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Chapter 1

The Mobius group

In this chapter we describe the structure of our basic symmetry group, the Mobius
group, and of its positive energy representations.

1.1 Basic structure

The group SL(2,R) of 2 X 2 real matrices with determinant one acts on the com-

pactified real line R = RU{co} line by linear fractional transformations: g = (CCI Z)

acts as
ax+b

cx+d

gixH gx= (1.1.1)

The kernel of this action is {+1}. We identify R with the circle S! = {z € C : |z =
1} by the Cayley map

x—1i
C:xeRb - est,
X+

inverse of the stereographic map z — —i(z — 1)(z + 1)7!, (setting C(c0) = —1), so
PSL(2,R) = SL(2,R)/{*1} is identified with a group of diffeomorphisms of S,
the Mobius group that is also denoted by G in these lectures.

Indeed, by the transformation C the group SL(2,R) can be identified with the
group S U(1, 1) of complex 2 X 2 matrices

(g g) of ~ 187 = 1,
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acting on S'! is as

az+p

Bz +a

andsoG ~ PSU(1,1) =SU(1,1)/{x1} (where ~ means isomorphic).

We shall frequently change from the “circle picture” to the “real line picture”
as some structure is more manifest in one description rather than in the other.
It will be clear from the context whether we are considering elements of G as
elements of PSU(1, 1) (acting on S!') or of PSL(2, R) (acting on R).

The following three one-parameter subgroups of G play an important role: the
rotation subgroup R(-), the dilation subgroup 6(-) and the translation subgroup
7(-); they are defined as quotient of the corresponding subgroup in SL(2, R)

[ cos®/2  sind/2 _fe 0 (1 ¢
R(ﬂ)_(—sinﬂﬂ cosﬁ/Z)’ 5(”‘(0 e—s/2)’ T(t)‘(o 1)

Note that R is periodic with period 2z in PSL(2, R) (and 47 in SL(2, R)). Geomet-
rically, the actions are the following:

7

R(¥)z = €7 onS!
o(s)x =e’x on R (1.1.2)
T(Hx=x+1 onR.

Denote by K (resp. A, N) the rotation (resp. dilation, translation) subgroup, i.e.
the range of R (resp. 0, 7).

The isotropy group of the point co for the action (0.1.1) is the translation-
dilation subgroup P = AN (the “ax + b” group). The subgroup of elements fixing
both {0} and {oo} is the dilation subgroup A.

It follows from the spectral theorem that every one-parameter subgroup of G
is conjugate, up to rescaling, to one of the above three ones (consider the Lie
algebra generators, see below). Note that G acts transitively on the ordered triple
of points of S! and the stabilizer subgroup of a single point (resp. of two points)
of S is conjugate to P (resp. to A).

By an interval I of S' we mean an open', connected, non-empty, non-dense
subset of S!'. The set of all intervals of S! will be denoted by J. Note that G acts
transitively on J. If I € J, we denote by I’ the interior of the complement of 7 in
S', which is an interval.

'As we shall see, there is no advantage to consider closed intervals at this point as Mobius
covariant nets will automatically extend to closed intervals
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Given any interval /, we now define two one-parameter subgroups of G, the
dilation 6; and the translation group 7; associated with /. Let I; be the upper
semi-circle, i.e. the interval {¢", 9 € (0, )}, that corresponds to the positive real
line R, in the real line picture. We set 6;, = 0, and 7, = 7. Then, if I is any
interval, we chose g € G such that I = g/, and set

S =gong,  T=gTng
The choice of g is unique modulo the subgroup that fixes the two endpoints of /,
namely by right multiplication by an element A. As A is abelian and d(s) € A, ¢;
is well defined; while the one parameter group 7; is defined only up to a rescaling
of the parameter due to the commutation relation

o(s)T(1)6(-s) = 1(e’t) . (1.1.3)

We note also that 7,(¢) is a one-parameter subgroup of G mapping / into itself iff
t < 0. We shall also set 7(1) = 77(¢) an 7’ = T(_w ).

If I is an open interval or half-line of R we write 7; or §; to denote the transla-
tion or dilation group associated with C(/) thus, for example, 7.y = 7/, = T.

1.2 KAN decomposition and the universal cover

We now describe the basic internal structure of G. The group P is the semi-direct
product of A and N (cf. eq. (0.1.3)) and in particular A and N intersect only at the
identity and every p € P = AN is uniquely written as p = an witha € A, n € N.
More generally the following decomposition for elements of G holds.

Proposition 1.2.1 (Iwasawa decomposition). We may write G = KAN uniquely,
namely every element g € G can be written uniquely as a product g = kan where
k belongs to the rotation group K (=~ T), a to the dilation group A (~ R) and n to
the translation group N (= R). Similarly G = ANK.

Proof. As noted, every p € P = AN is uniquely written as p = an with a € A,
n € N. Now G acts on S' and the stabilizer of the point —1 is P. Fix g €
G, then g maps —1 to a point g(-1) € § I let k € K be the rotation such that
k(-=1) = g(=1). Then p = k~'g preserves —1, so p € P. Therefore g = kp as
above. The decomposition is unique, indeed any decomposition g = kp has to
satisfy the equality g(—1) = k(—1) that thus determines p. Therefore g = kan
uniquely. Starting with g~! instead of g we get the decomposition G = ANK as
AN = NA. ]
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Note now that G acts on the upper complex plane Jz > 0 (let x be complex in
eq. (0.1.1)). The action is transitive. Indeed the A-orbits are the open half-lines
from the origin and the action is dilating, the N-orbits are the horizontal lines and
the action is translating. The stabilizer of the point i is K. So we can identify
the homogeneous space G/K with 3z > 0 which has an invariant measure for the
G-action given by (Jz)~'dz. By the Iwasawa decomposition we may also identify
G/K with P.

Corollary 1.2.2. The Haar measure of G = PK is the product dg = dpdk of the
Haar measures of P and K.

Proof. As we have seen, the action of G on P = G/K has an invariant measure dp.
Take a continuos function f with compact support on G. Then F(g) = fK f(gk)dk

is a function on G/K thus fP fK f(pk)dkdp is a right invariant integration. O

Indeed it is not difficult to see that also the decomposition dg = dadndk holds true.

Notice now that the Iwasawa decomposition is also topological, namely the map
(k,a,n) e KXAXN=2TXRXR - kan € G (L.2.1)

is a homeomorphism. This map is indeed clearly continuous and invertible and to
show that its inverse is continuous too we have to show that the projections of G
onto K, A and N given by the decompostion g = kan are continuous. Now the
equality g(—1) = k(—1) (proof of Lemma 0.2.1) shows that the projection onto
K is continuous so (multiplying on the left by k™) also the projection of G onto
x)‘}l) with a = (x 0 ) and

0 x!

P is continuous. Now if g = an € P then g = (g

n so the projections of P onto A and N are continuous. By the same

_ (1Y
01
argument the identification (0.2.1) is smooth.

As G is topologically isomorphic to TXR X R, G is not simply connected. The
universal cover G of G is thus a group homeomorphic to R3. The center of G is

isomorphic to Z and the central extension gives an exact sequence
t—=>Z->G->G—-1

Of course G admits also finite covers G™ corresponding to the n covers of K ~ T,
with center Z, and G/Z, = G.
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1.3 The Lie algebra

The Lie algebra sl(2,R) of G consists of 2 X 2 real matrices with zero trace. A
basis is given by

01 0 0 1(1 0
T‘(o 0)’ S‘(—l o)’ E‘E(o —1)

with commutation relations
[T,S]1=-2E, [E,T]=T, [E,S]=-S. (1.3.1)

A convenient basis for the complexification sl-(2,R) = sl(2,R) + i sl(2,R) of
sl(2,R) is

1 —i i
u—(_i_l)—E—ia—Sx

L4:(1_i)=— LT -),

i 0 1 A
o= 1(8 3}

so that
[LlaL—l] = _2L09 [LO’ L—l] = L_l, [L(), Ll] = _Ll .

Note that 7 is the generator of the one-parameter group 7, S = — AdR(7)(T) of
7', E = 1(Ly + L.;) of § and iL, of R.
A direct calculation shows that the Casimir operator defined by

A= EE-1)=TS = Ly(Ly— 1) — iL_lLl (13.2)
is a central element of the universal enveloping Lie algebra, thus its value in an
irreducible unitary representation of G is a scalar, indeed 1 € R (4 is selfadjoint)
and A > —1/4 (1 + 1/4 is sum of squares of selfadjoint elements).

1.4 Positive energy condition

Let U be a unitary representation of G on a Hilbert space J{. Then we have a
corresponding representation of the Lie algebra sl(2, R), thus of slc(2, R).
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To simplify notations we always denote the by the same symbols of the Lie
algebra elements and the corresponding operators on . Thus, for example L,
also denote the infinitesimal generator of the rotation one-parameter group U(R(-))
on H, which is called the conformal Hamiltonian of U.

We shall be mainly interested in positive energy representation, namely any of
the two conditions in the following Prop. 0.4.1 holds.

We denote by D the Gdrding domain for a unitary representation U, namely
the dense linear subspace of vectors of the form U(f)& with f a smooth function
with compact support on G where U(f) = f f(@)U(g)dg. Then D is an invariant
core for all Lie algebra generators.

Proposition 1.4.1. Let U be a unitary representation of G, The following are
equivalent:

(i) The conformal Hamiltonian Ly of U is positive;

(ii) The generator P (= —iT) of the translation one parameter subgroup U(7(-))
is positive.

If either the spectrum of P or of Ly is bounded below, then both P and L, are
positive.

Proof. Note that P and P’ have the same spectrum, where P’ = U(R(m))PU(R(—n)) =

—iS 1s the generator of the translation unitary group U(7'(:)) = U(Twop)(*)).
Moreover on D

Lo = %(P+P’) (1.4.1)

because of the corresponding Lie algebra relation.

If P is positive, by (0.4.1) we then have 2(Lo&, &) > (P€,€), & € D, so also Ly
is positive as D is a core for Ly. Thus (i) = (ii).

To prove the converse implication note first that

US()PUG(s)™" =Py UB()P'UWG(s) " =e* P . (1.4.2)
Therefore, assuming Ly > 0, by (0.4.1) we have the identity
U(S(s)LoU(6(s5))™" = % (eP+e°P)
on D that implies P > 0 because

(&, P&) = lim e (U(8(5)) ™€, LoU(6(s))™'6)/2 2 0 (1.4.3)
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for all ¢ in D, and D is a core for P. Thus (ii) = (i).

Finally note that the spectrum of P is dilation invariant by the first equation in
(0.4.2) so it has to be non-negative if it is bounded below. Now if the spectrum of
Ly is bounded below also the spectrum of P is bounded below by (0.4.3). So the
last statement follows by the shown equivalence (i) & (ii). O

1.5 Classification of positive energy representations

Let U be a unitary representation of G on a Hilbert space J{. As above, let
Lo, Ly, L_, be the operators on J{ corresponding corresponding to the elements
Lie algebra sl-(2, R) with the same symbol. As U is unitary, L is selfadjoint and
L, L_; are one the adjoint of the other.

We denote 3, the n-eigenspace of Ly, i.e. H, = {¢ € D(Ly) : Loé = né}
and by Jy, the finite-energy subspace, namely the linear span g, = >, H,. Let
U have positive energy, then there exists an integer m > 0 such that J(,, # {0}
and H,, = {0}, n < m; this m is called the lowest weight of U. A positive energy
representation is also called lowest weight representation.

Lemma 1.5.1. Let U be an irreducible representation of G with lowest weight
m. Then Iy, is contained in the domain of Lz, and Lz, are raising/lowering
operators: L_1H, C H,1, LiH, € H,_1. In particular Hy, is stable for the Lie
algebra representation. Moreover H,, is one-dimensional for all n > m.

Proof. Let E, be the orthogonal projection onto J, for a given n:

2
E =1 f UR®))e ™ di) = f YalOUK)dk
2n 0 K

where y, is the corresponding character of K.
We shall first show that D N H, is dense in H, for all n. Let f be a smooth
function on P with compact support that we extend to a function f, on G = PK

by fu(pk) = f(p)xu(k). As dg = dpdk we have
U, = fG £ U(g)dg = fK fP F XU U(p)dkdp = E, fP FPUpp
Thus if ¢ € H the vector U(f,)é € D N H,. By considering an approximate

identity /@ on P in place of f we see U(f.")¢ converges to E,&, therefore D N K,
is dense in H,,.



10 The Mobius group

Let now & € HH, be a vector in D. We have:
LoL (& = [Lo, L1]é + L1 Loé = L& +nl &= (n+ L&

and
LoLi& = [Lo, L)€ + L1 Loé = —Li& + nli§ = (n— 1)Li&

namely L_ ¢ € H,,; and L& € H,_;.
We thus fix a unit vector &,, in D N H,, and define &, € H,, a, € R recursively
by
fn+l = L—lfn a, = ”'fn”,

Note that a, is positive because
dryy = Enetrnn) = (Loién, L&) = (LiLo1 &y, &)
= ([Ll’ L—l]‘fm fn) + (L—lLl‘fn’ fn) = 2(L0§n’ ‘fn) + (Ll‘fn’ Ll‘fn) > Znai .

{€,} 1s an orthogonal family of vectors and its linear span is clearly stable for Ly,
L_;; we now show it is also stable for L;. Indeed since L&,, = 0 we have

Liéme1 = LiLy& = (LiLoy — Ly Ly)Ey = 2L0& = 2mé,
so L& € C&,, and
Llé‘:m+2 = LlL—1§m+l = (LIL—I - L—1L1)§m+l + L—1L1§m+l € C§m+l 5

by iterating the argument L&, € C¢,_; forall n > 0.
We now show that the action of sl=(2,R) on the space linearly generated by
the &, is completely determined. Let ¢, € C be defined by ¢,, = 0 and

ngn = Cn‘fn—l-
Then
2n§n = 2LOé‘:n = [LlaL—l]é:n = (LIL—I - L—lLl)gn = cn+lé‘:n - Cné:n s

therefore
Cn+l —Cp = 2n »
so ¢, is uniquely recursively determined. Indeed c¢,,+x = 2km + k(k — 1).
On the other hand

ain = (Loién, Enn) = (Eny Liénsn) = Cn+1ai
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so also a, 1s uniquely recursively determined as a,, = 1, indeed a, = \/Cpr1Cmi2 - - Cn.
We now show that JH,, is one dimensional. Let a { ,’;} « be an orthonormal basis
for 3, with &, € D; then L_,&%, and L_,£¥ are orthogonal if k # k’ because

(L&, Ly = (LILy & °) = 2(Loek, €5) = 2m(ek, €)= 0.

With V; the linear span of {L" &, n € N}, extending the above argument we see
that the V;’s form an orthogonal family and each of them is stable for Ly, L, L_;.
With X = V,, the operators Lol and (L; £ L_))|x, are essentially selfadjoint on
Vi 2. Thus each X is U-invariant, hence the family {&;}; has only one element
because U is irreducible, which amounts to say that J{,, is one-dimensional. Sim-
ilarly each H, is one-dimensional, n > m, and every H, is contained in D. So
Hs, € D.

As U is irreducible then the linear span of {£¢,} must be dense and we have thus
determined the irreducible representations as c,, = 0. O

If U is a reducible positive energy representation, the above argument show that
the closed linear span of the {£,} (with &, € D N H,,) carries an irreducible sub-
representation of U. Repeating the argument on the orthogonal complement we
see that U is direct sum of irreducibles.

Therefore, by the proof of the above lemma, we have shown:

Theorem 1.5.2. For each non negative integer m there exists a unique irreducible
representation of G with lowest weight m.

Proof. The uniqueness has been shown. Concerning the existence, we shall later
consider the irreducible lowest weight representation U of G in Sec. 0.21. Al-
ternatively one reverse the argument in the proof of Thm. 0.5.1, define the so
determined operators L;, L_;, Ly, and exponentiate them to a representation of G
because of the dense analytic vector domain (see the remark at the end of this
section). |

Remark. The lowest weight unitary irreducible representations of G, and the cor-
responding conjugate highest weight representations, are said to form the discrete
series representations because they are contained in the regular representation of
G. It is easy to extend the arguments in the proof of Lemma 0.5.1 to list all unitary

2If K = @K} is a Hilbert space direct sum, A is a selfadjoint operator on X and D = ¥, Dy
is a core for a A with AD; c Dy and D, c K, then each K is an invariant subspace for the
exponential of A. Indeed (A + i)D; is contained in K; so it is equal to K because (A +i)D = K.
Thus Alp, is essentially selfadjoint on K
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irreducible representations U of G. Let indeed U be irreducible, non-trivial, not
in the discrete series and, say, J{, # {0}. Choose a unit vector &, € H, and define
again &, € 3, by L_1&, = &,+1- Then L&, = c,&,-1 (use the fact that A is a scalar
in eq, (0.3.2)) and as above c,+1 — ¢, = 2n. So the U is determined by the choice
of ¢ > 0. The case ¢y > 1 gives the principal series, the case ¢y € (0, 1) the
complementary series of representations, which is Bargamann classification.

