Conjugate Gradient and Preconditioned Conjugate Gradient iterations

Let e; be the error at step k of an iterative method in approximating the
solution x of a linear system Ax = b, i.e. e = x — x;. Choose a vector di # 0
and set egy1 = e — wdg. Let H be a positive definite matrix and consider
the inner product (u,v)y = uTHv. Then the value of w for which ||exy1||x is
minimum is

(er,dp)n

il

(llex+1ll3 = llex||* — 2w(ek, di) g +w?||dk||%). So, we have the iterative scheme

W =WwE =

(er,dr)m
[ dl3

Note that each of the three conditions:

x0 € R", xpy1 =% + dg, £=0,1,2,.... (it)

1) [|ek+1 ]|z minimum,
2) (ex+1,di)m =0,

3) F(xy, + wdy,) minimum, F(y) = 3y"Hy — yTHA™'b

yields the value w = wy, i.e. such conditions are equivalent. (Note that A='b is
the global minimum for F, and the contours of F are neighborhoods of A=!'b
in the metric induced by the norm || - || 7). Moreover, for w = wy, we have

1) llex+1ll% = llexllF — llwrdel%,
5) limy ||lex||m = l{dk},H >0,
6) limk_,+oo HwkdkHH = 0

Suitable choice of H and {d;} make I{q,} 7 = 0, i.e. make (it) convergent to
x = A"b.

Choice H=ATA ... H=1......
Choice H = A.

G method

Assume A, in the system Ax = b we have to solve, positive definite. Then
the choices H = A and dj, = r;, = b — Axy yield lyq,}, 5 = 0 (use 6)). The
method so obtained is called steepest descent (or Gradient) since dj = ry =
—VF(x¢) and F decreases along —VF(xj) more rapidly than in any other
direction (in a neighborhood of x;). However, in general the contours of F are
far from being spheres, so the steepest descent direction (which is orthogonal
to such contours) is far from pointing to A~'b. In particular, from 4) and the
Kantorovich inequality,

ZTAZZTA_lz ()\max + )\min)Q
- (ZTZ)2 o 4)\max/\min

(Amax = max A(A), Amin = min A(A4)), we have the following result

Amax k
[ = xklla _ [ X — 1
HX_XOHA - imax + 1

min

that states that G can be very slow when ﬁ >> 1.



CG method
Assume A, the coefficient matrix of our system Ax = b, positive definite
(recall that A and b are real). In the general scheme choose H = A, dg = rg =
b — Axg, dy, = rg + Br—1dr—1, k =1,2,..., (rx =b — Ax}) where [;_1 is such
that
(dg,dg—1)a =0

(dg conjugate to di—1). Here below is the algorithm we obtain:

Xg €ER", rp=b — AXO, dy = ry.
For k=0,1,...,{
dg[‘k
aT Ad,
Xk41 = X + 7dg
I‘k+1 = b — Axk—i-l =Tr — TkAdk
B = i Adg
k dT Ad,
dipy1 = rpqr + Brdy

}

known as Conjugate Gradient (CG) algorithm.
Remarks. Note that

Tk —

0= (x—xpy1)  Hdp = (x = xp41) " Adg = vy dg, v disr = [[rega )3

As a consequence, if at step s we have ry = b — Axg # 0, then dg # 0, 7, is
well defined and not zero ...: the algorithm works.

Ifrg, ..., ry_1 are non null and r,,, = 0, then 5,,_1 =0, d,,, = 0, 7, cannot
be defined, but it doen’t matter since x,, = A~'b. This hypothesis is effectively
verified, in fact there exists m < n = the order of A, such that r,, = 0 (see
below).

Alternative expressions for 74 and [ hold:

= dfrk _ rgr;C

- dlAd,  df Ad,

(dy, = i, + Br—1dg—1, ridk—1 = 0),

ﬁk _ _r’l{-;lAdk — _"g;l?;l(”k—rkJrl)
gkAdk- - di 7, (rp—rry1)
_ T 1Tk HTp 1Tkt T Tkl
- dgrk - rgrk

The latter identity uses the result
r;‘gﬂrk =0

(residual at step k + 1 is orthogonal to residual at step k, exactly as in the
Gradient method) which is not obvious:

I‘g+1rk = rg-q—l(dk = Br-1dg—1) = _ﬂkflrg-i—ldkfl
= —Bp_1(rr — vAdg)Tdy—1 = Br_17ed} Adj—1 = 0.

First main result: If rg,r1,...,r, are non null, then

dfAd; =0, r/r; =0, 0<j<I<p.



