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Chapter 6

Mobius covariant nets
of von Neumann algebras

We now introduce the main objects of our study, Mobius covariant local nets
of factors. We discuss here their main properties in the defining representation,
namely on the vacuum Hilbert space. The crucial representation theory will be
investigated in later chapters.

6.1 Definition

A net A of von Neumann algebras on S' is a map
I — A()

from J, the set of open, non-empty, non-dense intervals of S, to the set of von
Neumann algebras on a (fixed) Hilbert space I that verifies the following isotony

property:

1. Isotony : If I, I, are intervals and I, C I,, then

Ally) c A(LL) .

For an arbitrary set E C S' we define A(E) as the von Neumann algebra generated
by all the A(I) with I C E, I € J (setting A(E) = C if E has empty interior).

The net A is said to be Mobius covariant if the following properties 2,3 and 4 are
satisfied:
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2. MOBIUS INVARIANCE: There is a strongly continuous unitary representation U of
G on H such that

U@AMDUQ) =ADh, geG, €l
3. POSITIVITY OF THE ENERGY : U is a positive energy representation.

4. EXISTENCE AND UNIQUENESS OF THE VACUUM: There exists a unique (up to a phase)
unit U-invariant vector Q (vacuum vector) and Q is cyclic for the von Neu-
mann algebra V jc3A(I)

The net A is said to be local if the following property holds:

5. Locavrry : If I} and I, are disjoint intervals the von Neumann algebras A(l,)
and A(l) commute:

Ally) C ALY

6.2 First consequences
If A is local, M6bius covariant net of von Neumann algebras, clearly
H(I) = A(DuQ
is a local, Mobius covariant net of real Hilbert subspaces of J (see Sect. 2.5).

Moreover if A is local then K is local too.

Remark 6.2.1. Note that if A is defined by all the above properties 1 — 5 but with
G in place of G, then automatically U is indeed a representation of G due to the
one-particle spin-statistics relation, Cor. 3.4.2.

We now discuss a few other consequences of the axioms that follows from
Sect. 3.

6.2.1 Reeh-Schlieder theorem

Theorem 6.2.2. Let A be a local Mébius covariant net on S'. For any given I € J,
the vector Q is cyclic and separating for the von Neumann algebra A(I), I € J.
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Proof. Let JH, be the complex Hilbert subspace of H generated by all the H(I) =
A, Q. Clearly H is a local Mobius covariant net of real Hilbert subspaces of
Ho. By the Reeh-Schlieder theorem for nets of real linear subspaces, we have
H(I)+iH(I) = H, for every fixed interval /. The orthogonal projection £ =
[A(DHQ] € A(I) from H onto H(I) + iH(I) is therefore independent of /, so E €
NAU) = (v AWD). So E > F where F is the smallest projection in (V; A(I))’
containg Q. By the assumed cyclicity of Q for A we have F = 1, thus £ = 1. So
Ho = H and H(I) is standard, namely, by the equivalence (2.5.2), Q is cyclic and
separating for A([) O

6.2.2 Bisognano-Wichmann property and Haag duality

Theorem 6.2.3. Let I € J and A;, J; the modular operator and the modular
conjugation of (A(I), Q). Then we have:

(i): Bisognano-Wichmann property:

A} = U(5,(-2nt)), teR; (6.2.1)
(i"): U extends to an (anti-)unitary representation of G, determined by

Uirp)=J, 1€7, (6.2.2)
acting covariantly on A, namely
URQAMDUER) =ARGD g€Gy 1€7.
(if): Haag duality: For every interval 1
A’ = Ad) .

Proof. The results for nets of standard subspaces in Sect. 3 immediately imply (7)
and that U extends to an (anti-)unitary representation of G, determined by (6.2.2).
Haag duality then follows by Prop. 2.5.1 because H(I") is the symplectic comple-
ment of H(I). Then (i) follows because AdJ; = AdU(r;) acts geometrically and
G2 =G-r 7. O

Remark 6.2.4. If in the real line picture [ is the half-line (0, o), then J; is an
anti-unitary involution corresponding to the symmetry ¢t — —¢. This is the PCT
symmetry and the relation (6.2.2) is in particular a general, algebraic form of the
PCT theorem in the conformal setting.
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Remark 6.2.5. It follows easily by Mdobius covariance (or by Haag duality) that
Aly) = Nj55, A) where Iy, I € J. Therefore the net could be equivalently defined
on closed intervals, namely it would follow from any definition that A(I) = A(I)
for any open inetval /.

Corollary 6.2.6 (Additivity). Let I and I; be intervals with I C U;I;. Then A(I) C
VL AL).

Proof. Replacing I with I N I; we may assume that /; ¢ I. With M = V,A(l;) we
then have M c A(I). Moreover M ,Q2 contains the closed real linear span of the
H(I;)’s, which is equal to H(I) = A(I)s,Q2 by Cor. 3.3.3. So M = A(I) by Prop.
2.5.1. O

Remark 6.2.7. As we have seen in Sect. 3, the representation U of G is unique,
due to formula (6.2.1).

We can then define an isomorphism of nets in different ways.

Proposition 6.2.8. Let A, be local, Mobius covariant nets of von Neumann al-
gebras on the Hilbert space H;, k = 1,2, and ® a family {®;},c5 with ®; an
isomorphism between A\(I) and A,(I) such that ®;|; = ®; if I ¢ I. Then (with
obvoius notations) the following are equivalent:

(i): O© preserves the vacuum state, namely (®;(x)Q;, Q) = (xQ,Qy), Vx €
A, VI € J;

(i"): There exists a unitary V : H; — H, such that VQ, = Q, and ®; =
AdVl./h(I); VI el

(ii): @ intertwines the Mobius group actions, namely ®;-AdU,(g) = AdU,(g)-
o, VI eT;

(i"): There exists a unitary V : Hy — H, such that ®; = AdV|4y), YI € 7,
and VU,(g) = U(g)V, Vg € G.

Proof. (i) = (i’): Given I € J, the unitary V : H; — H, determined by VxQ, =
®,(x)Q,, x € A(I), is independent of I by the Reeh-Schlieder theorem and satisfies
(7). The implication (ii) = (i) is obvious.

(@") = (@’): As V implements @ and VQ, = Q, we have VU,(g) = U,(g)V by
the uniqueness of the unitary Mobius representation.

Clearly (ii") = (ii).

Finally, we show that (ii) = (i). With x € A,(I/) we have

(D1(0)Q2, Q) = (Us(6/(5)) @ (x) U (:(5))2, )
= (O (U1(6,(5) xU1(61(5)))Q2, Q7)) = (x4, Q1)
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because, as s — oo, U(9;(5))" xU(5,(s)) weakly converges to (x€2;, Q). O

If the conditions in the above Prop. 6.2.8 hold, we shall say that @ is an isomor-
phism ® between A; and A,. Note that V is uniquely determined by ® and we
can define ® by giving V. An automorphism of A is, of course, an isomorphism
of A with itself.

6.2.3 Irreducibility

We shall say that A is irreducible if the von Neumann algebra VA(I) generated by
all local algebras A([) coincides with B(J{). The irreducibility property is indeed
equivalent to several other requirement.

Proposition 6.2.9. Assume all properies 1 — 5 for A except for the uniqueness of
the vacuum. The following are equivalent:

(i) CQ are the only U(G) invariant vectors.

(i) The algebras A(l), I € J, are factors. In particular they are type III, factors
(unless H is one-dimensional).

(iii) For any given two points pi, p, the algebra A(S'\{p1, p»}) is irreducible.
(iv) The net A is irreducible.

(v) The algebra NA(I) given by the intersection of all local algebras coincides
with C.

Proof. (i) = (ii): With H(I) = A(I),Q, by Prop. 3.4.1 every H(I) © RQ is a
factorial standard subspace of H{ ©CQ; as (A(I)NA(I")),Q c HI)NH(I') = CQ
and Q is separating, we have A(/) N A(l") = C. Moreover the modular group of
A(I) is ergodic by the Thm. 1.7.2 on the vanishing of the matrix coefficients, so
A(I) is a factor of type /11, by Prop. 6.6.5 (ii) = (iii): If A(I) is a factor then by
Haag duality A(l) v A(l") = A() v A(I) = B(H) and (iii) follows by taking
with endpoints py, p,.

(iii) = (iv): Obvious.

(iv) © (v): Immediate by Haag duality.