Note now that essentially the same proof of Lemma 0.5.1 shows that a Theorem
0.5.2 holds true for an irreducible, positive energy unitary representation U of the
universal covering group G of G. Note that ¢**% is a multiple of the identity as
it commutes with U. Thus sp(Ly) C {€,€+ 1,£ + 2,...} and the lowest weight is
defined as the lowest point in the spectrum. We thus have:

Theorem 1.5.3. For each € > 0 there exists a unique irreducible representation
U’ of the universal cover G with lowest weight {.

Note however that a positive energy representation U of G is not, in general,
a direct sum of irreducibles (it could be a direct integral over £). However, if
e? o ¢ C, then U is indeed a direct sum of irreducibles (this is the case of a
factorial representation).

Remark. The value of the Casimir operator in the irreducible representation U’ is
A=L4t-1). (1.5.1)

Indeed, if ¢ is the lowest weight vector, we have

1
A = (Lo(Lo = 1) = gLl Jé = Lo(Lo = DE = (L = DE.
Another immediate corollary is the following:

Corollary 1.5.4.

[ee)

Ul ® Ul = @ e+
k=0

Proof. Let Lg be the unique (modulo unitary equivalence) selfadjoint operator
with simple spectrum equal to {£, £+ 1, +2,...}. So Lg 1s the conformal Hamil-
tonian of U’. The thesis follows from the equality

Liol+1®L = éLg”””‘ :
k=0
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Remark. Let J be a Hilbert space with an orthonormal basis e,,, €41, €2, - - - -
On the linear span of the e;’s define the linear operators Ly, L;, L_; by

LOen = ney, L—len = VCu+1€n+1, Llen = VCn€u-1,

and L,e,, = 0, where ¢,,4x = 2km+k(k—1). As shown in Lemma 0.5.1 (¢, = a;lfn),
the above operators define a representation of sl(2,R) that exponentiates to the
irreducible unitary representation of G with lowest weight m.

Now the above expression shows that the e;’s are analytic vectors for Ly, Ly, L_1,
in fact for L2 + L7 + L?,. By Nelson theorem, the Lie algebra representation expo-
nentiates, without the a priori knowledge of the irreducible unitary representation
of G with lowest weight m, that can be defined in this way.

1.6 Representations of related groups

We begin to recall von Neumann theorem on the uniqueness of the representation
of the Weyl commutation relations. Let U and V be two one-parameter groups on
a Hilbert space . We shall say that they obey the Weyl commutation relations if

U@V(s) = e™V(s)U({), t,se€R.

Von Neumann theorem states that there is only one representation of the Weyl
commutation relations which is irreducible, that is no proper closed invariant sub-
space. In other words if U,V and U’, V' obeys the Weyl commutation relations
on the Hilbert spaces JH, H’, both irreducibly and not zero, there exists a unitary
W : H — H’ such that WUW* = U’, WVW* = V', Every non-zero representa-
tion of the Weyl commutation relations is then a multiple of the unique irreducible
one.

A realization of the irreducible representation is the Schrodinger representa-
tion: H = L*(R,dx), U is the translation group, i.e. (U(t)f)(x) = f(x — t), and
V(s) is the multiplication by ™%, i.e. (V(5)f)(x) = €™ f(x).

1.6.1 Representations of the “ax + b’ group

Let U be a unitary representation of P on a Hilbert space J{. Setting

u(t) = U(r(1)), v(s) = U((s)), t,seR
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we get two one-parameter unitary groups u# and v on J satisfying the commutation
relations

v()u(t)v(—s) = u(e’t). (1.6.1)

Conversely, given two one-parameter unitary groups u# and v on H satisfying
the above commutation relations, we get a unitary representation of P setting
U(t(£)0(s)) = u(t)v(s).

We shall say that U has positive (resp. negative) energy if the generator P
of u is positive (resp. negative). If furthermore P is non-singular, namely u has
no non-zero fixed vector, we shall say that u has strictly positive (resp. negative)
energy.

Theorem 1.6.1. There exists exactly one irreducible unitary representation of P
with strictly positive energy, up to unitary equivalence. Every unitary represen-
tation of P with strictly positive energy is a multiple of the irreducible one. The
analogous statement holds for strictly negative energy.

Let U be any unitary representation of P. Then U decomposes uniquely in a
direct sum U = U, @ U_ @ Uy where U, has strictly positive/negative energy and
Up(t(1)) = 1.

Proof. Letu and v be a s above and P the selfadjoint generator of u, thus
v(s)Pv(s)" = e°P . (1.6.2)

Assume now that P is strictly positive, thus log P is defined. We then have
v(s)log Pv(—s) = log P + s, thus

V(S)eitlogp — eitxeitlog PV(S) , (163)

namely the two above unitary one-parameter groups satisfy Weyl commutation
relations. By von Neumann uniqueness theorem we have the first part of the state-
ment for strictly positive P. The case P strictly negative is obtained by considering
u(—t) instead of u(t).

Concerning the second part of the statement, note that by (0.6.2) the spec-
tral subspace H_, H,, H, of P corresponding to (—o0,0), (0, c0) and {0} are U-
invariant; in other words U is the direct sum of a representations with P > 0,
P < 0 (P non-singular) and P = 0. m|

The above proof also shows the follwing:



1.6 Representations of related groups 15

Corollary 1.6.2. Let U be an irreducible, positive energy unitary representation
of G. Then the restriction of U to P is also irreducible. If U is non-trivial, Ulp is
the unique representation with P positive and non-singular.

Proof. If U is a unitary irreducible non-trivial lowest weight representation of G,
then the selfadjoint generator P of the translation unitary group is positive and
non-singular, see Cor. 0.7.3.

Then we have a representation of the Weyl commutation relations (0.6.3). The
restriction of U to P has to be irreducible because any bounded operator commut-
ing with E and T also commutes with S due to the formula (0.3.2).

]

The above corollary is not true if the positive energy condition is dropped.

1.6.2 Representations of G, and of P,

Let I; be the upper semicircle and consider the reflection r;, : z — Z of S where
Z 1s the complex conjugate of z.
For a general I € J we choose g € G such that I = gl, set

_ -1
rr=8rn8

and call r; the reflection associated with 7 (it is well defined because r;, commute
with dilations c.f. Section 0.1).

Let r be an orientation reversing isometry of S with > = 1 (e.g. r;,). Let o,
be the action of r on G by conjugation and denote by G, the semidirect product of
G with Z, via o,. Note that G, is a group of diffeomorphisms of S! that contains
also elements that do not preserve the orientation.

We call (anti-)unitary a representation U of G with operators on J{ such that
U(g) is unitary, resp. anti-unitary, when g is orientation preserving, resp. orienta-
tion reversing.

Theorem 1.6.3. Every unitary, positive energy representation U of G on a Hilbert
space H extends to a (anti-)unitary representation U of G, on the same Hilbert
space H. Every (anti-)unitary, positive energy representation of G, arises in this
way. U, is equivalent to U, iff U, is equivalent to U,. U is irreducible iff U is
irreducible and in this case the choice J = U(r) is unique modulo replacing J
with zJ for some 7z € T.
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Proof. Given unitary, positive energy representation U of G, to find an extension
U to G, it is sufficient to assume that U is irreducible, otherwise decomposing U
into irreducibles and extending each direct summand. Then, if U is irreducible, U
has the form given in Lemma 0.5.1. Now the anti-unitary involution Cdetermined
by CA&, = A&, commutes with Ly, Ly, L_;, so with CEC = E,CTC = -T,CSC =
—§. Therefore CU(g)C = U(rgr) as desires (see also Cor. 0.20.3.

We now show the uniqueness of the extension, up to unitary equivalence.
Suppose U’ be a second extension and set J = U(r,o), J = U’(r,o). Then the
unitary J'J commutes with U(G), thus with the center of U(G)”; in particular
J’'J commutes with the projection onto the lowest weight n representation sum-
mand (n = 0,1,...). We may thus assume that U = U™ ® 14, where U™ is
the irreducible unitary representation of G with lowest weigh n and X is a Hilbert
space. We may further assume that in this decomposition J = J, ® J; with anti-
unitary involutions Jy, J;. As J'J = 1 ® u with u a unitary in B(X), we also have
J' = Jo® J; where J; = uJ;. Now we are looking for a unitary V € U(G)’ such
that J* = VJV”, thus for a unitary v € B(X) such that J; = vJ;v*. But suchav
exists because any two anti-unitary involutions on a Hilbert space X are unitary
equivalent (choose real orthonormal bases).

The above argument also shows that if U; and U, are equivalent, also their
extension U, and U, are equivalent. Conversely, if U, and U, are equivalent, their
restrictions U, and U, are clearly equivalent. The rest is clear and our proof is
complete. O

By the same proof, Thm. 0.6.3 holds true replacing G with G and G, with G,
the semi-direct product of G with Z, by the involutive automorphism of G that
correspons to o,.

Let now P, be the subgroup of G, generated by P and the involution r. Thus P,
is the a semi-direct product of P by Z, and is generated by P and an involution r
such that rr(t)r = 7(—t), ré(s)r = 6(s). The (anti-)representations of P, are thus
given by pairs (U, J) where U is a unitary representation of P on a Hilbert space
H and J is a anti-unitary involution on JH such that

JU((1)J = U(r(-1)), JUG(s))J = U((s)) .

We have seen that P has only one unitary representation with strictly positive
energy. By an argument analogous to the one in above proof we then have the
following.
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Proposition 1.6.4. Let U be a unitary positive energy representation of P on a
Hilbert space H. Then U extends to a (anti-)unitary representation U of P,. The
extension is unique up to unitary equivalence. U is irreducible iff U is irreducible
and in this case J = U(r) is unique modulo a phase.

1.7 Vanishing of the matrix coefficients

In this section we prove the vanishing of the matrix coefficient theorem for unitary
representations of G, Thm. 0.7.2 below. We begin with the following proposition.

Proposition 1.7.1. Let U be a unitary representation of P on a Hilbert space H.
(a) If F C H is a finite-dimensional subspace which is globally U(5(-))-
invariant, then F is left pointwise fixed by U(7()).
(b) If U has no non-zero fixed vector for translations then

lim (U(p)¢, &) =0, VéEeT.
p—oo,peP

Proof. (a): Setting u(t) = U(7(¢)) and v(s) = U(d(s)) we have two one-parameter
unitary groups on JH satisfying the commutation relations (0.6.1).

Since F is finite dimensional, we need to show that u(r)é = & if £ is a v-
eigenvector, 1.e. if there exists a character y of R such that

V($)E=x(E, seR.

Indeed in this case by the formula (0.6.1) implies

u(e*NéE = v(Su(Ov(=s)¢ = x(SH(s)u(t)é

hence
(u(Ee'né, &) = wé, &), tseR.
As s — —oo we thus have

(£.6) = (g, &)

that implies u(#)é = £ by the limit case of the Schwarz inequality.

(b): As by assumptions u has no non-zero fixed vector, by Theorem 0.6.1 U is
the direct sum of a strictly positive and a strictly negative energy representations.
By the uniqueness in Theorem 0.6.1 it is sufficient to verify that

U(p) >0 weaklyas p —> oco(geP)
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for the irreducible strictly positive (negative) energy representation of P, namely
in the Schrodinger representation, where we now check its validity.

Indeed, in the Schrodinger representation on L*(R, dx), u is the translation on
parameter group on and v(s) is the multiplication by e*¢". It is sufficient to show
that

(u(t)v(sn) fr, f2) = 0
for fi, f» with compact support if (t,, s,) — oo in R2. If t, — oo then, for large n,
(u(t,)v(s,) fi1, f>) = 0; so we may assume that {z,} is bounded. By compactness we
may assume that 7, is convergent so, by a 3& argument, it will be enough to show
that (v(s,)fi, f>) — 01if 5, — co. Now v(s) = €4 where the selfadjoint generator
A, the multiplication by e*, has Lebesgue absolutely continuous spectrum, so v(s)
converges weakly to zero as s — oo by the Riemann-Lebesgue theorem. O

Theorem 1.7.2. Let U be a unitary representation of G on a Hilbert space J. If
U does not contain the identity representation, then

lim(U(g)¢.m) =0, V&, eI
Proof. First we observe that it is sufficient to show that

lim (U(p)é.m) = 0, V&1 € H. (1.7.1)
P>, peE

Indeed assume that equation (0.7.1) holds true and let g, € G be a sequence
gn — oo. We want to show that

(U(gn)é.n) — 0, VéEned.

Write g, = p,k, by the Iwasawa decomposition. Then p, — oco. As k, belongs to
the compact group K, we may assume that k, — k. Then

I(U(pn)ér,m) = (U g ml = [(U(p)UK)E, m) — (U(p)U(kn)E, )
< U&E = Ulk)él Imll — 0

where & = U(k)é. As (U(py)ér,€) — 0, then also (U(g,)é,n) — 0.

Therefore, by Prop. 0.7.1, the theorem is proved once we show that there is
no non-zero vector that is fixed by U(P).

Assume on the contrary that there exists a non-zero ¢ € H such that U(g)¢ = &
for all g € P and set

f(e) =U@®E,¢), g€G.
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Then f is a bi-P-invariant function, namely f(pgq) = f(g) Vp,q € P and g € G.
Thus f defines a continuous function f; on the coset space G/P, invariant for the
left action of P on G/P.

Now G acts on R as in (0.1.1) and the stabilizer of the point co is P. So
G/P =~ R and the left action of G on R is given by eq. (0.1.1). In particular R is
a dense orbit for the action of P on R. So f is constant, namely & is a G-invariant
vector. O

Corollary 1.7.3. Let U be a unitary representation of G on a Hilbert space H.
Given & € H, the subgroup {g € G : U(g)¢ = &} is either compact or equal to G.

Corollary 1.7.4. Let U be a unitary representation of G that has no fixed vector
If g, € G is a sequence such that g(g,) — oo, where q : G — G is the quotient
map, then U(g,) weakly converges to 0.

Proof. Let U the conjugate representation of U. Then U ® U is a representation
of G, thus

[(U(g)é1, EN = (U1 ENT(g)E1,E) = (U ®U(gn)é1 &1, 6 ®E) — 0.
O

If in the above corollary U were a representation of a finite cover G™ then we
could have just assumed g, — oo as this is equivalent to g(g,) — oo (in the case
of G we may take g, central, g, — oo but g(g,) is fixed).
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Chapter 2

Standard subspaces of a Hilbert
space

We shall now consider certain real closed linear subspaces of a complex Hilbert
space. The emerging structure is definitely richer than what one would expect.

2.1 Basic properties, modular theory

Let J{ be a complex Hilbert space and H C J a real linear subspace. The sym-
plectic complement H' of H is the real Hilbert subspace

H ={&eH: 3 n =0 Vne H).
Clearly
H' = (iH)* (2.1.1)

where the L denotes the real orthogonal complement in J, namely the orthogonal
complement with respect to the real scalar product R(-, -). Therefore H ¢ H”
and H = H”. Moreover

H cH,=H DH,.

A closed real subspace H is called cyclic if H + iH is dense in H{ and separating
if HNiH = {0}. Because of eq. (0.8.1) we have
(H +iH)Y = H NiH’,

so H is cyclic if and only if H’ is separating. A standard subspace H of H is
a closed, real linear subspace of H{ which is both cyclic and separating. Thus a
closed subspace H is standard iff H’ is standard.
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Let H be a standard subspace of J{. Define the anti-linear operator S = Sy :
D(S) c H — H, where D(S) = H + iH,

S:é+in—E-in, &EneH.

As H is standard, S is well-defined and densely defined. Clearly S? = 1|p().
We shall soon see in Prop 0.8.4 that S 4 1s a closed operator.

Lemma 2.1.1. Let S be a closed, densely defined, anti-linear involution on J.
Then H = ker(1 — §) is a standard subspace of I.

Proof. First
H=ker(1-S)={£€D(S):S5&=¢)

is a closed real linear subspace of J{, because S is a closed operator. To check
that H is standard, note that any & € D(S) can be written as

1 1
§=7@+3H+iz(E-5H =6 +i6 (2.1.2)

with &,& € H, thus H is cyclic. Moreover H is separating because if £,n7 € H
and ¢ = in, then applying S to both vectors in this equality we also have ¢ = —in,
thus & =n =0. O

Proposition 2.1.2. The map
He Sy (2.1.3)

is a bijection between the set of standard subspaces of I and the set of closed,
densely defined, anti-linear involutions on H. The inverse of the map (0.8.3) is

S B ker(1-195).
Moreover this map is order-preserving, namely
HICH2<:>SH1 CSHza (214)

and we have
Sy=Sw. (2.1.5)
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Proof. First we show that every densely defined, closed, anti-linear involution §
on J is in the range of the map (0.8.3). To this end note that H = {¢£ € D(S) :
S¢& = £} 1s a standard subspace by Lemma 0.8.1. Clearly S D Sy. By eq. (0.8.2)
D(S)=H+iH=D(Sp),s05 =S4.

