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Abstract. The convergence features of a preconditioned algorithm for the convection-diffusion
equation based on its diffusion part are considered. Analyses of the distribution of the eigenvalues of
the preconditioned matrix in arbitrary dimensions and of the fundamental parameters of convergence
are provided, showing the existence of a proper cluster of eigenvalues. The structure of the cluster
is not influenced by the discretization. An upper bound on the condition number of the eigenvector
matrix under some assumptions is provided as well. The overall cost of the algorithm is O(n), where
n is the size of the underlying matrices.

Key words. finite differences discretization, preconditioning, multilevel structures, convection-
diffusion equation

AMS subject classifications. 65F10, 656N22, 15A18, 15A12, 47B65

DOI. 10.1137/050627381

1. Introduction. The aim of this work is to study the convergence behavior of
a preconditioned algorithm to solve the linear systems generated by the discretization
of the convection-diffusion equation

(1.1) —v V- (a(z)Vu) +¢(z) - Vu=f, xe€Q,

(1.2) u=g, x¢€ N,

where Q is an open region of R? with a(z) a uniformly positive function, g(z) €
R? a convective velocity field (the wind), V = (8—21, cee %)T, and v the viscosity

(or diffusion) coefficient. We stress that models based on similar equations, whose
domains can be of dimension d > 3, arise, e.g., in finance, where each spatial dimension
is related to an asset in a basket.

Discretizing problem (1.1) by using centered or upwinding finite differences on
equispaced meshes, we reduce the approximate solution of the above problem to the
solution of the linear system

Ay:b7

where the matrix A is nonsymmetric and positive definite and n is the size of A; see
section 2.2 for more details. If Q coincides with (0,1)¢ and the stepsizes are given by
(N;+1)"4, N; €N, j=1,....,d, N = (Ny,...,Ng)T, then the dimension of A is
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n = Ny -Ny---Ng In the case when Q C (0,1)¢ is a connected domain formed by
a finite union of d-dimensional rectangles (e.g., L, T, U-shaped domains, etc.), the
discretization of the diffusion part of (1.1) is symmetric and positive definite, and the
size n will be approximately equal to m(€2) - Ny - Na - - - Ny, with m(-) being the usual
Lebesgue measure (m(Q) = 1 for Q = (0,1)%). Therefore, when the number of the
mesh points in the domain € is large enough, A is large and sparse.

Let us emphasize the dependence of the matrix A on the parameters a and ¢
n (1.1) by writing A = A(a,q) or A = A(a,q,Q), where Q is the domain. The
preconditioner we consider is defined as

(1.3) P = P(a) := DY?(a)A(1,0)D?(a),

where D(a) is a suitably scaled main diagonal of A(a,0), and A(1,0) denotes the
discrete Laplacian (a = 1). Preconditioning with a scaled discrete Laplacian operator
for nonself-adjoint and nonseparable elliptic boundary value problems was considered
in [12] and [15]. Moreover, in [15] the independence of preconditioned iterations from
the mesh was observed. The eigenvalue distribution for the diffusive part of the latter
problem was investigated in [23, 26, 25].

In this paper we focus our attention on the case when ¢ is nonzero and €2 is a
connected finite union of d-dimensional rectangles (a plurirectangle) so that A(1,0)
(and consequently the whole preconditioner P(a)) is symmetric and positive definite
as proven in [26]. In particular, the authors of [23, 26] found that, if a(x) is positive
and regular enough and ¢(z) = 0, then the preconditioned sequence shows a proper
eigenvalue clustering at the unity (for the notion of proper eigenvalue and singular
value clustering, see Definition 2.2), and we prove here that the same holds true in
the complex field for problem (1.1) as well. Moreover, under mild assumptions on the
coefficients of the problem, we prove that all the eigenvalues of the preconditioned
system belong in a complex rectangle {z € C: Re(z) € [¢,C],Im(z) € [—¢,¢]} with
c¢,C > 0, ¢ > 0 independent of the dimension n. Note that the existence of a proper
eigenvalue cluster and the aforementioned localization results in the preconditioned
spectrum can be very important for fast convergence of preconditioned iterations (see,
e.g., [4]): here we will use and generalize to the case of nonnormal preconditioners
a recent general tool devised in [24] for deducing the eigenvalue clustering from the
singular value clustering, the latter being much easier to check.

In previous works [1, 5] solvers based on the symmetric/skew-symmetric splittings
of A were considered. We stress that symmetric/skew-symmetric splittings can be
used successfully as preconditioners; see [2].

Indeed, beside the spectral theoretical analysis of the preconditioned structures,
the idea is to propose a technique that can be easily used. In fact, the ingredients
are a Krylov method (e.g., GMRES, BiCGSTAB, etc.), a matrix vector routine (for
sparse or even diagonal matrices), and a solver for the related diffusion equation with
a constant coefficient (a method based, e.g., on the cyclic reduction approach [9, 14] or
on multigrid methods [27, 19] for which professional software is available). Of course,
if the convection part is dominating, then the considered approach can be enriched
by approximating the related discrete operator. We stress that convection-dominated
problems require appropriate upwind discretization to avoid spurious oscillations.

1.1. Outline. The paper is organized as follows. In section 2 some tools and
definitions from structured linear algebra are introduced, while in section 3 the pre-
conditioner and some of its basic properties are introduced. In sections 4 and 5 we
first derive specific tools for dealing with eigenvalue clusters and then we study the
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spectral properties of the preconditioned matrix sequences, with special emphasis on
the eigenvalue and singular value clusterings. Section 6 is devoted to the convergence
analysis of GMRES. Moreover, some numerical experiments in both two dimensions
and three dimensions, and their computational aspects, are presented and discussed.
Section 7 concludes the paper with some final comments and remarks.

2. Preliminaries. We start by stating a few results from the spectral theory of
Toeplitz matrix sequences (subsection 2.1) and then we briefly analyze the structure
of the coefficient matrix A (subsection 2.2).