(v) = (i): Fix an interval /. By the vanishing of the matrix coefficients theo-
rem it is sufficient to show that Q is the unique invariant vector for U(6;(—2nt)) =
A7 . By the ergodic theorem this is equivalent to the ergodicity of AdU(d;(-)) on
AD).
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So let x € A(I) be fixed AdU(6,(-)). Then U(6;(—2nt))xQ = x€. By the
vanishing of the matrix coefficients theorem we have

U(g)xU(g)"Q = U(g)xQ = xQ

for all g € G. Take g so that gl U I is not dense in S !; then U(g)xU(g)* = x by the
Reeh-Schlieder separating property of Q2. By the group property U(g)xU(g)" = x
for all g € G. Thus x belongs to A(gl) for all g € G, namely to all local algebras,
so x is a scalar as desired. O

Corollary 6.2.10. Assume all properies 1 — 5 for A except for the uniqueness of
the vacuum. Then the center Z of A(l) is independent of I and there is a unique

direct integral disintegration
A= ﬁ A du()

with A, an irreducible, local Mobius covariant net for almost all A.

Proof. The argument in the proof (v) < (@) of the above corollary shows that if x €
A(I) is fixed by the modular group of (A(Z), 2) then x belongs to all local algebras,
showing that Z is independent of the interval /. Then we may identify Z with some
L>(X, u) and consider the common factor disintegration of the A(I)’s. Then each
fiber is almost everywhere an irreducible net. By Prop. 6.6.3 the unitary U(g) of
the unitary representations of G belong to the von Neumann algebra generated by
all the A(I)’s so the commutes with Z (alternatively we can use the fact that the
modular group fixed the center and apply the vanishing of the matrix coefficients
theorem) and decompose to give the covariance unitary representation of G for
A 1 O

6.3 Borchers theorem and half-sided modular inclu-
sions of von Neumann algebras

Having already described the one-particle versions of Borchers and Wiesbrock
theorems, the von Neumann algebra case is now almost immediate.
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Theorem 6.3.1 (Borchers). Let M be a von Neumann algebra a Hilbert space H
and Q € I a cyclic and separating vector for M. Let U be a one-parameter group
on H fixing Q, with generator P, satisfying

Us)yMU(-s)c M, s>0.
If £P > 0, the following commutation relations hold:

Ait U(S)A—it — U(e¢27rts)’
JU(s)J = U(-ys), t,s € R.

Proof. The theorem is immediate by its one-particle version Thm. 2.2.1 by setting
H=M_,Q. O

The converse of Borchers theorem does not hold in the von Neumann algebra case
as in the standard subspace case. However the following weaker result holds true.

Proposition 6.3.2. Let M be a von Neumann algebra on a Hilbert space H and
Q € H a cyclic and separating vector for M. Let U be a one-parameter group on
H, with generator P > 0, fixing Q, satisfying

AUHA™ = U(e™™s), t,seR,

Suppose there exists so > 0 and such that Q is cyclic for M N U(so)MU(—s).
Then
Us)MU(-s)c M, s=>0.

Proof. First we show that U(so)MU(—-sy) c M. This is equivalent to say that
U(so)M'U(-s9) D M'. Set H = M,Q. From Thm. 2.2.4 we have U(so)H C H,
soU(sg)H D H'.

So both U(so)M"U(—s¢) and M’ are von Neumann subalgebras of M and
(U(so))M'U(=50)), Q2 D M’ ,Q2. By Prop. 2.5.1 we conclude that U(so)M’U(—s) D
M’, namely U(sog)MU(-sy) C M.

The proposition is then proved because with s = e~>"s, we have

AdU(s)M = AdU(e ™ so)M = AdA"U(s9)A™"M
= AdA"U(so)M c AdA"M = M.
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Let N € M be an inclusion of von Neumann algebras on a Hilbert space JH{ and
Q € J{ a cyclic and separating vector for both M and N. We shall say that (N C
M, Q) (or simply N C M) is a half-sided modular inclusion of von Neumann
algebras if

AYNAL N, t20. (6.3.1)

We shall also abbreviate half-sided modular inclusion by hsm of +hsm. If the
above equation (6.3.1) holds for ¢ < 0 instead we shall say that (N ¢ M,Q) is a
-hsm inclusion of von Neumann algebras.

We now pass to the main theorem on hsm inclusions. This theorem was orig-
inally proved by Wiesbrock [175] but its proof contained a gap. Zsido then an-
nounced a different complete proof. A complete proof later appeared in papers by
Borchers [18] and by Araki and Zsido [6]. This last paper contained a generaliza-
tion to the weight case.

Having proved the real Hilbert subspace analog of this theorem, its von Neu-
mann algebra version is now almost immediate.

Theorem 6.3.3 (Wiesbrock, Borchers, Araki-Zsido). Let (N € M,Q) be a hsm
inclusion of von Neumann algebras on a Hilbert space H and Q € H a cyclic and
separating vector for both M and N.
Then there exists a positive energy unitary representation of P on H deter-
mined by
V(6(2rs)) = A7, V(6(1.0)(27s)) = Ay .

The generator P of the translation one-parameter group U = V(1(-)) is the closure
of %(log Ay —log Ay) and we have

UoMU(-t)cM,t>0, and U(Q)MU(-1)=N.

In other words setting A(t, c0) = U(1)MU(-1), A(co,t) = A(t, 00)" we get a local
net of von Neumann algebras on the half-lines of R which is P-covariant with
positive energy. We shall later discuss when we get a net on S'!.

Proof. Setting H = M,Q, K = N,Q, we may apply the standard subspace ver-
sion of Wiesbrock theorem 2.4.1 and define the representation V of P. The equal-
ity U(e*™ — 1) = A;'Al and the assumed half-side modular invariance imply
U)MU(-t) c M for t > —1. Moreover U(1)NU(—1) = N as the corresponding
standard subspace coincide (see Prop. 2.5.1). So Ut )MU(-t) c M fort > 0. O

Corollary 6.3.4. Let N C M be an inclusion of von Neumann algebras. Then
(N c M, Q) is a hsm inclusion iff (M’ C N’, Q) is a -hsm inclusion.
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6.4 Extending nets from R to S

We now pass to the characterization of Mobius covariant local nets in terms of a
factorization.

A hsm factorization (Ny, N1, N»,Q) of von Neumann algebras on a Hilbert
space H is a quadruple where Ny, k € Z3, are mutually commuting von Neumann
algebras on 3, Q is a cyclic (thus separating) vector for each N, such that (N, C
N, ,,Q), k € Z3, is a hsm modular inclusion of von Neumann algebras.

Let A be a local Mobius covariant net of von Neumann algebras. Choose
three intervals Iy, I}, I, € J forming a partition of S! in the counter-clockwise or-
der (up to the boundary points). Then (A(ly), A(ly), A(l>), Q) is a hsm factoriza-
tion of von Neumann algebras. Indeed the A(/;)’s mutually commute by locality
and A(ly) € A(lk1) = A}, ,) is a hsm inclusion w.r.t. Q by the Bisognano-
Wichmann property because 6 (1)Ix C I, t > 0. As G acts transitively on
the set of three different points of S' the isomorphism class of the factorization
(Aly), Aly), A(I»), Q) does not depend on the choice of I, I, I, as above.

We shall now show that every hsm factorization of von Neumann algebras
arises from a local Mobius covariant net as above.

Theorem 6.4.1. Let (Ny, Ny, N,, Q) be a hsm factorization of von Neumann alge-
bras and let I, I,, I, be intervals forming a partition of S, up to boundary points,
in counter-clockwise order. There exists a unique local Mobius covariant net A on
S such that A(Iy) = Ny, k € Zs, with Q the vacuum vector. The (unique) positive
energy unitary representation Uof G is determined by U (6, (2nt)) = A;”, where
Ay is the modular operator of (N, Q).

Proof. Setting H; = N, .,£2, we obtain a factorization of standard subspaspaces
(Hy, Hy, H,). Let U be the associated representation of G given by Thm. 3.6.2, in
particular U(6;,(271)) = A;", and set

A = URAU)UQ)

if gly = 1. Then A(I) is well defined because if & € G also satisfies I, = I then
h = g6,,(2nt) for some ¢ and AdU(6,,(2nt)A(ly) = AAA"A(ly) = A(ly). The
rest follows as in the proof of Thm. 3.6.2 for the standard subspace case. O

By a net of von Neumann algebras on R (or on the intervals of R) we shall mean
an isotonic map
I1e€dy— A
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from Jj, the set of intervals of R, i.e. bounded open connected subsets of R, to the
set of von Neumann algebras on a fixed Hilbert space .

A is local means as usual that A(/;) and A(l,) commute if /; and /, are disjoint
intervals.

If A is a a net of von Neumann algebras on the intervals of R we define by
additivity the von Neumann algebra A(E) associated with any set £ C R as the
von von Neumann algebra generated by all the A(I)’s with I ¢ E, I € Jy. In
particular A is local iff A(—c0, a) and A(a, o) commute for all a € R.

We have the following version of Thm. 3.6.4.

Theorem 6.4.2. Let A be a local net of von Neumann algebras on the intervals of
R, Q a cyclic and separating vector for the von Neumann algebra A(I) associated
with each interval I C R and U a Q-fixing unitary representation of P acting
covariantly on A. The following are equivalent:

(i) A extends to a Mébius covariant net on S
(i) The Bisognano-Wichmann property holds for A, namely
AL, = U(6p+(=271)), (6.4.1)
where Ag- is the modular operator of (A(R"), Q).