That is, each new residual (search direction) is orthogonal (conjugate) to all
previous residuals (search directions). As a consequence, the residual r,, must
be null for some m < n, or, equivalently, CG finds the solution of Ax = b in at
most n steps.

Proof. ...

A useful representation of the residuals. If ro,r1,...,rr_1 are non null, then
there exist polynomials sy (A), gk (\) such that

r, = sp(A)ro, di = qr(A)ro,
se(\) = (=D from - me N+ L Ty # 0.

Proof (by induction). The equality ro = so(A)re holds if sg(A\) = 1; dg =
qo(A)rp holds if go(N\) = 1. Moreover,

rp1 =1 — T Adg = sk (A)ro — 7 Agr(A)ro = sk+1(A)ro
if 501 () = s1(\) — TeAge(A), and
dit1 = Thy1 + Oredi = sk41(A)ro + Brgr(A)ro = qria(A)ro
if grt1(A) = sp41(A) + Brar(A). Finally, since
sk+1(A) = sk(A) = TeA(SK(A) + Br—196-1(N)),

the coefficient of A**1 in s;.1(\) is —74 times the coefficient of A\¥ in sp(\).
Thus, by the inductive assumption, it must be (—1)**lryr -+ 717, Also,
the coefficient of A\° in s;,1()\) is equal to the coefficient of A” in sj()\), which
is 1 by the inductive assumption.

Second main result: v, = 0 for some k < #{distinct eigenvalues of A}.

Proof. Let p1, pi2, - . ., tn, be the distinct eigenvalues of A (m < n = order of
A). Assume that CG requires more than m steps to converge. So, the vectors
ro,ri,..., Iy, are non null, and, by the First main result, orthogonal (= linearly
independent). Let V' be an orthonormal matrix whose columns are eigenvectors
of A, thus VT =V~ and AV = VD for D diagonal with the eigenvalues of A
as diagonal entries. Observe that there is a degree-m polynomial which is null
in A,

[Ta—pn H (VDVT ;1) H V(D—pi;T) ——VH (D—p; HVT = 0.
j=1 j=1 j=1

As a consequence the matrices A° =1, A, ..., A™ are linearly dependent. But
this implies that the dimension of the space

Sm+1(ro) = Span{rg, Arg,...,A™ro} = Span{ro,r1,..., 1y}

is smaller than m + 1, which is absurd. It follows that one of the vectors r;,
1 =0,...,m, must be null.

Let II} be the set of all polynomials of degree exactly k whose graphic
pass through (0,1). We now see that the polynomial sx(\) in the expression
r, = si(A)rg is a very particular polynomial in the class IT}: it makes the norm



of the vector pg(A)rg, pr € II., minimum (for a suitable choice of the norm).
This result let us give estimates of the rate of convergence of CG, as precise as
good is the knowledge about the location of the eigenvalues of A. For example,
if it is known that the eigenvalues of A cluster around 1, then CG must converge
with a superlinear rate of convergence (see toe_la).

Notice that ry = sk(A)rg =ro + ﬁk, for a particular vector flk in the space
M = Span {Arq, A%rg, ..., A¥ry}. Take a generic vector hy, in this space. Then

[ro +hell3-, = ||I‘o+1:1k+hk—flk||,24—} X X
= |lro + hy% -1 + by — hyl|% - + 2(ro + hi, hy — hy) 41,
Now observe that the latter inner product is null, in fact, for j =0,...,k — 1,

0 =rfr; = rf] A 'Ar; = (rj, Ar;)a-1, that is, rj is A~ '-orthogonal to the
space Span {Arg, Ary,..., Ary_1}, but this space is exactly M. The thesis

follows since hy, — hy, € M. So we have:
[0 + byl %2 = [lro + hll% s + [Ihe — hl|% -2 > [Iro + b5
In other words,

Irkl%-r = [ro +hyl-0 = min{|ro + hy)|% 1 : hy € M} (m)
= min{|[pr(A)ro|% -1 : pr € I}

Comparison with GMRES. Notice that for any hy € M we have
ro+hy =b—A(xg+2), z=—A"'hy € Si(ro) = Span {rg, Arg, ..., A* 1ry}.

Thus, the vector x; generated by the CG method is of type xo + 2 where z
solves the problem

b — A(xo + 2)|[a-+ = min{|[b — A(xo +2)[la-+ : 2 € Sk(ro)} ()

(Sk(rp) is known as Krilov space). GMRES is a method able to solve Ax = b
in at most n steps under the only assumption det(A4) # 0. (Like CG, GMRES
in order to be competitive must be used as an iterative method, i.e. less than
n steps must be sufficient to give a good approximation of x). In the k-th step
of GMRES it is defined a vector x; of type x¢ + z where z solves exactly the
problem (p) but the norm involved is the euclidean one. So, CG is a minimal
residual algorithm different from GMRES| 4 pq.