2.1. Definitions and tools for sequences of Toeplitz matrices. Let f be
a d-variate Lebesgue integrable function defined over the hypercube 7%, with 7 =
(—m, 7] and d > 1. From the Fourier coefficients of f (called a symbol or generating
function)

1

(2.1) a; = (27T)d

f(2)e T gy, =1, j=(1,...,Ja) € 2%,

with (4, 2) = Zle Jrzr, one can build the sequence of Toeplitz matrices {Tn(f)}n,
N = (N1,...,Ny), where Ty (f) € C**™ and n = Hle N,.. The matrix Ty (f) is said
to be the Toeplitz matrix of order N generated by f (see, e.g., [8] for more details).
For example, if d = 1 we have that a;, j = —(Ny — 1),...,0,..., (N7 — 1), is
the value on the jth diagonal of the N; x Nj Toeplitz matrix Tx,. The Fourier
coefficients a; are equal to zero (for |j| large enough) if f is a (multivariate) trigono-
metric polynomial. Therefore, the corresponding Toeplitz matrix is multilevel and
banded. A typical example is the case of the classical d-level Laplacian with Dirichlet
boundary conditions, discretized by equispaced finite difference formulas over a square
region. For instance, the generating function of the (negative) Laplacian (discretized
by centered differences of accuracy order 2 and minimal bandwidth) is expressed by

d
Z (2 —2cos(z;)).
Jj=1

For d = 1 the corresponding matrix is the symmetric tridiagonal matrix Ty, =
Toeplitz(—1,2, —1) while, in the general case, it corresponds to ijl P; with

Pi=In® - ®IN,_, @TN, @ IN;,, @+ R IN,.

The spectral properties of the sequence {Tw(f)}n and of related preconditioned
sequences are completely understood and characterized in terms of the underlying
generating functions. For instance, Tn(f) = Tx(f) (* is the transpose conjugate
operator) for every N if and only if f is real valued: more results are given in Theorem
2.1 following. Before stating it we clarify some notation that we will use throughout
the paper.

We consider two nonnegative function a(-) and 3(-) defined over a domain D with
accumulation point Z (if D = N, then Z = oo; if D = 7%, then Z can be any point of
D). We write

e a(-) = O(B(+)) if and only if there exists a pure positive constant K, such
that a(z) < KfB(x), for every (or for almost every) x € D (here and in the
following, by pure or universal constant we mean a quantity not depending
on the variable x € D);
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e a(-) =o(8(+)) if and only if a(-) = O(8(+)) and lim,_z a(x)/B(z) = 0 with
a given accumulation point of D, which will be clear from the context;

e a(0) ~ B() if and only if a(-) = O(B(-)) and A(-) = O(a(-));

e a(-) ~ ((-) if and only if a(:) ~ 8(:) and lim, 7 a(x)/B(x) = 1 with T a given
accumulation point of D (the latter can be rewritten as a(x) = B(x)(1+0(1))
with 1+ o(1) uniformly positive in D).

THEOREM 2.1 (see [8, 22]). Let f and g be two d-variate Lebesque integrable real
valued functions defined over T?, and assume that g is nonnegative with a positive
essential supremum. Then, the following holds:

1. If f is not identically a constant, then every eigenvalue of Tn(f) lies in
(m, M), where m =essinf f and M =esssup f;

2. if we denote by Amin(Tn) and Amax(Tn) the minimal and mazimal eigenvalues
of Tn(f), then

Nlim Amin(Tn) =m, lm Apax(Tn) = M;

— 00

3. if N; ~ N; for everyi and j, then Amin(ITn)—m ~ n=4 qnd M —Aax(TN) ~
n=A/e while if N; ~ a; ;N for every i,7, and o;; are universal constants,
then Amin(Ty) — m = emn~ % and M — Amax(TN) = emn B/ here o is
the mazimum among the orders of the zeros of f(z) —m, 3 is the maximum
among the orders of the zeros of M — f(z), and ¢y, cpr are universal constants
which can be explicitly evaluated, at least for smooth symbols.

DEFINITION 2.2. A sequence {An}n (An of size n) is properly (or strongly)
clustered at p € C in the eigenvalue sense if for any € > 0 the number of the eigenvalues
of Ay, not belonging to D(p,e) = {z € C : |z—p| < €} can be bounded by a pure constant
possibly depending on €, but not on n. Of course if every A, has, at least definitely
(i.e., for n large enough), only real eigenvalues, then p has to be real, and the disk
D(p,€) reduces to the interval (p — €,p + ¢€).

Moreover, a sequence {An}n (An of size n) is properly (or strongly) clustered at
JNS RS‘, in the singular value sense, if for any € > 0 the number of the singular
values of A, not belonging to (p — €,p+€) can be bounded by a pure constant possibly
depending on €, but not on n.

2.2. The discrete problem and splitting the contribution of convection
and diffusion. We denote with Re(G) the symmetric and with i Im(G) the skew-
symmetric part of a real coefficient matrix G, i.e., Re(G) = (G+ G*)/2 and Im(G) =
(G — G*)/(2i), respectively.

The analysis is performed without restrictions on the dimension d of problem
(1.1), provided that a(x) > 0 and that the domain is a hypercube (by exploiting
the analysis in [26], the same can be extended to the case when the domain is a
connected finite union of d-dimensional rectangles by using the same arguments as in
[5]). Conversely, we emphasize that here the numerical tests are performed mainly on
two-dimensional problems with a(z) > 0.

Note that we can always write

A=6(a) +¥(q),

where the matrix ©(a) = A(a,0) is the discretization of the diffusion term, and the
matrix ¥(q) is the discretization of the convection term. We observe that when
q(x) = (w1, wa,...,wg)T is a constant vector and a centered difference discretization
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is used, the matrix ¥(q) is skew-symmetric and coincides with the d-level Toeplitz
structure that, for d = 2, is given by

Sny ® In, + In, ® Sh,,

where Sn,, k = 1,2, is the Toeplitz matrix generated by f(z) = (—2iwy/(2hs)) sin(z),
ie.,

(2.2) Sy, = ok

_1 N XNy,

On the other hand, O(a) is a d-level Toeplitz matrix which, for d = 2, is given by
TN, ® IN, + IN, ® T,

where, if a(x) = 1, T, is the usual one-dimensional discrete Laplacian with generating
function given by (v/h})(2 — 2cos(z)), i.e., the tridiagonal Toeplitz matrix

2 -1

-1
o 1 2 N XNy
For the upwind scheme we consider here, if ¢(x) is a constant vector, the matrix A is
as before with the exception of Sy, as in (2.2), which is now the following bidiagonal
matrix:

1 0
-1
(2.3) Sy, = -k
Iy
0
71 1 Nk X Nk
For simplicity, from here on we consider hy = h, k = 1,...,d, and we normalize the

underlying linear systems by multiplying the left and right sides by hZ.

As in the case of the upwind scheme considered above, the symmetric part of
A cannot be exactly the discretization of the diffusion term O(a), and the skew-
symmetric part of A cannot be exactly the discretization of the convection term ¥(q).
Indeed, we observed (see [5, Theorem 3.5, p. 466] and Remark 3.2 in [5]) the following
property for a centered difference discretization of (1.1).