Proof. (i) = (ii): Immediate.

(if) = (i): The proof follows the same reasoning of that of Thm. 3.6.4. Note
first that, by translation covariance, AZI o) = U(6(4.00)(=2m1)) for all a € R. Hence
A(—00,a) is a von Neumann subalgebra of A(a, o0) that is cyclic on Q and glob-
ally invariant under the modular group of A(a, c0)” with respect to €2, hence, by
the Tomita-Takesaki theory, duality for half-lines holds

Aa, ) = A(-0,a). (6.4.2)

Then it is immediate to check (A(-c0,-1), A(-1, 1), A(1, 00),Q) to be a +hsm
factorization of von Neumann algebras, so we get a Mdbius covariant net from
Theorem 6.4.1. Due to Bisognano-Wichmann property this is indeed an extension
to S of the original net. O

Note that positivity of the energy is not an a priori requirement in (i7) of the above
theorem.

Although a Mébius covariant net satisfies Haag duality on S', duality on R
does not necessarily hold.
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Lemma 6.4.3. Let A be a local Mobius covariant net of von Neumann algebras
on S'. The following are equivalent:

(i) The restriction of A to R satisfies Haag duality:

A(l) = AR\

(i) A is strongly additive: If I, I, are the connected components of the interval
I with one internal point removed, then

Al) = AlL) v Al)

(@ii) if I, 1,, I, are intervals as above

A N A = A(l)

Proof. As in the standard subspace case. |

Let A be a net on R; we define the dual net A by
AUI) = A(=00,b) N A(a, o)

for every interval I = (a, b).
Clearly A is a net on the intervals, namely it is isotonic, and .A¢ is larger than
A:
A c AN, 1€y,

however the two nets coincide on half-lines:
A(lL) = Ad(ll), if 1; is a half line.

Indeed if 7 is a half-line, I € Jy and I C I, then directly by the definition of Al
we have A%(I) ¢ A(I;) and so A%(I}) c A(I,). It thus follows that A is local if A
is local.

Duality for half-lines (6.4.2) is also called essential duality because of the
following lemma.

Lemma 6.4.4. Let A be a net on the intervals of R satisfying essential duality.
The dual net A? is satisfies duality on R:

A4 = AR\, 1€,
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Proof. With I = (a,b) € J, we have

A(a, b) = A(—c0,b) N A(a, ) = A(b, ) N A(=c0, a)
= (A(b, ) U A(-00,a))" = (A% (b, 00) U A%(—00,a)) = AYR\ 1) .

O

Note that, if essential duality holds for A, the dual net is also given as in the
above proof by

AU = AR\, T€7,.

because AR \ I) = A4[R \ I) for any interval 1.

Let now A be a local Mobius covariant net on S '. Haag duality on S! entails
essential duality for the restriction A, to R. Hence Ag obeys Haag duality on R.
Now A¢ is a net on R that does not in general transform covariantly under the
covariance unitary representation U of G of A, however AB’ is clearly P-covariant
with respect to the restriction of U to P. By Thm. 6.4.2 Ag extends to a local,
Mobius covariant net on S that we still call the dual net of A and denote by A“.

Corollary 6.4.5. The dual net A? of a local, Mobius covariant net A on S' is a
strongly additive local Mébius covariant net on S

Proof. By construction, the A satisfies Haag duality on R, hence strong additivity
by Lemma 6.4.3. m|

Clearly the unitary representation of G associated with .A? differs from the one
associated with A although both of them have the same restriction to P. Moreover
A(D) is in general not contained in A%([) if I is not contained in R ~ S!\ {-1};
indeed A“(I) c A(I) if the point at infinity —1 € I.

We shall now discuss some consequence of the above results.

An inclusion N € M of von Neumann algebras is said to be normal if N =
N, where R° = R” N M denotes the relative commutant of R in M, and conormal
if M is generated by N and its relative commutant w.r.t. M,i.e., M = NV N° (i.e.
M’ c N’ is normal).

We shall then say that a local Mobius covariant net A is (co-)normal if the
inclusion A(I;) c A(l,) is (co-)normal for any pair I; C I, of proper intervals
of S'. By Haag duality, normality and conormality are equivalent properties of
conformal nets.
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Theorem 6.4.6. Let A be a local Mobius covariant net on S'. For any pair I, C I,
of intervals of S the inclusion of von Neumann algebras A(I,) C A(l,) is normal
and conormal. In particular the relative commutant A(l,)" N A(l,) is a factor.

Proof. Let us consider first an inclusion of two intervals I; C I, with a common
boundary point.

Assume first that A is strongly additive, then the inclusion of von Neumann
algebras A(l;) c A(l) is conormal as in this case A(l;) N A(lL) = A(L\L).
In the general case, by conformal invariance we may assume that /; and I, are
respectively the intervals of the real line (1, +c0) and (0, +c0). By definition then
AL) = A4, A(lL) = A1), with A9 the dual net, hence the inclusion A(l;) C
A(lL) is conormal by Corollary 3.6.5 and the above argument. As A(l,)" c A(l})
is conormal, A(l;) C A(l,) is also normal.

It remains to show the normality of A(l;) C A(l,) when I; C I, are intervals
with no common boundary point, e.g. I} = (b,c) and I, = (a,d), witha < b < ¢ <
d. Then we set I3 = (a,c) and I, = (b, d), therefore I, = I; N I, and both 5 and
1, are subintervals of I, with a common boundary point. Then the double relative
commutant of A(/;) in A(l,) is given by

A € A(L)* N AU = Al) N Al = A(l) (6.4.3)

where the last equality is a consequence of duality and additivity and implies the
first inclusion; the opposite inclusion is elementary.

The factoriality of A(I;)¢ follows because the center of A(/;) is contained in
the center of A(I;)* = A(I;) and A(l,) is a factor by Prop. 6.2.9. O

Corollary 6.4.7. Let (N C M,Q) be a hsm standard inclusion of von Neumann
algebras. Then:

o The inclusion N C M is normal and conormal.

o There exists a unique strongly additive local Mobius covariant net A of von
Neumann algebras on S' with M = A(0, +00), N = A(1, +o0), and Q the
vacuum vector.

o There exists a bijection between local Mobius covariant nets A of von Neu-
mann algebras on S' with M = A(0, +o0), N = A(1, +00), Q the vacuum
vector, and von Neumann subalgebras Ny of N' N M cyclic on Q such that
(No € M, Q) is a —hsm inclusion and (Ny C N’, Q) is a +hsm inclusion.
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Proof. Starting with the last point, notice that (M’, Ny, N, ) is a hsm factorization
of von Neumann algebras, and clearly any hsm factorization arises in this way,
therefore the thesis is a consequence of Theorem 6.4.1.

In the special case Ny = N’ N M we then obtain the second statement by
Lemma 6.4.3 (ii)& (iii).

The first point is then a consequence of Theorem 6.4.6. O

We end this section by introducing the n-regularity notion.

Let A be a local, Mobius covariant net of von Neumann algebras on S I We
shall say that A is n-regular if A(S' \ {p1,...p,} = B(H) for any choice of n
distinct points {p,...p,} € S’

Clearly n-regularity implies n — 1-regularity and 2-regularity always holds due
to Prop. 6.2.9 (iii). We shall see in Sect. 6.5 examples with A n-regular but not
n + 1-regular, n > 3.

6.5 Second quantization nets

Let J{ be a complex Hilbert space and let I'(J{) be the exponential of 3, i.e. the
Bosonic Fock space over JH (also denoted by e”%). Thus

[(H) = @ H,
n=0

Hy = CQ is the one-dimensional Hilbert space a unit vector Q calle the vacuum,
and H®" is the symmetric Hilbert n-fold tensor product, namely H®" = Sym (H®
.-+ ® H), where Sym,, is the orthogonal projection onto the fixed point vectors for
the natural unitary representation on H ® - -- ® JH of the n-element permutation

group P, s0 Sym,& ® -+ @&, = = Y ren, Exty ® -+ ® Enr.-
If £ € H, we denote by ¢¢ the coherent vector of e’

00 1 .
¢ = @ —¢®---®&  n-times
n=0 VY n!
It is immediate to see that
(ef, e = e&m ,
50 ||ef — &2 = ¥ + el — 2R €M and the map & — ¢ is norm continuous.

Lemma 6.5.1. {¢¢, & € H} is a total family of independent vectors of T'(}).
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Proof. Let X be the closed linear span of {¢¢, & € J}, so the family to be total
means that K = . Now X contains

& .
@e’fltzw Vnlé® - @&e H® (6.5.1)

so, in order to show that X = X, is sufficient to show that fH‘?" is the closed linear
span of vectors of the form é®- - -®¢&. With& e H,i=1,...n,let& =&y, -+ 4,)
be the vector & = ) ; 4;&; where A; € C. Then

1 "

;mf@ e ®§|/[|:/12...:,l”:] == Symné‘:] ® ct ®é‘:n (65‘2)

which prove our statement.