It is easy to see that the condition (m) can be rewritten as follows:

1% — x| = min[[pr(A4)(x = x0)[1%-
pr €I},

Now we give a bound for the quantity ||py(A)(x — x0)||4, pr € I}, which can
be evaluated if (besides A,b) also some information about the location of the
eigenvalues \; of A is given. Let v; # 0 be such that Av; = \;vy, v?vj = 0.
Then

[pr(A)(x —x0)IZ = (x—x0)T Ape(A)*(x —x0) = (X aivi) Y- i Apr(A)*v;

X aivi)T S i Ape(Ni)vi = (3 aivi) TS aidipr (i) vy
= Y ailipr(Ni)? < max; [pr(Ni)[?lIx — xol[%-



So, we obtain the following
Third main result: If xj, is the k-th vector generated by CG when applied
to solve the pd linear system Ax = b, then

el = min, [lpu(4)x — x0)l4 < max ()~ xall%, Vo € T
Pr&lly

So, if S C R, py € 11}, My, € R are known such that \; € S Vi and |px(\)| < M
VA €S, then ||x — xi|la < Mgllx — %ol a-

Let us see two applications of the latter result. As consequences of the
first application we observe that CG (considered as an iterative method) has
a linear rate of convergence, is in general faster than G, and is competitive
(f.i. with direct methods) if A\pax and Amin are comparable. However, as a
consequence of the second application, the latter condition is not necessary: the
rate of convergence of CG remains high (so, CG remains competitive) if most
of the eigenvalues are in [Apin, 5\] with A\pin and A comparable. Further useful
applications of the Third main result hold. In particular, as a consequence of
one of these (see toe_la), it can be stated that CG has a superlinear rate of
convergence if most of the eigenvalues of A are in the interval S =[1 —¢,1+¢]

(...
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The applications (1) and (2) of the Third main result suggest an idea. When
Amin and Apax are not comparable and the eigenvalues of A are uniformly dis-
tributed in the interval [Amin, Amax] (in this case all n steps of CG are required
in order to give a good approximation of x), replace the given system Ax = b
with an equivalent system Ax = b, A = E7'AE"T, x = ETx, b = E-'b,

det(FE) # 0, where the matrix E is such that us(A) < ua(A) and has one of the
following properties

=

llx — xx|la <2 lx —xol|la, k=>ry.

o p2(A) << pa(A)

e A has much less distinct eigenvalues than A



e A has the eigenvalues much more clustered (around 1) than A

Then apply CG to Ai=b

If such matrix E can be found, then the pd matrix P = EET is said pre-
conditioner.

Note that E-TAET = P~1 A, so one could look directly for a pd matrix P
such that the (real positive) eigenvalues of P~!A have the required properties.
For example, in order to obtain something of type P~1 A ~ I (which would result
in a very high increase of the CG rate of convergence) one could choose P as
an approximation A of A. We shall see that applying CG to A% = b requires,
for each step, a surplus of computation: solve a system of type Pz = hy.
This computation must not make CG slow, in other words P must be a lower
complexiy matrix than A. Also notlce that F7 and Eg, Ey # Es, E\ET = B,ET,
define matrices A; = 1AE and Ay = 1AE A1 #* Ag, with the same
spectrum. For this reason one prefers to call precondltloner P instead of E.

A final remark. The vector x = A~'b we are looking for is also the minimum
point of the function F(z) = %ZTAZ — zTb. Analogously, x = A~'b is the
minimum point of the function ﬁ'(z) = %ZTAZ —2zTb. The preconditioning
technique replaces the (sections of the) contours of F' with the more spherical
(sections of the) contours of F', and this results in a more efficient minimization
when using gradient-type methods.

Let us write the preconditioned version of the CG algorithm, well defined
once that A, b and the preconditioner P are given.
Let us apply CG to the system Ax =

Axy, do = To.

dTAd;C
X1 = Xpp + Fed
I‘k+1 = b AXk+1 = I‘k — TkAdk

6 rk+1rk+1
rgr;‘

diy1 = Fpa1 + Gedy

}

Note that the convergence rate of the sequence {X;} can be evaluated by using
the following results

k
~ ~ ’LLQ(A) - 1 ~ ~ 1 anax
[x =%kl <2 | ——=——] x—%0l4 #H2(A)=+—,
/.LQ(A) +1 Amin
N k—rg
/\//\mln

% — %l 4 <2 [x—=x0llz, k=>r5:

\//\//\mm+ 1

if po (fl) << p2(A)or A has most of the eigenvalues \; in [Xmin, 5\] and S\/S\min <<
Amax/Amin, then X — X = ETx with a greater rate than x; — x.