We now prove eq. (0.8.5). With &,,&, € H, £],&, € H we have

(S ué1+i62), 61 +18) = (§1-i&2, & +1&3) = (61,€1) — (&2, D +i((61, ) +(£2,6)
= (§] — i85, &1 + i&2) = (S (&) + i89), &1 + i&2)

showing that S, O S .

To get the reverse inclusion, notice that S, is a closed anti-linear involution.
Setting K = {¢£ € D(S},) : §3,€ = &}, then K is a standard subspace, K O H’ and
S7, =Sk With& € H,np € K we have

&n=ESkm)=ESym =0, Sué) = @,€)

that is J(&,n7) =0,s0 K € H', thus H = K'.

We have thus proved eq. (0.8.5) so, in particular, Sy is a closed operator.
Therefore the range of the map (0.8.3) consists of all densely defined, closed,
anti-linear involution on J{.

Concerning the injectivity of the map (0.8.3), this follows by the obvious
equality H ={£ € D(Sy) : Syé =€)

Last, equation (0.8.4) is immediate. O

Proposition 2.1.3. Let
SH = JHA}L;Z

be the polar decomposition of S = Sy. Also set J = Jy, A = Ay. Then:
(a) J is an anti-unitary involution

J=J=J"
(b) A = S*S is a positive, non-singular selfadjoint linear operator, and
JAJ =A""

therefore )
Jf(A)J = f(a™)

for every complex Borel function f on R with complex conjugate f. In particular
J commutes with A",
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(C) JH/ = JH and AHr = A;l
(d) If U is a unitary operator on H, then UH = H iff UAyU* = Ay and
UJyU* = Jg.

Proof. The identity S? = 1 on D(S) shows the S, hence A is non-singular. More-
over it gives JA'/2JAY? = 1 on D(A'?), so JA'2J = A~'/2. This implies (b) and
in particular J? = 1.

The identity S%, = Sy gives S%, = Ju A} = ATy = JuA,? so Jy = T
and A}{//z = AI_{] /2 by the uniqueness of the polar decomposition. So we have (a)
and (¢).

Finally, to check (d), note that if U is a unitary we have Sy = USxU". So
UH = Hift USyU* = Sy which is equivalent to UJyU* = Jy and UA}fU* =
A;{/z again by the uniqueness of the polar decomposition. O

The operator Ay is called the modular operator and Jy is called the modular
conjugation of H.

The following theorem is the real Hilbert subspace (easier) version of the fun-
damental Tomita-Takesaki theorem for von Neumann algebras.

Theorem 2.1.4. With A = Ay and J = Jy as above, we have for all t € R:
A"H=H, JH=H'.

Proof. A" commutes with A'/? and J, thus with S. The first relation thus follows
because if ¢ € H 4
SAltf — AitSé: — Aité:

namely A’H c H for any t € R, thus AYH = H.
Concerning the second relation, notice that if £ € H then

(JE,6) = (JSE,&) = (A?£,6) e R
thus forall é,n € H
JE+m,&+n) =g+ Unm+UEn +Un &)

is real, so J3(J€,n) = 0, namely JH C H'.
As Jy = Jy we also have JH' ¢ H” = H, namely H" C JH. O

Corollary 2.1.5. Let H be an Hilbert space. There is a bijective correspondence
between
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e Standard subspaces H of H;

e Pairs (A,J) where A is a selfadjoint linear operators on H, J is a anti-
unitary involution on H and JAJ = —A.

Up to unitary equivalence, there is a bijective correspondence between
e Standard subspaces H of some Hilbert space;
e Selfadjoint linear operators B > 0 on some Hilbert space K.

Proof. For the first equivalence: Given H, the pair (log Ay, Jy) 1s the correspond-
ing pair. Conversely, given (A, J), then § = J 2 is a anti-linear closed involution
and one gets a standard subspace by Prop. 0.8.2. Clearly these constructions are
one the inverse of the other.

For the second equivalence: Given a Hilbert space H and a standard subspace
H of H, we define B as the restriction of log Ay to its spectral subspace corre-
sponding to [0, co). Conversely, given B let K, and KX, its spectral subspaces cor-
responding to {0} and (0, o), so we have a decomposition B = 1@ B, on Ky XK,.
Choose anti-unitary involutions Jy and J, on Ky, K, andset B = J.B,J, ®1® B,
onK=K,eKy®XK,. ThenJ = V(J, ®Jy® J,) is a anti-unitary involution on K
and JBJ, where V is the unitary involution on X that interchanges the two copies
of X, and is the identity on X,. As the choice of Jy, J, is unique up to unitary
equivalence, this construction is unique up to unitary equivalence too. The rest is
clear. O

Corollary 2.1.6. Let E, be the spectral projection of Ay relative to the interval
(A7), A > 0. Then E;H C H. Therefore | J,-o E;H is a dense subspace of H
and any of its elements & has A-exponential growth, namely ||A%€|l < e for
some constant ¢ > 0 and all z € C.

Proof. The characteristic function f of the interval (17!, A) is real and f(f) =
f(@™), thus E;H C H. Clearly all vectors in E;H have exponential growth. The
rest is clear because E; — 1 strongly, as 4 — 400 because A is non-singular. O

Let H be a real linear subspace of J{ and V a one-parameter unitary group of H
leaving H globally invariant. We now consider the following (one particle) KMS
condition at inverse temperature 8 > 0: for every &, € H there exists a function
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F (depending on &, 1), bounded and continuous on S; ={zeC:0<Jz<p8},
analytic in the interior of Sz of S;, such that

F@) =V0én, Fa+ip)=mV@OE).

As the uniform limit of holomorphic functions is holomorphic, it follows easily
that if the KMS condition holds for H, then it holds for H.

If H is closed, the entire vectors of exponential type are dense (see the proof
of Cor. 0.8.6) and it follows that the above KMS condition is equivalent to

&) = (7, AP¢)

for a dense set of analytic vectors of exponential type &, € H, where V(1) = A™"
with A is a non-singular, positive selfadjoint operator.

Proposition 2.1.7. Let H be a cyclic closed real Hilbert subspace of H.

If H is standard, then A", H satisfy the KMS condition at inverse tempera-
ture 1.

Conversely, if V(t), H as above satisfy the KMS condition at inverse tempera-
ture 1, then H a standard subspace of H and V(1) = A}".

Proof. Concerning the first assertion, let £&,7 € H be an entire vector as in Cor.
0.8.6. Then, omitting the suffix H, we have in particular &, € D(A!/?)

(m, A&) = (AP, AV?¢) = (JAVPE, TN ) = (S&,8m) = (€.m) (2.1.6)

so the KMS condition holds.
For the converse, let V() = A where A is a non-singular, positive selfadjoint
operator. Then by the KMS condition we have

(n,Aé) = (£, 1) (2.1.7)

in particular for any 1 and V-entire vectors & in H. Now if n € H N iH we have

(&, n) = i(in, AE) = i(&,in) = —(&,1)

for all ¢ € H, thus 7 is in the orthogonal complement of H + iH, which is zero as
H is cyclic. So H is standard.

As V(t)H = H, A commutes with A, there is a common set of entire vectors
for V and A" which is dense in H (extend the argument in the proof of Cor. 0.8.6).
On this set we then have by comparing eq. (0.8.6) and (0.8.7) we have

(n,A) = (n, AS) ,
SOA = A. O
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Corollary 2.1.8. Let H be standard subspaces of H and K C H real Hilbert
subspace with AZK =K, teR. Then A;’( = AZIK where X = K + iK.

Proof. Immediate by the KMS condition. O

We now characterize the modular conjugation.

Proposition 2.1.9. Let H be standard. Then Jy is the unique anti-unitary involu-
tion J of H such that JH > H' and

(J€,6) >0, VéEeH.

Proof. The positivity property holds for Jy because (Jyé, &) = (A}q/zé-‘, &) > 0 for
allé e H.

On the other hand, let J be a anti-unitary involution that satisfies the positivity
condition then

(J€,6) 20
forall¢é € H. Then forall é,n € H

(J(f‘*"])’f"'n) = (Jf,f)‘i'(]’?aﬂ) + (Jé:’n)'i' (]naf) = (J‘f,‘f) + (JUJ]) +2(Jé‘:777)

is real, so (J&,n) is real. It follows that JH c H’. Assuming JH D H’ we then
have JH = H'.
Moreover for all € +in € H + iH we have

(JSu(& + i), & +in) = (JE+ iJn, & + i)
= (J&,6) + (Un,n) +i(Un, &) —i(JE,n) = (JE,6) + (Un,n) 2 0.

So there is a canonical, positive selfadjoint operator A on H, with D(A'?) >
D(S ) (use the Friederich extension) such that

(JSu& &) = (A'2¢,8), e D) =D(Sy).

Now AZ commutes with S g and with J (because JH = H’) so with JS . There-
fore A" commutes with A'/2. It follows that AL/Z commutes with A!/2, thus they
have a common core, so A!/? is selfadjoint on D(S ;). We then have the equality
JSu = AY? or Sy = JA'? and, by the uniqueness of the polar decomposition, we
get A=Ay and J = Jy. m|
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Proposition 2.1.10. Let K C H be standard subspaces of H. If i, K = K for all
teR then K = H.

Proof. By assumption, D(S ) = K + iK is a dense complex subspace of J{ which
is globally invariant for A, for all € R. As D(S ) € D(S ) = D(A}?), it follows
by Prop. 0.8.11 below that D(S g) is a core for Sy, thus Sy =Sypand K = H. O

Proposition 2.1.11. Let U(t) = €™ be a one-parameter unitary group on a Hilbert
space H and f : R — C a locally bounded Borel function. If D C D(f(A)) is a
dense, U-invariant linear space, then D is a core for f(A).

Proof. By replacing f with |f|, we may assume that f is non-negative. Let & € JH{
be a vector orthogonal to (f(A) + 1)D. We have to show that ¢ = 0. If gis a
function in the Schwartz space S (R), we have

((f(A) + Dg(A)mn, &) = f EO((f(A) + D™, &)dt = 0, (2.1.8)

for all n € D, where g the Fourier anti-transform of f.

If now g is a bounded Borel function with compact support, we may choose
a sequence of smooth functions g, with compact support such that g,(A) — g(A)
weakly, thus eq. (0.8.8) holds for such a g.

Let then g be a bounded Borel function with compact support; we may write
2() = (fF(D)+ D(f(D)+1)"'g(1), therefore (0.8.8) with g() replaced with (f(1)+
1)~'g(2) gives

(8(A)n,£)=0.

As we can choose a sequence g, of bounded Borel function with compact support
such that g,(A) — 1 strongly, it follows that (,&) = 0 for all n € D, hence & = 0
because D is dense. O

Expectations and abelian subspaces

Let H be a separating real subspace of JH and K C H a closed real linear subspace.
Then K is separating, so K is standard subspace of KX = H + iH.

Let E be the orthogonal projection of H onto K. We shall say that E is an
expectation of H onto K if EH C K. Then EH = K and El|y is the real orthogonal
projection from H onto K. In this case we shall also say that there exists an
expectation from H onto K, although the expectation is unique by definition.
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Theorem 2.1.12. With the above notations, the following are equivalent:
(i) There exists an expectation from H onto K;
(it) ALK = K forall t € R. In this case Al|x = A%
(iti) JgE = EJy. In this case Jy|y = Jk.
Proof. Assume (i); then for £,n7 € H, so E¢,En € K C H, we have
SuE& +in) = Sy(EE +iEn) = EE —iEn = ES y(& + i)

thus S yE C ESy, namely E commutes with Jy and Agz, and thus with A, As
JHA}{/ZIK = Sulx = Sk we then have A¥|x = A and Jylx = Jx. So we have
shown (i7) and (iii).

Now notice that E, as an operator H — XK, is the adjoint of the inclusion map
of X into H. As this is K — H-real (see below), it follows that JxEJg is H — K-
real. Assuming (iii), we then have that £ = JxEJy is H — K-real, namely E is an
expectation.

Finally, assuming (ii), we have A¥|x = A% by the KMS condition. If ¢ €
D(S ) we have S & = S &, therefore JHA}(/zf = JHA},/Zf = JKA}</2§, so Jylx =
Ji. Thus S ylic = Sk, so ED(S g) = D(S k) and so if ¢ € H we have

Eé € D(Sk) and SgEE = ES yé = EE
namely E¢ € K as desired. O

Note that, by replacing H with H + iH we may assume that J is standard in
the definition of the expectation, namely we may replace E with the orthogonal
projection from H + iH to X.

Proposition 2.1.13. Let H be a closed real subspace of H. If H is abelian (i.e.
H C H’) then H is separating. Moreover the following are equivalent:

(i) H is maximal abelian,

(it) H = H’ (i.e. both H and H' are abelian),

(iii) H is abelian and cyclic,

(iv) H is standard and AY, = 1.
As a consequence, if Hy C H, are closed abelian subspaces of H, there exists an
expectation from H, onto H,.

All maximal abelian real subspaces of H are unitarily equivalent.
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Proof. Concerning the first assertion, let H be abelian, we want to show that H is
separating. Set K = H+iH. As H = (H' N X) & (H & X), it follows that H is
separating in I iff it is separating in K, so we may assume that K is cyclic in J.
Now H cyclic implies H’ separating, but then also H C H’ is separating.

Concerning the equivalence of the four assertions, (i) & (ii) is straightforward.

(it) = (iii): (H +iH)* c H' = H, thus H = H” is cyclic.

(iii) = (iv): H 1s separating because H" O H, thus H (so H’) is standard. As
Al,H = H, we then have H = H’ by Prop. 0.8.10. As A, = A}, it follows that
Al is trivial.

(iv) = (ii): H is abelian because if £,7 € H then (£,n7) = (Sgé,Syn) =
(Jué, Jgn) = (n, &) is real. By the same argument H’ is abelian too.

It remains to prove the uniqueness. If H is maximal abelian then the scalar
product of J{ is real valued on H. By (iv) H + iH = D(Sy) = I, so I is the
complexification of the real Hilbert space H, which is unique. O

We shall say that a real subspace H of H is abelian if H C H’', namely 3(&),&) =
0 for all &,&, € H. 1f H is a standard subspace of H, its center Z = H N H' is
clearly abelian as (HNH’)' is the closed linear span of H and H'. Clearly A},Z = Z
so by Thm. 0.8.12 and Prop.0.8.13 AY, is the identity on Z. Indeed we have

Proposition 2.1.14. Z = {£ € H: A& =€)

Proof. With ¢ € H a fixed vector for AY, we have to show that £ € H’. For any
vector n € H N D(Ay) we have indeed

En) = Su&, Sum) = TuAE Tulby)n) = (A0, A€ = (Aum, &) = 1,€)

so J(&,n) = O that entails &€ € H’ because H N D(Ay) is dense in H by Cor.
0.8.6. O

2.2 Borchers theorem (one-particle)

We now discuss the standard subspace version of a theorem of Borchers. The
original version in the setting of von Neumann algebras will be discussed later.
The following proof is adapted from Florig’s proof of Borchers original theorem.

Theorem 2.2.1. Let H be a standard subspace of a Hilbert space H. Let U be a
one-parameter group on H, with generator P, satisfying

UsSHCH, s=>0.
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If £P > 0, the following commutation relations hold:

AitU(S)A—it — U(e¢27rts),
JU(s)J = U(-s), t,s €R,

where A = Ay, J = Jy.

Proof. Replacing H with H" we may assume P > 0. We obtain the adjoint equa-
tions of the assumed commutation relations if we replace s by —s. Hence, we can
assume s > 0. Let ¢ € H,& € H'. We define a bounded and continuous function
on Sy (as P> 0 and Je*™s > 0 for z € S,,)

[@) = (A, U )A™¢)

which is analytic in S;,,. Note that f(7) is real if € R because U(e*™s)A™"¢ € H
and A& € H'.
Set V(1) = JU(-1)J,t € R. Then V(t)H C H if t > 0 because of JH = H’ and

Ut HcH=UtH DH =>U(-t)H cH', t>0.

Now we have

f(t + é) — (A—I/ZA—ité':/’ U(62m+i7rs)A—itA1/2é':)

— (A_1/2A_it§', JV(eZﬂtS)A_itf) (221)

— (A_ité:’, (JAI/Z)V(eZR'tS)A—ité‘;)

— (A_ité‘:/, V(eZm‘S)A—itg)
for t € R. Therefore f(t + i/2) is real if t € R because V(e*s)A™"¢ € H and
A e H'. L

Therefore f(#) is bounded continuous on S ,, analytic on S/, and real valued

on the boundary lines 3z = 0 and Iz = 1/2. By the Schwarz reflection principle

f can then be extended to a bounded entire function which has to constant by
Liouville theorem. As H and H’ are total in H{ we then have

Ait U(eZTIIS)A—it — AiO U(eZTIOS)A—iO — U(S) .

