D(A*) and set © = Au — A*u. Observe that, for all v € D(A),

(x,v) = (Au — A%u,v) = (u, \v — Av).
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Now, take any y € X and let v = R(\, A)y. Then the above identity yields
(z, R\, A)y) = (u,y)  VyeX.
This identity and Step 1 imply that w = R(\, A)*x = R(\, A)z € D(A). O
The following property of self-adjoint operators is very useful.

Corollary 2 (Stone) Let A : D(A) C X — X be a densely defined closed
linear operator. If A is self-adjoint, then B := iA is the infinitesimal generator
of a Cy unitary group on X.

Proof. Since A is self-adjoint, we have that

(Ax,z) = (x, A*z) = (x, Az) = (Azx, x) Vx € D(A).
Thus, (Az,x) is real and
R(Bz,x) = R(iAz,z) =0 Vx € D(B),

which implies that B and B* = —B are dissipative. So, B and —B generate
contraction semigroups on X. Therefore B generates a Cy unitary group. [

Exercise 8 On X = L?(0,7;C) let A: D(A) C X — X be the operator

{D(A) = H?(0,7;C) N H (0, 7;C) (2.1.11)

Af(z) = f"(x) z € (0,7) a.e.

Show that A is self-adjoint and dissipative.
Solution. We begin by observing that

(Af, ) = /0 " ) ) = — /0 |f@ P Vfe D(A).

Therefore A is dissipative.
Moreover, A is symmetric. Indeed, that for all g € D(A) we have

<Af7g)—/Oﬂf”(:c)g(x)dx—/oﬂf(x)g”(x)dm Vf € D(A). (2.1.12)

Therefore |(Af, g)| < |9”|2|f|2 for all f € D(A), which yields g € D(A*).
Then (2.1.7), together with (2.1.12), implies that A*g = ¢” for all g € D(A).

Thus, in order to prove that A is self-adjoint it suffices to check that 1 €
p(A). In fact, we will show that—as in Example 9— o(A) = {-n? : n € N}
Fix any g € X and consider the Sturm-Liouville system

{/\f(x — ) =g(x), O<z<m (2.1.13)

f(0) = 0= f(m).
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Let us consider the odd extension of g to [—m, 7] and denote by

gl@) =Y gn)e™  (z€[0,7))

nez*

the Fourier series of such a function. We seek a solution f of the form

fl@) =" fm)e™  (xe[0,x).

nezZ*

In order to satisfy (2.1.13) one must have

o~

A +n2)f(n) = g(n) Vn € Z*.
So, for any A € C\ {—n? : n > 1}, (2.1.13) has a unique solution. O
Example 12 (Schrédinger equation) By Corollary 2 and Exercise 8 we
have that, for any f € H?(0,7) N HE(0, ), there exists a unique solution
u € CH(R; L*(0,7)) N C(R; H(0,7) N HZ (0, 7))
of the problem

Gu(tw) =i 9% (L) (t,w) R x (0,m)
u(t,0) =0=u(t,m) teR
u(0,2) = f(x) x € (0,m).

2.2 Analytic semigroups

We recall that, for any w € R, we have denoted by II, the complex half-plane
in (1.4.6). Moreover, for any 6 € (0, 7] we define

Yo ={AeC\{w} : |arg(A —w)| < 6}. (2.2.1)
Let w € R and 6y € (7/2,7].

Definition 10 A densely defined closed linear operator A: D(A) C X — X
on a Banach space X is called sectorial of base point w € R and angle 0y if:

(a’) Zw,@o - p(A)z and
(b) there exists a nondecreasing function M : (0,60p) — (0,+00) such that

M(0)
A= ol

IR\, A)| < V0 € (0,60), YA € Sop. (2.2.2)
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Let A: D(A) C X — X be a sectorial operator of base point w and angle 6

on a Banach space X. For any ¢ > 0 and 6 € (7/2,6p), let

— 0
Ve = Vag U e Ueo

where
v, ={reC: z=wtre? r>e)

and

yg’gz{zE(C tz=w+ee, n| <0}

(2.2.3)

v

Proposition 14 (Dunford integral) Let ¢ > 0 and 0 € (7/2,6p) be fized.

Then for each t > 0
1
— / MR\, A)d\ >0
S(t) _ 271, e
1 t=0

s a bounded linear operator on X.

Proof. Since ’7?97759 C Xy, by (2.2.2) we deduce that for any ¢ > 0

0 .
He)\tR()\’A)H < et(w+rcos0) : ) VA = w _|_T€j:u9 c 7;0

(2.2.4)
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and

He)‘tR()\,A)H < et(w+€cosn) M(G)

5 VA=w+ee € 7279.

Because cos 6 < 0, the above inequalities ensure the convergence of the integral

in (2.2.4). The the completeness of £(X) yields S(t) € L(X). O

Exercise 9 Use Cauchy’s theorem for holomorphic functions to show that,
for any 0 < g1 < ey and 61,05 € (7/2,6)), we have

/

Solution. It suffices to observe that, owing to Cauchy’s theorem,

/

MR\, A)d\ = / eMR(N, A)dN V> 0.

€1,01 Veg,0o

eMR(N, A)d) — /

Veo,01

MR\, A) d\ = / eMR(N, A)d\ = 0.

€1,01 71

A

30. T
20. T

10. t

g\%

—-30. —20. -10. yo.

10. +

—20. +

—30. 1

—40. +

—50. +

Similarly,

/

RN, A) d) — / MR\, A)d\ =0

Yeq,09

eMR(N, A)d)\ = /

0.0, Uy

90.

100.

v
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A
40. T
+ 30T
8
2 Vea b2
Vea,
20. T
g
19.
!
—30. —20. —10. 30. 40. 50. 60. 70. 80. 90.
10.
20. +
Y2
—30. +
again by Cauchy’s theorem and a simple asymptotic argument. O

Theorem 4 Let A: D(A) C X — X be a sectorial operator of base point w
and angle 8y on a Banach space X. Fiz any 0 < e < 1 and § € (7/2,6p)*,
and define S : Ry — L(X) as in (2.2.4). Then the following properties hold
true.

(a) S €CYR;L(X)) and S'(t) = AS(t) for all t > 0.
(b) There exist constants M, N > 0 such that
IS < Me*t  Vt>=0 (2.2.5)

and

(A —wns@ < &

et vt > 0. (2.2.6)

(c) S is a Co-semigroup and A is its infinitesimal generator.

Proof. Without loss of generality we can restrict the analysis to the case of w =
0. Indeed, the general case can be treated replacing A by A, := A —wI which
is easily seen to be sectorial of base point 0. Since R(u, Ay) = R(p+w, A), one

!For instance, one can take & = % and 0 = 7 + %D.
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recovers S, the semigroup generated by A, from the semigroup S, generated
by A, via the formula S(t) = e“*S,,(t).

Step 1: proof of (a).
The fact that S € C}(R%; £(X)) follows by differentiating under the integral
sign: by (2.2.2) we deduce that for any A € 'Y:fe

H% MR, A)H = [AMR(N, A)|| < ™ M(0) = etPMleos? pr(g)

which guarantees the convergence of the integral - fﬁ/ . % eMR(\, A)d), in

21

the space L£(X), because cos @ < 0. Moreover, recalling the identity AR(\, A) =
I+ AR(M, A), we obtain

S’(t):,/ AeMR(N, A) dX (2.2.7)
Ve, 0

I 1
= — / M dX 4+ — / AN RN, A)dX = AS(t)
27T'L Ye,0 27TZ Ye,0

for all ¢ > 0 because
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\

Step 2: proof of (b).
The change of variable A\t = ¢ transforms the integral in (2.2.4) into

1 d 1 d
271 et t t 271 Ye.o t t
where we have used Exercise 9. Therefore,

5= 5 [T R("E ) Car

—if —if
—/ooerewR<re : ,A) ¢’ dr
i t t

0 i in )
+/ eeenR(ge ,A) isem@}
) t t

Now, appealing to (2.2.2) we have that

M(Q) 00 orcosf 0
< 2\ v £cosn —. )
ISl < T {2/ _ dr+/9€ dn} =: M



36 CHAPTER 2. SPECIAL CLASSES OF SEMIGROUPS

By the same change of variable in (2.2.7), a computation similar to the one
above leads to

MO [e'S) 0
HS/(t)H < ( ){2/ ercos@ dT+€/ e CosN dﬁ}
€

27t -0

Here we can also use the fact that the above inequality holds true for all € > 0.
So, passing to the limit as € | 0 we obtain

, M(0) N
< —F5 =t —.
IS @I < mt| cos 6| t

Step 3: S is strongly continuous.

In view of (2.2.5) it suffices to show that S(¢)z — x ast | 0 for all x € D(A).
So, fix x € D(A) and let y = x — Ax. Then x = R(1, A)y and, recalling that
0 < e < 12, for all t > 0 the resolvent identity (1.4.2) yields

1
S(t)x = St)R(1,A)y = — / MR\, A)R(1, A)y dX
271 e
1 eAt 1 e)\t
= — R\, A)yd\ — — R(1, Ay d\
zm'/wl—A A Ay dr =55 T &
1 €>\t
= — R(\, A)y d\
2ri /%791—/\ A Ay

because, by Cauchy’s theorem,

e)\t 6)\15
/ d\ = lim d\ = 0.
Ye.0 1—A R—o0 ,YRG 1-—A

€,

Therefore, by Cauchy’s integral formula

t10 271 1—X
o1 R(A, A)y
e

2Without the restriction € € (0, 1), here one should take o > ¢ and define y = goz — Ax.