Concerning the independence of the coherent vectors, let&; € H, i =1,...n,
be mutually different vectors. Assume Y, c;e® = 0 with non-zero ¢; € C. With
n € H, for all t € R we then have (3, c;e®, ) = Y, c;e"®"P = 0. This implies that
the numbers {(&;, 1), i = 1...n} are not mutually different. As this is true for all
17, the vectors &; are all equal, which is a contradiction showing that the vectors e’
are indeed independent. O

If A € B(H) and ||A|| < 1, the norm one operator I'(A) (or e*) on B(I'(H))
TA=19A0ARA)PAQRARA)®---

is called the second quantization of A. Note that e’e? = ¢%¢.
Setting
W(&)e" = e 169 o= Em gt

we get an isometry on {¢¢, & € H}, that extends to a unitary operator W(£) on
e’t. The W(&)’s are called Weyl unitaries as the map & — W(&) is norm - strong
operator continuous and gives a representation of the Weyl commutation relations

W(E +1) = PEPWEW) .

Note that ]
WEQ = W(E)e® = 7269t (6.5.3)

therefore
1 2
V(W () = e

where w = (£, -Q) is the vacuum state.
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By the uniqueness of the GNS representation, the above Fock representation
is (up to unitary equivalence) the unique representation of the Weyl commutation
relations (on a Hilbert space J{) with a cyclic vector Q such that (Q, W(£)QY) =

-1
e 2k,

Let H c J{ be a real subspace. We put
R(H) ={W(©): §€ HY",

namely R(H) is the von Neumann algebra on e’¢ given by the weak closure of the
linear span of the W(&)’s as & varies in JH.

Note that if U is a unitary operator on J then [(U)W(EI'(U)* = W(UE). In
particular, if UH = H, then I'(U) implements an automorphism of R(H),

Proposition 6.5.2. (a) : If K, H are real linear subspaces then R(K) = R(H) iff
K and H have the same closure: K = H.

(b) : Let H be closed. H is a cyclic (resp. separating) real subspace of H iff Q is
a cyclic (resp. separating) vector for R(H).

(¢) : Let H be standard. Then the modular unitaries and conjugation associated
with (R(H), Q) are given by

Ngan =TAD),  Jrany =TUn) -

(¢): R(H") =R(H) .

Proof. (a): R(H) = R(H) follows immediately by the continuity of the Weyl rep-
resentation & — W(£). To prove the second assertion we may assume that Kand
H are closed and K C H, otherwise replacing K with K and H with K + H. We
shall show this at the end of this proof.

(b): By the Weyl commtation relation R(H) and R(H’) commute, so it is suf-
ficient to show that Q is cyclic for R(H) if H is cyclic. As W(&)Q = e 2¢9¢f,
it follows that R(H)Q contains all coherent vector associated with & € H. By
(6.5.1) R(H)Q2 contains all vectors éE ® -+ - Q € € fH;@" with € € H, thus all vectors
Sym & ® -+ ®&, € HY with & € H by (6.5.2). As H is cyclic, we then have
R(H)Q = H.

(0): AsT(AYW(OT(AL)* = W(ALE), we see that T(A”) implements automor-
phisms of R(H) and we check the KMS condition. With o, = AdF(AZ) we have
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by (6.5.3) and the one-particle KMS condtion (2.1.6)

(T (WEIW QD) = e 2 EDem2 (1, =46,

= ¢ 26D g ALD)| = o7 3EE) gm0 o= (1.08)
1 1
= ¢ 260 o1 p=Em — (W)W (E)Q, Q)

that is a form of the KMS condition.
(d): This follows at once because R(H') = R(JyH) = JrunR(H)Jray = R(H)'.
It remain to complete the proof of (a). Let K ¢ H be closed real linear sub-
spaces and suppose that R(K) = R(H). We first assume that H (resp. K) is stan-
dard; then also K (resp. H) is standard and by (b) and by (c) we have

F(Ailt() = AZ(K) = A%(H) = F(AZ)

so A = A% and K = H by Prop. 2.1.10. Now we only assume that K is separating,
then also H is separating by (b); replacing H with H + iH we may again in the
case H standard. Now we only assume that H is cyclic; by considering H" C K’
we are back in the previous case. Finally, in the general case, replacing H with
H + iH we may assume that H is cyclic, so our proof is complete. O

Proposition 6.5.3. let I, be a family of Hilbert spaces. Then F(EBk Hy) can
be identified wirh ®fk ['(Jy), where C is the vacuum vector of I'(Hy). In this

identification, W(EP &) = ,?" Wi(&x), where Wy and W are the Weyl operators
associated with H; and @k Hi. AlsoT(A1 @A, ®---)=T(A)QT(A) ®:-- for
contractions Ay on H;.

Proof. For simplicity we assume k = 1,2. We show that the vacuum state w
associated with J{ is the tensor product of the vacuum states wi, w, associated
with H;, H,. The rest follows at once.

Indeed we have &, € H; we have

W(W(E ® &) = ¢ 1Pl = 2P 18I = w(W(E )W ().
O

Let now H be a local, Mobius covariant net of standard subspaces of JH, U the
corresponding unitary representation of G. Assume that H is non-degenerate,
namely U does not contain the identity representation. Then, setting

A = R(H(I)), €79,
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we obtain a local Mobius covariant net of von Neumann algebras on I'(J{) where
the unitary covariance action of G is I'(U). Note that H non-degenerate ensures
the uniqueness of the vacuum vector Q.

Lemma 6.5.4. The above net A = R(H(-)) is strongly additive (resp. n-regular)
iff H is strongly additive (resp. n-regular) .

Proof. Let 1,1, 1, € J be disjoint intervals with I = I, U I,. If H is strongly addi-
tive then H(I}) + H(l;) = H(I) so A([) is the von Nemann algebra B generated by
A(ly) and A(1,) by the continuity of the Weyl representation. If H is not strongly
additive then H(I,) + H(I;) # H(I) so by Prop. 6.5.2 we have B # A(I) because
B = R(H(I) + H(I2)).

The n-regular case is proved similarly. O

Because of the correspondence between positive energy representations of G and
local, Mobius covariant nets of standard subspaces given by Theorem 3.6.7, we
then have an arrow

Uu — ..AU

that associates a local Mobius covariant net of von Neumann algebras A, with
any unitary positive energy representation of G, provided U has no non-zero fixed
vector. These are the second quantization nets.

If U is the irreducible representation of G with lowest weight 1, then Ay is
called the U(1) current algebra net.

If U™ is the irreducible representation of G with lowest weight n, then A
is called the net associated with the n-derivative of U(1)-current.

Note that

Auvev, = Av, ® Ay,

therefore any second quantization net Ay is given by
— &"n
Av = ®AUW
n=1

where U = (P, m, U™ and A%’ is the tensor product of m, copies of Ayw. So
every second quantization net is determined by the multiplicity coefficients m,,.

Proposition 6.5.5. Ayw is strongly additive if and only if n = 1, hence Ay
n-regular for any n.

Ay is 3-regular but not 4-regular. Ayw is not 3-regular if n > 3.

Ay is the dual net of Ayw for every n.



6.6 Appendix 105

Proof. Immediate by Cor. 4.2.4 and Lemma 6.5.4. |

6.6 Appendix

6.6.1 Innerness of the Mobius action
We first recall without proof the following theorem by Borchers.

Theorem 6.6.1. Let M be a von Neumann algebra and o a one-parameter group
of automorphisms of M. If a; = AdU(t), where the unitary one-parameter group
has semi-bounded generator, shows that « is inner, namely a, = Adv(t) here v is
a one-parameter unitary group and v(t) € M.

The above theorem generalizes the Kadison-Sakai derivation theorem, which is
equivalent to Thm. 6.6.1 in the case the generator is bounded. We treat here a
variation of the above theorem.

Lemma 6.6.2. Let M be a von Neumann algebra on a Hilbert space H and U(t) =
e"" a one-parameter unitary group on H such that AdU(t)M = M, t € R. Suppose
sp(P) C [a, ) and let H, the space of a-eigenvectors for P. If H, is cyclic for M,

then U(t) € M.