THEOREM 2.3. Let us assume that the function V - q(x) in (1.1) is a vector with
bounded components and that (1.1) is discretized with centered differences (of precision
order 2 and minimal bandwidth). Then

Re(A(a,q)) = ©(a) + E,
ilm(A(a, q)) = ¥(q) - E,
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where

(2.4) g Y@ J;‘I’*(q)
with

(2.5) IE]l> < cah?

ca = 0q||V - ¢l

(g = 2d with d =2 or d = 3 when Q = (0,1)%).
For the upwind scheme based on (2.3), we have that

|E]l2 < hay max|q(z)],
z€eQ

where o/, is a constant of the order of unity which depends only on d and the dis-
cretization.

Under the assumption that ||V - ¢||eo is smaller than a suitable positive constant,
by using the same arguments as in [5], we can prove that Re(A) is real symmetric
positive definite but ill-conditioned with a condition number asymptotic to h~2.

3. The preconditioner. Here we focus on certain Krylov methods (e.g.,
GMRES; see [20] and [10]) preconditioned by

(3.1) P:=P(a,Q) = DY?(a)0(1)DY?(a), ©(1) = A(1,0),

where D(a) is a diagonal matrix which, in MATLAB notation, is given by
1. .
D(a) = ;dlag (diag (©(a))), v =0(1);,.

For example, if we consider the centered difference approximation of the Laplacian
O(1), we have v = 4 for d = 2 and v = 6 for d = 3, where d is the dimension of
the domain of the problem. Note that P in (3.1) is an approximation of the matrix
generated by the discretization of the diffusive part of (1.1). Similar strategies were
used in [11], in [15], and in [23, 25] for the purely diffusive equation, or, in other
words, with ¢ as a null vector in (1.1).

The resolution of linear systems with matrices as in (3.1) can be performed within
a linear arithmetic cost by means of fast Poisson solvers, and this is important for an
efficient implementation of (3.1). Classical (direct) Poisson solvers are mainly based
on cyclic reduction or on multigrid algorithms (see [9, 14] and, e.g., [27, 19]). From
Theorem 2.3, we infer that A is certainly positive definite if the norm of F is smaller
than the minimum (positive) eigenvalue of ©(a). More specifically

min(; (©(a))) = vh* m()fmina,

with m(-) denoting the Lebesgue measure. Therefore, by using again the bound in
Theorem 2.3 and by following the same arguments as in [5, Theorems 3.6 and 3.7],
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it is easy to prove the following two results, which are important in order to gain
insight into the convergence of preconditioned iterations. From here on, where not
otherwise stated, we will consider the centered differences discretization of precision
order 2 and minimal bandwidth for (1.1).

THEOREM 3.1. Let A € R™ ™ be the positive definite matriz generated by the
discretization of (1.1). If

IV - qlloo < V@m(Q) min a
o Q

and if the coefficient a(x) is strictly positive and belongs to C*(Q), then the sequence
{P~'Re(A)}, is properly clustered at 1 in the eigenvalue sense. Moreover, the eigen-
values belong to a positive interval [c, C] well separated from zero.

THEOREM 3.2. Let the hypotheses of Theorem 3.1 hold true. Then the sequence
{P~TIm(A)}, is properly clustered at 0 in the eigenvalue sense. Moreover, the eigen-
values belong to an interval [—¢,¢], é > 0.

In reference to Theorem 3.1 we have 3 = 372 (i.e., for d = 3) and 3 = 27?2
if centered differences are used in (1.1). Therefore, for d = 3, Q = (0,1)¢ (three
dimensions), the hypothesis on ¢ in Theorem 3.1 reads ||V - ¢||cc < v7?/2, which
can be quite restrictive. However, if the latter is not satisfied, then everything in
Theorems 3.1 and 3.2 can be stated identically, except for the fact that the interval
[¢, C] (only in Theorem 3.1), with ¢, C still independent of n, may include 0. The same
can be stated for the subsequent and more important Theorem 4.3. In conclusion,
the eigenvalue spectral clustering is not affected by the considered assumption, while
the localization is affected only partially. However, we stress that we experienced
the existence of good localization results even with weaker hypotheses than those in
Theorems 3.1 and 3.2.

4. The cluster. To understand the behavior of preconditioned iterations, we
analyze the spectrum of the coefficient matrix associated with (1.1) after precondi-
tioning and the related matrix of eigenvectors; see, e.g., [10, 4]. First, we prove the
existence of a proper cluster of the singular values through the decomposition of the
preconditioned matrices as identity plus low-norm plus low-rank (Theorem 4.1). Sec-
ond, we derive a general result (Theorem 4.3) on the relationships between proper
eigenvalue and singular value clusters. From the latter result and from Theorems
3.1 and 3.2, we deduce the eigenvalue uniform boundedness and proper eigenvalue
clustering in Corollary 4.4 and, in section 5, we provide some inequalities for the
eigenvalues. Finally, we give a bound for the condition number of the matrix of the
eigenvectors and discuss the convergence of GMRES in section 6.

THEOREM 4.1. Under the assumptions of Theorem 3.1, fixed € > 0 small enough,
there exist integers N = (Ny,...,Ng) (with respect to the partial ordering of N%),
N = N(e), r =r(e) < n such that, for

N:(Nla"'de) >N(€):(N17"'7Nd)a
we have
(4.1) P124p=t2 = 1 4 RO 4 R

where ||RM ||y < € and rank(R®) < r. Moreover, the sequence {P~'/2AP~1/2},
shows a proper singular value cluster at 1.
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Proof. We can write
P7Y2AP~Y2 = p71/2(Re(A) 4 ilm(A))P~1/2
= P7V%(O(a) + BEYPTV2 4 PTVR(W(g) — E)PTV,

and, from Theorem 3.1, we have that, with fixed ¢; > 0 small enough, there exist N =
(Ni,...,Ng) and a constant 71 such that for N > N (to be intended componentwise),
n—ry eigenvalues of the matrix P~'/2Re(A) P~1/2 belong to the interval (1—e1, 14¢;),
and all the eigenvalues of P~1/?2Re(A)P~'/2 belong to an interval [c,C], 0 < ¢ < C;
i.e., we can write

(4.2) P V2Re(A) P2 =1+ R + R,

where ||R§1)||2 < ¢ and rank(R?)) <r.
Moreover, from Theorem 3.2, we infer that the matrix sequence

{P~12Im(A)P~1/?},
is spectrally bounded and clustered at zero; i.e., for N large enough,
iP~1/2Im(A)P~Y/?

is a skew-symmetric matrix whose eigenvalues are in [—ié,i¢]. Therefore, there exist
N = (Nl,...,Nd) and a constant re such that for N > N, n — ro eigenvalues of
P~1/2Im(A)P~'/2 belong to (—ez,€2) and all the eigenvalues of P~/2Im(A)P~1/?
belong to [—¢, ¢|. Then, we can write

(4.3) P~ Y2Im(A) P2 = RV + R,

where [|[RVV||2 < e and rank(RY)) < ro, [|[P~Y/2Im(A)P~1/2||; = ¢ The claimed
results follow by taking

(4.4) RM = Rgl) + Rél), e=e+e; r=r+ry, N= maX{N,N},

where the condition for N is to be intended componentwise. Finally, the existence
of a proper singular value cluster at 1 of the sequence {P~1/2AP~1/2}, is a direct
consequence of (4.1) and of the singular value decomposition [17]. d

Note that 7 in (4.4) does not depend on N for N > N because of the existence
of a proper cluster for the spectrum of

{P~1/2Re(A)P71/%},
and of
{P~YIm(A)P~/%,,.