2.2. ANALYTIC SEMIGROUPS

10. +

Step 4: S(t+s) = S(t)S(s).
Fix any 0" € (7/2,60). Then for all ¢,s > 0 we have that

2mi

S(0)s(s) = ( L )2 A MR, A)d - / " Ry, A) dy.

V2e,0/

So, by the resolvent identity (1.4.2) we obtain

2 _
S(t)S(s) = (i) / / s R(A\A) — R(p, A) drdy
2mi Ye,0 Y Voe 0! K= A
(LY Xt e
- (5= /He R()\,A)d)\/ L

72&,6/
1 2
() |

because for each A € 7. 9 and p € y2. o we have that

. ) et
e"*R(u, A d,u/
Ve w—A

2¢,6/

1 us 1 At
[ S ma [ ao
2mi Yoegr W A 2mi Jy, H— A

dA=S(t+ s)

37
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V2e,0’
Ve

L/

Step 5: A is the infinitesimal generator of S.

Let B : D(B) C X — X be the infinitesimal generator of S. Then A C B
in view of (a). Moreover, Iy C p(A) by assumption and Il C p(B) by
Proposition 5. So, on account of Proposition 6, A = B. O

Exercise 10 Let A: D(A) C X — X be a sectorial operator which generates
a Co-group. Show that A € £(X).

Theorem 5 Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup S € G(M,w). Then the following properties are equivalent.

(a) There exists 0y € (m/2,m] such that A is sectorial of base point w and
angle 0.

(b) S € CHR%;L(X)) and there exists N > 0 such that
N wt
|(A—wDS(t)] < e Vit > 0. (2.2.8)

(c) There exists 0 € (0,7/2) such S has an analytic extension to X, ¢ and
z— e “*S(z) is bounded on X, ¢ for all 0,0" < 0.
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Proof. First, we observe Theorem 4 ensures that (a) = (b). In the proof of
the remaining statements we note that one can assume w = 0, as we did in
the proof of Theorem 4, without loss of generality.

(b) = (c)| We claim that S € C*°(R%; £(X)) and

S(X c DiA™) Yn>1,Vt>0
n n =21, > 0.
sM() = Ans(e) = (45(2))" = (5'(1)) '
(2.2.9)
Indeed, (2.2.9) holds true for n = 1. Assuming it holds for some n > 1 we
have that ; y
n n
S(yp) 4 ()X < P,

This shows that S(t)X C D(A™"!) and

(5G)" = (4sG) ™ - s = s

Next, by (2.2.8) and (2.2.9) we deduce that

n"N"

Is™ ol < —; Yn > 1, Vt> 0.
Therefore, for every ¢t > 0,
|Z |z —t[" n"N"
Z ") < > < (2.2.10)
n=0 ’

for all complex numbers z in the disc

C(t,%@) = {zEC : |z—t|<Nie}.

Consequently, the series > 07 (Z;j)n S()(t) defines an analytic function F; on
C(t, ). Taking 6 = arctan(x), we conclude that there is a unique analytic

functlon F on ;
2 (4 3)
0,0 C U Clt, Ne
t>0

which coincides with F; on any C(t, 1) and therefore with S on R¥.

Finally, in order to show that S(z) = F(z) is bounded on every subsector
of ¥, fix any 0 < ¢ < 1 and set §' = arctan(%). Then, by (2.2.10), for all
z € Yoo we have that

o0

1Sz Sz nPN™ n
15(2) Z' | 15 (Rz ||<Z (’%J)n - <M q" < co.

/
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(¢) = (a) | We show that, since S(z) is analytic on a sector of the form ¥,

where 0 < 6 < 7/2, the integral representation formula (1.4.7) for R(\, A)—
which holds for ®RA > 0—can be extended to the sector ZO ~+o. Observe that
’ 2

any A in such a sector can be written in the form

T+6

A= |Me" with |a| < 5 (2.2.11)

Let us consider the case of o« > 0 first. Define
R\ A) = / e S(2)dz (2.2.12)

Y+
where
-3
7+:{26(C : z=re 'Y, 7’20}.
—4 —'3. —2 7 8 9 16. 11 "

We now show that the integral in (2.2.12) converges to the resolvent of A and
(2.2.2) holds. Indeed, denoting by M an upper bound for ||S(2)| on 4, since

e f)\reﬂ%e —i30\ _—i30
RN A) = e S(re*a%) e "a%dr
0

we have that

+oo i(a—3 +oo
HR()\,A)H < M/ e—r%(|)\|e ( 49) dr — M/ e—r\)\|cos(a—%9) dT,
0 0
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where
cos <a — ZG) min { cos (%9>,sin <§>} =Kyp>0

3 3 s 0

Therefore, the integral in (2.2.12) converges and

because

M

ROMA) €
1RO A< g

for all X of the form (2.2.11) with @ > 0. On the other hand, for & < 0 one
can repeat the above argument replacing v4 by

vy = {zE(C : z:rel%e, 7'20}.
Finally, to prove that the integral in (2.2.12) gives the resolvent of A it
suffices to observe that, for all A of the form (2.2.11) with a > 0, we have
(M — AR\ A) = / e M (A\S(z) — AS(z)) dz
Y+
= / e N (AS(z) = S'(2))dz=1.
v+

This shows that ¥, =0 C p(A) and completes the proof. d
)

Definition 11 A Cy-semigroup is called analytic if verifies any of the condi-
tions of Theorem 5.

The following proposition provides a useful sufficient condition for an op-
erator to be sectorial.

Proposition 15 Let A: D(A) C X — X be a densely defined closed linear
operator such that, for some w € R and M > 0, I1,, C p(A) and

M

NA) <
1RO A< 5=

YA eIl . (2.2.13)

Then A is the infinitesimal generator of an analytic semigroup.

Proof. As is by now well known, we can develop the reasoning assuming that
w = —1, which in turn implies that p(A) contains the imaginary axis. Since
i € p(A) for all 5 € R, by Proposition 4 we conclude that

(9 ) AN WO#O
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So, owing to (2.2.13), C(if3, |3|/M) C p(A) for all 5 € R\ {0}. Therefore

S0 C | CB,18I/M) UTL, C p(A)
B#0
with

0= g + arctan (%)

b))

O,g—&—arctan ﬁ

Now, fix any 0 < ¢ < 1 and let §' = § 4 arctan(}). Then(1.4.3) yields

[e.9]

R(AA) =) (=1)™RA)"RESN, A YA€ Sop \ .
n=0
Hence
> M \ntl M & M 1
RNA <Y IRAM (i <— "=———. (2214
IR ) < 3 1R (i5x1) ST Ty (2219
Moreover, for all A € ¥ ¢ \ IIg we have
2
2 _ 2 a2 < (L )2
AR = (RN + (902 < [(2) +1] M2,
which, combined with (2.2.14), yields
2 1 M2
1RO, A)) < LT VA € Do\ o, O

(1=q)[Al

\
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Exercise 11 Let A : D(A) C X — X be a self-adjoint dissipative operator
on an Hilbert space (X, (-,-)). Then A is the infinitesimal generator of a Cy-
semigroup of contractions on X, S, by Theorem 3. Prove that S is analytic.

Solution. Fix any A € Ilp and y € X. Then z = R(\, A)y satisfies \z — Az =y
and, taking the scalar product with x we obtain

RAal? < RNzl — (Az,2) = Rz, p)
Sz = S(,y)
because (Az,x) < 0. Thus, since RA > 0 for all A € IIy we have that
[(RN)? + (IN)?] [z < (R(z,))* + (32, 9))* = [{2, 9)* < [yl*[al?
which yields ||R(A, A)|| < 1/|A|. The conclusion follows by Proposition 15. [
As a first consequence of analyticity, we now give a result due to Trig-
giani [8] on the asymptotic behavior of S(t).

Proposition 16 (Triggiani) Let A : D(A) C X — X be the infinitesimal
generator of an analytic semigroup S. Then s(A) = wy(S).

Proof. Proceeding by contradiction, let us suppose that
s(A) < —2e < 0 =wp(S). (2.2.15)
Since A is sectorial and wg = 0,

Y_cp Cp(A) forsome 6 € (g,ﬂ'].

\

Fix any n € (5,0) and let

fyni:{ze(c : z:—8+7"6ﬂ777 7“20}
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Then for all ¢t > 0

/ MR, A) d)\+/ e’\tR()\,A)d/\}.
27” T e

Therefore
M Feo 1 1
||S(t)|| < (77) / e(rcosn—e)t{ ‘ + ‘ }d’l“
2 Jo |ren — | |re=m — g|
Since
lre™™ — ¢|? = r2 4 &2 — 2recosn = 2re(1 — cosn),
we conclude that
M +o00 rtcosm
sl < M0 e ‘ dr
0 \/2re(1 — cosn)
M —et +o0o _scosn
- (n) ¢ C_ds  Wt>0,
7/2e(1 —cosn) vVt Jo Vs
which contradicts wp(S) = 0. O

Example 13 We return to the heat equation studied in Example 9 and Ex-
ercise 8 to show that the associated semigroup is analytic.