Moreover f(0) = f(i/2) gives U(s) = V(s) = JU(-s)J. |
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Remark. Let H be a standard subspace of a Hilbert space H{ and K C H a standard
subspace. We then have

JxJyH = JxH' € JkK = K,

so I' = JxJy is a canonical unitary on I (corresponding to the canonical endo-
morphism in the von Neumann algebra setting). In particular we have the tunnel

HD>K>THOTKOI?HOI?K D ... (2.2.2)
If in Borchers theorem one set K = U(1)H , then
r=uv@).
Indeed I' = JxJyg = U(1)JgU(-1)Jg = U(L)U(1) = U(2).

Corollary 2.2.2. Let H be a closed cyclic subspace of a Hilbert space H and U
a one-parameter group on H, with generator P with =P > 0 (or P < 0), such that
U(tH = H for all t € R. If U has non non-zero fixed vector then H = H.

Proof. First assume that H is standard. Then JU(¢)J = U(t) by Prop. 0.8.3 (d),
while JU(#)J = U(-t) by Borchers theorem, so U is the identity and H = {0}
because U has no non-zero fixed vectors.

Now in the general let H be cyclic. Then H’ is separating, thus H’ is stan-
dard in H’ + iH’ and U-invariant; so H' = {0} as already seen. Therefore H, the
symplectic complement of H’, must be equal to . O

Converse of Borchers theorem

Lemma 2.2.3. Let H,, H, be standard subspaces of the Hilbert space H, and
assume that UH, = H,, with U a unitary on H. Then H, C H, iﬁ”A}{/le* C

Ju U Ty, A;,/f.

Proof. We have H, C H; if and only if Sy, C Sg,. Setting J; = Jy., A; = Ap,, the
following equivalencies hold:

H,cH & S,cS, © ULAPU c /IA? & AU ¢ WU AP,
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Theorem 2.2.4. Let H be a standard space in the Hilbert space H and U(s) = e"*"
a one-parameter group of unitaries on H satisfying

A"U(s)A™ = U(e™s) (2.2.3)
where A = Ay. The following are equivalent:
(i) U(s)H C H for s > 0;
(ii) xP is positive.

Proof. We prove the theorem choosing the minus sign in (0.9.3) and the plus
sign in (ii). The statement with the opposite choice of the signs then follows by
considering H’ instead of H.

(if) = (i): First we show that the relation

JU(s)J = U(-s)

is valid. Let £ € H,& € H and 5 > 0. As P > 0 and Je*@s > 0 for z € Sy, the
function

() = (A, U 5)A ¢)

is bounded continuous on % and analytic in S;p. Set V(¢) = JU(-1)J, t € R.
Then we compute as in (0.9.1) that

f@+i/2) = (AT, V(" )ATE)

for 1 € R. As by assumption (0.9.3) f is constant on the real axis, then f is
constant on S/, and in particular f(0) = f(i/2), namely

& U8 =, V() .

As both H and H’ are cyclic, we then have U(s) = V(s) = JU(-s)J for s > 0,
hence for all real s (taking adjoints).

In order to prove (i), note now that by Thm. 0.6.1 we may assume that P > 0
or P = 0. When P = 0 isotony trivially holds, so we assume that P is positive and
non-singular.

By Lemma 0.9.3, we get

U(s)H c H & A'?U(s)* c U(s)AV2. (2.2.4)
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By the uniqueness, up to multiplicity, of the positive energy representation of P,
the relation on the right hand side of (0.9.4) can be checked in just one non trivial
representation, e.g. in the Schrodinger representation, where it holds true (see
Sect. 0.21). So the left hand side of (0.9.4) also holds true.

(i) = (ii): The unitary representation of P generated by U and A" decompose
in a direct sum of representations with P < 0 and P = 0 and P > 0. We have to
show that the P < 0 component does not occur. In other words P < 0O and the
isotony (i) imply that the underlying Hilbert space is {0}. Indeed, by what above
proved, P < 0 implies U(—s)H C H for s > 0, so U(s)H D H, for s > 0, and so H
is globally U-invariant. Then U(s) commutes with A” and eq. (0.9.3) implies that
U(s) =1. ]

2.3 Real maps

Let K and H be (complex) Hilbert spaces and K c K, H ¢ H standard subspaces.
A bounded linear map T € B(K, H) is said to be K — H- real if TK C H.

Theorem 2.3.1. Let H ¢ H, K c X be standard subspaces. Then for T €
B(X, H) the following conditions (a) — (g) are equivalent :

(a) T is K — H-real;

(b) T* is H — K’-real;

(c) JxT*Jg is H — K-real;

(d) (Tn,&)eR forallne Kand& € H';

(e) TSk C SuT;

(f) AngAI_{l/ s defined on D(A}l/ 2) and coincides there with JgT Jx;

(g) The map T(s) = AI‘J"STA% € B(X,H), s € R, extends to a bounded strongly
continuous map on Sy », analytic in Sy, and satisfying

T(%) = JyTJxk. (2.3.1)
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Moreover, if the above equivalent conditions are satisfied, then we have

ITIN<ITII, z€Sip, (2.3.2)
T(z+10)=A;"T@)AL, z€S,t€R, (2.3.3)
T(s + %) = JyT(s)J¢c. s€R (2.3.4)

and T(s) is K — H-real and T (s + %) is K" — H'-real for all s e R.

Proof. TK c Hiff 3(Tn,&) =0foralln € K, & € H', thus iff 3(n, T*¢) = 0.
Therefore (a) © (b).

Let us assume that (a) holds. Every & € D(S k) 1s of the form & = &, + i&, with
&1,6 € K. Hence we get

TE=TE +iTé € H+iH C D(Sp),
SuTE =TE —iTé = TS k&,

proving (e). Conversely, if (¢) holds, then we have for every £ € K € D(S)
TéEeD(Sy) and SyTE =TS é =TE,

so T¢ € H. Therefore (a) & (e).
Since Jg is involutive and S ¢ = A;/ 2y Sy = A1_11 2y 1, (e) is equivalent to

TAY? € AP ayT Ik .
This equation is equivalent to the validity of
ANPTALPE = JuTIgé, €€ DAY,

and thus (d) & (f).

(d) & (b) follows immediately from JyH = H’, JxK = K'.

(f) © (g): let ¢ € H and n € K be entire vectors of exponential growth (Cor.
0.8.6) respectively for Ay and Ag. Then f;,(2) = (A;}ZTAzn, &) = (TA%]], Ayzf)
is an entire function whose value at z = ¢ + i/2 is

fen(t +i/2) = (TAYP ALy, AP ALE) (2.3.5)
(t € R). If (f) holds, then

fen(t +/2) = (JyTJIxALy, ALE)
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so, by the Three Line Theorem, ||z, (z)Il < [IT|||I]llInll. By the density of the &’s
in H and the n’s in K we get (g).
Conversely, if (g) holds, then by (0.10.5) we get

(TAL P, AY?E) = (T JIxn, €)

As the n’s for a core for A1_<1/ 2 and the &’s a core for A;{” 2, it follows that the above
equation holds true foll £ € D(Sy) and n € D(Sg). This implies AL/ZTA;/ n =
JuT Jgn for all n € D(S k), namely (f) holds.

Now let us assume that the equivalent conditions (a) —(g) are satisfied. Clearly
we have T(s+1) = A;'T(s)AL fort, s € R, so by (g) we have T(z+1) = AT (2)A%
fortre Randz € %, namely eq. (0.10.3) holds. Setting z = —i/2 we get (0.10.4)
by (0.10.1).

So the map 7'(-) is bounded and for all s € R

1T = IAGTALN =170 [[7(s + 5)]| = WaT ()l = 1,

we get also (0.10.2) by the Three Line Theorem. Finally, since K and H are
invariant under A and A%, respectively, for every s € R, T(s) is K — H-real and
T(s+ %)= JyT(s)Jk is K’ — H'-real. O

Corollary 2.3.2. Let K C H be standard subspaces of H. The map W(s) =
A;SA?, s € R, extends to a strongly continuous map on S, 5, analytic in S, such

that W(s + é) = JgW(s)Jg. Moreover W(s + %) is K" — H'-real.

Proof. Immediate setting 7 = 1 in the above theorem. O

We now give a converse of Th. 0.10.1, namely we characterise the map 7. Be-
cause of a subsequent application we treat the case with an a priori singularity
at z = i/2, that will turn out to be a removable singularity. This can be general-
ized to the case with an a priori set of singular values on the strip boundary with
one-dimensional Lebesgue measure zero [?].

Theorem 2.3.3. Let H C H and K C X be standard subspaces. Let
z € Sip\i/2) ¥ T(2) € BEK, H)

be a bounded, weakly continuous map on %\{i /2} which is analytic in Sy, and
satisfies:
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o T(s)is K— H-real forall s € R,
o JxT(s+i/2)Jyis H— K-real for all s € R\{0}.
Then there exists a K — H-real operator T € B(K, H) such that
T(s) = A TAY, seR. (2.3.6)
Hence T(-) extends to a strongly continuous map on % and satisfies
T(z+1) =A;'T@QAL,  z€S,,t€R, (2.3.7)
T(s+i/2)=JyT(s5)Jk, seR. (2.3.8)
Proof. Fix ¢’ € H',n € K and t € R and consider the two functions of s € R
F(s) = (¢, ApT(s + DAK'D) .

As T'(-) has a bounded continuos extension in the strip @\{i /2}, analytic in S,
it follows that F' has a bounded continuos extension in the strip @\{iﬂ —t},
analytic in S, ;. Note that, by the assumed reality properties, we have F(s) is real
for s € R.

The upper boundary values are given by

F(s +i/2) = (A€ ABT (s + 1+ i/2)A A )
= (€, AT (s + 1+ i/ DAETkn) = (AP TuT (s + 1+ 1/2)Jx A, €)

s € R, s +t # 0. Therefore, again by the assumed reality properties, we have that
F(s+i/2)isrealforalls e R, s +¢ # 0.

So, by the Schwarz reflection principle, we can extend F' to a bounded function
analytic on the complex plane except for z € —t + é + iZ. As F is bounded, these
singularities are removable and so F has to be constant by Liouville theorem. In
particular if ¢, s € R we have

(&, ART (s + DAY = (€, T(0m)
and, by the cyclicity of H" and K, we conclude that
T(s+1) = A T@)AY ;

so we get eq. (0.10.6) with T = T(0).
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2.4 Half-sided modular inclusions of standard sub-
spaces

Let K C H be standard subspaces of a Hilbert space J. If
AJ'K C K, for +t3>0,

the inclusion K C H is called a +half-sided modular inclusion of standard sub-
spaces (if the the +sign is not specified we shall assume it to be +.

Given the situation described by the statement of Borchers Thm. 0.9.1, the
theorem entails that K = U(1)H C H, t > 0 is a half-sided modular inclusion:

AY'K = A'U()H = U(e™)A,'H =
U(e”™)H = U(HU(*™ - 1)H c U(1)H = K.

Moreover
AF'AL = AJUMALU(-1) = UE™U(-1) = U™ - 1),

In particular

K = U()H = A} A} H. (2.4.1)

I:i log2

On the other hand, given a half-sided modular inclusion K ¢ H we can define
unitaries U(%),t € R, by
U™ - 1) = A'Ag .

Thm 0.11.1 shows that U is one-parameter unitary group with positive generator
and H, K, U satisfy the conditions of Borchers theorem, thus providing a converse
to it.

Wiesbrock theorem (one-particle)

The following theorem is the standard subspace version of a theorem for hsm
inclusion of von Neumann algebras that was first point out by Wiesbrock and we
shall discuss in a later chapter. The original proof had a serious gap in the proof.
A different and complete proof was later given by Araki-Zsido and Borchers.

Theorem 2.4.1. Let K C H be a half-sided modular inclusion of standard sub-
spaces of the Hilbert space H, namely A;'K C K, t > 0.
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There exists a positive energy unitary representation V of P on H determined
by
V(6(2ns)) = A", V(6,(27s)) = AZ™ .

Here 6, is the one-parameter subgroup of P of dilations of (1,0) (i.e. 5;(s) =
(=1)a(s)r(1). .

The translation unitaries U(t) = V(1(t)) are defined by U(e*™ — 1) = AJ'AL
and satisfy U(s)H Cc H, s > 0, and K = U(1)H.

Proof. By Cor. 0.10.2 we have a strongly continuous map W on m, analytic in
Si2, such that [W(2)|| < 1, z € Sy, and

W(s) = Aj*Af and W(s+ %) = JyW(s)Jx, seR. (2.4.2)
Now the map W has the following reality properties:
(a1): W(z)is K — K-real for z € (0, 00) ,
(ap): W(z)is K’ — K’-real for z € (—00,0) ,
(a3): W(z)is K’ — K'-real forz e R + £ .
Indeed, (a,) follows by assumed half-sided modular invariance as if s > 0 we have

W()K = A;SASK C A K =K .
Since for s € R we have
ASK' CcK © AJK DK © AFKCK,
we can see that (a,) follows from (a;) because if s < 0
W()K' = A ALK = APK' C K.

Concerning (a3), this holds true because by Cor. 0.10.2 because W(s+i/2)K’ c H’
and H' Cc K'.

Now we make a change of variable. We consider the logarithm in the complex
cut plane —r < Argz < m, set

1 _
h(z) = —log(1 +e*™), z€Si,
2
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and note that / is maps conformally S, , onto S, and sets bijections on the bound-
ary as follows

(_OO’ OO) « (0’ OO) ’
i
(_0090)‘_'_ 5 « (_OO’O) ,.
(0,00) + 5 & (=00,00) + =,

thus
S12\i/2) 5 S15\(0).
Set
T(z) = W(h(2)) = W(% log(1 +¢)), z € Sip\li/2}.

Then T is a bounded, strongly continuous map on %\{i /2}, analytic in S;/;. By
Cor. 0.10.2 we have

IT@I <1, zeSin\li/2},
T(s)is K— K-real, seR, (2.4.3)
JxT (s +1i/2)Jx i1s K — K-real, seR.

By Th. 0.10.3 T extends to a strongly continuous map on @ and we have the
relation AZT(z)A = T(z — s), thus

o . 1
A’,gw(ﬂ log(1 + e*™))A" = W(Zr log(1 + 7)) . (2.4.4)

Multiplying the above equation from the left by A7* and from the right by A’ we
get with e¥™ = ¥ + |

L 1
A ARAGA = W(o- log(1 + €™ +1)

_ 1 2ms 2nt _ 1 2na 2nt
= W(Zr log(e™™ + &™) = W(ﬁ log(e™ + ™ — 1))
Since the above expression 1s symmetric in a and #, the W(z)’s form a commutative
family. We set

UeEe™ -1)=wa@),
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then the above equation reads
U(eZM _ 1)U(€27m _ 1) — U(eZTI(l‘+a) _ 2)

showing that U is additive for positive arguments hence, by analytic continuation,
for any real arguments. Thus U is an continuous one-parameter group of unitaries,
which allows a strongly continuous extension in the upper half plane 3z > 0,
analytic in 3z > 0 and norm bounded by 1. Consequently

UGis)=ée"", seR, (2.4.5)

for some positive selfadjoint operator P in JH.
Note that, by eq. (0.11.4), we obtain A'U(s)A% = U(e*™s) for all 5,1 € R,
hence
Ay Us) Ay = (A" Ag) A" U(s) AR(ALAY) = 046)
=U(l =) U™ s) U(1 — e¥™)" = U(e*™s), o
By (0.11.6) the map .
VP 31(s)5(1) - U(s)A,"™

is a unitary representation on J of P.
It remains to prove property that K = U(1) and U(s)H C H for s > 0. Since

AJALK = AJKCA'H=H, t>0,
we have from the definition of U that
UsSKcH, s>-1, (2.4.7)
and in particular U(1)H D K. Now
A’{J(DH = UMALU(=1) = ALU - &™) = AE AJIAL = AL

so by Prop. 0.8.10
K=U()H, (2.4.8)

hence
UsS)H=U-DHUSUMWH =U(-DHU(s) K cU(-1)K =H

as desired. O
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We give two immediate corollaries.

Corollary 2.4.2. Let K C H be a hsm standard inclusion of standard subspaces
of H. Then K and H have the same center Z and we have the direct sum decom-
position H = H; & Hy, where Ho=Z +iZ, withK =K, ®Z H=H, & Z.

Then K, C H; is a hsm inclusion of standard subspaces and both AZI and A?ﬁ
weaky tend to zero ast — +oo.

Proof. By Prop. 0.7.1 a vector ¢ € H is fixed by A% iff it is fixed by A’Z. By Cor.
0.8.14 the center Z of H and of K then coincide. Denoting by E the expectation
onto Z we have the decomposition as stated with H; = (1 — E)H, K, = (1 — E)X.
The rest is clear by Prop. 0.7.1. O

Corollary 2.4.3. Let K C H be an inclusion of standard subspaces of 3. Then
K C H is positive half-sided modular iff H' C K’ is negative half-sided modular.