Now we introduce a general tool, i.e., Theorem 4.3, for analyzing eigenvalue clusters
of a preconditioned matrix sequence. We will take recourse to the following result
(Theorem 4.2) essentially based on the majorization theory (see, e.g., [7]).

THEOREM 4.2 (see [24]). Let {A,}n be a sequence such that the singular values
are properly clustered at zero and their spectral norm is uniformly bounded (by a
constant independent of n). Then, the eigenvalues of {A,}n are properly clustered
as well.
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THEOREM 4.3. Let {A,}n and { Py}, be two sequences of matrices with invertible
P,. Suppose that there exist B,, Cn, and U, such that the U, are invertible, A, =
B,, + C,,, and such that
1. the matrices V,, = U, P, B, U, W, = U, P, C, Ut are normal;
2. {P,; !By}, is clustered at r € C in the eigenvalue sense and the spectral radius
p(P1B,,) is uniformly bounded by b with b > 0 independent of n;
3. {P,;1C,}n is clustered at s € C in the eigenvalue sense and the spectral radius
p(P1Cy) is uniformly bounded by c with ¢ > 0 independent of n.
Then {P,; 1A, }n is clustered at r + s in the eigenvalue sense and the spectral radius
p(PLA,) is uniformly bounded by b+ c.
Proof. Since we are interested in the eigenvalues of P, 'A,, it is natural to
consider U, P,y A,U, ! which is similar to the original matrix. Moreover,

U PP AU =V W, = (r+8) L+ (Vi —rL)+ (W, —sl,,), I, identity matrix.

By items 2 and 3 it is evident that {V,, — rI,}, and {W,, — sI,,}, are both properly
clustered at zero in the eigenvalue sense. Moreover, V;, and W,, are normal (item 1)
and so are V,, —rI, and W,, —sI,,: as a consequence, {V,, —rl,}, and {W,, —sI,}, are
also both properly clustered at zero in the singular value sense (the singular values
are the moduli of the eigenvalues). Moreover, by the triangle inequality and from the
assumption on the spectral radii, we have

Ve = 7Lnll2 < [r] + [[Vall2 = [r| + p(P; ' Ba) < |r| +
and
[Wa = sInlla < |r] + [Wallo = |s| + p(P, " C) < |s| +c.
Finally, the matrix sequence
{Z,, =V —rL, + W, — sl },

is properly clustered at zero in the singular value sense (by the singular value decom-
position) and its spectral norm is bounded, by the triangle inequality, by |r|+b+|s|+c
which is independent of n. Therefore, by Theorem 4.2, the sequence {Z,},, is prop-
erly clustered at zero in the eigenvalue sense and {P, 1A, }, is properly clustered at
r + s in the eigenvalue sense with p(P,;1A,) < |r + s| + |r| + b+ |s| + c. However,
by exploiting again similarity and normality, the latter estimate can be substantially
improved (leading to a more natural estimate) by observing that

P(Pn_lAn) = p(Vo +Wy) < ||Vn + Wn||2 < ||VnH2 + HWn||2
= p(Py'Bn) +p(P1Cn) < b e a

It is worth mentioning that the latter result is an extension (potentially for non-
symmetric preconditioners) of Proposition 2.1 in [24]. Moreover, Theorem 4.3 works
unchanged if the assumption of normality of X,, € {V,,, W, } is replaced with a weaker
one such as the existence of a pure constant d > 1 (independent of n) such that for
all j and uniformly with respect to n it holds that o; < d|\;|, where the values \;
and o; are the eigenvalues and the singular values of X,,, respectively, arranged by
nondecreasing moduli.

COROLLARY 4.4. Under the hypotheses of Theorem 4.1, the eigenvalues of the
preconditioned matriz {P~1A},, are properly clustered at 1 € C* (C* being the right
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s o =

R R R R et T AN
1 1 1
|
= o =
T T T

R R
1 1 1

3l J 3l |
+ +
_4 1 1 _4 1 1 1
[0} 0.5 1 1.5 2 (0] 0.5 1 1.5 2
(@ (b)

Fi1G. 4.1. Figenvalues for the preconditioned problem with v = 1/30, a = 1, discretization in
two dimensions using centered differences and q = [—v/2/2 +/2/2]T. (a) h = 1/16; (b) h = 1/32,
h stepsize.

half plane) and all belong to a uniformly (with respect to the grid) bounded rectangle
with positive real part, well separated from zero.

Proof. The localization result simply follows from Bendixson (see, e.g., [17]):
indeed, it is clear that any eigenvalue of P~ A has to belong to the field of values

(4.5) Fo {Z CC: s x*Re(A)x n ix*Im(A)x’ v C"\{O}}

z* Pz x*Px

and that any eigenvalue of P~1Re(A) and any eigenvalue of P~'Im(A) must stay in

{reci - TRk

z*Px

z*Im(A)x
z* Pz

,xe(C"\{O}} and {ZG(C: 2= ,:UE(C”\{O}},

respectively. Therefore, from Theorems 3.1 and 3.2 we deduce that all the eigenvalues
of P71A belong to {z € C : Re(z) € [¢,C],Im(z) € [—¢,¢]} with ¢,C >0, ¢ >0
independent of the dimension n, as in Theorems 3.1 and 3.2.

Now setting U, = PY? P, = P, and A, = A we have (a) the eigenvalues
of {P~1Re(A)},, are properly clustered to 1 and all lie in a uniformly bounded in-
terval (Theorem 3.1), and V;,, = P~1/2Re(A)P~'/? is symmetric and therefore nor-
mal; (b) the eigenvalues of {P~'Im(A)}, are properly clustered to 0 and all lie in
a uniformly bounded interval (Theorem 3.2), and W,, = iP~/2Im(A)P~'/2 is skew-
symmetric and therefore normal.