Let us consider the case p = 2 first. Then operator A in (2.1.11) is self-
adjoint and dissipative. Therefore the corresponding semigroup is analytic
thanks to Exercise 11.

Next, for p > 2 let X = LP(0,7;C) and consider the operator defined by

{D(A) = W27(0,m;C) N Wy (0, 7;C) (2.2.16)

Af(x) = f"(x) xz € (0,m) a.e

Proceeding as in Exercise 8 one can show that o(A) = {-n? : n > 1}. Let
RA > 0. For any fixed g € X consider the Sturm-Liouville system

{ fl@)—f"(x)=g(x), O<a<m

4(0) = 0 = u(). (2.2.17)

By multiplying both members of the equation in (2.2.17) by f|f|P~2 and in-
tegrating by parts over (0,7) one obtains

" pxzzw/xpr—Qx
s [Cs@p s+ 3 [ ir@Ps@ra

L2 [ i@t G @) = [ @ f@ls 2
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which in turn yields

" px]zw/xpr—Qx
w [Mif@pa 2 [C1r@P@rta
220 @ O @) e <l T (229

JA/ Fapde+ 20 /!f PR () de
- /0 o(0) T f@) P2 de. (2.2.19)
Since
ﬂxpf4*2/w2x_ﬂ-$p72/x2x
ﬁre/ @) P2 ()% do > /O!f()! (@) da
from (2.2.18) if follows that
7r:Jspav 7r’;1:2:1617_2:): =1
w/o @) +/0 P @RI @2 de < gy |£12

Hence, recalling that R\ > 0,

%/\‘f’p ’g’p (2-2-20)

and

[ @RI e <o, 11 (2.2.21)
Similarly, since
3 [Cr@p @ @R ] < [P @r -,
by (2.2.19) and (2.2.21) we deduce that

9N [P de < ol 1115

or
P
[SAflp < 5 1glp- (2.2.22)

Finally, by combining (2.2.20) and (2.2.22) we obtain

V44 p?

which ensures that the corresponding semigroup is analytic even for p > 2.
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2.3 Compact semigroups

We recall that an operator A € £(X) is called compact if it maps bounded
sets into relatively compact sets. Equivalently, A is compact if, denoting by
By the unit ball of X, one has that A(Bj) is compact in X.

Typical examples of compact operators are operators of finite rank, that
is, such that dim A(X) < oo. Observe that the identity map I : X — X is
compact if and only if dim X < co.

The family of all compact operators on X is a closed subspace of L£L(X)
(see for instance [3]), here denoted by K(X).

Exercise 12 Let A: D(A) C X — X be a closed operator. Prove that the
following properties are equivalent:

(a) R(A,A) € K(X) for all X € p(A);
(b) R(Mo, A) € K(X) for some A\g € p(A).
Solution. Observe that, by the resolvent identity (1.4.2) on has that
R(X\, A) = [(Ao — MR, A) + I|R(Xo, A) . O

Let now S be a Cg-semigroup of bounded linear operators on X.

Definition 12 S is called compact if S(t) € K(X) for allt > 0 and eventually
compact if there exists to > 0 such that S(ty) € K(X).

Lemma 2 If S(tg) € K(X) for some ty > 0 then
(a) S(t) € K(X) for allt > ty;
(b) S €C([to, 00); L(X)).

Proof. Property (a) is an easy consequence of the semigroup property

S(t) = S(t —t9)S(to)

since the product of a bounded operator with a compact one is compact.
As for (b), since S(to)(B1) is compact in X, recalling (1.7.1) we have that

|IS(t+h)—S(t)]] = sup |S(t+h)x— S(t)x|
r€B;
= sup |(S(t+h—to)z — S(t —t))S(to)z| — 0 (t — to)
r€EB,
for all t > ¢. O

Theorem 6 Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup S € G(M,w). Then the following properties are equivalent:
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(a) S is compact;

(b) S € C(R%;L(X)) and R(X\, A) € K(X) for some (hence for all) X €
p(A).

Proof. | (a) = (b) | Since S € C(R%; £(X)) by Lemma 2, recalling the integral

representation formula (1.4.6) we have that

R()\,A):lifg e MS(t)ydt VYA ell, (2.3.1)
€ €

where the integral faoo e MS(t)dt converges in £(X) and the limit exists be-
cause S is bounded near zero. Moreover, for every € > 0 the operator

R.(\A) := / e MSt)ydt (N ell,)
3
is compact because K(X) is closed. Since
3
|R(A, A) — R, A)|| < H / e S(t) dtH < Me —0ase |0,
0

we conclude that R(\, A) € K(X), again by the fact that K(X) is closed.

(b) = (a) |Since S € C(R%; £(X)), we have that (2.3.1) holds in the uniform
operator topology and, for any fixed s > 0,

AR(N, A)S(s) — S(s) = /000 Ae M (S(t+s)—S(s))dt VA ell,.

Therefore, taking A > w, for all § > 0 we have that
H)\R(A,A)S(s) — S(S)H

é 00
< /)\e’\tHS(t—i—s)—S(s)Hdt—i—/ Ae M|[S(t+ s) — S(s)|dt
0 6

Now,

)
[ s+ s) = Ses)de < sup [|S(e+5) = S|
0 0<t<o

On the other hand,

/00 Aef)\t“S(t + S) — S(S)Hdt § M/OO )\efAt(ew(lH’S) + ews)dt
1) é

)\e(w—A)E

- +e_)‘5)—>0as)\Too.

g MeUJS(
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Thus,

limsup [|[AR(X, A)S(s) — S(s)|| < sup ||S(t+s) — S(s)||
Afoo 0<t<6

which in turn implies that AR(X, A)S(s) — S(s) as A T oo because 0 is arbi-
trary. Since AR(\, A)S(s) is compact for all A > w, so is S(s) for all s > 0
because K(X) is closed. O

Corollary 3 Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup of bounded linear operators on X denoted by S. If

(a) S €C([to,00); X) for some to > 0, and
(b) R(\, A) € K(X) for some (hence for all) X € p(A),

then S(t) € K(X) for all t > to.

Example 14 Let us consider the heat semigroup of Example 13 in the case
of p = 2. In view of Theorem 6, in order to prove that such a semigroup
is compact, it suffices to show that R(\,A) € K(X) for some A € p(A).
Now, taking A = 1 from (2.2.19) and (2.2.20) it follows that |f|2 < |g]2. In
other words, R(1,A) maps the unit ball of L?(0,7;C) into the unit ball of
HL(0,7;C). Since the immersion H}(0,7;C) c C%'/2(]0, x];C) is continuous,
by Ascoli’s theorem we conclude that R(1, A) is compact. Therefore the heat
semigroup on (0, 7) is compact.

2.4 Problems
1. Consider the heat equation in LP(R) with p > 2 that we studied in

Example 10. Prove that the associated semigroup is analytic but not
compact.

3 Perturbation of semigroups

3.1 Perturbation by bounded operators

In this chapter we shall stress the connection between a Cy-semigroup, S(t),
and its infinitesimal generator A by adopting the equivalent notation
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Theorem 7 Let A: D(A) C X — X be the infinitesimal generator of a Cy-
semigroup of bounded linear operators on X such that ||e!|| < Me“t and let
B e L(X). Then A+ B: D(A) C X — X is the infinitesimal generator of a
Co-semigroup of bounded linear operators on X satisfying

Het(A—i—B)H < Melw MBIt vt > 0. (3.1.1)

Proof. Step 1: the special case w =0 and M = 1.
In view of Proposition 5 we have that p(A) D R% and

M —(A+B)=[I—-BR\A]XN —A)  VA>0. (3.1.2)
Therefore
Aep(A+B) < [I-BR()\A)] 'eLX).

Now, for all A € I} g we have that [|[BR(\, A)|| <1. So A € p(A+ B) and

o0

R\, A+ B)=R()\A)Y (BR() A))". (3.1.3)
n=0
Moreover
IROL A+ B)| < %i Z ( ’B”) A—lHBH' (3.1.4)

Then, since A+ B : D(A) C X — X is closed, by Theorem 2 we conclude
that A+ B is the infinitesimal generator of a Cyp-semigroup of bounded linear
operators on X satisfying

AR L el Bt e > 0.

Step 2: the general case.

Let us consider A, = A — wl. The corresponding semigroup e
belongs to G(M,0). Now, denote by ||| - ||| the equivalent norm defined in
(1.5.10) for which e*4~ turns out to be a contraction semigroup and observe
that

tA —wtetA

w = e

[1Bxll| < M| Bl |z] < M B]l[l|l=]ll ~ VoeX.

By Step 1, A, + B generates a Cy-semigroup of bounded linear operators on
X satisfying
|[|efAtB|| < elllBIlt < MBI Yt > 0.