Proof. K C H is *half-sided modular iff K = U(1)H with U a one-parameter
group with positive generator such that U(xt)H Cc H for ¢t > 0. Then H' =

U(F1)K’ c K’ is Fhalf-sided modular. O

2.5 Appendix. von Neumann algebras and real Hilbert
subspaces

We give here a flash forward by mentioning the relation with the von Neumann
algebra context, which is our motivational setting.
Let M be a von Neumann algebra on a Hilbert space H and Q € J{ a vector.
Clearly
Hy = M,Q (2.5.1)

is a real Hilbert subspace of H, where M, denotes the selfadjoint part of M. It
follows immediately from the definitions that

Qs cyclic & H)y, is cyclic (2.5.2)
Q) is separating & H), is separating (2.5.3)

With a fixed vector Q, the map M +— H),, is non injective. Indeed H,, contains
only a part of the information on M (further order structure on H,, recovers the
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full algebraic structure of M by a theorem of Connes). However H), gives the full
knowledge of the modular operator and modular conjugation of M

Av =Auys  Iu=Jny,
because the KMS property and Prop. 0.8.10. In particular

H;VI = HMr

because HI/W = JHMHM = -]MMsaQ = JMMsaJMQ = MgaQ = HM/.

Proposition 2.5.1. Let M be a von Neumann algebra with cyclic and separating
vector Q.

(a) If Ni,N, € M are a von Neumann subalgebras with Hy, C Hy,, then
Ny C Ns.

(b) If N is a von Neumann algebra commuting with M and Hy = H),, then
N=M.

Proof. (a): Let x be a selfadjoint element of Ny. As N;,Q C N,,Q, there exists
a sequence of of elements x,, € N,g, such that x,Q2 — xQ. Then x,x’Q — xx'Q
for all x’ € M’. Now x, and x are all bounded and selfadjoint and x, tends to x
strongly on a dense set (common core), thus in the strong resolvent sense. We
conclude that x is affiliated to N, and indeed x € N, as x is bounded.

(b) We have N ¢ M’ and Hy = H, = Hyy, so N = M’ by (a). m|
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Chapter 3

Mobius covariant nets of standard
subspaces

We now begin the study of the nets of standard subspaces that are covariant with
respect to a positive energy representation of G. All the information on the one-
particle Hilbert space is contained in this structure.

3.1 Definition

Let J{ be a complex Hilbert space. A local Mobius covariant net H of real linear
subspaces of H on the intervals of S is a map

I - H()

that associates to each interval I € J a closed, real linear subspace of a J, that
verifies the following properties 1,2,3,4,5:

1. Isotony : If I, I, are intervals and I, C I,, then

H()) c H() .

2. MoB1US COVARIANCE: There is a unitary representation U of G on JH such that

U@HU)=Hgl), geG, el

3. POSITIVITY OF THE ENERGY : U is a positive energy representation.
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4. Cycuicrry : The complex linear span of all the H(I)’s is dense in J{.

5. Locavrry : If I, and I, are disjoint intervals then

H(l) c H(L)

3.2 Reeh-Schlieder theorem (one-particle)

Theorem 3.2.1. Let H be a local Mobius covariant net of real linear subspaces
of H on S'. Then H(I) is a standard subspace of H for each I € J.

Proof. Fix then an interval I and let € J{ be orthogonal to H(I). We want to
show that n = 0.

Choose an interval I, with [, contained in /. Then for all real ¢ in a neighbour-
hood of 0 such that 7,(¢)I, C I we have

f@) =@, U(r(0)6) = (, U, (0)§) = 0,

for all & € H(Iy). As the generator of the translation unitary group is positive, f
extends to a continuos function on the upper half-plane 3z > 0, analytic in Iz > 0,
thus f = 0 identically. Thus 7 is orthogonal to H(7,(¢)ly) = U(7,(t))H(l,) for all
teR.

By the same argument, with 7; replaced by 7, we see that n is orthogonal to
H(t)(t)ly)for all + € R. We may now repeat the argument replacing /, C I with
71(s)Iy C 7;(s)I and see that 7 is orthogonal to H (7, (¢)1,(s)ly) for all z, s € R.

As the subgroup of G generated by 7,(¢) and 7,(s), ¢, s € R, is equal to G,
iterating the above argument we get that n is orthogonal to U(g)H(ly) = H(gly)
for all g € G. As G acts transitively on J, n = 0 by the assumed cyclicity of H.

So H(I) is cyclic. As by locality H(/)’ > H(I") and H(I") 1s also cyclic, it
follows that H(I) is separating too. O

Because of the Reeh-Schlieder theorem we shall refer to a local Mdbius covari-
ant net of real linear subspaces also as a local Mobius covariant net of standard
subspaces.
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3.3 Bisognano-Wichmann property and Haag dual-
ity (one-particle)

Theorem 3.3.1. Let I € J and A,;, J; be the modular operator and the modular
conjugation of H(I). Then we have:

e Bisognano-Wichmann property:

Al = U6,(=2nt)), teR; (3.3.1)

o U extends to an (anti-)unitary representation of G, determined by
Ur)=J,1€7,
acting covariantly on A, namely

U@HU)=H(gl) ge€Gy, 1€7;

e Haag duality: For every interval 1

H(I') = H() .

Proof. As U(6;(—2nt)) leaves H(I) globally invariant, U(6,(—2nrt)) and A;S com-
mute. Thus z;(7) = A;’ U(6,(2rt)) is a one-parameter unitary group.

By Borchers theorem U(d,(—2nt)) and A? have the same commutation rela-
tions with the translation unitaries U(7;(s)), namely U(7,(s)) commutes with z;(¢).
By the same reason U(7,(-)) commutes with z;. Now 7; and 7, generate G, thus
z; commutes with U(G). Since U(g)z;(t)U(g)" = z4(2), it follows that z; is inde-
pendent of 1. But z;(¢) = z;(—1), thus z; is trivial being a one-parameter group and
we have shown (0.15.1).

Now A;! is the modular operator of H(I)'. By the above geometric action the
modular group A;” of H(I)' leaves globally invariant the standard subspace H(I").
By Prop. 0.8.10 we then have H(I") = H(I)’, namely Haag duality holds.

It remains to show the G,-covariance. Again by applying Borchers theorem
to the commutation relations between U(7(+)), or U(7r(+)), and J; we see that

JiU(g)J; = U(rigry)

for all g € G. We can thus extend U from G to G, by setting U(gr;) = U(g)J; for
all g € G.
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Now any interval I is of the form I, = g/ for some g € G, thus

JiH(lo) = JiH(gD) = JiU(QH(I) = U(rigr)J H(I)
= U(rigr))H(ril) = H(rigl) = H(rily) , (3.3.2)

that completes the proof. O

Corollary 3.3.2. The representation U of G is unique.
Proof. Immediate by the equation (0.15.1). O

It follows that if H,, H, are two local Md&bius covariant nets and V is a unitary
between the underlying Hilbert spaces such that VH,(I) = H,(I), then V automat-
ically intertwines the unitary Mdbius group actions.

Note also that the continuity property holds true: if / € J and [, is an increasing
sequence of intervals such that U,I, = I, then H(I) is equal to U,H(I,). Indeed let
g € G be such that g/ c I. Then H(I,) > H(gI) for some n. As g converges to the
identity in G any vector & € H([) is the limit of vectors U(g)¢ € U, H(I,,).

Corollary 3.3.3 (Additivity). Let I and I; be intervals with I C U;l;. Then H(I) is
contained in the closed linear span of the H(I;)’s.

Proof. First we prove the statement in the case U;l; D I. As [ is compact, there
exists a finite subfamily of {/;} that covers I, so we may assume that {/;} is itself
a finite family. We can then choose a non-empty, open interval L C [ such that,
for any fixed s € R, d;(s)L is contained in a least one of the I;’s. Let K be the
real Hilbert space linearly spanned by the H(6,(s)L) = A;Zi”sH (L) as s varies in
R. Clearly K c H(I) is cyclic and K is globally invariant under the modular group
of H(I). So K = H(I). As the closed linear span of the H(/;)’s contains K, it also
contains H(I).

It remains to remove the assumption U;I; D I. But for every interval I, with
Iy C I the closed linear span of the H(I;)’s contains H(ly), so it contains H(I) by
the above continuity property. O
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3.4 Non-degenerate nets

We shall say that the net H is non-degenerate if the real linear span generated by
all the H(I)’s is dense in H.

The property of being non-degenerate is indeed equivalent to several other
requirements.

Proposition 3.4.1. Assume all properties 1 — 5 for H. The following are equiva-
lent:

(i) U does not contain the identity representation.
(i) HI) N H(I) = {0} (factoriality).

(iii) For any given two points pi, p, the real linear span generated by the H(I),
pP1, P2 € 1, is dense in IH.

(iv) H is non-degenerate.

) Mieg HU) = {0},

Proof. (i) = (ii): Let I be in an interval and ¢ € H(I) N H(I)’. By Cor 0.8.8
and Prop. 0.8.13 A;’IH(MH(,)/ is the identity on H(I) N H(I)’. So ¢ is fixed by
U(6;(—2nt)) = A? . By the vanishing of the matrix coefficient theorem U(g)¢ = &,
thus & = 0 by assumption.

(if) = (iii): By Haag duality H(I) + iH(I") = H(I) + iH(I)" is dense and (iii)
follows by taking / with endpoints py, p;.

(iii) = (iv): Obvious.

(iv) © (v): Immediate by Haag duality.

(v) = (i): Let & be U-invariant vector. Then A?f = U(6,(—2nt))é = & for any
interval I. Then n = & + J;¢ are vectors fixed by the extension of U to G, thus
Sn =nforall [y € J, namely n € NjegH(I) = {0}. So ¢ = 0. O

Corollary 3.4.2 (One-particle spin-statistics relation). If H is defined by all the
above properties 1 — 5 but with G in place of G, then automatically U is indeed a
representation of G.

Proof. Note that in all the above discussion we may have used G in place of G, in
particular it follows by the Bisognano-Wichmann property that U(R(n)) = J;,Jj,
with I, I, the right and the upper semicircle. As J, H(I;) = H(l), J;, and J;,
commute, so U(R(2m)) = U(R(r))* = 1. O
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Corollary 3.4.3 (Equivalence between positive energy and KMS for dilation). Let
H be defined by all the above properties 1 =5 except positivity of the energy. Then
positivity of the energy follows by the equality A = U(8,(=2nt)).

Proof. Immediate by the converse of Borchers theorem (Thm. 0.9.4). O

3.5 Modular construction of nets on S!

Let’s fix a (anti)-unitary, positive energy representation U of G, on a Hilbert space
H. Namely Ulg is a unitary, positive energy representation U of G on H and a
there is a anti-unitary involution J on I such that

JU@J =U(rgr), geG,

where r:z > 7 is the reflection on S! associated with the upper semicircle. Then
the involution J; associated with any interval I € J is given by the formula

Ji=U@JU@Q",

where g € G is any element of G mapping the upper semicircle onto /. In other
words
Jr= U@,

where r; is the reflection of S! associated with 1.
With 7 any interval, define A, to be the positive, non-singular selfadjoint oper-
taor on J{ such that
Al = U(5(-2nt)), teR,

namely — % log A, is the infinitesimal generator of the one-parameter unitary group
U(6;(+)) of dilations associated with 1.
Note that
JiA T = A (3.5.1)

because r;0,(t)r; = 6;(—1).
Finally, define the anti-linear operator on JH

SIEJIA}/Z: H—->KH.

Proposition 3.5.1. S, is a densely defined, antilinear, closed operator on H with
S% = 1o0n D(S)).
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Proof. Density and closeness follow from the corresponding property of A;, anti-
linearity from the anti-linearity of J;. Now, R(S;) € D(S;) = D(A}/ 2), where
R denotes the range; indeed by eq. (0.17.1) we have that JIA}/Zf = A;l/zjlf €
D(A,”®). But we get immediately that S? = J;A)>J,A,> = A;'PA)? 1 and
therefore if £ € D(S ) then &€ = §;(S,€) € R(S ), so we can conclude. O

Let us now define real subspaces of J{ associated with any / € J as the one
associated with S :

H(I) ={ €Dy : §i&=¢}

By the Section 0.8, each H(I) is a standard subspace in H, and J;, A; are the
modular operator and conjugation of H(I). In particular we have J;H(I) = H(I)'.

Theorem 3.5.2. Let U be a (anti-)unitary, positive energy representation of G,
on H and define H(I), I € J, as above.
Then H is a local Mobius covariant local net of real Hilbert spaces of I{.

Proof. First we show that the representation U acts covariantly on the family
{H(I) : I € J}, namely,

U(e)H(I) = H(gl), g€G . (3.5.2)
As we have U(g)A]U(g)* = A}, and U(g)J1U(g)" = Jy it follows that that

U@S U = Sgl

so eq. (0.17.2) holds.
Locality, indeed Haag duality, will follow from the identity S, = §7. Indeed,
since rp = r; we have J; = Jp and since 67 (f) = 6;(—t), we have Ay = A,‘l. Thus

Si= (A = AT = A = AP =S
It remains to show isotony. This follows Theorem 0.9.4. O

Note that eq. (0.17.2) holds true also for g € G, because U(r;) = J;.

3.6 Netson S! and nets on R

Let J{ be a Hilbert space. A hsm factorization of real subspaces is a triple {H;,i €
Z3} of standard subspaces of H such that H; C H’,, is a hsm inclusion of standard
subspaces for each i € Z;.
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Now, given a local net of standard subspaces of H, we obtain a hsm factoriza-
tion of standard subspaces by considering the standard subspaces associated to a
partition of S! by three intervals in the counterclockwise order (up to the bound-
ary points), due to the geometric property of the modular group. We shall see that
every factorization of standard subspaces actually arise in this way.

Lemma 3.6.1. Let G be the universal group (algebraically) generated by 3 one-
parameter subgroups 6;(+), i € Zs, such that 6; and 6,,\ have the same commuta-
tion relations of 05, and 6y,,, for each i € Z3, where Iy, I,, I, are intervals forming a
partition of S in the counterclockwise order. Then G is isomorphic to G and the
0;’s are continuous one parameter subgroups naturally corresponding to 0y,

Proof. Obviously G has a quotient isomorphic to G, and we denote by ¢ the quo-
tient map. As the exponential map is a local diffeomorphism of the Lie algebra
of a Lie group and the Lie group itself, there exists a neighbourhood U of the
origin R? such that the map (t,1,,1,) — 01,(2mty)d, (2mty)o,,(2nty) s a diffeo-
morphism of U with a neighbourhood of the identity of G. Therefore the map
D : (tp,11,1r) € U — 0o(27ty)0,(27t1)02(2nt,) € G is still one-to-one. It is easily
checked that the maps g®@ : U — G, g € G, form an atlas on G, thus G is a man-
ifold. In fact G is a Lie group since the group operations are smooth, as they are
locally smooth. Now G is connected by construction and ¢ is a local diffeomor-
phism of G with G, hence a covering map, that has to be an isomorphism because
of the universality property of G. m|

Theorem 3.6.2. Let (Hy, H,, H,) be a hsm factorization of standard subspaces
and let Iy, I, I, be intervals forming a partition of S in counter-clockwise order:
There exists a unique local Mobius covariant net H of standard subspaces on S

such that H(I;) = Hy, k € Z3. The (unique) positive energy unitary representation
Uof G is determined by U(6;,(-2nt)) = Al (where Ay = Apqy)).

Proof. The subgroup of G generated by the one-parameter subgroups &;, and 6;,,
k € Zs, is a two-dimensional Lie group P; isomorphic to P. As H, C H,_, isahsm
standard inclusion, by Thm. 0.11.1 the unitary group generated by A and A’ | is
isomorphic to P, indeed there exists a unitary representation U of P, determined
by Uw(6,(—2n1)) = Al and Uy(6;,,(—2ns)) = A¥ |, therefore by Lemma 0.18.1,
there exists a unitary representation U of G, such that U lp, = Uk

Let ¢ = %r log 2. Then we have (see eq. (0.11.1))

APAH, = Hj, (3.6.1)
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and similarly o o o
(ARAL YA AL YA ALY Ho = H, (3:62)

The element g = 6]2(—27Tf0)6]0(—2ﬂf0)611(—27Tt0)6]2(—27Tt0)6]0(—2ﬂt0)6[1(—271'1‘0) is
easily seen to be conjugate to the z-rotation in G, thus in G (gly = I, so g has
the form g = 6,,(s)r;, = 64,(s/2)r;,01,(—5/2)), hence equation (0.18.2) entails that
U(R(27T))H0 = H().

Set H(Iy) = Hy. If I is an interval of S!, then I = gl for some g € G, and
we set H(I) = U(g)H(lp). Since the group G, of all g € G such that gl = I is
generated by 0,,(¢), t € R, and by 2kn rotations, k € Z, then U(g)H(ly) = H(ly)
for all g € G4, and H([) is well defined.