Statements (a) and (b) are the assumptions of Theorem 4.3 from which we deduce
that the eigenvalues of { P~ A},, are properly clustered at 1 € C*. 0

Figures 4.1 and 4.2 report some examples of the spectrum of the coefficient matrix
associated with equation (1.1) in two dimensions after preconditioning. Note the
presence of the cluster in 1 in the complex field.
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F1G. 4.2. Figenvalues for the preconditioned matriz with v = 1/60, a = 1, discretization in two
dimensions using centered differences and q = [—v2/2 v/2/2]T. (a) h = 1/16; (b) h = 1/32, h
stepsize.

5. Spectrum of the preconditioned matrix. We state here some a-priori
bounds on the spectrum of the underlying preconditioned matrix.

In what follows, the numbers 7;, j € N, denote constants of the order of unity,
and ay is defined as in section 2 (see Theorem 2.3). All these constants, in general,
depend on the discretization and on the dimension d of the considered domain 2. To
simplify the notation, here we will focus on the two-dimensional case, where € is the
rectangle [0, 1] x [0,1]. The extension to any connected finite union of rectangles in
any d dimension and therefore for the three-dimensional case (by just changing some
constants) can be performed with the same arguments. In the result below, d = 2
and centered differences are used for (1.1), 1 — 2 for n — oo, and v; — 1 j = 2,3.
As usual, with A;(X) we denote the generic eigenvalue of a square matrix X.

THEOREM 5.1. Under the assumptions of Theorem 4.1, A; (PflRe(A)) belongs
to the interval

(5 1) minzeﬁ(a’> _1 Qq qu”oo maxmeﬁ(a) l Qq ||vq||oo
’ max,.g(a) v2yr?min  g(a)’ min g(a) v 2yr? min gla) |
Similarly,

max_ g(a)
5.2 A (P~ m(A))] € |o, (14 773) 24 i 1= T
52 Py (P € [0, (147 70) S gl pre

Proof. By (4.5) and the properties of the field of values, we have

(5.3) Re (>\] (P A)) € |:$€g}¢1{1{0} z*Px 7w€%1"a\)§(0} z* P
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and

- ) “Tm(A)z z*Im(A)z
5.4 Im (X\; (P71A T  *Pr
(5.4) m( J ( )) € xegil{l{o} x*Px  'zecr\{0o} z*Px

For the sake of clarity, we prove the statements through three progressive steps.
e Let a € R and ¢ € R? be constants in (1.1). Then, P = Re(A) and

P 'A=T1+iP 'Im(A).

Therefore, the real part of the eigenvalues of the preconditioned matrix is
equal to 1. Moreover, by using similar arguments as in [5, Theorem 3.2], we
have the following bound for \;(P~'Im(A)):

s (P ) € o, Lol (177

o Let g(x) = ¢ be constant and a(x) > 0 in (1.1). The discretization of the
diffusive part ©(a) is exactly Re(A). Therefore, by [23, Theorem 8.1],

(5.5) Aj (P7'Re(A)) € {mmw@(“) maXzeQ(a):| .

maxweﬂ(a)7 minﬁeﬁ(a)

Moreover, ¥(g) = ilm(A) (i.e., the discretization of the convective part is
exactly iIm(A)). As a consequence, by [5, Theorem 3.2, 3.3, and 3.4], we
have

max, g(a)

69 |y (P ) € (0. ol (14779

e\
[min, g (a)]?

e Finally, let us consider the general case, i.e., a(z) : @ — R* and ¢(x) : Q —
R?. Recalling Theorem 2.3, we deduce

Re(A(a,q) = O(a) + E, ilm(A(a,q)) = ¥(g) — F,
r*Re(A)r  2*O(a)x n x*Ex

(5.7) x»*Px xz*Pux z*Px’
(5.8) ' Im(A)z _ 2*¥(q)z z"Ex
’ x*Px  z*Pux x*Px’

By (3.1), we observe that

min \;(P) > 2ye7?h* min(a), max\;(P) < 8y3 max(a),
z€Q e

and invoking Theorem 2.3 (i.e., || E||l2 < h%aq||V - ¢q]|), that

z*Ex
z*Px

ai IV -qllo
27272 min, (a) '

1
<=
v

Therefore, from (5.5), (5.7), and Theorem 2.3, we have (5.1). On the other
hand,

(5.9) P m(A) = — P71 (U(q) — ¥(q)"),
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and hence, by the same arguments as in [5, Theorem 3.4], we deduce

min, (a)

max, q(a) P
[max, 5 (a)]

(5.10) [min, g(a)]2””

~Z < P~Im(A)P~1/? <

with
Z = [A(1, Q)] Im(A) A1, Q)] /2,
Finally, by the similarity of the two sequences of matrices

{P~'Im(A)}_ and {P—l/QIm(A)P—l/Z}n,
and considering expressions (5.9), (5.10), and (5.8), Theorems 3.2 and 2.3,

and [5, Theorem 3.2], we infer (5.2), i.e., the desired result. 0O
If g(z) is not a constant function, we note that the eigenvalues of the spectrum of
the preconditioned matrix can have negative real part if ||V - ¢||s is huge and/or v is
small. This may slow down the initial phase of the convergence process of the Krylov
subspace projection method used to solve the underlying preconditioned linear system.
However, if the convection is overly dominant, a preconditioning strategy based on a
suitable upwind discretization can be used. The related eigenvalue analysis can be

adapted by using tools similar to those considered here.

6. Notes on the convergence of iterative methods.

6.1. The condition number of the eigenvector matrix. Here we will focus
on the case

q=[cos(¢) sin(p)]", 0< o<,

where ¢ is a constant angle; i.e., the wind is constant. In this case, the following result
holds true. For simplicity, here we focus on the case when Ny = Ny = - - = Ny = n!/¢,
where n is the size of A (uniform grid).

LEMMA 6.1. Let q(z) and a(x) in (1.1) be constant and (1.1) be discretized with
centered differences. Then, the matriz P~1A is diagonalized by a set of n eigenvectors,
and if V is the matriz of the eigenvectors of P~ A, V can be chosen such that ko(V) ~
nt/d: moreover, if N; ~ a; ;N; for every i,j, and oy ; are universal constants, then
ko(V) = ent/?, where ¢ is a pure positive constant.

Proof. Under our assumptions, since ¢(x) and a(x) in (1.1) are constant, then
P =0(1) and ¥(q) is a skew-symmetric matrix. Moreover, the preconditioned matrix
P~1A can be written as

P A=(0(1)" - (0(1) + (q) = I+ (O(1)) " ¥(q) = I +(O(1)"/S(6(1))/?,

where O(1) and ¥(gq) are the matrices generated by the discretization of the dif-
fusive and convective parts of (1.1), respectively. However, by construction S =
(©(1)) 2 W(q) (1)) "/? is a skew-symmetric matrix since (©(1))~1/2 is a symmet-
ric positive definite matrix and ¥(q) is a skew-symmetric matrix. Therefore, I + S is
normal because

(I+9)* (I+8)=I-9I+S)=1-5%
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which is the same matrix obtained as (I +5) - (I +5)*. Consequently,
P~tA=(0(1) 21+ 5)(0(1)"?