Therefore, for all z € X,
[ At D] || At B < MBI ||| < MeMIPI2| Vi >0,

Since et(AwtB) — o~wtt(A+B) the conclusion follows. O
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Lemma 3 Let A : D(A) C X — X be the infinitesimal generator of a Co-
semigroup on X and let B € L(X). Then e!A+B) s q solution of the Volterra
integral equation

t
V(t)z = ea —i—/ e=ABY (s)x ds Vo e X. (3.1.5)
0

Proof. For any x € D(A) and ¢t > 0 the function H : [0,t] — X defined by
H(t) — e(tfs)Aes(AJrB)x
is continuously differentiable and satisfies for all 0 < s <t

HI(S) _ _Ae(tfs)Aes(AJrB)x + 6(1578)14(14 + B)GS(A+B)LU
(tfs)AB s(A+B)
€ € xZ.

By integrating the above relation over [0,¢] we obtain
t
tA+B) g — Mg 4 / =94 Bes(A+B) 1 4 Vo € D(A).
0

Since all the operators in the above equation are continuos, the identity holds
for all z € X and the conclusion follows. (|

For any T' > 0 we denote by B(O, T, E(X)) the Banach space of all maps
A:[0,7T] — L£(X) such that

sup [|A(t)| < oo.
te[0,7)

Proposition 17 Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup on X such that ||etd]| < Me“t and let B € L(X). Then there
exists a unique family {V (t)}+>0 such that

(a) V(t) € L(X) for allt >0,
(b) t— V(t)z is continuous on Ry for all x € X, and
(¢) (3.1.5) is satisfied for all t > 0.

Moreover

V()= Vult) Vt=0 (3.1.6)
n=0
where {Vy,(t) }1>0 is defined by
t
Volt) =€ and Vpii(t)z = / eU=DABY, (s)x ds Ve X. (3.1.7)
0

Furthermore, the series in (3.1.6) converges in B(0,T; £L(X)) for all T > 0.
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Proof. Define {V;,(t) }+>0 by (3.1.7). Then t — V,,(¢)x is continuous on R for
all z € X. Moreover, proceeding by induction one can easily prove that

M Bt

[Va®ll < Mest =

Vi>=0,Vn=>=0
which in turn shows that the series in (3.1.6) converges in L>(0,T; L(X))
for all T > 0. So, t — V(t)x is continuous on R and satisfies (3.1.5). This

shows the existence part of the conclusion. As for uniqueness, let {U(¢)}+>0
be another family of operators satisfying (a), (b), and (¢). Then for all x € X

t
(V) - U®)z| < M|B| /O e’ =||(V(s) — U(s))x||ds vt =0.
Now, Gronwall’s lemma ensures that U = V. O

Corollary 4 Let A : D(A) C X — X be the infinitesimal generator of a
Co-semigroup on X such that ||etd|| < Me“t and let B € L(X). Then

||€t(A+B) _ etAH < Mewt(eMHBHt i 1)

Proof. By Proposition 17 and Theorem 7 we obtain

[Pz — etal < / [ A B e A2 | ds
< /t Me* ) || B|| M@ HMIBIDS |2 ds
= ]\;e“’t(eM”B”t —1)|z|
The conclusion follows. O

Theorem 8 Let A : D(A) C X — X be the infinitesimal generator of a
compact Co-semigroup of bounded linear operators on X and let B € L(X).
Then A+ B : D(A) C X — X s the infinitesimal generator of a compact
Co-semigroup of bounded linear operators on X.

Proof. By Theorem 6 we have that e*” is continuous in the uniform operator
topology for ¢ > 0 and R(\, A) is compact for all A € p(A). Moreover, for all
A > w we have that |R(\, A)|| < M/(A —w) and so, for A\ > w + M||B| + 1,

the series
o

R(\, A+ B)=R()\A)Y (BR()A))" (3.1.8)

n=0
converges in £(X). Since each term on the right-hand side is compact, so is
R(\, A+ B) for all A € p(A + B). Thus, appealing to Theorem 6 once again,
it suffices to show that e®4*5) is continuous in the uniform operator topology
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for t > 0. Since e!(A*5) is given by the series in (3.1.6), this continuity prop-
erty follows from the fact that, being e!4 continuous in the uniform operator
topology for ¢ > 0, so is each V,, in (3.1.7) and also their sum because the
series converges in B(0,T; £(X)) for all T > 0. O

Example 15 Let us apply Theorem 7 to solve the wave equation with lower
order terms

‘?;T;‘ = % —i—a(x)%qt” —i—b(m)g—; +c(z)u (t,z) e Rx (0,7)
u(t,0) =0 =u(t,m) teR (3.1.9)
w(0,2) = ug(z), 4 (0,2) = ui(x) xz € (0,m).

In Example 11, we have shown that the operator A defined in (2.1.9) is the
infinitesimal generator of a unitary group on X = H}(0,7) x L%(0,7). Let

5(3)=(s ) (0)=(puine) ¥(0)e

where
{Blu = b(x)u' + c(z)u Vu € H(0,)

Bov = a(z)v Vv € L2(0, 7).

Assuming
a,b,c € L>(0, ),

one obtains that
[sCl <O (5 ) =2

M = /lal%, + b2, + el

Therefore A + B is the infinitesimal generator of a Cy-group on X which
provides the solution of (3.1.9). Moreover, by (3.1.1) we conclude that

with

[efATB))| < Ml vt e R.

3.2 Perturbation of sectorial operators

Theorem 9 Let A : D(A) C X — X be the infinitesimal generator of an
analytic semigroup and let B : D(B) C X — X be a closed linear operator
satisfying

(a) D(B) D D(A), and

(b) Ja,b >0 such that |Bzx| < a|Az| + blz| for all x € D(A).
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There exists a > 0 such that if 0 < a < a then A+ B : D(A) C X — X is the
infinitesimal generator of an analytic semigroup.

Proof. Step 1: the case w = 0.
Owing to Theorem 5 we have that there is an angle 6y € (5, 7] such that
Z0,00 - IO(A) and

M
IR\, A)|| < ITIQ V0 € (0,60), VA € S .

Fix any 6 € (7/2,0y) and let A € £ . Then for every z € X

|IBR(\, A)z| < alAR(\, A)z| + b|R(\, A)x|

bM,
< a(Mp+1)|z| + |T|9|$|-
Hence, fixing any € > 0 and choosing
! and |A| > 2(bMpy +¢)
o= —F———— 1 = )
2(My + 1) o
we have that
1 bMy 20Mpg + ¢
BR(MA)| € = = 1. 3.2.1
IBRAADNS 5+ 500, +2) = 200y +2) © (82.1)

Therefore I — BR(, A) is invertible and, recalling (3.1.2), by (3.2.1) we obtain

2(bM9 + 8)M9

IR A+ B)|| < ||[Z = BRO,A)] 7[R, A)] < =

for all A € Ilypazy4e)- By Proposition 15 we conclude that A + B is the
infinitesimal generator of an analytic semigroup.

Step 2: the general case.
Consider A, = A — wI with the associated semigroup et~ = e~“*¢*4 which
belongs to G(M,0). Assumption (b) implies that

|Bz| < a|Ayz| + (aw + b)|z| Vo € D(A).

By Step 1, A, + B = A+ B — wl is the infinitesimal generator of an analytic
semigroup and the same is true for A + B. O

Corollary 5 Let A : D(A) C X — X be the infinitesimal generator of an
analytic semigroup and let B € L(X). Then A+ B : D(A) C X — X is the
infinitesimal generator of an analytic semigroup.



54 CHAPTER 3. PERTURBATION OF SEMIGROUPS

Example 16 Consider the problem

%qf axg + b(m)% +c(z)u  (t,z) € Ry x (0,m)
u(t,0) =0 =u(t,m) t>0 (3.2.2)
u(0,x) = up(x) z € (0,m)

with ug € X = L2(0,7;C). Denote by A the operator in (2.2.16) (with p = 2)
and define B: D(B) C X — X by

Bf(x) = b(z)f'(x) + c(z)f(z) x € (0,7)ae

As shown in Example 13, A is the infinitesimal generator of an analytic semi-
grooup on X. Assume now

{D(B) HL(0,7;C)

be L®0,m;C) and c¢e€ L0, 7;C).
Then, in view of (3.5.2) and (3.5.3), we have that for all f € D(A)

s
BA < [blclla + e floe < (oo + 7 Ie) 7

< (1o + 57 Iels) VIFRITE:

So, by the elementary inequality

€ 1
xy < 3 z? + % v, (3.2.3)

which holds for all x,y € R and all £ > 0, we conclude that
[Bf| <elAf[+b|fl Ve DA
for some constant b, > 0.
Therefore, by Theorem 9, A + B generates an analytic semigroup which gives
the unique solution of (3.2.2).
3.3 Perturbation of dissipative operators

Let X be an Hilbert space with scalar product (-,-). We recall that a dissipa-
tive operator A : D(A) C X — X is called m-dissipative if I — A is surjective.