Now we obtain each row of the preconditioned CG method. Define x; =
E_Tf(k, ry=b— Axk, and dj = E_Tdk. Then
= b-Ax, =E 'b— EYAE " T(ETxy)
= Eilrk = ETEfTEflrk = EThk, h;, = Pilrk,

f‘gf‘k = rgEiTEflrk = I‘ghk,
d¥Ad, = dIE'AE-Td; =df Ad,.
Thus .
- r. h;,
T = a7 Ad;’ (rowl)
Moreover, we have
Xpr1 = ETxpy1 = ETx + 7 ETdy, = (row2)
Xp41 = X + Trdy,
f‘k+1 = Eilrk+1 = Eill‘}C — f'kEflAEfTETdk = (I‘OW3)
eyl =T+ %kAdk,
T
~ I‘k+1hk+1
S o S 4
Thy (row4)
(row3.5: hyy1 = P lrgsq),
dip1 = ETdpy1 = EThyys + B ETdy, = (
- N rowb)
di+1 = hgy1 + Grdy.
Finally, in order to initialize the algorithm, set:
= E_TN = b - A
X0 X0, To X0, (row0)

dy = EiT&O = EiT’IV‘O = EiTEThO = hy.

Regarding the convergence rate of the sequence {xy}, generated by the al-
gorithm row( and, for k = 0,1, ..., rowsl, 2, 3,3.5,4,5, note that

1%k —%[% = G —%)TAF — %) = (ETx, — ETx)TETAE"T(ETx), — ETx)
= (xx —x)TAlxp —x) = [[xr — |3

Thus the bounds for ||X — X;|| ; obtained above, can be rewritten as follows

_ k
Ixx—x|la <9 (\/ltz(A)—l) , MQ(A) — Amax

”Xo*X”A HZ(A)+1 5\min ’
VA A1 £

Puoxda <o (V2w L) g g
\/>\/>\min+1

Why clustering around 1 is good

Let A be a p.d. matrix and ¢, 0 < € < 1, be fixed.

Denote by A5 the eigenvalues of A outside the interval [1 —¢,1+ €] and by
7e the number of such eigenvalues. Set S = [1 —¢,1+¢]U{A5} and let p,; be
the polynomial

_ A\ Ty—r (1= A)/2)
Pg(A) = 1};[ <1 - )\_§> T, (1/e) q>Te



where T}, (z) denotes the chebycev polynomial of degree k. ((b+a—2\)/(b—a) =
(I1-=X)/e, (b+a)/(b—a)=1/e,ifa=1—¢,b=1+4¢ ). Notice that S is a set
containing all the eigenvalues of A, and p, has exactly degree ¢ and p,(0) = 1.
Then one can say that if x, is the g-th vector generated by the CG method
when solving Ax = b, then

I = xqlla < (max g (V) — %ol (bound)

This bound for ||x — x4||4 allows a better evaluation of the CG rate of conver-
gence with respect to the well known bound

[x —x4]a <2 <%Zij§;> IIx —xolla, n2(A) = % (wkbound)

in case it is known that most of (almost all) the eigenvalues of A are in some
interval [1 — &,1 + ] where ¢ is small (almost zero).

If, moreover, the n x n linear system Ax = b can be seen as one of a sequence
of increasing order linear systems, with the property that Ve > 0 3 k., n. such
that for all n > n. outside [1 — &,1 + €] fall no more than n. eigenvalues of A,
then (bound) allows to prove the superlinear convergence of CG.

(Note that in general CG has a linear rate of convergence, as a consequence
of (wkbound)).

Let us prove these assertions, by evaluating maxyeg [pg(N)|-

maxyes [pg(A)| = maxaep—ci4e [Pg(M)]

(max. [[, |1— % )(max .

J

Tq—r. (1=N)/¢) )

Tq—r.(1/€)
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Now first notice that
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Then denote by 5\§ those eigenvalues Aj satisfying the inequalities

g g ]'
A;<1l-eg, )\j<§(1+s)

and observe that
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So, we have

14€ \/Ei1 o
maxyes [pg(A)| < HX? <T - 1) ? Vit
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where in the latter approximation we have used the following Taylor expansion

V-1 2
fle) =L S0y

14 2 2
e +1