= (6(1))"2QDQ*(6(1))"/2,

where D is diagonal (the eigenvalue matrix), Q is unitary, and V = (0(1))~'/2Q is
the eigenvector matrix. Since ro(P~1) = ka((©(1))™1) ~ n?/¢ (it is a classical result
on the discrete Laplacian; refer, e.g., to part 3 of Theorem 2.1), it directly follows that
ka(V) = ko((©(1))712Q) = ka((6(1))7/2) ~ n'/?. Moreover, if N; =~ «a; ;N; for
every i,j and o, ; are universal constants, then ra((6(1))™1) ~ ¢?n?/?, where c is a
pure positive constant, and therefore xo(V) = r2((0(1))712Q) = ko((0(1))"/?) =
ent/4, O

Note that if we could use P~'/2 as a split preconditioner instead of P as a left
(or right) preconditioner, then ry(V) = 1 because P~1/2AP~'/2 = [ + § is normal.
This, in theory, could have some relevance for the convergence (see the next section);
in practice we observed no changes.

6.2. Analysis of the convergence. To study the convergence of GMRES, we
report a few tools based on polynomials related to the minimal polynomial of the
matrix K of the underlying linear system, which have been introduced in [10].

Recall the bound on the convergence of GMRES (see [20, sections 6.11.2, 6.11.4]):

6.1 1o < Ko(V) - mi ()] - 7

(6.1) Irslla < ma(V)+ min | s ;)] -l

where A\(K) is the set of all the eigenvalues of the matrix K, ko(V) is the spectral con-
dition number of the matrix of the eigenvectors of K, V is chosen to minimize ko (V),
is and p;(#) is a polynomial of degree at most j. Note that, under the assumptions
of Lemma 6.1, we have x2(V) = cn'/?, with ¢ a universal constant.

Let us consider the preconditioned sequence {K = P~'A}, whose spectrum
{A(K)},, is clustered (recall Corollary 4.4) and partition A(K) as in [4]:

ME) = ME) U O(K)yu D (K),

where A(©)(K) denotes the clustered set of eigenvalues of K and A9 (K) U AV (K)

denotes the set of the (distinct) outliers. We assume that the clustered set A(¢) (K) of

eigenvalues is contained in a convex set C whose closure must not contain the origin.
The sets

AOKY = A1, gy Ao} and AD(K) = {1, Ag, .., A, )
denoting two sets of jo and j; outliers, respectively, are defined as in [4]; i.e., if

Aj € AO(K), we have

1< <c¢j Vzel,

1- =
Aj

while, for \; € A\(V(K),

0< <1 Vzel,

1- =
X

respectively.
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From (6.1) and the above definitions, we have

6.2 i (2)] < 3(2) - q(2) - P
(6.2) Jain | max |p(z)l < max [p(=) - a(2) - p(2)],

ﬁ(z):<1_;l>...<1_£0>, p(z):(l_;l)..(l—;jl)

are the polynomials whose roots are the (distinct) outlying eigenvalues in A(O)(K U
A (K) and ¢(2) is a polynomial of degree at most j — jo — j; > 0 such that ¢(0) = 1.
The polynomial ¢(z) can be chosen to be the shifted and scaled complex Chebyshev
polynomial ¢(z) = Ci((c—2)/d)/Cy(c/d) which is small on the set containing \(¢)(K);
see [20, sections 6.11.2, 6.11.4]. Therefore, by using the same arguments as in [4], we
have the following.

THEOREM 6.2. The number of (full) GMRES iterations j needed to attain a
tolerance € on the relative residual in the 2-norm ||r;||2/||ro||2 for the preconditioned
linear system Kx =b (K is assumed diagonalizable) is bounded above by

09wl [0 S]]

where

log(p) = log(p)
where
o . (a/d+ N 1)k + (a/d+ N 1)7’6
. p =

(c/d+/@dP 1) + (efd+ Jefa? 1)

and the set C € CT is the ellipse with center c, focal distance d, and major semi-azis
a.

The bound (6.3) suggests that there will be a latency of jo + j1 steps before the
asymptotic behavior is observed. If jo > 0, then there may be some additional delay
proportional to (), log cl)fl. In practice, the asymptotic convergence behavior will
not be manifested until the expression

- ~ k
max z) - p(z
max(5(e) 5l
is less than 1, where k is the degree of the shifted and scaled Chebyshev polynomial.
Of course, these are theoretical arguments because ||p;|| can be arbitrarily large,
and then no general statements can be made about how much larger the delay in
convergence can be in practice or when superlinear convergence sets in.

6.3. Examples and comments. In this section we report on a few experiments
with a centered difference discretization and constant coefficients for problem (1.1)
in order to compare the theoretical results and notes above. The preconditioner
P is implemented here in MATLAB by using a fast Poisson solver. Performances
(timings) can be improved with a multigrid-based fast Poisson solver, but this will be
considered in a future work together with more general test problems. Experiments are
performed with GMRES but we include also two-dimensional tests and (total) timings
with preconditioned and nonpreconditioned BICGSTAB. In three or more dimensions,
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TABLE 6.1
Preconditioned GMRES iterations for centered differences discretization of (1.1), two-
dimensional problem, ¢ = [—v2/2 v/2/2]T, a = 1, e = 1076, In parentheses: nonpreconditioned
(full) GMRES iterations.
h\v 1/10 1/20 1/30 1/40 1/60 1/80
1/16 11(31) | 18 (29) | 23 (29) | 27 (31) | 35 (31) | 44 (31)
1/32 | 11 (47) | 17 (51) | 23 (51) | 27 (54) | 36 (58) | 47 (61)
1/64 | 10 (52) | 15 (57) | 21 (75) | 25 (85) | 35 (97) | 45 (106)
1/128 | 8 (51) 13 (52) | 19 (54) | 23 (55) | 31 (77) | 43 (109)
TABLE 6.2
Preconditioned matriz-vector products (2 X iterations) for BiCGSTAB on centered differences
discretization of (1.1), two-dimensional problem, q = [—v2/2 2/2]T, a = 1, ¢ = 1075, In
parentheses: nonpreconditioned BiCGSTAB matriz-vector products.
h\v 1/10 1/20 1/40 1/60 1/80

1/128 | 11 (447) | 17 (427) | 39 (483) | 61 (499) | 93 (400)
1/256 | 9 (786) | 17 (817) | 36 (929) | 56 (967) | 80 (981)
1/512 | 6 (785) | 15 (1609) | 31 (1935) | 47 (1953) | 71 (1963)
1/1024 | 5 (1873) | 13 (1) 25 (1) 42 (1) 59 (1)

TABLE 6.3
Timings (in seconds) for BiCGSTAB on centered differences discretization of (1.1), two-
dimensional problem, ¢ = [-v2/2 v/2/2]T, a = 1, e = 1076, In parentheses: nonpreconditioned
BiCGSTAB timings. Note that halving the stepsize means that the sizes of matrices are multiplied
by four.