Theorem 10 Let A: D(A) C X — X and B : D(B) C X — X be linear
operators satisfying

(a) D(B) D> D(A), and
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(b) 3a €10,1), 3b > 0 such that |Bz| < a|Az| + blz| for all x € D(A).
If, in addition,

(¢c) A+tB is dissipative for all 0 <t <1, and

(d) Jto € [0,1] such that A+ tyB is m-dissipative,
then A + tB is m-dissipative for all 0 <t < 1.

Proof. It suffices to show that there exists § > 0 such that, if A + ¢zB is
m-~dissipative for some tg € [0, 1], then A +tB is m-~dissipative for all ¢ € [0, 1]
satisfying |to — t| < 0.
Assume that A + tpB is m-dissipative for some to € [0, 1]. Then
R(t) == [I — (A+t,B)] "' satisfies |R(to)] < 1.

We now proceed to show that BR(ty) is bounded. Owing to assumption
(b), for all x € D(A) we have that

[Bx| < a(|(A+toB)z| + to| Bx|) + blz|
< al(A+ toB)x| + a|Bx| + blz|

and so

|Bz| < % (A +toB)z| + x| Vx € D(A). (3.3.1)

l1-a
Since R(t9)(X) C D(A) and (A + toB)R(to) = R(to) — I, by (3.3.1) we get

2a +b
1—a

a b
|BR(tg)z| < -4 |R(to)x — z| + 14 |R(to)x| < || (3.3.2)

for all z € X, which shows that BR(tp) is bounded.

Now, since

I—(A+tB) = I—(A+1tyB)+ (to—t)B
= [I+(to—t)BR(to)] [I — (A+tB)]

and I — (A + toB), we deduce that I — (A + ¢B) is invertible if and only if
I+ (to —t)BR(to) is invertible. In view of (3.3.2), this is definitely the case if

2a +b

to — t)BR(to)| < |to —t
It = t)BR(to)|| < [to — t| T —

<1

So, the proof is completed choosing § = O

l1—a
2a+b+1"
Corollary 6 Let A: D(A) C X — X be the infinitesimal generator of a Co-
semigroup of contractions on X and let B : D(B) C X — X be a dissipative
operator satisfying
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(a) D(B) D D(A), and
(b) Fa €]0,1), 3b > 0 such that |Bz| < alAx| + b|z| for all x € D(A).

Then A+ B : D(A) C X — X is the infinitesimal generator of a Cy-semigroup
of contractions on X.

Example 17 The Schrédinger equation with potential V' : (0,7) — C

0 (1,0) =i 2% L V(e (t.x) € Rx (0,7)

u(t,0) =0 ZBZ(t,ﬂ) teR
u(0, ) = up(x) x € (0,m)

can be studied using Theorem 7. We know that A defined in (2.1.11) is self-
adjoint and dissipative, so that iA generates a unitary group on L?(0,r;C)
by Stone’s theorem. Therefore, if V' € L*°(0,7;C), then setting

Bf(z) =V(x)f(z) VfelX,

from Theorem 7 if follows that 1A + B is the infinitesimal generator of a
Co-group on X satisfying

|/ CATB)|| < eVl v e R

We can say more about this problem by using Corollary 6. Indeed, since
B = [ VElePe  vex,

we conclude that if RV (x) <0 for a.e. = € (0,7), then

[ePATB)| <1 Ve o0.

3.4 Stability under compact perturbations

A useful stability result due to Gibson [5] ensures that, perturbing the gener-
ator of an exponentially stable semigroup by a compact operator, one obtains
an exponentially stable semigroup again, provided the perturbed semigroup
is strongly stable. The original proof given in [5] used approximation by finite
dimensional subspaces and a contradiction argument. The topic was then in-
vestigated by several authors including Triggiani [7]. Following [1], we now
give a completely different proof of Gibson’s theorem based on a simple direct
argument, extending the analysis to Banach spaces, and relaxing the original
compactness assumptions.
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Theorem 11 Let X be a reflexive Banach space and let A: D(A) C X — X
be the infinitesimal generator of a Co—semigroup, €', satisfying

e < Moe™0t Wt >0 (3.4.1)
for some constants My, wy > 0. Let B € L(X) be such that

lim e!A+B)ly =0 Ve e X, and (3.4.2)

t——+o00

Be!t is compact Yt > 0. (3.4.3)
Then, for some constants Mp,wp > 0,
|efAFB) || < Mge™@Bt Wi >0.

Proof. To begin with, observe that, as in Remark 1, by the Banach-Steinhaus
Theorem we deduce from (3.4.2) that, for some constant M; > 0,

[efATB < My vE> 0. (3.4.4)

Now, appealing to a well-known characterization of exponential stability
for strongly continuous semigroups (see Problems 1.7), we conclude that

lim ||e!A+B)| =0 (3.4.5)

t—+o00
suffices to obtain the desired conclusion. In order to prove (3.4.5), define
t
Az = / e(=9)(A+B) pesdy g, Vee X, VE>0.
0

By Lemma 3 applied to A:= A+ B and B := —B we have that
tATB)y — ety + Ny, Vee X, Vt>0. (3.4.6)
In view of (3.4.6) and (3.4.1) we have that, for every ¢ > 0,

”et(A-l-B)H = sup |6t(A+B)l‘|
Jz|<1

< sup || 4+ sup Az < Moe ! + sup Az
|| <1 |lz|<1 lz|<1

(3.4.7)

Next, let t,, be any sequence of positive numbers such that t, — +o0o as
n — oo and choose vectors x,, with |z,| < 1, such that

1
sup A, z] < |Ag,zn| + —. (3.4.8)
|lz|<1 n

Now, extract a weakly convergent subsequence—still labeled x,—to some limit
z € X. We claim that

Ay, (xp, — ) — 0 strongly as n — oco. (3.4.9)



58 CHAPTER 3. PERTURBATION OF SEMIGROUPS

Indeed, consider the sequence of vector-valued functions
On(s) := BeNw, —F)  5>0.
Owing to assumption (3.4.1), for all n € N we have
|pn(s)| < 2My||B|le*°° Vs> 0.

Moreover, on account of (3.4.3), ¢, (s) strongly converges to 0, as n — oo, for
all s > 0. Therefore, invoking Lebesgue’s dominated convergence theorem for
vector-valued functions, we conclude that ¢, — 0 in L'(0,00; X) as n — oo.
Consequently, thanks to (3.4.4),

|At, (z, — T)| ng/ |pn(s)|ds — 0 as n— oo,
0
which proves (3.4.9).
Finally, combining (3.4.7), (3.4.8) and (3.4.9) we obtain

n(A+B
et A+

1
< Moe ™' + = 4+ |Ay, (2, — )| + |A,Z| — 0 as n— oo, (3.4.10)
n

where, according to (3.4.6), the fact that

tn(A+B) % _ jtnA

A,z =e z — 0 as n—o0

follows from assumptions (3.4.1) and (3.4.2). Since {¢,} is an arbitrary se-
quence going to 0o, (3.4.10) yields (3.4.5) and completes the proof. O

Example 18 Consider the heat equation with potential V' on (0, )

Qu — Pu L V() (t,x) € Ry x (0,7)
u(t,0) =0=wu(t,m) t=>0 (3.4.11)
u(0,z) = up(x) x € (0,m)

with up € X = L?(0,7) and V € C([0, 71]).
Denote by A the operator in (2.2.16) (p = 2) and define

Bf(x)=V(x)f(x) ae ze€(0,m), VfelX.

Then B € £(X) and
1Bl = [V]eo- (3.4.12)

Moreover, as shown in Example 13, A is the infinitesimal generator of an
analytic semigroup on X and o(A4) = {—n? : n > 1}. Let us prove that

et <e™®  wt>o0. (3.4.13)
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Indeed, for any ug € X \ {0} the function v(t,z) := e'tug(x) satisfies

1d [T, T r0v 2 T
- — R < —
X v (t, x)dx /0 (81‘ (¢, x)) dzr < /0 ve(t,x)dz (t > 0)

thanks to Poincaré’s inequality (3.5.1). Thus, % log |e*ug|? < —2 and

et g < e ug) vt > 0.
Now, appealing to Theorem 7, by (3.4.12) we conclude that

| etATB)|| < eIVIeo=1)t YVt >0 (3.4.14)

so that e4*B) remains exponentially stable if |V < 1.

Let us prove that the same holds true under the weaker assumption

M = r[%a}](v < 1. (3.4.15)

Fix any ug € X and let u(t, z) = e+ Byg(z). Proceeding as above we obtain

/07r u(t,x)de = /O7T {V(x)u2(t, x) — (gg (t,w))Q}dx

< (]\4—1)/07r u’(t, x) dz

qa
dt

N =

thanks to Poincaré’s inequality. So,

(M—-1)t

letug) < e lug| WVt =0 (3.4.16)

which yields exponential stability since M < 1.
Finally, observe that, for V' = 1, (3.4.11) fails to be even strongly stable
because it admits the stationary solution u(¢,x) = sinz.

Example 19 Continuing the analysis of the previous example we now want
to prove the exponential decay at oo of the solution of (3.4.11) when V satisfies
the conditions

{(a) V(z)<1 Vze(0,n]

(3.4.17)
() Fa,p) Cl0,7] = V(z)<1 Vz € (a, 3).

which are weaker than (3.4.15).