The isotony of H follows if we show that gly C Iy = H(gly) € H(lj). Indeed
any such g is a product of an element in G/, and translations 7,(-) and 7y (-) map-
ping I, into itself, hence the isotony follows by the half-sided modular conditions.

By (0.18.1) we have

APAPARAP Hy = Hy
and since the corresponding element in G maps I, onto I,, we get H, = H(I,) and
analogously H, = H(I,).
The locality of H now follows by the factorization property.
Finally, the positivity of the energy follows by the Bisognano-Wichmann prop-

erty (Cor. 0.16.3) and U is a representation of G by the one-particle spin-statistics
relation (Cor. 0.16.2). O

By a net of real Hilbert subspaces on R we shall mean an isotonous map
I— H(I)cH

that associates to each bounded interval of R a real Hilbert subspace of a Hilbert
space JH. All properties like locality, translation-dilation covariance, etc. have
their obvious meaning.
Starting with a local net on S we get by restriction a local net on R.
Although a local M6bius covariant net satisfies Haag duality on S !, duality on
R does not necessarily hold.

Lemma 3.6.3. Let H be a local Mobius covariant net of standard subspaces on
S, The following are equivalent:

(i) The restriction of H to R satisfies Haag duality:

H(I) = HR\IY
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(ii) H is strongly additive: If I, I, are the connected components of the interval
I with one internal point removed, then

H(I) = H(I,) + H(])

(iii) if 1, I, I, are intervals as above

H() N H() = H()

Proof. Note that by Mobius covariance we may suppose that the point removed in
(7) and (i7) is the point co. Now (i) & (ii) because R\/ consists of two contiguous
intervals in S! whose union has closure equal I’, and by Haag duality H(I) =
H(I’Yy. Similarly (ii) & (iii) because, after taking symplectic complements and
renaming the intervals, one relation becomes equivalent to the other one. m|

Examples of Mobius covariant nets on S that are not strongly additive, i.e. not
Haag dual on the line, will be discussed later. Haag duality on S! entails duality
for half-lines on R hence essential duality, namely the dual net of the restriction
H, to R is local:

I H{()=HR\IY, IcR.
Due to locality the net Hg is larger than the original one, namely
Hy(I) c H{(I), ICR.

The main feature of the dual net Hg is that it obeys Haag duality on R. The dual
net does not in general transform covariantly under the covariance representation
of the starting net.

Theorem 3.6.4. Let H be a local net of standard subspaces on the intervals of R,
and U a unitary representation of P acting covariantly on H. The following are
equivalent:

(i) H extends to a Mobius covariant net on S .
(if) The Bisognano-Wichmann property holds for H, namely

Alf ooy = U(0(0,00)(=271)). (3.6.3)
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Proof. (i) = (ii) follows by (ii) of Thm. 0.11.1.

(i) = (i): Note first that Aé’a’w) = U(0(4,00)(—2n1)) for all a € R because of
translation covariance. Hence H(—oo,a) is a standard subspace of H(a, c0)’ that
is cyclic on Q and globally invariant under the modular group of H(a, )" with
respect to €2, hence, by the modular theory (Prop. 0.8.10), duality for half-lines
holds

H(aa OO), = H(—OO, a)*
It follows now that (H(—oo, -1),H(-1,1), H(1, 00)) is a hsm factorization of stan-

dard subspaces. Indeed (H(—oo, —1) € H(-1,1) to be a hsm inclusion is equiv-

alent (by Cor. 0.11.3 and duality for half-lines) to H(-1,1) C (H(—l, —0) to
be a -hsm inclusion and this is the case by the geometric action of AE’_ o) =
U(6(<1,00)(—2nt)); and also the inclusions H(-1,1) € H(l,e0) and H(1l,o0) C
H(—o00,—1)", namely the inclusions H(-1,1) € H(= oo, 1) and H(1, o0) C H(—1, o)
are again hsm by the geometric action of the modular group.

Therefore we get a Mobius covariant net from Theorem 0.18.2. Due to the
Bisognano-Wichmann property, the associated unitary representation of G re-
stricts to a unitary representation of P that acts covariantly on H. So H is indeed
an extension to S! of the original net. |

Now, if H is a local Mobius covariant net on S, its restriction H, to R does not
depend, up to isomorphism, on the point we cut S, because of Mbius covariance.
The local net on S! extending Hg is thus well defined up to isomorphism. We call
it the dual net of H and denote it by H".

Corollary 3.6.5. The dual net of a local Mobius covariant net on S' is a strongly
additive Mébius covariant net on S

Proof. By construction, the dual net satisfies Haag duality on R, hence strong
additivity by Lemma 0.18.3. O

The following Corollary summarizes part of the above discussion.

Corollary 3.6.6. There exists a one-to-one correspondence between:
e Half-sided modular inclusions of standard subspaces K C H.

e Pairs (H, U) with H a standard subspace and U is a one-parameter unitary
group with positive generator s.t. U(t)H C H, t > 0.
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e Translation-dilation covariant, Haag dual nets of standard subspaces on R

with the Bisognano-Wichmann property Aéi),oo) = U(0(0,00)(—2m1)).

o Strongly additive local Mobius covariant nets of standard subspaces on S'.

e Unitary representations of G with lowest weight > 1.

In the above Corollary the unitary representation of G has lowest weight one iff
U has no non-zero fixed vectors, iff the nets are irreducible, iff the hsm inclusion
is non-degenerate, see the following Cor. 0.22.2. We shall see that there exists a
unique irreducible hsm inclusion of standard subspaces and every non-degenerate
hsm inclusions of standard subspaces is unitary equivalent to a multiple of the
unique irreducible one.

We have also proved the following:

Theorem 3.6.7. We have a one-to-one correspondence:

Factorizations (Hy, Hy, H,)
)

P covariant local nets of standard subspaces on intervals of R with BW property

7

Local G covariant nets of standard subspaces on S

7

Unitary, positive energy representations of G

In particular the correspondence between local G covariant nets of standard sub-
spaces on S! and unitary, positive energy representations of G is given by com-
bining thm. 0.15.1 and Thm. 0.17.2 by using the correspondence between unitary,
positive energy representations of G and unitary, positive energy representations
of G, given by Thm. 0.6.3.

As the positive energy unitary representations of G are classified, the above
theorem gives in particular a classification of all Mobius covariant nets of standard
subspaces. We shall see another version of this classification in Cor. 0.22.1.

3.7 Appendix. Locality for irreducible nets

If U is irreducible, the locality property for a Mobius covariant net of real Hilbert
spaces is automatic. This is due to the fact that we are assuming U to be a repre-
sentation of G, not of G.
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Proposition 3.7.1. Assume all properties 1 — 4 for H in Sect. 0.13. If U is irre-
ducible, then H is local (provided H(I) # H for some I € J).

Proof. By the argument in the proof of the Reeh-Schlieder theorem, every H(I) is
cyclic. Set K = N;H(I); then K N iK is U-invariant, so it is either zero or equal to
H because U is irreducible. In the second case K = H, so H(I) = H, that is not
possible by assumption. So K is separating. This is equivalent to say that the net
I — H(I') is cyclic, so each H(I')" is cyclic, again by the argument in the proof
of the Reeh-Schlieder theorem. We conclude that every H(/) is separating.

Now, as in the proof of Th. 0.15.1, z(r) = A?U(6,(2x7)) is independent of [
and so belongs to U(G)’. As U is irreducible, z(¢) = y(¢) for a one-dimensional
character of R. As z(t)H(I) = H(I), z(t) commutes with J;. So z(t) = J;z(H)J; =
Jix®)Jr = x(=t) = z(-1) and z(¢) = 1, namely the Bisognano-Wichmann property
(0.15.1) holds true and in particular A, = A;l. In fact the proof of Th. 0.15.1 also
shows that J; = Jp. Thenif ¢ € H(I),& € H(I") we have

(&) = (S1£,S1E) = (INETNEY = (IIA, ¢ TINE)
— (A}'/2§’7A}/2§) — (A;l/2§/’A}/2§) — (ég/’é:)

so J(¢,&) = 0, namely locality holds. O
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Chapter 4

Representations of G and local
subspaces

If one pass from a current and one of its derivative, the “real line” structure re-
mains unchanged. Here we describe this phenomenon and, at the same time,
provide a concrete description of the local standard subspaces that will give us
further information on the associated nets.

4.1 Representations of G with the same restriction
to P

We shall now consider pairs of unitary representations of G that coincide when
restricted to P or, equivalently, representations of the amalgamated free product
G #p G. As a motivation, recall from Chapter 0.12 that the dual net of M&bius
covariant net and the original net have different representations of G, that indeed
coincide when restricted to P.

Let U be an irreducible unitary representation of G *p G. We shall denote by
U, and U, the restrictions of U to the two copies of G. We shall say that U has
positive energy if Ulp has positive energy, i.e. if P = —iT is a positive operator.
Here T is the image of the translation generator in the Lie algebra of P (we shall
often denote by the same symbol both an element of the Lie algebra and its image
under the representation).

We shall classify the unitary positive energy representations of G *p G such
that either U, or U, is irreducible or, equivalently, such that (Ly; — Ly,)T is a
scalar, where L, denotes the conformal Hamiltonian of U,.
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Theorem 4.1.1. Let U be an irreducible unitary representation of G *p G with
positive energy. Then U is irreducible for some k = 1,2 if and only if both the Uy
are irreducible, and if and only if (Ly;—Lo,)T € C. Moreover, such representations
are classified by pairs of natural numbers (ny, n,), where ny is the lowest weight
Of U ke

We now describe all lowest weight representations of G (or its universal covering
group G) as extensions of the representation of P.

Let us fix now the unitary irreducible representation U of G with lowest weight
1 and denote by E, T and S Lie algebra generators in the representation space.

Proposition 4.1.2. Each irreducible unitary representation U of G with lowest
weight a > 1 is unitarily equivalent to the representation obtained by exponentia-
tion of the operators Ty =T, Ey=E, S, =S — AT ' with A = a(a — 1)!

Proof. U“|p and Ulp are irreducible and equivalent by Cor. 0.6.2, so we may iden-
tify them. Now by (0.5.1) the value of the Casimir operator in the representation
U, is 1 = a(a — 1), so one gets the formula for S, by multiplying on the left by
T~! both sides of the equation A = E(E — 1) — TS ; because E(E—1)—TS = 0in
the representation U, see (0.3.2) and (0.5.1).

To show that T, = T, E; = E, S, = S — AT~ exponentiate to the unitary
representation U,, it is sufficient to show that the domain of the conformal Hamil-
tonian Ly, = Lo + iAT~! contain a complete orthonormal set of eigenvectors that
belong to the domain of 7,, E,; and §,. Indeed it is enough to find a non-zero
a-eigenvector ¢ for Ly, which is C* for the Lie algebra representation given by
T,E,S,(ctf. Lemma 0.5.1).

To this end, we may assume that E, T are the operators in the Schrodinger
representation. Now observe that when 4 > 0,1 = a(a - 1), @ > 1,

L o PR + de™*
=—|e" = — e "— e |.
L) dx " dx
so the function £(x) = e®*e™ is such a vector. O

Proof of Theorem 0.20.1. 1f (Ly; — Ly)T is a scalar, ¢ belongs to (U(G))”
and et belongs to (U,(G))”, therefore, since U is irreducible, Uy is irreducible
too, k = 1,2. On the other hand, if say U, is irreducible, we may identify it with
one of the representations described in Proposition 0.20.2 for some @ € R. Then,

'If A and B are linear operator with closable sum, the closure of their sum is denoted simply
by A + B.
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since U is irreducible and U,|lp = Us|p, U, too has to be of the form described in
Proposition 0.20.2, hence (Ly; — Ly)T is a scalar. The rest of the statement is now
obvious. O

Corollary 4.1.3. Given two irreducible unitary representations U®, UP of G with
lowest weight a,8 > 1, with the same restriction to P, they extend to anti-unitary
irreducible representations U®, UP of G, with the same anti-untary involution
C = U%(r) = UP(r), where r is the reflection associated to the upper semi-circle.

Proof. Let E,, T, and S, be the generators of the representation of lowest weight
a as above. G, is generated by G and an element corresponding to the matrix

0 1
for a anti-unitary C which satisfies CE,C = E,, CT,C = =T, and CS ,C = =S ,.
Since in the Schrodinger representation the complex conjugation C satisfies the
mentioned commutation relations with T, S ¢ and E, it trivially has the prescribed
commutation relations with 7, and E, and the last relation follows by the formula
S,=80- /1T0_1 O

(_1 0) of SL(2,R), which correspond to the change of sign on R, so we look

Multiplicative perturbations

We now give an alternative way to pass from the representation of lowest weight
1 to the representation with lowest weight @ > 0. In this subsection we denote
by E,T,S the Lie algebra generators in the lowest weight 1 representation, and
with E, T, § , the corresponding generators in the lowest weight a case. Instead of
defining the generator S, as S — AT~!, 1 = a(a — 1), we will define the unitary R,
corresponding to the ray inversion (in the real line picture), namely R, = U®*(R(r))
is the m—rotation in the representation U* with lowest weight . We set R = R;.
As R is given, we will equivalently define

I'n=R,R=J,J (4.1.1)

where J, resp. J, is the modular conjugation of H(-1,1), resp. H,(-1,1), as
J = CR and J, = CR, with the same anti-unitary conjugation commuting with
them as in the proof of Cor. 0.20.3. In the examples with @ an integer, I" will
be the canonical unitary for the inclusion of algebras H,(—-1,1) ¢ H(-1,1) and
its second quantization will implement the canonical endomorphism for the cor-
responding algenras given by (@ — 1)-derivative of the current algebra.
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We now make some formal motivation calculations, that may however be
given a rigorous meaning. First note that I' — @ commutes with E, because both J
and J, commute with E, hence I', must be a bounded Borel function of E because
the bounded Borel functions of E form a maximal abelian von Neumann algebra.
Indeed, by Cor. 0.6.2, we can easily check this in the Schrédinger representation
because E and 7 exponentiate to an irreducible representation of P with strictly
positive energy.

Set
z-D@E-2)---(z—n+1)

LS P Y O A
Then f, is a function on C that satisfies the functional equation
folz=1) 4
fo(@) Wz=1)7
and |f,(z)| = 1 for all z € iR.

zeC, (4.1.2)

Proposition 4.1.4. If « = n is an integer, then
(E-1)E-2)---(E-n+1)
CT(E+INE+2)-(E+n-1)

Proof. LetI', be given by the formula (0.20.4), namely I', = f,(E). In order to
check that I',, is (up to a phase) the unitary (0.20.1) it is enough to check that

(4.1.3)

ILET" = R,ER, = E (4.1.4)
IST: =R, TR, = S, (4.1.5)

because the representation generated by E and S is irreducible by Cor. 0.6.2.

The first equation is obvious because I', is a function of E. To verify the
second equation we notice that —i$ is positive and non-singular by Cor. 0.6.2. As
SE—-ES =S, wehave SES™' = E + 1 which implies S f(E)S~! = f(E + 1) for
all Borel bounded functions f. The functional equation (0.20.2) for f, implies

SAE)S folE) = fu(E)fa(E+ 1)'S = (1= AEE +1)7)S =8 AT = S,

where we have used the identity (E(E + 1))_1S = T~ or, equivalently, the identity

E(E + 1) = ST; the latter is indeed the adjoint of the equation E(E — 1) = TS

that holds true because the Casimir operator vanishes in the lowest weight one
representation.

That the phase in one can be verified by eq. (0.21.3), (0.21.4) in the following.

]
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Along the same lines, in the case of the irreducible lowest weight @ representation
of G, we have I', = f,(E) with

I'(z+ DI'(z)

Jal@) = IF'z+a)l'(z—a+1) 4.1.6)

where I is the Euler Gamma-function.

4.2 Lowest weight representations of G and deriva-
tives of the U(1)-current

We now give a concrete realization of the lowest weight representations of G, and
of the corresponding local Mobius covariant nets of standard subspaces. Namely
we describe the one-particle Hilbert space of a free Boson field on the circle, and
of its derivatives.

On the space C*(S!,R) of real valued smooth functions on the circle S!, we

consider the seminorm
(o)
2 212
gl = > kil
k=1

and the operator J : jczk = —isign(k)¢;, where the ¢;’s denote the Fourier coeffi-
cients of ¢.

Since J> = —1 and J is an isometry w.r.t. || - ||, (C®(S',R),d, |l - ||) becomes
a complex vector space with a positive bilinear form, defined by polarization.
Thus, taking the quotient by constant functions and completing, we get a complex
Hilbert space J{.

We note that the symplectic form w may be written as

—7 n 1
o8 =90 = 5 Y hadi= 5 [ s
keZ

The natural action of G on S! gives rise to a unitary representation on J:

U@¢®) = ¢(g™')

Then, observing that J cos kt = sinkt for k > 1, it is easy to see that cos kf is an
eigenvector of the rotation subgroup U(6):

U(#) cos kt = cos k(t — 0) = (coskf + sink@ J) coskt = ™ coskt, k> 1,
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and that all the eigenvectors have this form. Therefore the representation has
lowest weight 1.