R\ v 1/10 1/20 1740 1/60 1/80
1/128 1.2 (1.5) 4.5 (1.5) 43 (1.3) | 6.2 (1.6) | 88 (1.2)
1/256 3. (13.1) | 6.2 (13.53) | 31.1 (15.9) | 20 (16) | 30.9 (17)
1/512 7.9 (111) 19.7 (113) | 40.4 (138) | 56 (145) | 82.3 (139)
1/1024 | 27.28 (1019) | 62.2 (}) 120.5 (1) | 191 () 248 ()

fair timings require a more efficient implementation. For memory limitations, we
provide large tests for BICGSTAB only. A dagger { in the tables means that the
solver does not converge after 1000 iterations (i.e., 1000 matrix-vector products for
GMRES and 2000 for BICGSTAB).

Our experiments are performed under the assumptions of Lemma 6.1. By Theo-
rem 5.1, we have jo = 0. Therefore, the delay for asymptotic convergence behavior is
mainly related to the number of distinct outlying eigenvalues. However, if € is large
enough, GMRES may treat as multiple eigenvalues those which belong to A(Y), are
nondefective, and form small satellite clusters, as observed in [10]. In this case, the
above mentioned delay can be less than j; iterations.

We stress that the presence of a proper cluster of eigenvalues means also that the
number of the outliers does not increase with IV, provided that it is large enough,
and that their influence is limited to an initial delay for the asymptotic phase of
convergence.

In Tables 6.1, 6.2, and 6.3, we report the number of preconditioned and non-
preconditioned GMRES iterations for the underlying two-dimensional problem with

¢=[-V(2)/2 V)2,

a=1,e=1076 for h=1/16 to h = 1/128, and v = 1/10 to v = 1/80, and similarly
for BICGSTAB. The boundary conditions in (1.1) are

u(0,y) =u(l,y) =1, 0<y<1l; u(z,0) =u(zl1)=0 0<z<l.
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TABLE 6.4
Preconditioned GMRES iterations for centered differences discretization of (1.1), three-
dimensional problem with ¢ = [1/v/3 1/v/3 1/V/3]T, a = 1, e = 1075, In parentheses: non-
preconditioned (full) GMRES iterations.

R\v | 1/10 1/20 1/30 1740 1/60 1/80
1/8 | 12 (25) | 17 (23) | 22 (21) | 26 (25) | 33 (31) | 40 (37)
1/16 | 12 (51) | 18 (50) | 24 (48) | 29 (47) | 38 (45) | 49 (50)
1/32 | 11(93) | 17 (97) | 23 (97) | 28 (97) | 38 (95) | 49 (94)

In Table 6.4 we report similar tests with the three-dimensional problem using GMRES
but with

¢=[1/V3 1/vV3 1/V3]",

and the boundary conditions are u(0,0,0) = 1 and zero elsewhere. Similar results are
obtained with other Dirichlet boundary conditions.

We note that halving the stepsize means that the sizes of matrices are multiplied
by four. The theoretical computational cost is O(NN), where the mesh is equispaced,
and thus N = n?, with d the dimension of the domain. However, we can see that
when we halve the stepzise, timings for preconditioned iterations (see Table 6.3, where
d = 2) are always less than quadruple.

6.4. Convergence and the viscosity parameter. In the analysis performed
in section 5 we observed that, if ¢ in (1.1) is constant, then the imaginary parts of the
eigenvalues of the preconditioned matrix are proportional to v~!; see Theorem 5.1.
Moreover, the number of the distinct outliers does not depend on v or on the mesh,
but it does depend on the choice of the function g; see the results on the existence
of a proper cluster in the previous sections. For example, if a(z) is also constant, we
have

B = max{[Im (A, (P 4) [} = 5
where ¢ is a universal positive constant. Another evidence of this can be found in
Figures 4.1 and 4.2.

Moreover, by denoting with § the radius of the cluster and provided that g > 0,
with the notation of Theorem 6.2, the contribution to the number of the iterations of
the eigenvalues in the cluster is bounded from above by

(6.5) ;gg((;)) = kﬁﬁ;’ =d(1+ B)log(e™ ).

Here, ¢’ is a pure positive constant which takes into account that p is approximated
by

p= b < oyt
1+41+p52 1+p 1+

and that, provided that 8 > 0, log(p) is approximated by the Taylor expansion of
log(p), with p being defined as above. Again, note that we are in the hypotheses of
Lemma 6.1, and then the convergence is dictated by the distribution of the eigenval-
ues. Therefore, the number of iterations is expected to grow with v~!. However, in
practice, the number of iterations seems to be proportional to vVv—! (see Tables 6.1
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and 6.4), and this behavior is confirmed for various functions a(x) and ¢(x); see also
the numerical experiments in [6].

The above discussion was done under restrictive hypotheses. However, the expe-
rience of several different choices of functions a(x) and g(z) and values of the viscosity
parameter v (always such that the hypotheses of Theorem 4.1 are satisfied) suggests
that the number of the iterations depends on a function of ¥~!, even under more
general assumptions, but it is independent of the mesh and of the dimension d of
problem (1.1).

7. Conclusions. The purpose of this work was to explore some properties of
the preconditioned operator P~1A, where P is defined in (3.1) and A is the matrix
generated by a finite difference discretization (using centered differences or upwind)
of the convection-diffusion equation (1.1). In particular, we proved the existence of a
cluster in the spectrum of {P~!'A}, and gave a bound for the condition number of
the matrix of the eigenvector. Moreover, we found that eigenvalue distribution and
convergence rates are independent of the discretization mesh size and of the dimension
of the problem but do depend (weakly) on v~1.

Indeed, beside the spectral theoretical analysis of the preconditioned structures,
we stress that our technique can be easily implemented. In fact, the ingredients are
constituted by the following blocks: a Krylov method (e.g., GMRES, BiCGSTAB,
etc.), a matrix vector routine (for sparse or even diagonal matrices), and a solver
for the related diffusion equation with a constant coefficient (a method based, e.g.,
on the cyclic reduction approach [9, 14] or on multigrid methods [27, 19] for which
professional software is available). Of course, if the convection part is dominating,
then the considered approach can be enriched by alternating the discussed diffusion-
based preconditioning with a preconditioner for an upwind discretization. At this
point, we recall that the idea of using, e.g., a multigrid (for a simpler differential
problem) as a preconditioner in a Krylov-type method is quite classical, as it emerges
in [18, 27]. In this direction, we must quote the following statements from Greenbaum
[18, subsection 12.1.5, p. 197]:

Some multigrid aficionados will argue that if one has used the proper
restriction, prolongation, and relaxation operators, then the multi-
grid algorithm will require so few cycles ...that it is almost point-
less to try to accelerate it with CG-like methods. This may be
true, but unfortunately such restriction, prolongation, and relaxation
schemes are not always known. In such cases, CG, GMRES QMR,
or BICGSTAB acceleration may help.