Proof. Replacing P with P —a we may assume that a = 0, so P > 0. By consider-
ing the adjoint action of U on M’, we may equivalently prove the dual statement,
namely that if 3{, is separating then AdU is trivial. To this end we first assume
that J, is both cyclic and separating. Choose selfadjoint x € M, x’ € M’ and
¢ € H,. The funtion f(r) = (U(t)x&, x'€) is real and, since P > 0, f extends to a
bounded continuous function on the upper plan 3z > 0, analytic in 3z > 0. So f is
constant, namely U(¢) = 1, by the cyclic and separating assumption for J{,. Now
assume that J{, is only separating for J{, and let E € M’ be the projection onto
M3H,. Then U commutes with E, by considering the action of U(¢)E on Mg, we
see that U(1)E = E as H, is cyclic and separating for Mg. Then for every x € M
the operators x and AdU(#)x have the same restriction to J{,, hence x = AdU(#)x
because H, is separating. O

Proposition 6.6.3. Let M be a von Neumann algebra on a Hilbert space H and
a:ge€G m— a, € Aut(M) an automorphism action. If U a positive energy
unitary representation of G on H such that o, = AdU(g), g € G. Then « is inner
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and there exists a positive energy unitary representation V of G on H such that
@y, = AdV(g) and V(g) € M.

Moreover, if the lowest eigenvector space H, for the conformal Hamiltonian
Ly is cyclic for M, then U(g) € M.

Proof. We first prove the last statement. By the above lemma U(R(?)) € M so
U(gR(t)g™") = U(g)UR®)U(g)* € M, namely U(h) € M for every h € G con-
jugate to rotation, thus for all g € G because these elements generate G (G is a
simple group).

In general, by the lemma and the argument here above, «, is inner for all
g € G. So there exists unitaries V(g) € M such that o, = AdV(g). Then V(gh) =
Z(g,h)V(g)V(h) with Z(g, h) in the center of M. Since the cohomology of G is
trivial, by replacing V(g) with c(g)V(g) for a suitable central unitary c(g), we have
the group property V(gh) = V(g)V(h). O

6.6.2 On the fixed point algebra under a group action

Proposition 6.6.4. Let M be a von Neumann algebra on a Hilbert space H, Q
a cyclic and separating vector for M, U a Q-fixing unitary representation of a
semigroup G on H such that a,(M) C M, g € G, where a, = AdU(g). Then there
exists a w-invariant normal faithful conditional expectation € of M onto the fixed
point algebra M?®, where w = (-Q,Q). Moreover M*Q = EJ, where E is the
projection onto the space of U-invariant vectors, and e(x)E = ExE, x € M.

Proof. Suppose first that G = N. Then by the mean ergodic theorem % Y, Uke
weakly converges to E¢ for every & € H. Let x € M and consider the bounded
sequence x, = 1 Y1, @"(x). Clearly x,Q = 1 3 U*xQ, so every x,-weak limit
point X satisfies XQ = ExQ. So X is unique, a(x) = X, and we may define &
by &(x) = x. Clearly e(x)E = ExE and the rest is clear. The case of a general
G can be proved by replacing %22:1 U* with a net in the convex hull of U(G)
weakly converging to E (consider sub-semigroups generated by single elements
g €G). O

Proposition 6.6.5. Let M be a von Neumann algebra on a Hilbert space . If
there exists a faithful normal state w with trivial centralizer, i.e. the modular group
o is ergodic. Then M is a type 111, factor in Connes classification, or M = C.
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Proof. As the center is contained in the centralizer, M is a factor. If M is semifinite
then 0 = Adu, for some one-parameter unitary group in M, thus 0“(u,) = uy; as
o“ is ergodic u; € C so o is trivial so M is equal to its centralizer C.

If M # C then M is of type I11. To infer that M is actually a type 111, factor
we shall rely on the fact that spA,, \ {0} is minimal, i.e. equal to Connes invariant
S (M), if the centralizer is a factor. Thus S (M) # {1} namely M is not of type 111.
Moreove M cannot be of type /11, with A € (0, 1) as otherwise the centralizer
would be a factor of type //;. So M has to be of type 111;. O

Corollary 6.6.6. Let M be a von Neumann algebra a Hilbert space 3 and Q € H
a cyclic vector for M. Let U be a one-parameter group on H with generator P
satisfying U(s)MU(-s) ¢ M, s > 0. Suppose that P > 0 and Q is a simple
eigenvector of P.

Then either

(a) M = B(H): this is the case iff U(s)MU(-s) = M ,¥s € R; or

(b) M is a factor of type 111,: this is the case iff U(s)MU(—s) # M for some
seR.

Case (a) holds if sp(P) # [0, ). Case (b) holds if Q is separating.
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Chapter 7
The split property

This chapter deals with a fundamental property for local Mobius covariant nets of
von Neumann algebras, the split property. It is an algebraic property of the net
that is closely related to more analytical properties of nuclearity type, as the trace
class property for the semigroup generated by the conformal Hamiltonian. The
split property selects physically, and mathematically, interesting models leaving
outside models with too many degrees of freedom.

We begin with a discussion of the split propery in the abstract setting of inclu-
sions of von Neumann algebras.

7.1 Standard and split inclusions of von Neumann
algebras

7.1.1 Split inclusions

Let M, M, be a commuting pair of von Neumann algebras on a Hilbert space J{.
We shall say that the pair (M, M>) is split if there exists a von Neumann algebra
isomorphism

(D3M1VM2—>M1®M2

such that

O(mimy) =m@my, m; €M,;,

in other words a natural von Neumann algebra isomorphism between M; vV M,
and M; ® M,.
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Note that if one of the M; is a factor, by Murray-von Neumann lemma there
is a natural isomorphism between the algebraic tensor product M; © M, and the
*-algebra generated by M, and M,. By definition, the pair is split if it extends to
an isomorphism of the weak closures.

Lemma 7.1.1. Let My, M, be a commuting pair of von Neumann algebras with
M = M, v M, o-finite'. The following are equivalent:

(i) : (M, M,) is split ;

(i) : For any given normal states @1 on M| and ¢, on M, there exists a normal
state ¢ on M such that

p(mimy) = p1(m))pa(my) ,  m; € M; .
and ¢ is faithful if both ¢, and ¢, are faithful.
(iii) : There exists a faithful normal state ¢ on M such that

p(mimy) = (m)p(my) , m; € M; .

Proof. Clearly (i) = (ii) by the tensor product identification and (ii) = (iii) is
obvious.

Assuming (ii7) we have to show that (i) holds. Let ¢; = ¢ly,. With n;,  the
GNS representations of (M;, ¢;) and (M, ¢), m is normal and faithful. Now the
restriction of 7 to the *-algebra generated by M, and M, is 1, © 7, (by uniqueness
of the GNS representation), so 7 provides a natural identification of M; vV M, with
M, @ M,. O

Let now N C M be an inclusion of von Neumann algebras on a Hilbert space J{.
We shall say that N ¢ M is a split inclusion (of von Neumann algebras) if the
commuting pair (N, M’) is split. We shall frequently pass from an inclusion to a
commuting pair and back.

Next lemma provides a Hilbert space free equivalent definition of split inclu-
sion. Note that the trivial inclusion with N = M is split iff M is a type I factor.

'A von Neumann algebra is o-finite if every family of mutually orthogonal projections of
M is countable; equivalently if there exists a faithful normal state on M. This automatic if the
underlying Hilbert space is separable.
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Lemma 7.1.2. Let N C M be an inclusion of von Neumann algebras on a Hilbert
space H. Assume that either a): N’ N\ M has a cyclic and separating vector or b):
H is separable and N' N M is properly infinite. Then N C M is split iff there exists
an intermediate type I factor F, N C F C M.

Proof. Suppose there exists an intermediate type I factor F. The pair (F, F’) is
split and so is (M, N") because N C F and M’ C F".

Conversely assume the pair (M, M,) = (N, M’) to be split and let ® : M, V
M, — M; ® M, be the natural isomorphism. Suppose that ® is spatial, namely
®(x) = UxU* for some unitary U from H to H ® H. Then F = U*(B(H)® 1)U
is an intermediate type I factor. So any condition that ensures @ to be spatial
also gives an intermediate type I factor for N C M. For the case b) note that the
commutant of M, V M, is properly infinite (by assumptions) and the commutant
of M, ® M, is properly infinite (because M. O (M, V M,)’). Thus @ is spatial,
i.e. implementented by a unitary U from H to H{ ® J{. The case assuming a) is
similar, cf. also the following Sect. 7.1.2. O

Let M; and M, be commuting factors on a Hilbert space {. By Murray-von
Neumann lemma the *-algebra 2, generated by M, and M, is naturally isomorphic
to the algebraic tensor product M; © M;, so the norm closure 2, of A is a the C*
tensor product of M; and M, w.r.t. some C* tensor product norm. Then we may
consider the linear functionals on 2 of the form

D ey (7.1.1)
k=1
with Yr € Ml*’ wk € MZﬁ.u

Lemma 7.1.3. In the above situation, suppose there is a normal state ¢ on M such
that |y is norm limit of sums of product functionals of the form (7.1.1) and that ¢
has central cover 1 in M (the last condition is satisfied if either ¢ is faithful or M
is a factor). Then the pair (M, M,) is split.