We need another description of the Hilbert space J{ which is more suitable to
be generalized. First we pass to the real line picture (x = tan(:}/2)) and so identify
C>(S!,R) with C*(R). Since the symplectic form is the integral of a differential
form it does not depend on the coordinate:

1
o) =5 [ eware

A computation shows that the anti-unitary J applied to a function f coincides up
to an additive constant with the convolution of f with the distribution 1/(x+i0) on
R, therefore, since the symplectic form is trivial on the constants, the (real) scalar
product may be written as

1 1
Fog) = w(f.08) = = f (x— *g(x))f’(X)dx
4.2.1)

=— f flx )g(y) - 0|2dXdy = const. f pf(=p)&(p)dp
0

and H may be identified with the completion of C*(R) w.r.t. this norm.
Note that since Jf = —if if suppf C [0, +00), H is also the completion of

C*(R,C) modulo {ffl—e0) = 0} with scalar product (f,¢) = [~ pf(p)&(p)dp.

Let us now consider the space X" = C*(R) + R*" D[x], n > 1, where RP[x]
denotes the space of real polynomials of degree p, and the bilinear form on it
given by

fs 8 = f flx )g(y) T 0P dxdy

It turns out that ( -, - ), is a well defined pos1t1ve semi-definite bilinear form on
X" which degenerates exactly on R**~D[x]. On this space one may define also a
symplectic form by

1
w0 = 5 f £ D (x - y)dady

Here 5f)k) denotes the k-derivative of the Dirac measure at zero. This form may
be read as the restriction of w; to the n-th derivatives. Therefore we can recog-
nize this symplectic form as coming from the commutation relations for the n-th
derivatives of U(1)—currents. This form again degenerates exactly on R?"D[x],
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and the operator J defined before connects the positive form with the symplectic
form for any » in such a way that (-,-), = (-, ), + iw,(:, -) becomes a complex bi-
linear form on (X", ). We shall denote by J{" the complex Hilbert space obtained
by completing the quotient X" /R*"~D[x].
. a
With g = (c
U"(g) on X":

Z) acting on R as in (0.1.1), for any n > 1 consider the operators

U(g)f(x) = (cx —a)* ™V f(g™" ).

It turns out that U" is a representation of G, n > 1, and that the positive form is
preserved as well as the symplectic form and the operator J, therefore U" extends
to a unitary representation of G on H".

We remark that while X" and R**~D[x] are globally preserved by U", the space
C*(R) is not, and that explains why the space X" had to be introduced.

By definition the space H' coincides with the space H and the representation
U' with the representation U, which we proved to be lowest weight 1. We observe
that, for functions in C*(R), one gets

1 n
(=3 f PP F—p)a(p)dp
R

1

W(f, 9 = 3 fR P f(-p)g(p)dp

hence

(f,n = D" f,D" o),
i.e. D" is a unitary between H" and ' = J, where D is the derivative operator.
The following holds:

Theorem 4.2.1. The representation U" has lowest weight n.

Proof. Making use of the results of Proposition 0.20.4, we have to show that

n—1
E—-k
RnR:l;[(m), n>1

where R, = D"'U"(r)(D"')* with r the ray inversion, R = R;. This amounts to
prove
n—1
E-k
DUty = | (—) Urp''. (4.2.2)

= E+k
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Now we take equation (0.21.2) as an inductive hypothesis. Then, equation( 0.21.2)
for n+1 can be rewritten, using the inductive hypothesis and the relation U"*!(r) =
x2U"(r), as

DU (r)) = (g—;:ll)D”‘lU”(r)D. 4.2.3)

Finally we observe that U"(r)D = x*DU" — 2(n — 1)xU", hence equation (0.21.3)
is equivalent to

(E +n)D"(x*") = (E = n)D" '(x*D - =2(n — 1)x). (4.2.4)

Since E = —xD, equation (0.21.4) follows by a straightforward computation. O

Proposition 4.2.2. The unitary representations of G on H given by
DUy, n> 1,
coincide on P.

Proof. We have to prove that D"-'U"(g) = U(g)D""' when g is a translation or
a dilation. For translations, U"(¢)f(x) = f(x — 1), and the equality is obvious;

/2
for dilations, g = (eo e‘(z/z)’ U"(g)f(x) = e f(e *x), hence D" 'U"(g)f(x) =
fPe™x) = U(g)D" f(x). O

4.2.1 Local spaces and regularity
Let fix n > 1 and, for any interval I of R, we set
X' ={feX": fly =0}

It is easy to check that that the immersion i/ : X"(I) — H" is injective and the
spaces H"(I) = (i’ X"(I))~, where the closure is taken w.r.t. || - ||,, form a local
Mobius covariant net of standard subspaces of J{"; moreover

lin.span, s H"(I) = H" .

Now we identify H" with H via the unitary D", and set H,(I) = D" 'H"(I).
Then, if I is a bounded interval of R and f € H,(I), f may be integrated n — 1
times, giving a function which has still support in 7, therefore

Hn(l):{[f]ef]{:fll/:O, ftkf:O, k:O,...,n—2}, (4.2.5)
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where [ /] denotes the equivalence class of f modulo polynomials.
If 7 is a half line in R, H,(/) is an invariant subspace of the dilation subgroup,
which is the modular group of H(/). Hence, see Prop. 0.8.10, this implies that

H,(I) = H(I), I half-line. (4.2.6)

Finally we observe that by the unique correspondence in Thm. 0.18.7, these nets
coincide with those abstractly constructed in Section 0.17.

Now, we fix a bounded interval I in R, e.g. (-1, 1), and consider the family
H,(I).

Proposition 4.2.3. We have H,,(I) ¢ H,(I) and codim(H,,(I) c H,(I)) = m — n,
m2n.

Theabove concrete characterization of H, shows that H,,(I) ¢ H,(I) if m > n.

Before proving the codimension formula, we discuss some of its consequences.

A net H is said to be n—regular if, for any partition of S ' into n intervals I, ..., I,,
the linear span of the H(ly), k = 1,...n, is dense in H.

All irreducible local Mdébius covariant nets are 2-regular, because Haag dual-
ity holds and local spaces are factors. Obviously, strong additivity implies n-
regularity for all n.

Corollary 4.2.4. H, is n-regular for any n. H, is 3-regular but it is not 4-regular.
H,, n > 3, is not 3-regular. Moreover H, is strongly additivity iff n = 1, therefore
H, is the dual net of H, for every n.

Proof. First we recall that a net is strongly additive if and only if it coincides with
its dual net. Then, the net H = H, is strongly additive because its dual net should
be of the form H, (cf. Prop. 0.20.2) and should satisfy H%(-1,1) > H(-1,1). As
a consequence, H is n-regular for any n.

Then, since the spaces for the half-lines do not depend on n, the dual net of H,
does not depend on n either, hence coincides with H.

Since G acts transitively on the ordered triples of distinct points, we may study
3-regularity for the special triple (=1, 1, c0) in R U {oo}. Then,

(H,(c0,—1) + H,(=1,1) + H,(1,0)) = (H (00, 1) + H,(-1,1) + H|(1, 0))’
=(H(-1,1) + H,(-1,1)) = H,(-1,1) n H(-1,1)

where we used strong additivity and duality for H,. By Theorem 0.21.3, 3-
regularity holds if and only if n = 1, 2.
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Violation of 4-regularity for H, may be proved by exhibiting a function which
is localized in the complement of any of the intervals (co,—1), (—1,0), (0, 1),
(1, 00), i.e. belongs to H,(—1,0)' N H,(0, 1) N Hy(—1, 1):

l+x if —-1>x>0,
px)=3 1—-x if 0=>x2>1,
0 if |x>1

In the same way we may construct a function which violates 3-regularity for Hs,
namely
-1 if |x<1,

"’(x):{o it x> 1
Clearly, ¢ € Hy(co, ~1y \ Hs(~1, 1Y 0 Hy(1, 00 = Hy(Iy 0 Hy(D). 0

Proof of Prop. 0.21.3: 1t is sufficient to show that codim(H,,,(I) ¢ H,(I)) = 1.
Since H,,,,1(I) = {¢ € H,(]) : fx’”‘lqb(x)dx = 0}, and we may find a function
Y- € C*(R) such that ¢/ (x) = x"! for x € (-1, 1), we get H,,.1(I) = {¢ €
H,() : w(,,—1,¢) = 0}. As the functional ¢ — w(¥,,, $) is continuous and non
zero on H,,, the thesis follows. O

4.3 Modular construction of nets on R and their ex-
tensions to S

Let U be the unique irreducible positive energy unitary representation of P with

no non-zero translation fixed vector on a Hilbert space J{. Denote by the symbol

U its extension to a (anti-)unitary representation of P,. With J the anti-unitary

involution corresponding to the map x — —x on R and K the generator of the

dilation one-paramenter unitary group, set S = Je™™* and H(0, ) = ker(1 — §);
then we get a net H on the half-lines / C R given by

H(a, o) = U(t(a))H(0, ), H(c,a) = H(a, ) .

The following Corollary summarizes part of the above discussion.

Corollary 4.3.1. Let H the above net on the half-lines of R. There exists a bijective
correspondence between

e Extensions of H to a local Mobius covariant net on the intervals of S .
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e Standard subspaces K C H(—o0,1)" N H(0, 00) such that U(6(,«)(s))K C K
and U(8(w,1y(=5))K C K for s > 0.

e The real linear spaces H,(0,1), n € N.
Proof. Combine the above discussion with Thm. 0.18.2. |

We shall say that the hsm inclusion of standard subspaces K C H is trivial if
K = H and non-degenerate if it has no trivial, non-zero direct summand.

In the above corollary K C H is non degenerate iff U has lowest weight 1 iff
K’ N H = 0, iff U has no non-zero fixed vector, iff there is no nonzero joint fix
vector for Ay and Ak etc.. We shall also say that K C H is irreducible if it is
not the direct sum of two non-zero hsm inclusions of standard subspaces, i.e. if
U is irreducible. We have an example of irreducible hsm inclusion by the above
corollary by considering the irreducible positive energy representation of G with
lowest weight 1. This is indeed the unique one:

Corollary 4.3.2. Allirreducible, non-zero, non-degenerate hsm inclusions of stan-
dard subspaces are unitarily equivalent.
If K C H is a non-degenerate hsm inclusion of standard subspaces, then K C
H is unitary equivalent to a direct sum of copies of the unique irreducible one.
Every hsm inclusion of standard subspaces is canonically the direct sum of a
non-generate one and (possibly) of a trivial one.

Proof. By Wiesbrock theorem a hsm inclusion K C H of standard subspaces gives
rise to a positive energy representation U of P. Then, by Prop. 0.7.1, a vector is
fixed by U iff it is fixed by A%, iff it is fixed by A%. So we get the decomposition
in a direct sum of a trivial inclusion (the fixed points) and a non-degenerate hsm
inclusion. The rest is clear. O
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Chapter 5

Nuclearity properties and
SL(2,R) operator inequalities

An important condition for a positive energy representation of G is the trace class
property, namely Tr(e#10) < oo for all 8 > 0, that is there exists a “partition func-
tion”. We will study how this condition is related to other nuclearity properties
for a net of standard subspaces, We shall apply our analysis in later chapters in
relation with the split properties.

Most of the analysis in this chapter will consist in set a number of remarkable
identities and inequalities for operators associated with a positive energy unitary
representation of G.

5.1 A first operator identity associated with SL(2, R)

If 1, ] are intervals of S! we shall write I € [ if the closure of I is contained in the
interior of 1.

Let U be a unitary positive energy representation of G on a Hilbert space J{.
We shall denote by K; the infinitesimal generator of U(d;(s)). Given intervals
I € I we shall set

Ti () = p2iAK; ,=2miAK;

Suppose U is a representation of G and let H be the associated local Mobius
covariant net of real Hilbert subpaces of J{. Then K; = —2xlog A;, where A; =
Apry 1s the modular operator of H([), so

Tr,(2) = A;*AY
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(the closure on the right hand side operator is omitted as usual); by Cor. 0.10.2
the map A = T7 (1) is holomorphic in the strip S;/», continuous on its closure and
177, < 1.

The case A = i/4 is of particular relevance and we set

Ti,l = Ti,l(i/4) .

In this chapter the upper and the right semicircle will be denoted respectively by
I; and I,. We put K = K, and A, = Ay,
We now prove a formula pointed out by Schroer and Wiesbrock.

Theorem 5.1.1. Let U be a positive energy unitary representation of G. For every
s > 0, the following identity holds

APATEATE = g7 Pmsko (5.1.1)

where A, = e ™ | k = 1,2 and Ly are associated with U.
More precisely the domain ofAiMAg”AIlM is a core for AIIM and the closure
of AY*ATSATV is equal to e,

Proof. We assume that U is a representation of G; for the general case see the
remark below.

We denote here by ki, k, and [, the elements of the Lie algebra slc(2,R) cor-
responding to K, = K, K, = K, and L (thus k; = éE and k, = %(T -S)).
Then

ki, ko] = =ily, [k, L] = k> .
Denoting by Ad(g) the adjoint action of g € G on sl(2, R) we then have

(o8]

Ad(e ™) (ky) = ) %5;; (kz) = cosh(2m)k, — sinh(271)ly
n=0 '

where 6y, = 2n[k;, - ], therefore for all s,7 € R we have the identity in G

=2rith j2riska 2xitki _ - 2is( cosh2tka—sinh2mnlo)

that of course gives the operator identity

e—thKl estKzeZRttKl — est( cosh(27rt)K2—51nh(27rt)Lo) (512)

Consider the right hand side of eq. (0.23.2) that we denote by W(7). Given
r > 1/2, by Lemma 0.23.2 there exist sy > 0, a dense set V  H of joint analytic
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vectors for K, K5, Ly such that, for any fixed s € R with |s| < sy and € 'V, the
vector-valued function

t> W(tn = eZﬂis( cosh(2nt)Kz—sinh(2nt)Lo)77

has a bounded analytic continuation in the ball B, = {z € C: |z] < r}.
Consider now the left hand side of eq. (0.23.2). By definition it is equal to
AiltA;SAl_i[.
Now the map
t€R > AIATSAT" (5.1.3)

has a uniformly bounded, strongly continuous, analytic extension in the strip S_j .
Indeed ATASSA[Y = Ty, f, (—DA™ where I = 6,(2ns)1; C 1, so the analyticity
of (0.23.3) follows from Lemma 0.10.2.

Taking matrix elements

1, ATASBATE) = (W(0)'n, &) = (W_y(0), €)

with 7 € V and ¢ an entire vector for A, both the functions defined by the left and
the right side of the above equation have an analytic extension in S_;, N B,.
Taking the value at t = —i/4 we have

()7, Ai/4A£lSAIl/4§) — (e—ZHSLon’ g) — ()7, e—ZII'SLof)

hence the closure of A}/ 4A;”A;” s equal to e~ if s is real and |s| < s, hence
for all s € R by the group property. This ends the proof. O

Remark. Equation (0.23.1) is clearly equivalent to the identity A;#AT"* ¢ A/ *e=2msto,
Note that we have a closed operator on both sides. If the representations U; and

U, have lowest weight a; and a;,, then U = U,®U, has lowest weight @ = a; + ..

So, if @ is an integer, formula (0.23.1) holds for U. It easy to infer then that for-
mula (0.23.1) holds for any lowest weight representation. In the following we
prove other operator inequalities for unitary lowest weight representations of G.

A similar argument then shows that they are all valid for any lowest weight unitary
representation.

We now recall the following result by Nelson used in the proof of Thm. 0.23.1.
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Lemma 5.1.2 ([?]). Let U be a unitary representation of a Lie group on a Hilbert
space H and X,,X>,...X, a basis for the associated Lie algebra generators.
There exist a neighborhood U of the origin in C" and a dense set of vectors V C H
of smooth vectors for U such that

i (i X) + upXp + -+ - + Man)kU”
< 00
k:O k!

for all (uy,u,...u,) € Wandn € D.

5.2 Trace class property and L’-nuclearity for rep-
resentations of G

Second formula

If A € B(3), the nuclear norm ||A||; of A is the L' norm, namely ||A||;, = Tr(|A])
where |A| = VA*A; the Hilbert-Schmidt norm is given by ||A|l, = Tr(A*A)'/2.

We shall consider the property that HTiUllll < oo, that we call L*-nuclearity
(with respect to I € I). Note that ||TiUI||1 depends only on £(I, I), namely ”TiUI”l

does not change if we replace I € I by hl € hl with h € G.
Given intervals I € I we consider the inner distance €(I, 1), see Appendix
0.26.