Recalling that €' is compact for t > 0 (see Example 14) and appealing to
Theorem 11, we conclude that e/A5) is exponentially stable if it is strongly
stable. Let us show the last assertion by La Salle’s invariance argument. Fix
any ug € X and let u(t, z) = e*+Byg(z). Then, for all t > 0,

1d "
2 dt J,

ou

WA(t,z)da = /0 i {V(m)uQ(t,:ﬂ) - <% (t,x))Q}d:c <0 (3.4.18)
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thanks to Poincaré’s inequality and assumption (3.4.17)-(a). The above in-
equality proves that E(t) := |e‘4ug|? is nondcreasing and so

E(t)] Exx as t— 4o0. (3.4.19)

Take any sequence t,, > 0 such that ¢, T oo (for instance, ¢, = n). Since
E(t) < E(0), there exists a subsequence, still labeled ¢, such that

— (tn(A+B),,

T 0— U (N — 00)

t(A+B)

and, since e is compact for ¢ > 0,

lim et(‘“B)un = et(AJrB)uoo vt > 0.

n—oo

So, in view of (3.4.19),

|€t(A+B)uoo‘ —  lim |6t(A+B)Un’ — lim ‘e(tn+t)(A+B)uO|
n—o0 n—oo
= lim |et(A+B)u0] =+vEsx,
t—+o00

which implies that |e!A+B)y |2 = E,, fr all t > 0. By differentiating such an
identity we have that U(t, z) = A+ B)y () satisfies

%% OW U?(t,x)dx = /07r {V($)U2(75,93) - (% (t, $)>2}d$

< /07r [02(t,2) - (gg (t.2)) b <0,

In other terms, the above are all equalities and U(t,-) is a function realizing
the identity in Poincaré’s inequality. Therefore,

0 =

U(t,z) = c(t)sinz
and, since U solves the equation in (3.4.11),
d(t)sinz = —c(t)sinz + c(t)V(z) sin .

Consequently, either V' is constant, say V(x) = M for all z € [0, 7], or ¢ = 0.
In the former case, we must have M < 1 by (3.4.17)-(b). Then (3.4.16)
implies that e/45) is exponentially stable. In the latter, we get that e!(4+5)
is strongly stable, hence exponentially stable by Theorem 11.

3.5 Problems

1. In the situation considered in Theorem 9, suppose that ||t < Mevt.

Show that
Het(A—&-B)H < M(b)e(w+A(b))t
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where A(b) > 0 satisfies

lim A(b) = 0.
i A(b)
Solution. By Theorem 9 we have that Sp(t) := e/ 4+5) is analytic

provided that 0 < a < a. Then wy(Sp) = s(A + B) by Proposition 16.
Moreover, the proof of Theorem 9 shows that

s(A+ B) < w + 2bMy.
The conclusion follows from (1.3.3). O

. Prove that for every f € H}(0,7) the following inequalities hold:

e Poincaré inequality

[fl2 < 1f'2- (35.1)
e Sobolev inequality
™
Floo < X217 (3:5.2)

Moreover, show that both inequalities are sharp (i.e., for each in-
equality find a function f € H}(0,7) for which equality holds).

. Prove that for every f € H?(0,7) N HZ(0,7) the following Gagliardo-
Nirenberg inequality holds:

[f'l2 < V12l fa- (3.5.3)
. Let X = LP(R4) with p > 1. Prove that the left-translation semigroup
(S(t)f) () = f(x + 1) rxeR, ae.

is strogly stable on X but not exponentially stable.

4 The inhomogeneous Cauchy problem

4.1 The Bochner integral

Let X be a separable Banach space and let f : J — X be a Borel function
on some interval J = («, ) C R. Observe that, since the norm is continuous,
t — | f(t)] is also a Borel function.

Definition 13 A vector-valued Borel function f : J — X is called Bochner
integrable if

/\f(t)|dt<oo.
J
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We summarize here the main properties of the Bochner integral.

e The function f:J — X is called simple if it can be represented as
FO) =z xa(t) (4.1.1)
k=1

for some choice of elements z; € X and disjoint (Lebesgue) measurable
subsets Jy C J such that J = U, Ji, where we have denoted by x s,
the characteristic functions of the set Jj.

e The Bochner integral of a simple function f : J — X is defined as

/ feydt=>"ap - |Jil
J k=1

where |Ji| denotes the Lebesgue measure of Ji. One can show that
the above definition is independent of the representation of f in (4.1.1).
Moreover, for any simple function f :J — X we have that

\ﬂfﬁﬂ4<[]ﬂwMt (4.1.2)

e If f:J— X is Bochner integrable, then there exists a sequence {f,} of
simple functions such that

VeeJ |fut) = FOI 10 as n— oo (4.1.3)

Proof. Let {e;} en a dense countable subset of X. Define

w®) = minflf()— el : 1<) <n}
Jn(t) = min{j <n : () =|f() —¢l}
Then
fn(t) =€) (n =>1,te J)
is a Borel simple function and {f,} satisfies (4.1.3). O

e Observe that, in view of (4.1.3),

tim [ 1fult) = £ d1 = 0.

n—oo

This together with (4.1.2) implies that { [ f,,(¢) dt} is a Cauchy sequence
in X. Therefore we can define

/ ft)dt = lim [ f.(t)dt
J J

n—oo

where {f,} is any sequence of simple functions satisfying (4.1.3).
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e Estimate (4.1.2) holds true for any Bochner integrable function f.

e For any sequence g, : J — X of Bochner integrable functions

n—oo n—oo

lim [ |gn(t) — f(H)|dt=0 = lim gn(t)dt:/f(t)dt.
J J J

o Lebesgue’s dominated convergence theorem holds true:

for any sequence f, : J — X of Bochner integrable functions, if

{(a) fa(t) = f(t) a.e. as n —
() 1fad] < 6(t) ac. with ¢ € LI(J),

then
{(a) f is Bochner integrable

(8) oo [y 1fult) — F(2)]dt = 0.

o Let A: D(A) C X — X be aclosed operator. If F': J — X is a Bochner
integrable function such that

(a) f(t)e D(A) (te Jae.)
(b) tr~— Af(t) is Bochner integrable,

then
/Jf(t)dteD(A) and A(/Jf(t)dt) :/JAf(t)dt. (4.1.4)

Letnow p>1and —o < a < (< +oo.

Definition 14 We denote by LP(«, 3; X) the space of all (equivalence classes
of ) functions f : (a,3) — X which are Bochner integrable on each J CC
(o, B) and such that

1fllp = (/j ]f(t)|pdt); < 0.

Here are some useful properties of LP(«, 3; X).
e (LP(a,3;X),| - |lp) is a Banach space.
o If (X, (-, >) is an Hilbert space, then L?(a, 3; X) is an Hilbert space as

well with the scalar product

B
(f. 9)2 = / ), g®)dt Vi e L3 (o, B; X).
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Definition 15 We denote by WP (a, 3; X) the (Sobolev) space of all f €
LP(«, B; X)) which possess a continuous representative satisfying

[0 =10+ [ glo)as e @)

to
for some tg € (o, 8) and g € LP(a, 5; X).
Some useful properties of WP (o, 3; X) are listed below.

e BEvery f € WP(a, 8; X) is differentiable a.e. in [a, 8] and f'(t) = g(t)
for a.e. t € [a, f].

e W'P(a,3; X) is a Banach space with the norm
fllp = fllp + 1N VF € WHP(a, B; X).
e For any p > 1, we have that
W (e, 5 X) € ¢ ([a, B X)
with continuous embedding. Indeed,

&) = FS) < lt=s" 71 f . Vf € W(a, B X)

by Hélder’s inequality. Consequently, W'P(a, 3; X) C C([o, 8]; X) is
compact by Ascoli’s theorem. Observe that we also have that

W (e, 8; X) C C([a, B; X) (4.1.5)
but the embedding fails to be compact.