Proof. Let m be the defining representation of U on H and 7, the representation
of A on H®H determined by 7, (mm,) = m;®m,, m; € M; (this is first defined on
Ay and then it extends to A because the spatial tensor product norm is minimal).
We have to show that 7y and 7, are quasi-equivalent. By assumption |y is
norm limit of functionals that are normal w.r.t. ,. So the GNS representation of
¢ly 1s contained in 7, thus it is quasi-equivalent to 7, because 7, is factorial. But
the GNS representation of ¢y is quasi-equivalent to 7y if ¢ has central cover 1 on
M. O
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7.1.2 Standard inclusions

Let N ¢ M be an inclusion of von Neumann algebras on a Hilbert space H{. A
semi-standard vector (resp. standard vector) for N C M is a vector Q € JH which
is cyclic and separating for N’ N M (resp. N’ N M, N and M).

A (semi)-standard inclusion of von Neumann algebra is a triple A = (N C
M, Q), where N C M be an inclusion of von Neumann algebras and Q is a (semi)-
standard vector for N € M. We shall say that A is split if N c M is split.

Proposition 7.1.4. Let A = (N C M, Q) be a standard split inclusion on JH. Then
(a) H is separable;
(b) N, M and N'" N M are properly infinite (unless M = C).

Proof. (a): The state (Q,-Q) is normal faithful on M, hence on any intermediate
type I factor F. But a type I factor admits a normal faithful state iff it is separable
in the strong topology. Thus FQisa separable Hilbert space. As € is cyclic for
N, it is also cyclic for F, so FQ =K.

(b): Suppose that an intermediate type I factor F is finite-dimensional. Then
M =F = Nand M = N’ N N because Q is separating, so M is abelian. F is thus
one-dimensional and so is H. So, if A is non-trivial, F' is infinite-dimensional. As
the von Neumann algebras are in a standard form, N’ (O F’) and N, (N' " M)" (O
N) and N’ N M are properly infinite too. O

Lemma 7.1.5. Let N; C M; be an inclusion of von Neumann algebra on a Hilbert
space H; and Q; € H; a cyclic vector for N;, thus for M;, i = 1,2. Let ® be an
isomorphism of M, onto M, such that (Q,, ®(-)Q)|a, = (Q1, - Q1)ly,. Then the
unitary from | onto H, determined by

UI’lQ] = (D(I’l)gz , neEN;, (712)

implements ® on M,.
In particular if Q; is also separating for M, thus for N;, and ®(N,) = N,, then
the unitary standard implementations of ® and of ®|y, w.r.t. Q,Q, coincide.

Proof. The first part follows because the unitary U : H; — H, determined by
UmQ, = d(m)Q,, meM,, (7.1.3)

implements ®@ and U is determined by its restriction to N;Q; as N;Q; = H;.
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Now, if Q; is separating for M;, then the standard unitary implementation U of
@ is given by (7.1.3). Also, if ®(N;) = N,, the standard unitary implementation
of @y, is given by (7.1.2), so it is equal to U by the above argument. O

Let A; = (N; € M;,Q,) be a (semi)-standard inclusion, { = 1,2 on the Hilbert
space H;. An isomorphism ® : Ay — A, is an isomorphism of ® : M; — M,
such that ®(N;) = N, and (€, @(-)) = (4, -€). Note that @ is spatial, indeed
® = AdVy where Vg : H; — JH, the unitary defined by

V(D)CQ] = (D(.X).QQ, xeM,.

As Q; is cyclic for N/ N M;, the unitary Vg is determined by taking x € N| N M,
or, if €; is cyclic for N;, by taking x € N;. So, if the A; are standard, Vg, is the
standard unitary implementation of @, of ®|y,n,, or of ®@|y, as in Lemma 7.1.5.

Let now A = (N c M,Q) be a standard split inclusion of von Neumann
algebras Since A is split, there exists an isomorphism ®, : NVM — N®
M, Oy(nm') = n®@m’, n € Nym' € M’'. Since Q and Q ® Q are cyclic and
separating repectively for N V M’ and N ® M’, we may consider the standard
unitary implementation of @, with respect to Q and Q ® Q; namely the unique
unitary Uy : H — H ® H such that Uxnm'Uy, = n®m’, n € Nym’ € M’, and
UnPLN v M) = P (N ® M’). Note that

UNU,=N®1, UMU,=19M, U\MU;=B(H)®M,

where the third equality follows by the second one by taking commutants.

We call ®, = AdU, the canonical tensorial representation of A. Note that
the canonical tensorial representation is an isomorphism of A with (N ® 1 C
M ® B(J), &), hence a spatial identification, where &4 = UxQ. In the canon-
ical tensorial representation many things become visible and trivialize.

The canonical tensorial representation is functorial, namely if A, A, are stan-
dard split inclusions and ® : A; — A, is an isomorphism of standard inclusion
then the following diagram commute

®p, =AdU,,

A =Ny Cc M,Qy)
\L(D:Aqu)

Ay = (N, C M5, )

(Ni®1lc M, ®B(H),Q) (7.1.4)
l ORO=AdVe®Ve

(N2 ®1cC M, ® B(j’(:), Q)

Dp,=AdUn,
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and (Vo ® Vg) - Up, = U,, - Vp. This follows immediately by the uniqueness of
the standard implementation and the commutativity of the diagram

Dn,

N,V M, N ® M,
(0]
N,V M 2 NeM,

7.1.3 The canonical intermediate type / factor

If an inclusion of von Neumann algebras has an intermediate type I factor F, then
in general it has infinitely many intermediate type I factors, for example factors of
the form uFu* with u a unitary in N’ N M. Remarkably, a standard split inclusion
has a canonical intermediate type I factor.

Theorem 7.1.6. Let A = (N C M,Q) be a semi-standard split inclusion on a
Hilbert space J{. There exists a canonical intermediate type I factor F 5 between
Nand M. If ® : Ay — A, is an isomorphism of standard split inclusions Ay, A,,
then ®(Fy,) = Fa,.

Proof. For simplicity we assume A to be standard. In the canonical tensorial
representation ®, = AdU, the canonical intermediate type I factor is simply
B(H) ® 1. Namely we set

Fa = UL(B(H)® DU, .

Clearly F, is a type I factor such that N ¢ F5 € M. The last part of the statement
(functoriality character of F,) follows immediately by the commutativity of the
diagram (7.1.4). O

We shall call F the canonical intermediate type I factor for A.
Denote Aut(A) the automorphism group of A, i.e. the group of all isomor-
phisms of A with itself.

Corollary 7.1.7. If A = (N Cc M, Q) is a standard split inclusion, then
(a) Fy is globally stable under Aut(A),

(b) F = Fy, where N = (M’ C N',Q).
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Proof. (a) follows by previous Thm. 7.1.6.
(b): in the canonical tensorial representation of A we have:

A=(N®1CBH)®M, &), AN=00M N ®B(JH),E) .

We apply the characterization in the following Prop. 7.1.8. Then Fs is generated
in the above canonical tensorial representation by 1 ® N” and 1 ® Py, so it is equal
to 1 ® B(H), the commutant of Uy FAUs}. O

We now give another description of F. Let A = (N € M, Q) be a standard split
inclusion, then there exists a faithful normal product state ¢ on N v M’ given by
e(nm’) = (Q,nQ)(Q, m’'Q), namely ¢ = w ® w - P, where w = (€, Q). Let 75 be
the a unique vector representative of ¢ in iPE!(N V M’), namely 1, € iPE)(N v M)
and ¢ = (na, 'na). As @ is faithful, then 7, is separating, thus cyclic, for N v M".

Proposition 7.1.8. F, is generated by N and the projection py = [M'np] € M.

Proof. Note that
UAUA =QeQ

by the uniqueness of the vector representative of a normal state in a natural cone.

Therefore, in the canonical tensorial representation M’ goes to 1 ® M’ and 1,
to Q ® Q, thus p, to Po ® 1, where Pq, is the orthogonal projection onto CQ. So
we conclude by the following lemma.

Lemma 7.1.9. Let N be a von Neumann algebra on a Hilbert space H and Q a
cyclic vector for N. The von Neumann algebra generated by N and the rank one
projection Pq onto CQ is B(H).

Proof. Indeed if x € B(J{) commutes with N and Pq then xQQ = AQ and thus
x = A because x € N" and Q is separating for N'. O

7.1.4 Compactness of Aut(A)

By Cor. 7.1.7, Aut(A) leaves F, globally stable. We now show that Aut(A) is
compact and metrizable in the topology of pointwise norm convergence on the
predual M, of M.

Lemma 7.1.10. Let F be a type I factor and w a faithful normal state of F. The

group Aut,(F) of all automorphisms of F leaving w invariant is a compact metriz-
able subgroup of Aut(F).
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Proof. As F is a type I factor we can assume that F = B(H) with J{ a Hilbert
space. Since w is faithful, F is o-finite and hence J is separable. Let h,, € F be
the non-singular trace class Radon-Nikodym derivative of w with respect to the
trace on F, w(-) = Tr(h,-). Also consider the group U,, of all unitaries of F com-
muting with A,. U, is compact metrizable in the strong operator topology, since
it is (isomorphic to) the direct product of a countable family of metrizable com-
pact groups, namely the groups of all unitaries acting on the finite-dimensional
eigenspaces of h,. The map u € U, — Adu € Aut,(F) is continuous and surjec-
tive, and therefore Aut,(F) is compact and metrizable. O

Theorem 7.1.11. If A = (N C M,Q) is a standard split inclusion acting on the
Hilbert space H, then Aut(A) is compact and metrizable.