Proposition 5.2.1. In every positive energy unitary representation U, we have

U _ —sLy Ais/2n
Ti,l =e A

where I = I}, I € I is symmetric w.r.t. the vertical axis, s = ¢, 1) and A, is as

above. Therefore
IT7 0 = lle™™ll, (5.2.1)

for any inclusion I € I such that s = €(I, I).

Proof. By multiplying both sides of formula (0.23.1) by A5 on the right, we get
the equality

e 2msko A;“' — A}M( A;’s AII /4 A;S)
=AY (UL 2rs)A U 61, (-275))
:A}/4A_1/4

0 2ns
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where [; s = 65,(s)]; that is to say T, = e‘SLOA?/Z” where s = ¢(I, ). Since then

A;Y/ *7 is unitary we are done. O
As a consequence we have a key equation for the 7 operator
q Yy €q p

Ti,T;, =e>", s=lI) (5.2.2)

with 7 the upper semicircle and / symmetric w.r.t. the vertical axis. Of course by
Mobius covariance we have a general formulation of the above proposition and
the above equation for arbitrary inclusions / € 7. In particular formula (0.24.1)
holds true for any inclusion of intervals I € [ with s = ¢(I, I).

Third formula

let / € J be an interval and 1, , = 7'(—a’)t(a)] with a,a’ > 0, so that I, , € I. Let
U be a positive energy unitary representation of G and denote by P; and P; the
positive selfadjoint generators of the one-parameter unitary subgroups corrspond-
ing to 7; and 7;. We have:

Proposition 5.2.2.

TU -a' P, _—aP; —iaP;

_ ia' P,
Ly, = e e I,

e e

Proof. Indeed

T, = AN

Ia',a
14 —iq’ P’ . _1 4 _: - 1y
— AI/ e i@ P,emP1A1 /4 =iaP yia' P}

(5.2.3)

14 —ia' P, A—1/4 A1/4 jaP; A=1/4 _iaP; id' P!
— A[/ eia PIAI / Al/ etaPIAI /e lﬂPIelll P}
— e—a Ple—aPle—mPIem P

where we have used the commutation relation Ai¥e®”IA7" = ¢ P and the
analogous one with P} instead of P;. If a > 0, the above equation holds true for

all complex s € S_;,; and we have applied it with s = —i/4 (see the proof of
0.9.1). O

As a consequence we have another key equation for the 7" operator:

_ e—aP1

* -2d' P}, —aP,
TI’Ia’,aTI,Ia/ﬂ - e e L. (52.4‘)
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Note also that by Prop. 0.24.1 we also have

SERI b 9 inh-l 7
”TI,Ia/a”l — Tr(e_f(l’l“"“)Lo) — Tr(e—ZSlnh €4 (I,Ia’,a))LO) — Tr(e 2 sinh (\/(;)Lo)

where '(1,1,,) = Va'a is the second inner distance (Appendix 0.26), thus ¢’ =
sinh(%) by Prop. 0.26.1. We now have some of our basic formulas.

Theorem 5.2.3. In any positive energy unitary representation of G we have

e—2sL0 — e—tanh(%)Pe— sinh(s)P’e— tanh(3)P (525)

therefore
Bl < p2tanh()P (5.2.6)

forall s > 0.

Proof. Consider an inclusion of intervals I € ITwithl =1, 1 symmetric with
respect to the vertical axis and ¢I,1) = s. By Prop. 0.24.1 we have T;; =
e“‘LOAg"/ 2% thus
T Ty, = e
On the other hand by Prop. 0.24.2 we have
Tf,lT;l — e—aPe—Za’P’e—aP

where a > 0 and @’ > O satisfy '(-a)r(a) = I. By equation (0.26.5) we have
a’ = sinh(s)/2 and a = tanh(s/2), so we have formula (0.24.5).
Equation (0.24.5) immediately entails e>*%0 < ¢21@nh(:)P, O

Note that the inequality

e 0 < g lmh(DP (5.2.7)
follows from (0.24.6) because the square root is an operator-monotone function.'
Note also that the equation

—2sLg — tanh(5)P’ e sinh(s)Pe— tanh(3)P’

e =e
follows by (0.24.5) by applying a conjugation by a z-rotation on both sides.

Remark. We may formally analytically continue the parameter s in formula (0.24.5)
to the imaginary axis and get the equality
e—2isL0 — eitan(%)Peisin(s)P’eitan(%)P , (528)

which correspond to the identity in G: R(2s) = 7(tan 3)7’(sin s)7(tan 3). In partic-

ular we have e 0 = ¢iPiP ol

IThe inequality (0.24.7) does not follow from L > %P because the exponential is not operator
monotone.
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More general embeddings

With U a positive energy representation of G as above, we shall need to estimate
the nuclear norm of the more general embedding operators

TP, () = TP (i) = AjJAY, 0<A<1/2,

associated with an inclusion of intervals I, € I. As above T,U,0 = TIUIO(i /4).

Proposition 5.2.4. For an inclusion of intervals I, C I with I, = I,, = v’,7,1 as
above, thus €'(1,1,) = t, we have

T[’]t(l'/l) — e—tcos(Zml)tPl (e— sm(le)IPle— sm(Zml)tP,)el cos(ZHA)tPle—thlettP, ]

Proof.

1 = AAA-A
T]Jt(l/l) = AIA],
P _ s .l
— A;le thlethIAI/le ”Ple”PI

(A AT A A e e

s =27 ;o Tl . s DI (5.2.9)
€ 2midypr el(ez NPy o itP1 itP]
— efi(cos(Zﬂ/l)fi sin(27r/l))tP}ei(cos(er/l)Hsin(27r/l))tPIefitP1 eitP}
— e—icos(Zml)tP}e— sin(2rA)tP; e sin(2nA)tPy eicos(Zml)tPle—itPI eitP;
O
Corollary 5.2.5. (|7, = ||T1,1§in(m)t||1, 0<aA<1/2.
Proof. Immediate because by Proposition 0.24.4 the operator Ty, ,.,, 18 obtained

by left and right multiplication of 7} (i1) by unitary operators.

A fourth operator inequality

Proposition 5.2.6. Let U be a positive energy unitary representation of G. We
have the following inequality:

lle™ BTGP A < ] 0<A<1/4. (5.2.10)

Here P is the translation generator, I is an interval of R with usual lenght d; and
A, is the modular operator associated with I.
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Proof. Fix a > 0. Then
Aéz,m) = U(a)A*U(-a) = A*A™U(a)A*U(-a) = A*U(e*™a — a)
Ais — U(_a)AiS U(a) — AiSA—iS U(_a)AiS U(a) — Ais U(_e27rsa + a)

(00,—a)

where A = A o).
We have for all real z

T(z) = A°A% = U(e*™a — a)

(a,00)
thus for all complex z € S;,,. Indeed the both sides of the above equations define
a bounded continuous function on % analytic on S, that are equal for real
z. The left side is analytic because of Thm. 0.10.2, and the right side is analytic
because J(e*™a — a) > 0 for z € S, and the translation generator P is positive.
In particular, setting z = id, 0 < A < 1/2 we have

AN

(a,00

, = U(e™™a—a) = U(acos(2nd) — a + iasin(271))
= ¢ P (g cos(2nd) —a) (5.2.11)

Analogously '
AA = e @V (g cos(2n) + a)

(=00,—a) —

therefore

—asina)P _ Ad -2
e =A A(a’m)

U( = acos2rd) + a) = AU (a)A™*U( — a cos(2n))

—asin@rP — A=AAL U(acos(2nd) — a) = A U(-a)A'U(a cos(27A))

€ (~c0,—a)

Choosing a = d;/ cos(2n 1), that forces to take A < 1/4, we have
e IO = AU (a)A U (=d)) = A'U(a - dp)Ag,
e IO = AU (—a)A'U(d)) = A U(=a + dpAL, o,

Let E. be the spectral projection of A relative to the intervals (1, co0) and (0, 1].
Then

E_e” 1IN = E_NU(a — d)DA gy A7 = E-A'U(a = dD)T oy
E.e” 1PN = E N U(=a + d)DAy, o)A = ELAU(=a + d)T 4,001

Now [|[EzA*'U(+ (a—d;))|| < 1. As I is contained in (-0, d;) and in (—d;, ), we
also have ||T _w.gpll £ 1, IT(—4,.00011l < 1, hence

”e—d, tan(2ﬂ/l)PA[—/l” <2 (5.2.12)
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We show now that the left hand side is bounded by 1, namely Indeed we may
consider the n-tensor product net U ® - - - ® U and apply eq. (0.24.12) to it. Then

”e— tan(Zﬂ/l)ddIPAI—/l”n < 2

that proves our inequality as 7 is arbitrary. O

Note that the inequality (0.24.10) gives

AI—/le—Ztan(Zﬂ/l)leAI—/l < 1

namely
p~2tanrddiP o A2
i} [

In particular, if I = I, is the interval (-1, 1) of the real line, we have ¢=2@ P <

Ag”. By conjugating both members of the inequality with the modular conjugation
J, (ray inversion map) we get e~2"™F < AZ21 namely

6_2 tan(2xA)P < A%/l < 62 tan(2m )P’ (5213)
and, by rescaling with the dilation unitaries we obtain the inequality

e 2mCTNAP < A2 < P2 a7 P (5.2.14)
In particular, evaluating at 4 = 1/8, we get

P < AV < B (5.2.15)

5.3 Modular nuclearity and L*-nuclearity

Basic abstract setting

Recall that a linear operator A : X — Y between Banach spaces X, Y is called nu-
clear if there exist sequences of elements f; € X* and y; € Y such that ), || fill ||yl <
oo and Ax = ) fr(x)yk. (A linear operator on a Hilbert space is nuclear iff it is of
trace class). The infimum ||Al|; of 2. | /x|l |yl over all possible choices of { f;} and
{v«} as above is the nuclear norm of A.
Let H be a Hilbert space and H c H an inclusion of standard subspaces of .
We shall say that H c H satisfies L*>-nuclearity if the operator

_ Al/AA—-1/4
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1s nuclear.
We shall say that H c H satisfies modular nuclearity if the operator

A Ey

is nuclear. Here Ey, is the real orthogonal projection of J{ onto H and the operator
Ag“E y 1s thus a real linear operator.

L? and modular compactness are analogously defined by requiring the com-
pactness of the corresponding operators.

Proposition 5.3.1. L’-nuclearity implies modular nuclearity and IIA}?/4EH||1 <
ITg mlh-

Proof. First note that
1/4
1A lall < 1,

indeed if £ € H we have

A ER = (A€, &) = (Jué, TuA*E) = (Jué, S ué)
= (Jué, &) < 1€l €]l = I .

Therefore, assuminig L>-nuclearity for H C H, we have

1/4 1/4 1/4
1AL Exll = ITaudy Exlli < 1 TaulillAy*Exll < 1Ta4l

We shall consider the condition
T 5 G DI < oo

with T 5(2) = AI‘;ZAZ, for general exponents 0 < A < 1/2.
By an immediate extension of the above argument we then have

1AL Enll < 1ITgpGl) -
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Comparison of the nuclearity conditions

Let H be a Mobius covariant net of real Hilbert subspaces of a Hilbert space J{.
Consider the following nuclearity conditions for H.

Trace class condition: Tr(e ) < o0, s > 0;

L*-nuclearity: |T;,(id)ll; < co, VI € ,0 < A < 1/2;

Modular nuclearity: Z;,(A) : € € H(I) — A;‘f € Hisnuclear VI € [,0 < A <
1/2;

Buchholz-Wichmann nuclearity: ®V(s) : € € H(I) - ¢ € 3 is nuclear, 1
interval of R, s > 0 (P the generator of translations);

Conformal nuclearity: W;(s) : € € H(I) — e~*l0¢ € H is nuclear, I interval of S,
s > 0.
We shall show the following chain of implications:

Trace class condition

)

L? — nuclearity

U

Modular nuclearity

U

Buchholz-Wichmann nuclearity

U

Conformal nuclearity

Where all the conditions can be understood for a specific value of the parameter,
that will be determined, or for all values in the parameter range.

We have already discussed the implications “Trace class condition & L2-
nuclearity = Modular nuclearity”.

Modular nuclearity = BW-nuclearity

Equation (0.24.10) gives |le”*"®™V4PA-Y| < 1 for all 0 < A < 1/4, so the follow-
ing holds:

Proposition 5.3.2. Let Iy € I be a an inclusion of intervals of R. We have

07" (tane)d )l < I1EL1, (Dl
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where d; is the length of I, 0 < 1 < 1/4.
Proof. With & € H(I,) we have
D" ()€ = e = (e TAAE

thus
PV (tanrA)d;) = (" “"FVUTALY) - By ()

and so IIQDE)W(tan(Zml)d,)II 1 <14Vl as desired O

Quantitative and asymptotic estimates

At this point we have the following chain of inequalities:

0PV (tanrd)d))ll; < 1274, (Dl;
< Ty, (DIl
= ITrplh ', 1)) = sinr)l'(1, 1p)
= Tr(e™*™), s =0, 1)
Note that s = 2sinh™(¢/(1, 1})) = 2 sinh™'( sin(272)¢’ (1, I)) by Prop. 0.26.1.

As 1 — 0% one has tan(2rd) ~ 27xd and s ~ 4nAt’'(I,1;) so we have the
asymptotic inequality

1DFY (@)lly < Tr(e @ Hlodnatoy =g — 0* . (5.3.1)

Here below we have our last estimate that will give a relation to conformal
nuclearity.

BW-nuclearity = Conformal nuclearity

By equation (0.24.6) there exists a bounded operator B with norm ||B|| < 1 such

that
e—SLQ — Be—tanh(%)P

therefore
W¥,(s) = BOFV (tanh(s/2)) (5.3.2)

and so we have

Proposition 5.3.3. [[¥;(s)|li < [|@;Y (tanh(s/2))ll; .
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5.4 Appendix. Inner distance

Given intervals I € I we consider the inner distance between I and I to be the
number £(I, I) defined as follows. First, in the real line picture, assume I=(1,1).
Then there exists s € R such that d;(s)/ is symmetric, i.e. I = (—a, a). Then we set
eI, = - log a. By definition ¢(I,1y) = €¢I, 1) if I and I, are in the same &;-orbit.

If now I € I is any inclusion of intervals of S!, we choose g € G such that g/
is the right semicircle (that corresponds to (—1, 1) in the real line picture). Then
we set £(I, 1) = £(gl, gI). As the choice of g is unique modulo right multiplication
by an element 6;(s), the inner distance is well defined.

Note the following equality

U, 61, (=)L) = 5 (5.4.1)

where /; and I, are the upper and the right semicircles and s > 0.
It is easily seen that the inner distance satisfies the following properties:

Positivity: €(I, 1) > 0 if I € I and all positive values are attained.

Monotonicity: If I, € I, € Iz we have €(I5,1;) > ((I5,1,) and (I3, 1;) >
(1, 1y).

Moébius invariance: €¢(I,1) = €(gl, gI) for all g € G.

Super—additivity: O, 1) >, L)+ L, L) it €, € L.
We now define second inner distance ¢’ as follows. For any a,a” > 0 we set
O, D) = Naaw if I= T}(—a’)T;(a)f.

Since conjugating 77(¢) and T}(t) by a dilation dj(s) by 4 = €° gives 17(Af) and
T}(/l_] 1), the above formula gives a well defined and Md&bius invariant quantity.
Note now that 77, is the conjugate of 7, by the ray inversion

T(-t): x>

)

1 +tx
Proposition 5.4.1. ¢’ = sinh(¢/2).
Proof. Given t > 0 and an inclusion of intervals I ¢ [ with ¢’(I, ) = t we want to

calculate s = £(,I). We may assume that / = R, and I = [,-1,,, = /(A" ')r(A0)],
Then

. A1
_ -1 4 -1 _
[ =7 (=201l =7 (— A1 1)(At, 00) = (—1 - _/lt) .
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We may further choose A so that I symmetric under ray inversion, namely 17! =

V1 + 2. thus
2
1:[ ! ,'1”]. (5.4.2)
V1 + 72 4

Now in the real line picture the right semicircle I, corresponds to the interval
(=1, 1), thus by eq. (0.26.1) s is determined by

t
5(_1’1)(5‘)0 = . (543)
1+¢
Now . ( 1l
x+1—-e’(x—-
O :
() X ST
thus eq. (0.26.3) gives
t 1—¢* inh(s/2
= — %~ tanh(s/2) = —= (s/2)
Vi+rz l+e V1 + sinh’(s/2)
and this implies ¢ = sinh(s/2). O

Note that 5. 1y(s)Ry = I-1, 4 = 7/(-A')7(A0)] with 2 = 1/ V1 + 2, namely
5(_1’1)(S)R+ = T’( —tV1 + ZZ)T(I/ V1 + lZ)R+ . (5.4.4)
In term of the inner distance s the interval / in (0.26.2) is given by

I = (tanh(s/2), coth(s/2)) = 7’(- sinh(s/2) cosh(s/2))r(tanh(s/2))R,
= 7/(— sinh(s)/2)r(tanh(s/2))R, (5.4.5)
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