4.2 Solution of the Cauchy problem

Let X be a separable Banach space and let A : D(A) € X — X be the
infinitesimal generator of a Cyp-semigroup of bounded linear operators on X,
denoted indifferently by S(t) or ', which satisfies

ISH)|| < Me¥t  V¥t>=0 (4.2.1)

for some M > 0 and w € R.
We observe that D(A) is a Banach space with the graph norm
2]l pay = [z +[Az| Vo € D(A).
For any fixed T' > 0, consider the initial value problem
"(t) = Au(t t t 0, T
u(0) =z

where z € X and f € LP(0,T; X) for a given p > 1. For the above problem
we will give two notions of solutions following [2]. Then we will study the
existence, uniqueness, regularity, and asymptotic behavior of solutions.
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Notions of solution
Definition 16 Letp > 1 and let f € LP(0,T;X).

e We say that u € WHP(0,T; X) N LP(0,T; D(A)) is a strict solution of
problem (4.2.2) if u(0) = x and

u'(t) = Au(t) + f(t) for a.e. t € (0,T).

e We say that uw € LP(0,T; X) is a strong solution of problem (4.2.2) if
there exists a sequence v, € WHP(0,T; X) N LP(0,T; D(A)) such that

{vn —u and v, —Av, — f in LP(0,T; X) (n—o0) (4.2.3)

v (0) — x in X

Definition 17 Let f € C([0,T]; X).

e We say that u € C'([0,T]; X) N C([0,T); D(A)) is a strict solution of
problem (4.2.2) if u(0) = z and

u'(t) = Au(t) + f(t) VYVt e (0,T).

o We say that u € C(]0,T]; X) is a strong solution of problem (4.2.2) if
there exists a sequence vy, € C1([0,T]; X) N C([0,T); D(A)) such that

{Un—>u and ’U;L—Avn_)f m C([O,T];X) (n—o0) (4.2.4)

vp(0) — x in X

Existence and uniqueness of solutions

Theorem 12 Let x € X and let f € LP(0,T;X) (resp. f € C([0,T]; X)).
Then problem (4.2.2) has a unique strong solution given by

¢
u(t) = S(t)x +/0 S(t—s)f(s)ds (tel0,T]). (4.2.5)

Proof. Step 1: existence.
Let S € G(M,w) and observe that, since

¢ P N RN ,
‘/0 S(t—S)f(S)ds‘ <M (/oe ( )ds) /O\f(s)] ds (tel0,T]),

the function u given by (4.2.5) is bounded and therefore belongs to LP(0,T; X).
Define

vn(t) = nR(n, A)u(t)

fu(t) =nR(n, A)f(t) VneN, n>w.

Ty =nR(n, A)x
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By applying nR(n, A) to all the terms in (4.2.5) we obtain

W@ZS@%+ASWﬂMﬁM8@GMﬂ) (4.2.6)

Since x,, € D(A) and f,, € LP(0,T; D(A)) (resp. fn € C([0,T]; X)), vy, is dif-
ferentiable for a.e. t and we have that v/, — Av,, = f,. Moreover, Lebesgue’s
dominated convergence theorem and the properties of the Yosida approxima-
tion used in Step 1 of the proof of Theorem 2 yield

v, —u and v, — Av, — f in LP(0,T; X) (resp. C([0,T]; X))
vp(0) — x in X.

So, u is a strong solution of (4.2.2).

Step 1: uniqueness.
Let u be a strong solution of (4.2.2) and let {v,} be a sequence satisfying
(4.2.3) (resp. (4.2.4)). We set f, = v], — Av, and z,, = v,(0). Then

d

- (St = s)vn(s)) = S(t=s)fuls) (s €[0,1]).

By integrating over [0,¢] we deduce that v, satisfies (4.2.6). Passing to the

limit as n — oo we conclude that wu is given by (4.2.5). O
The following result provides a useful approximation of strong solutions.

Proposition 18 Let {z,} C X and {f,} C LP(0,T;X) (p > 1) be such that

Ty 2z and fan(O’—T;X)f (n — 00).

{%@z%%@ﬁM&te@ﬂ

un(0) = x,
where A, = n’R(n,A) —n, n > w, is the Yosida approzimation of A. Then

LP(0,T;X)

where u is the strong solution of (4.2.2).

Proof. Since A,, € L(X) we have that
t
%@—JM%+/émmm@ms@epﬂy
0

Thus, recalling (1.5.7) and (1.5.8) from the proof of the Hille-Yosida theorem,
we obtain

\etA”a:n — etAx] < MeQ‘”t]xn — x|+ ]etA":U — €tA:L" [ty
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uniformly on [0, 7]. Moreover,

! p
‘/ <€(t_s)A"fn(S) _ e(t_s)Af(S))dS‘
0
t .
< 2p—1Mp/ €2wzo(t—s)‘fn(s) — f(s)|Pds c([0,T1;X) 0,
0
- / 7 f(s) = TN () s

where, by Lebesgue’s dominated convergence theorem,

lim/ dt/ et An f(5) — =94 f(5)Pds = 0.

The conclusion follows. O

Regularity of solutions

Our first result guarantees that the strong solution of (4.2.2) is strict when f
has better “space regularity”.

Theorem 13 Letz € D(A) and let f € LP(0,T; D(A)) for somep > 1. Then
the strong solution w of problem (4.2.2) is strict in LP(0,T;X).

Proof. Let u be the strong solution of problem (4.2.2) and let u, be the

solution of
{um = Anun(t) + f(t), t€(0,7)

(0) =2 (4.2.7)

where A, = n?R(n, A) —n, n > w, is the Yosida approximation of A. Then

v (t) := Apun(t) (t €10,7T])

satisfies
v, (t) = Apun(t) + An f(t), te€(0,7)
v (0) = Apx
where
Apz =5 Az and Anf OTX)Af (n — o0).

So, Proposition 18 ensures that v, converges in LP(0,7; X) to the strong
solution of
V() = Av(t) + Af(t), te€(0,T)
(0) = Az
which, by Theorem 12 is given by

v(t) = e Az + /t eU=)AAf(s)ds = Au(t) (t €[0,T] a.e.)
0



68 CHAPTER 4. THE INHOMOGENEOUS CAUCHY PROBLEM

This shows that u € LP(0,7; D(A)). Moreover

u/n:Anun‘i‘f:Un‘i‘pr%X)v"i‘f (n — o0).

Therefore, u € W1P(0,T; X) and v/ = v + f = Au + f. O
Corollary 7 Let x € X and let f € LP(0,T;X). Then the strong solution u
of problem (4.2.2) belongs to C([0,T]; X). Moreover, we have that

c([0,77;X)
—

" u  (n— o00),

where uy, is the strict solution of the problem

{u;m = Aun(t) + fa(t), te€(0,T)

(0 = 2, (4.2.8)

with f,(t) = nR(n, A)f(t) and x, = nR(n, A)x for alln > w.

Proof. By (1.5.6) we have that D(A) > =z, X, wasn — oco. Moreover,
fn € LP(0,T; D(A)) and

Mn
n—w

T fo(t) = £(), and |fu(1)] < F@)] ae in[0,T]

LP(0,T;X)
So, fn — ' f by Lebesgue’s theorem. Then Theorem 13 ensures that

(4.2.8) has a unique strict solution u,, which, in particular, belongs to C([0,T; X).
Now, the representation formula (4.2.5) implies that, for all ¢ € [0, T,

unlt) = (O] = [ an )+ [ I fs) = F(s))ds

0

N

Me®! |z, — 2| + M/t )| f(s) — f(s)|ds
0
< Cr(jwn — 2+ [1fn — flp)

for some constant C'; > 0. The conclusion follows. O

We will now show a similar result for f with better “time regularity”. We
begin by studying the case of x = 0.

Lemma 4 Let f € WYP(0,T; X) for some p > 1. Then
t
uy(t) ::/ =) f(s)ds (¢t €[0,T])
0
belongs to WHP(0,T; X) N LP(0,T; D(A)) and

wp(t) = Aup(t) + f(t) = e £(0) + /0 =DAf(s)ds  (t €[0,T] a.e.)
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Proof. Since
t
us(t) = / eAf(t—s)ds (te[0,T))
0
by differentiating under the integral sign we have that uy € WhP(0,T; X) and
t
wp(t) = e £(0) + /O et=)Af ($)ds  (t € [0,T] a.e.). (4.2.9)

Therefore, we also have

h
up(t) = hml{ /0 " eTh=)4f(s) ds — /O te“—S)Af(s) ds}

rl0 h
ehd—1 ot 1 [tth
= 1 (t—s)A - (t+h—s)A
1}1?01{ " /0 e f(s)ds+ h/t e f(s) ds}
ehA -7 t (t—5)A
= 1i =S .
lim — /0 e f(s)ds+ f(t)
This shows that us(t) € D(A) and Auy(t) = us(t) — f(z). Consequently,
us € LP(0,T; D(A)) and the conclusion follows recalling (4.2.9). O

Theorem 14 Let x € D(A) and let f € WHP(0,T; X) for some p > 1. Then
the strong solution w of problem (4.2.2) is strict in LP(0,T;X).

Proof. Let u be the strong solution of problem (4.2.2) and let w, be the
solution of (4.2.7). Then u, € C*([0,T]; X) and vy, := u/, satisfies
v, € WHP(0,T; X)
vy, (t) = Apun(t) + f'(t), t€(0,T) ae. (4.2.10)
vn(0) = Apz + f(0).

So, Proposition 18 ensures that v, converges in LP(0,T; X) to the strong

solution of
v'(t) = Av(t) + f'(t), te(0,T)
v(0) = Az + f(0),

Therefore, u € WP(0,T; X) and Lemma 4 yields

W) = o(t) =e4 (Az + £(0)) +/O =941 (5) ds
= Au(t) + f(t) t € (0,7) ae.