Equivalently, one can consider multigrid as a preconditioner for
one of these Krylov subspace methods.

A future work will be in the direction of combining different iterative solvers
(the multi-iterative idea [21]) and more specifically we would like (A) to use the
preconditioner considered in this paper as one of the smoothers for a V-cycle directly
in the original problem; (B) to make a comparison between the present approach and
the one in (A); and (C) to enrich the analysis in the case of convection-dominated
problems in order to achieve more robustness.

Acknowledgments. We are grateful to the referees for useful comments which
have improved this presentation.



278

(1

D. BERTACCINI, G. H. GOLUB, AND S. SERRA-CAPIZZANO

REFERENCES

Z. 7. Ba1i, G. H. GoLuB, AND M. K. NG, Hermitian and Skew-Hermitian splitting methods for
non-Hermitian positive definite linear systems, SIAM J. Matrix Anal. Appl., 24 (2003),
pp. 603-626.

M. BENzI AND G. H. GOLUB, A preconditioner for generalized saddle point problems, SIAM
J. Matrix Anal. Appl., 26 (2004), pp. 20-41.

D. BERTACCINI AND M. K. NG, The convergence rate of block preconditioned systems arising
from LMF-based ODE codes, BIT, 41 (2001), pp. 433-450.

D. BERTACCINI AND MICHAEL K. NG, Band-Toeplitz preconditioned GMRES iterations for
time-dependent PDEs, BIT, 40 (2003), pp. 901-914.

D. BErTACCINI, G. H. GOLUB, S. SERRA-CAPI1ZZANO, AND C. TABLINO-P0SSIO, Preconditioned
HSS methods for the solution of non-Hermitian positive definite linear systems and applica-
tions to the discrete convection-diffusion equation, Numer. Math., 99 (2005), pp. 441-484.

D. BERTACCINI, G. H. GOLUB, AND S. SERRA-CAPIZZANO, Analysis of a Preconditioned Itera-
tive Method for the Convection-Diffusion Equation, preprint SCCM-03-13, Stanford Uni-
versity, Stanford, CA, 2003. Available online at http://www-sccm.stanford.edu/wrap/pub-
tech.html.

R. BHATIA, Matriz Analysis, Springer-Verlag, New York, 1997.

A. BOTTCHER AND B. SILBERMANN, Introduction to Large Truncated Toeplitz Matrices,
Springer-Verlag, New York, 1998.

B. L. BuzBeg, G. H. GoLuB, AND C. W. NIELSON, On direct methods for solving Poisson’s
equations, STAM J. Numer. Anal., 7 (1970), pp. 627-656.

S. L. CamPBELL, I. C. F. IpseEN, C. T. KELLEY, AND C. D. MEYER, GMRES and the minimal
polynomial, BIT, 36 (1996), pp. 664-675.

P. Concus AND G. H. GoLUB, Use of fast direct methods for the efficient numerical solution
of nonseparable elliptic equations, STAM J. Numer. Anal., 10 (1973), pp. 1103-1120.

P. Concus AND G. GOLUB, A generalized conjugate gradient method for nonsymmetric systems
of linear equations, in Computing Methods in Applied Sciences and Engineering, Lecture
Notes in Econom. and Math. Systems 134, Springer, Berlin, 1976, pp. 56-65.

P. Concus, G. H. GOLUB, AND G. MEURANT, Block preconditioning for the conjugate gradient
method, SIAM J. Sci. Stat. Comput., 6 (1985), pp. 220-252.

F. W. DORR, The direct solution of the discrete Poisson equation on a rectangle, SIAM Rev.,
12 (1970), pp. 248-263.

H. C. ELMAN AND M. H. ScHULTZ, Preconditioning by fast direct methods for nonself-adjoint
nonseparable elliptic equations, SIAM J. Numer. Anal., 23 (1986), pp. 44-57.

H. C. ELMAN, D. J. SILVESTER, AND A. J. WATHEN, Performance and analysis of saddle point
preconditioners for the discrete steady-state Navier-Stokes equations, Numer. Math., 90
(2002), pp. 641-664.

G. H. GoLuB AND C. F. VAN LOAN, Matriz Computations, 3rd ed., The Johns Hopkins Uni-
versity Press, Baltimore, 1996.

A. GREENBAUM, [terative Methods for Solving Linear Systems, SIAM, Philadelphia, 1997.

W. HACKBUSCH, Multigrid Methods and Applications. Springer-Verlag, Berlin, 1985.

Y. SAAD, Iterative Methods for Sparse Linear Systems, 2nd ed., STAM, Philadelphia, 2003.

S. SERRA CAPIZZANO, Multi-iterative methods, Comput. Math. Appl., 26 (1993), pp. 65-87.

S. SERRA CAPIZZANO, On the extreme eigenvalues of Hermitian (block) Toeplitz matrices,
Linear Algebra Appl., 270 (1998), pp. 109-129.

S. SERRA CAPI1ZZANO, The rate of convergence of Toeplitz based PCG methods for second order
nonlinear boundary value problems, Numer. Math., 81 (1999), pp. 461-495.

S. SERRA-CAPIZZANO, D. BERTACCINI, AND G. H. GOLUB, How to deduce a proper eigenvalue
cluster from a proper singular value cluster in the nonnormal case, STAM J. Matrix Anal.
Appl., 27 (2005), pp. 82-86.

S. SERRA CAPIZZANO AND C. TABLINO Po0Ss1O, Preconditioning strategies for 2D finite differ-
ence matriz sequences, Electr. Trans. Numer. Anal., 16 (2003), pp. 1-29.

S. SERRA CAPIZZANO AND C. TABLINO Poss10, Superlinear preconditioners for finite differences
linear systems, SIAM J. Matrix Anal. Appl., 25 (2003), pp. 152-164.

U. TROTTENBERG, C.W. OOSTERLEE, AND A. SCHULLER, Multigrid, Academic Press, London,
2001.

H. A. vAN DER VORST AND C. VUIK, The superlinear convergence behavior of GMRES, J.
Comput. Appl. Math., 48 (1993), pp. 327-341.