Proof. Q is cyclic and separating for F, so wy = (Q,-Q)|r, is a faithful and
normal state of F'5. For any a € Aut,,, (F) let U, be the standard implementation
of a with respect to Q. The map

f:a€Aut,, (Fr) — AdU, € Aut(B(H))

is continuous, thus range(f) is compact and metrizable. Let Aut(N, M, B(H)) be
the closed subgroup of Aut(B(J)) of all automorphisms of B(H) leaving N and
M globally stable. Then

G = range(f) N Aut(N, M, B(H))

is a compact metrizable subgroup of Aut(B(H)). But Aut(A) is the range of the
continuous restriction map @ € G — a|y € Aut(A), and thus the statement of the
theorem follows. O

7.1.5 Characterizations of Fy

The following theorem gives an important description of the canonical intermedi-
ate type I factor.

Theorem 7.1.12. Let A = (N € M, Q) be a standard split inclusion and J = Jyny
the modular conjugation of N' N M with respect to Q. If both N, M are factors,

FaA=NVJINJ=MnNJMJ.

So F is the unique von Neumann algebra F with N C F C M such that JFJ = F.
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Proof. In the canonical tensorial representation £, and Q ® Q belong to the same
natural cone “PE!@Q(N "® M), hence they give rise to the same modular conjugation
for N’ ® M (the relative commutant in the canonical tensorial representation).
Since the modular conjugation of the tensor product is the tensor product of the
modular conjugations, we have

UAJU;k\ :JN®JM.
Since AdU, maps N onto N ® 1 we then have

AdU, : INJ — Iy @ Ju(N@ D)y ® Jy = N' @ 1
AdUL : NVINJ — (NVN)®1=BH)®1 = AdUA(F)

thus Fp, = NV JNJ. The equality Fy = M N JMJ is similarly obtained.

Clearly any von Neumann algebra F intermediate between N and M such that
JFJ = F must be also intermediate between N V JNJ and M N JMJ, hence it has
to coincide with Fu. ]

7.1.6 Local implementation

Given a standard split inclusion A = (N C M, Q) we now construct a canonical
unitary representation of Aut(A) in M implementing the natural action of Aut(A)
on N with a natural covariance property.

Given a standard split inclusion A, the (normal, unital) endomorphism ¢, of
B(J() defined by

is called the universal localizing map associated to A. Note that
YABI) = Fa

and that Y5 (n) = n forevery n € N.
Being an endomorphism of B(H), {4 is inner, i.e. implemented by a (canoni-
cal) Hilbert space of isometries.

Remark. With A = (N c M, Q) a standard split inclusion, we note that

Unlv =y
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where y : N — N’ N M is the canonical endomorphism w.r.t. Q, namely y = AdI’
where I' = JJy. Indeed if n’ € N’, thus n = Jyn'Jy € N, we have

lﬂA(l’l/) = UA(n, ® 1)U/*\ = UA(JNI’IJN® 1)U/*\
= Ur(Un® Iy)(n®@ D)(Uy @ Jy)Ux = JUN(n@ VHULJ = JnJ = JIyn'JyJ ,

where we have used the relation Jy ® Jyr - Upn = UpJ that holds because Jy ® Jy, 1s
the modular conjugation of N ® M’ with respect to Q ® Q and U, is the standard
implementation of the tensorial representation.

Theorem 7.1.13. Let A = (N € M, Q) be a standard split inclusion on H. There
exists a continuous unitary representation v : @ € Aut(A) — v(a) € M such that
(a) viomv(a)" = a(n), ae€Aut(A),neN,
(b) a(v(P) =vepa™), a.p € Aut(A),
(©) V@)PLN' N M) = PEN' N M), @€ Aut(A),
(d) v(a) € Fy,
(e) Jv(@)J = v(a),

(f) v(gna =1a .

Furthermore if v/ . @ € Aut(A) — V(@) € M is a unitary representation satisfying
(a) and (c), or (a) and (f), then V' = v.

Proof. Let @ € Aut(A) and U, be the standard implementation of @ as an auto-
morphism of M. Then U,Q = Q and we still denote by @ = AdU, the adjoint
action on B(H). Then U, is also the standard implementation of |y, of @|y and
of aly by Lemma 7.1.5. Then U,U U} is the unitary standard implementation of
aly ® alyr with respect to Q ® Q, thus UpU,U} = U, ® U, Define

V(@) = Ya(Uy) = Uy (U, ® DU

All the properties follow easily from the definition. Concerning the uniqueness,
if v satisfies (a) and (c¢) then v(r) € M is the standard implementation of the
automorphism AdU} - (aly ® ¢) - AdU, : nm’ — a(n)m’ of N vV M’ with respect
to Q, hence it is uniquely determined. (f) It follows from the definition that
Unv(@U Qe Q=Q®Qand Upny = Qe Q.

The rest follows easily. O
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We include the following table that illustrates how various objects look in the
original representation and in the canonical tensorial representation:

Object Original rep. | Canonical tensorial rep.
standard split inclusion A (NCM,Q) |(N®1CBH)®M,Ey)
von Neumann algebra N N®l

von Neumann algebra M’ 1M

von Neumann algebra M B(H)eM

von Neumann algebra Fa BH)®1

von Neumann algebra NvM NeoM

von Neumann algebra N NM NoM

vector Q én

vector Na QO

modular conjugation J=JIvam IN® Iy

natural cone fPEz(N’ NM) iPEmQ(N’ ®M)>D iPE)(N) ® iPEI(M)
unitary implem. a € Aut(A) | U, Uu,eU,

local unitary v(a) U,®1

7.2 Modular nuclearity and the split property

We now introduce the concept of modular nuclearity for inclusions of von Neu-
mann algebras with a distinguished cyclic and separating vector.

Let M be a von Neumann algebra on a Hilbert space J{ and cyclic and sepa-
rating unit vector . We set

L>M)y=M, LM=H, L' M)=M,.
Then we have the linear embeddings

x—(xQ,J - Q)
(I)M

0,1

L¥(M)

L'(M)

E=EJ-Q)

L*(M)

All embeddings are bounded with norm one.
Let now N be a von Neumann subalgebras of M . We shall say that L"9-
nuclearity holds for N ¢ M, with respect to Q, if (I)I’quN is a nuclear operator
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(p,g = 1,2,00, p > q) . L™? nuclearity is also called modular nuclearity (for
(N c M,Q)).

Denote by H = M,Q, K = N,,Q the associated closed real linear subspaces of
H. Recall that in Sect. 5.3 we have introduced the notion of modular nuclearity
for a real linear subspace of a standard subspace and we now provide a link to this
notion.

Proposition 7.2.1. If modular nuclearity holds for K C H, then modular nuclear-
ity holds for (N Cc M, Q),

Proof. @Y ,Iv 1s nuclear iff its restriction oM ,In,, 18 nuclear (as real linear map).

As O |y, is equal to A}LIMEK multiplied on the right with the norm one map
n € Ny, > nQ € H, the statement follows. O

Proposition 7.2.2. Modular nuclearity implies L' nuclearity and ||®Y |yl <
DY, w1

Proof. The statement is immediate by the above diagram: indeed ®Y |y = @Y, -

@Y |y and [|OF || < 1. O

Proposition 7.2.3. If N or M is a factor and L™ holds (in particular if modular
nuclearity holds) then N C M is a split inclusion.

Proof. By assumption (Di‘i \Iv 18 nuclear. It follows that the map @ : M, — M;
given by
O:meM - a)(ml ')le eEM,, (721)

is nuclear, where w = (- Q, Q). This means that there exist sequences of elements
¢r € M7 and Y, € M>, such that

D Nl el < oo (7.2.2)
k

and

wimms) = " @m)ye(m) ,  my € M, my € My . (7.2.3)
3
We first show that we may choose the ¢ to be normal. Let go,({") and go,(f) the normal

and the singular part of ¢, € M, thus ¢; = ¢\ + ¢ and [lp\"|I, [l || < llgill-
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Consider the maps from M, to M;

o= ooy, V= ¢ ey, (7.2.4)
k=1 k=1

in the sense that foe every m; € M, we have

OV0m) = D @ mow,  OOm) = Y e (7.2.5)
k=1 k=1

Clearly
¢ = 0" + oW

so for any fixed m; € M; we have the equality among elements of M
D(my) = O (my) + DV (my) .