The conclusion follows. O

Remark 10 In general, the strong solution of (4.2.2) fails to be strict for
f € C([0,T]; D(A)). To see an example, let y ¢ D(A) and take f(t) = ey
and x = 0. Then

u(t) = tetty vt >0

which fails to be differentiable.
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4.3 Maximal regularity results

For special classes of generators the strong solution of (4.2.2) in LP(0,T; X)
enjoys additional regularity properties. We investigate below the case of p =
2 when (X, (-,-)) is a separable Hilbert space, beginning by analyzing the
problem for z = 0. As in in Lemma 4, we denote by us the strong solution of

{u’(t) = Au(t) + f(t), t€(0,T) (43.1
u(0) =0
which is given by the function
up(t) = / =) f(s)ds  (t € [0,T)). (4.3.2)
0

Theorem 15 Let A : D(A) C X — X be a self-adjoint dissipative operator
on a real Hilbert space X and let f € L?(0,T;X). Then uy 1s the strict
solution of (4.3.1) and

[ Aulls < 11l (433)

Proof. Consider, as in the proof of Corollary 7, f,(t) := nR(n, A)f(t) for all
n > w. We have that f,, € LP(0,T; D(A)) and

fn ol [ (n—o0). (4.3.4)

Then u,, := uyg, € WH2(0,T; X) N L*(0,T; D(A)) satisfies

ul, = Aup + f, ae.in  [0,T]. (4.3.5)

Therefore L4

5 = (A, un) = (ug, Aug) = [Aup* + (fo, Auy)

2 dt
and

1d 1
2_ L a _ < 2 2\
[ Aun? = 5 = (At wn) = = (fay Au) < 5 (1Fal® + |Aua?)

Hence, integrating on [0, 7], since A is dissipative we get

T T T
/ Aun|? dt < / A2 dt — (Aun(T), un(T)) < / ful2dt. (4.3.6)
0 0 0
Now, applying the above inequality to the difference u,, — u,, we obtain
[A(un —um)ll2 < [|fn = fillz Vm,n>w,

which implies that {u,} is a Cauchy sequence in W12(0, T; X)NL?(0,T; D(A))
in view of (4.3.4). By Corollary 7, u,, converges to u in C([0,7]; X) and so,
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recalling (4.3.5), we conclude that u is the strict solution of (4.3.1). Finally,
(4.3.3) follows from (4.3.6) passing to the limit as n — oo. O

Consequently, when A is self-adjoint and dissipative, u} and Auy have the
same regularity in the space L?(0,T; X) as the right-hand side f—a property
which is called mazimal regularity. Since we know that e*4 is analytic in this
case (see Exercise 11), it is natural to ask whether such maximal regularity
holds true, more generally, when A is the infinitesimal generator of an analytic
semigroup. In order to show that this is indeed the case ne need to recall some
properties of the Fourier transform on L?(R; X).

Fix an orthonormal basis {eg}r>1 of H and represent g € L*(R; X) as

g(t) => ge(t)er (t€Rae.),
k=1

where g (t) = (g(t), ex). Then we have that |g||3 = Y32, |gx|>. Denoting by

+oo )
k(1) = / gr()e "™dt  (t € R ae.)

— 00

the Fourier transform of gi, we have that

+o0 ) 1 +00 R )
/ |gx()|"dt = 27r/ Gk (7)Pdr (k> 1).

Then we can define F : L?(R; X) — L?(R; X) by
Flgl(r) =g(1) = Z/g\k(T)ek (teRae.)
k=1

We will use the following properties of the Fourier transform on L?(R; X).

e Plancherel identity: for every g € L?(R; X) we have that

+00 +oo
| lawpa= oo [ aepar =, (137)

—o0 —00
e Derivation formula: for every g € W12(0,T; X) we have that

Fld(r) =itg(t) (r €R ae.) (4.3.8)

e Action of a closed operator: for any closed operator A: D(A) C X — X
and any g € L?(R; D(A)) we have that F[g] € L?(R; D(A)) and

AF[gl(T) = F[Ag](T) (7 € R a.e.) (4.3.9)
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Theorem 16 Let A : D(A) C X — X be the infinitesimal generator of an
analytic semigroup with negative growth bound and let f € L*(0,T; X). Then
uy is the strict solution of (4.3.1) and

[Augll2 < (M +1)[If]l2 (4.3.10)
where M > 0 is the constant in (4.2.1).

Proof. Let us assume first that f € L?*(0,7; D(A)). Then uy is the strict
solution of (4.3.1). Define

) = {f(t), t€[0,7]
0, teR\[0,7T]
and
0, t>0
U(t) = { ug(t) te0,T]

Ay (T) t>T.

Then f € L*(R;D(A)), U € WH(R; X) N L?*(R; D(A)) because ¢4 has a
negative growth bound, and

Ut)=AU{t)+ F(t) (t€R ae)

So, we can take the Fourier transform of both terms of the above identity to
obtain, in view of (4.3.8) and (4.3.9),

~ ~

itU(1) = AU(T) + F(1) (7 € R ae.)

So, ﬁ(T) = R(ir, A)ﬁ(T) and, since AR(iT, A) = iTR(iT, A) — I, the resolvent
estimate yields

|AU(7)| = |itR(iT, A)F(7) — F(7)| < (M + 1)|F(7)] (t€R a.e.)

Therefore
T +o0o 1 “+o00 R
/ AuPdt < / AU 2dt = / AT 2dr
0 —00 27 —00
M 1 2 +oo T
< (;)/ |F|2dT:(M+1)2/ \f|2dt.
™ —00 0

Finally, in order to remove the extra assumption f € L?(0,T; D(A)), let
fn(t) :=nR(n,A)f(t) for all n > 0. Then

Up =g, € WH(0,T5X) N L*(0,T; D(A))
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and the above inequality yields

[A(un = um)ll2 < (M +1)|[fo = fmll2

and
[y, = ll2 < (M 4 2)[| fr = fimll2

for all n,m > 1. Thus
{u,} is a Cauchy sequence in WH2(0,7; X) N L%(0,T; D(A)).

Since {u,} converges to u we conclude that u is the strict solution of (4.3.1).
Estimate (4.3.10) follows from the analogous inequality for u,,. O

In order to obtain similar regularity results for(4.2.2), let us set
o
[D(A), X]y/2 = {x €eX : / |Aetz|?dt < oo}. (4.3.11)
0
It is easy to see that [D(A), X]; /5 is a subspace of X containing D(A). The

following risult is a direct consequence of Theorem 16 and definition (4.3.11).

Corollary 8 Let A : D(A) C X — X be the infinitesimal generator of an
analytic semigroup with negative growth bound. If

x € [D(A),X]1p and f€L*0,T;X)
then the strong solution u of (4.2.2) is strict.

Example 20 On X = L?(0,7) let A : D(A) € X — X be the operator
(studied in Exercise 8)

{D(A) = H2(0,7) N HL(0, )
Af(z) = f"(z) xz € (0,m) ae

We know that A is self-adjoint and dissipative. Moreover, A is the infinitesimal
generator of and analytic semigroup of negative type (Example 13). We now
show that

[D(A), X112 = Hy(0,7). (4.3.12)

Let us fix f € H}(0,7) and consider its the Fourier series

= fasin(nz)  (z€[0,7]).
n=1

By Parseval’s identity we have

S nRlfl? = /|f ) 2.

n= l
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Moreover

At f(z) Zn% "¢ sin(nz) (x €[0,7]).

n=1

Therefore

/ |[AetA f2dt = ”Z/ | falPe 27 dt
0 2~ Jo
T~ 1 ["
= TRl = g [ 1@ < o
n=1

This identity implies H (0,7) C [D(A), X, /2 as well as the converse inclusion.
We can use (4.3.12) to the problem

%7; BIQ + f(t,z) (t,x) € (0,T) x (0,7) a.e
u(t,0) =0=u(t,m) te(0,T) (4.3.13)
u(0,z) = up(x) x € (0,m).

Since
L*(0,T; L0, 7)) = L2((0,T) x (0, 7)),

by Corollary 8 we conclude that for all
feL*((0,T) x (0,7)) and wuge€ Hy(0,T)
problem (4.3.13) has a unique strict solution u such that

ou  0%u
8157 33: LZ(( ) (0777))'

4.4 Problems

1. Let A: D(A) C X — X be the infinitesimal generator of a Cy-semigroup
of bounded linear operators on X of negative type. Prove that

[z|pa) = |Az|  Va € D(A)
is a norm on D(A), equivalent to the graph norm.
2. Give an example to show that (4.1.5) is not a compact embedding.

3. Generalize Corollary 8 removing the assumption wg(et4) < 0.

5 Notation

e R = (—00,00) stands for the real line, Ry for [0,00), and R* for (0,00)
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o N* =N\ {0} = {1,2,...} and Z* = Z\ {0} = {£1,£2,...}

e For any A € C, R\ and &\ denote the real and imaginary parts of A,
respectively

e || stands for the norm of a Banach space X, as well as for the absolute
value of a real number or the modulus of a complex number

e L£(X) is the Banach space of all bounded linear operators A : X — X
equipped with the norm [|A[| = sup, < [Az|

e C(X) is the closed subspace of £(X) of all compact operators A : X — X

e wo(S) denotes the growth bound of a Cyp-semigroup of bounded linear
operators on X (Definition 4)

e s(A) denotes the spectral bound of a closed operator A: D(A) C X — X
(Definition 7)

° Hw:{)\E(C : §R)\>w}foranyweR
e Yo ={reC\{w} : |arg(A —w)| < @} for any w € R and § € (0, 7]

° C(zo,'r):{ze(c : ]z—zol<7“} for any zo € Cand r >0
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