Clearly ®(m,) € M; as is given by m, — w(m;my).
Now @™ (m;) and ®®(m,) are respectively normal and singular elements of
M, because the truncated sums

N N
OO(m) = 3 @, OVm) = > @ m (7.26)
k=1 k=1

are respectively normal and singular functionals and the series (7.2.5) are ab-
solutely convergent as the series (7.2.4) are absolutely convergent. Therefore
®(m;) = ®™(m,) for all m, showing that the ¢, can be taken normal.

The proposition now follows by Lemma 7.1.3 O

Consider now the commutative diagram

(DgllN
L*(N) ————— L'(M)

N M
(Doo,Zl T(DZ,I

ZAAATIA
LX(N) LA(M)

Tun=Ay Ay

Recall that the operator AM“AI_\,” s densely defined with norm one; its closure
T here above is the canonical embedding of L2(N) into L*(M).



122 The split property

Note that the map T,y 1s associated only with the standard subspaces H =
Mg, K = Ng,.

We shall now consider the condition that 7, 5 be a nuclear operator that we
call the L>-nuclearity condition. Obvoiusly, this is nothing else than the L*-
nuclearity condition for K C H.

Proposition 7.2.4. L’>-nuclearity implies modular nuclearity and IIQDg’ZINlll <
T pewllr-

Proof. Immediate by Prop. 5.3.1, 7.2.2 and 7.2.3. O
Combining Propositions 7.2.2 and 7.2.3 we then have:
Modular nuclearity = L™*-nuclearity = L™'-nuclearity = Split.  (7.2.7)

We make now a few comments about generalizing the above notions with more
general exponents. Consider the map ZY : M — 3

i xeMe A xQ e H

thus Z}], = ®¥ . We have =) < 1if 0 <A < 1/2.

With § = Sy, Ay = A and J = Jy, the Tomita operators, we shall say that
L*>-modular nuclearity holds for (N ¢ M, Q), with exponent A € (0, 1/2), if =My
is nuclear.

As
JA'RQ = JN'Sn*Q = JA TN = AT AP Q = AV Q,
L*>-modular nuclearity for (N C M, Q) holds with exponent A iff it holds with
exponent 1/2 — 1. As AV* = B(A* + AY?7%) with B a bounded operator, if L>-
modular nuclearity holds with exponent A then it holds with exponent 1/4. If no
exponent is specified for L>-modular nuclearity, we shall implicitly assume it to

be 1/4.
Consider now the condition

Ty < o0

with Ty n(1) = ALAG = ALA! for general exponents 0 < A < 1/2. Note that
1Ty n (D < 1 by (7) of Th. 2.3.1.
Since
EVly = Tun(Gd) - EY
we have
”E,]:/[lN”l < N TunGOllr
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7.3 Split property and trace class condition for nets
of factors

A net A of von Neumann algebras on S' is said to satisfy the split property if
there exists an intermediate type I factor A(/;) C F C A(l,) for any inclusion of
intervals I, € I,.

Proposition 7.3.1. If the split property holds, then the local algebras A(I) are
approximately finite-dimensional.

Proof. By continuity we may suppose that / is open. Let I; ¢ I, C ---I be an
increasing sequence of open intervals with I, c I,,; and UI, = I and choose type I
factors A(l;) € Fy € A(li41). Then A(I) is generated by the increasing sequence
of type I factors Fy, hence it is approximately finite-dimensional. O

Corollary 7.3.2. If A is non-trivial and the split property holds, A(I) is isomor-
phic to the unique Connes-Haagerup injective II1,-factor.

Proof. By Prop. 6.2.9 A(I) is a type I11;-factor. The result is then immediate by
the above proposition and the uniqueness of the injective type /11;-factor. O

Let A be a M0obius covariant net and L be its conformal Hamiltonian. We shall
say that A satisfies the trace class condition, at inverse temperature § > 0, if

Tr(e ) < o .

We now define the inner distance €(I,I) for an inclusion of intervals I € I. First
suppose that in the real line picture I =(-1,1)and I = (—e*%,e*), then we set
¢(I, 1) = 5. Now an arbitrary inclusion I € I of intervals of S! is conjugate by a
Mobius tranformation to a an inclusion (—e™, e™*) C (-1, 1) as above for a unique
s > 0 and we thus set £(I, ) = s.

Theorem 7.3.3. If A satisfies the trace class condition at inverse temperature 3,
then A(I) c A(l) is a split inclusion if ¢((I, 1) > B. Therefore

Tr(e ") < 0 VB > 0 = split property

Proof. With H(I) = A(I).,€2 the associated net of standard subspaces, we know
from Chapter 5 that

Tre™*) <0 = |Tjll<oo, IDLELD > s,

namely L? nuclearity holds for H(I) ¢ H(I). By the implications (7.2.7) we then
have the split property for A(I) c A(]). O
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We note that if I ¢ T are intervals with one common boundary point, then the split
property for A(I) c A(I) does not hold. Otherwise there would exists a product
state ¢ on A(I) vV A", namely ¢(xx’) = w(x)w(x'), x € A(), x' € A"). Now
8;(s) maps A(I) vV A(I") into itself, s > 0, and for x € A(I), x’ € A(I"), we have

@(67(5)(xx)) = @(67()(X)S7(5)(x")) = W(B7($)(x))wW(S7(5)(x)) = W(X)W(X) = P(xx).

As s — +00, 67(s)(X) — w(X) weakly for all X € A(I) v A(I"), so the above
equation shows that ¢ = w on A(J)V.A(I") which is a contradiction by the cyclicity
of Q. O

7.4 Split and nuclarity for second quantization nets

7.4.1 Trace and determinants

With a J{ be a Hilbert space and a positive contraction A € B(J{), we now give a
formula for calculating the trace of the exponential ['(A) of A in terms of A. If Bis
an operaror with discrete spectrum with eigenvalue list s; (with multiplicity), the
determinant of B id defined by det(B) = []; s; provided the product is absolutely
convergent.

Lemma 7.4.1. If A € B(H) is selfadjoint, 0 < A < 1, then
TrI'(A) = det(1 — A)7!, (7.4.1)
log TrI'(A) = Trlog(1 — A) (7.4.2)
Proof. Assume first that JH is one-dimensional, thus A = Aisascalar 0 < 1 < 1.
Then H®" is also one-dimensional for all n, thus we have I['(A) = @) A", so
TrTA) = Y2 A" =1 -7
For a general A (with discrete spectrum) we may decompose H = &;JH; so

that dimH; = 1 and A = ®;4;. Then I'(K) = ®$Q"}I‘(5H,-), where €); is the vacuum
vector of I'((H;), and A = ®;A;. It follows that

TrI(A) = ]—[ TrT(A4)) = ]_[(1 — )" = det(1 — A)".

Concerning the second formula, notice that

detB = eTrlogB
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hence
log TrI'(A) = —logdet(l — A) = —Trlog(1 — A).

Corollary 7.4.2. With A as above we have TrI'(A) < o iff TrA < co.

Proof. We have TrA = }; 4; and TrI'(A) = — > ;log(1 — 4;). As —log(1 — 1) =t
as t — 0%, the two series have the same character and the corollary follows. O

7.4.2 The trace class condition for A

We now show the trace class property, hence the split property, for second quanti-
zation nets where the multiplicity of the irreducible components in the one-particle
space increases sub-exponentially, in particular for the nets associated with the
U(1) current or its n-derivative. We shall denote by U™ be the irreducible unitary
representation of G with lowest weight n and by LE)") the associated conformal
Hamiltonian.

Proposition 7.4.3. Let U = @n m,U"™ be a positive energy unitary representa-
tion of G and denote by L the conformal Hamiltonian of U. Then
Tr(e ") <o,  YB>po, (7.4.3)
Tr(e ) =co,  YB<po, (7.4.4)

where By = log lim sup,, {/m,,.

Proof. The eigenvalues of Lg’) are {n,n + 1,n + 2,...}, with multiplicity one, so
_prm 00 _ —pn

Tr(ePho) = 332, e = 15 < oo
We then have

Tr(e Pl0) = Z m, Tr(e_ﬁLgn)) =(1-eP)! Z mye "
that converges if lim sup,, {/m,e® < 1 and diverges if lim sup, {/m,e* > 1. O

Corollary 7.4.4. The net generated by U(1) current, or by any derivative of the
U(1) current, satisfies the trace class condition, hence the split property.

More generally, let U = @n m, U™ be a positive energy unitary representa-
tion of G. The second quantization net Ay satisfies the trace class condition if
B > By where By is given in Prop. 7.4.3. So the split property holds if By = 0.
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Proof. The semigroup generated by the conformal Hamiltonian of Ay is F(e‘ﬁLgn)),
so by Lemma 7.4.1 we have Tr(F(e‘ﬁLgn))) < oo if and only is Tr(e‘BLgl)) < oo, which
holds for all 5 > 0. The split property now follows by Thm. 7.3.3. The case of a
general second quantization net Ay is treated similarly. O
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